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Abstract

We study the Hamiltonian of a two-dimensional log-gas with a confining potential V' satisfy-
ing the weak growth assumption — V' is of the same order than 2log |z| near infinity — considered
by Hardy and Kuijlaars [J. Approx. Theory, 170(0) : 44-58, 2013]. We prove an asymptotic
expansion, as the number n of points goes to infinity, for the minimum of this Hamiltonian
using the Gamma-Convergence method of Sandier and Serfaty [Ann. Proba., to appear, 2015].
We show that the asymptotic expansion as n — 400 of the minimal logarithmic energy of n
points on the unit sphere in R? has a term of order n thus proving a long standing conjecture of
Rakhmanov, Saff and Zhou [Math. Res. Letters, 1:647-662, 1994]. Finally we prove the equiva-
lence between the conjecture of Brauchart, Hardin and Saff [Contemp. Math., 578:31-61,2012]
about the value of this term and the conjecture of Sandier and Serfaty [Comm. Math. Phys.,
313(3):635-743, 2012] about the minimality of the triangular lattice for a “renormalized energy”
W among configurations of fixed asymptotic density.
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1 Introduction

Let (z1,...,2,) € (R?)" be a configuration of n points interacting through a logarithmic potential
and confined by an external field V. The Hamiltonian of this system, also known as a Coulomb
gas, is defined as

n n
Wi (X1, ey ) = — Z log |z; — x| +n Z V(z;)
i#j i=1
where | - | is the Euclidean norm in R?. The minimization of w,, is linked to the following classical
problem of logarithmic potential theory : find a probability measure uy on R? which minimizes

wi=[[, (V;’” + VO pog e y|) dp()dp(y) (11)

amongst all probability measures ;1 on R2. This type of problem dates back to Gauss. More recent
references are the thesis of Frostman [11] and the monography of E.Saff and V.Totik [21]. The
usual assumptions on V : R? — R U {+oo} are that it is lower semicontinuous, that it is finite on
a set of nonzero capacity, and that it satisfies the growth assumption

lim {V(z)—2log|z|} = +o0. (1.2)

|z| =400



These assumptions ensure that a unique minimizer puy of I exists and that it has compact support.
Recently, Hardy and Kuijlaars [13] (see also [12]) proved that if one replaces (1.2) by the so-
called weak growth assumption
liminf {V(z) — log(1 + |z[*)} > —o0, (1.3)
|z| =400
then Iy still admits a unique minimizer, which may no longer have compact support. Moreover

Bloom, Levenberg and Wielonsky [1] proved that the classical Frostman type inequalities still hold
in this case.

Coming back to the minimum of the discrete energy w,,, its relation to the minimum of Iy is
that as n — +oo, the minimum of w,, is equivalent to n? min Iy;. The next term in the asymptotic
expansion of w,, was derived by Sandier and Serfaty [23] in the classical case (1.2), it reads

min w,, = n’ min Iy — glogn + ayn + o(n),

where ay is related to the minimum of a Coulombian renormalized energy studied in [22] which
quantifies the discrete energy of infinitely many positive charges in the plane screened by a uniform
negative background. Note that rather strict assumptions in addition to (1.2) need to be made on
V for this expansion to hold, but they are satisfied in particular if V' is smooth and strictly convex.

Here, we show that such an asymptotic formula still holds when the classical growth assumption
(1.2) is replaced with the weak growth assumption (1.3). However it is no longer obvious that the
minimum of w,, is achieved in this case, as the weak growth assumption could allows one point to
go to infinity.

THEOREM 1.1. Let V be an admissible potential *. Then the following asymptotic expansion
holds.

1 1
([g%)fn wy, = Iy (py)n? — glogn + <; H}lIIHW 32 /) my (z) log mv(ac)dac> n+o(n), (1.4)

where py = my(z)dx is the unique minimizer of Iy (see Section 2 for precise definitions of W

and Aj.)

This result is proved using the methods in [22, 23] suitably adapted to equilibrium measures
with possibly non-compact support together with the compactification approach in [13, 12, 1]. This
compactification allows also to connect the discrete energy problem for log gases in the plane with
the discrete logarithmic energy problem for finitely many points on the unit sphere S? in the Eu-
clidean space R3.

The logarithmic energy of a configuration (yi,...,y,) € (S?)" is given by

n
Elog(yla ey yn) = Z log Hyz - yj”7

]
where || - || is the Euclidean norm in R®. Finding a minimizer of such an energy functional is
a problem with many links and ramifications as discussed in the fundamental paper of Saff and
Kuijlaars [14] (see also [5]). For instance Smale’s 7" problem [25] is to find, for any n > 2, a
universal constant ¢ € R and a nearly optimal configuration (yi,...,y,) € (S?)" such that, letting
Elog(n) denote the minimum of Ejo on (S?)",

Elog(yh (RS yn) - glog(n) < ClOg n.

1See Section 3.1 for the precise definition



Identifying the term of order n in the expansion of £g(n) can be seen as a modest step towards a
better understanding of this problem.

It was known (lower bound by Wagner [26] and upper bound by Kuijlaars and Saff [15]), that

1 1 1 1
(5 — log 2) n? — gnlogn +c1n < Eg(n) < (5 — log 2) n- — §nlogn + can

for some fixed constant ¢; and co. Thus one can naturally ask for the existence of the limit

1 1
lim — [Slog(n) - <§ —log 2> n? 4+ glog n} .

CONJECTURE 1 (Rakhmanov, Saff and Zhou, [20]): There exists a constant C' not depend-
ing on n such that

1
Elog(n) = <§—log2>n ——logn—i-Cn—i-o( ) asmn — 4oo.

CONJECTURE 2 (Brauchart, Hardin and Saff, [6]): The constant C' in Conjecture 1 is equal
to Cpys, where
v (1.5)

(1/3)

2
CBHS = 2log 2 + —log

1
3+3 ogr

As we will see, our results imply that the last conjecture is equivalent to one concerning the
global optimizer of the renormalized energy W.

CONJECTURE 3 (Sandier and Serfaty, [22], or see the review by Serfaty [24]) : The tri-
angular lattice is a global minimizer of W among discrete subsets of R? with asymptotic density
one.

The expansion (1.4) in the particular case V(z) = log(1 + |x|?) transported to S? using an
inverse stereographic projection and appropriate rescaling gives an expansion for &og(n) and thus
proves Conjecture 1. The constant C' in Conjecture 1 can moreover be expressed in terms of
the minimum of the renormalized energy W. The value of W for the triangular lattice obviously
provides an upper bound for this minimum, and by using the Chowla-Selberg formula to compute
the expression given in [22] for this quantity, we show that this upper bound is precisely Cpps.
This bound is of course sharp if and only if Conjecture 3 is true. Thus we deduce from (1.4) the
following.

THEOREM 1.2. There exists C # 0 independent of n such that, as n — 400,

1 1 1
Elog(n) = <§—10g2>n ——logn—i—Cn—l—o( )s C——HjlmW—i— 6T

™

+ log 2.

Moreover C < Cpps where Cppg is given in (1.5), and equality holds iff H}linW is achieved for
1
the triangular lattice of density one.

The plan of the paper is as follows. In Section 2 we recall the definition of W and some of
its properties from [22]. In Section 3 we recall results about existence, uniqueness and variational
Frostman inequalities for puy. Moreover, we give the precise definition of an admissible potential
V. In Sections 4 and 5 we adapt the method of [22] to the case of equilibrium measures with
noncompact support. The expansion (1.4) is proved in Section 6. Finally in Section 7 we prove
Conjecture 1 about the existence of C, the upper bound C < Cppg and the equivalence between
Conjectures 2 and 3.



2 Renormalized Energy

Here we recall the definition of the renormalized energy W (see [23] for more details). For any
R > 0, Bg denotes the ball centered at the origin with radius R.

Definition 2.1. Let m be a nonnegative number and E be a vector-field in R?. We say E belongs
to the admissible class A, if

divE =27(v —m) and curl E =0 (2.1)
where v has the form
v= Z Sp , for some discrete set A C R?, (2.2)
peEA
and if
B
V|(B IT) is bounded by a constant independent of R > 1.
R

Remark 2.1. The real m is the average density of the points of A when E € A,,.

Definition 2.2. Let m be a nonnegative number. For any continuous function x and any vector-
field E in R? satisfying (2.1) where v has the form (2.2) we let

1
W(E,x)=lim | =

x(x)|E(z)|*dz + wlogn x(p) | - 2.3
i (5 o A@IEG) > x() (23)

peEA

We use the notation x g, for positive cutoff functions satisfying, for some constant C' independent

of R

IVxgnl <C, Supp(xsg) C Br, xpBp(x)=1ifd(z,Bg) > 1. (2.4)

where d(x, A) is the Euclidean distance between z and set A.

Definition 2.3. The renormalized energy W is defined, for E € A, and {xB,}r satisfying
(2.4), by
W(E
W(E) = limsup WAE, X8x)
R—+o00 |BR|

Remark 2.2. It is shown in [22, Theorem 1] that the value of W does not depend on the choice
of cutoff functions satisfying (2.4), and that W is bounded below and admits a minimizer over Aj.
Moreover (see [22, Eq. (1.9),(1.12)]), if E € A,,, m > 0, then

[ %E(./\/ﬁ) €A and W(E)=m (W(E) - Tlogm).

In particular

min W =m (minW I log m> , (2.5)
Ay 2

m

and F is a minimizer of W over A,, if and only if £’ minimizes W over Aj;.

In the periodic case, we have the following result [22, Theorem 2], which supports Conjecture 3
above:



Theorem 2.3. The unique minimizer, up to rotation, of W over Bravais lattices® of fixed density

m is the triangular lattice
2 1 V3
Ap=/—=|Z1,0080Z | =, — .
fm(ze0ez (3 7))

This is proved in [22] using the result of Montgomery on minimal theta function [18], we provide
below an alternative proof.

Proof. For any Bravais lattice A
W(A) = ah(A) + b,

where a > 0, b € R and h(A) is the height of the flat torus C/A (see [19, 7, 10] for more details).
Indeed, Osgood, Phillips and Sarnak [19, Section 4, page 205] proved, for A = Z®7Z, 7 = a+ib,
that
h(A) = —log(bln(T)[*) + C, C€R,

where 7 is the Dedekind eta function®. But from [22] we have
1 2
W(A) = —3 log <\/ 27b|n(7)| > +C,

therefore W(A) = ah(A) + b.
Then from [19, Corollary 1(b)], the triangular lattice minimizes h among Bravais lattices with
fixed density, hence the same is true for W. U

3 Equilibrium Problem in the Whole Plane

In this section we recall results on existence, uniqueness and characterization of the equilibrium
measure py and we give the definition of the admissible potentials.

3.1 Equilibrium measure, Frostman inequalities and differentiation of U*v

Definition 3.1. ([1]) Let K C R? be a compact set and let My(K) be the family of probability
measures supported on K. Then the logarithmic potential and the logarithmic energy of
we Mi(K) are defined as

Ul (z) = — /Klog\x —yldu(y) and Ip(p):= — //KXKlog |z — yldp(z)du(y).

We say that K is log-polar if Iy(n) = +oo for any p € My(K) and we say that a Borel set E
is log-polar if every compact subset of E is log-polar. Moreover, we say that an assertion holds
quasi-everywhere (q.c.) on A C R? if it holds on A\P where P is log-polar.

Remark 3.1. We recall that the Lebesgue measure of a log-polar set is zero.

Now we recall results about the existence, the uniqueness and the characterization of the equilibrium
measure py proved in [11, 21] for the classical growth assumption (1.2), and by Hardy and Kuijlaars
[12, 13] (for existence and uniqueness) and Bloom, Levenberg and Wielonsky [1] (for Frostman type
variational inequalities) for weak growth assumption (1.3).

2A Bravais lattice of R?, also called “simple lattice” is L = Zi @ Z¥ where (i, @) is a basis of R.
3See Section 7.3



Theorem 3.2. ([11, 21, 12, 13, 1]) Let V be a lower semicontinuous function on R? such that
{x € R%,V(z) < +oo} is a non log-polar subset of R? satisfying

liminf {V (z) — log(1 + |z|*)} > —o0.

|z| =400
Then we have :

1. inf [ is finite, where Iy is given by (1.1).
it 1o s v is given by (1.1)

2. There exists a unique equilibrium measure py € My (R?) with

I — inf [
v(uy) el e v (k)

and the logarithmic energy Io(puy) is finite.

3. The support Xy of py is contained in {x € R?;V(z) < +oo} and Xy is not log-polar.

4. Let
V(x
Cy ‘= I\/(,u,v) —/ (2 )duv(.%') (3.1)
R2
denote the Robin constant. Then we have the following Frostman variational inequalities :
v
UM (z) + % >cy  ge onR? (3.2)
UM (x) 4+ Viz) <cy foralzeXy. (3.3)
V(z)

Remark 3.3. In particular we have U"V (x) +

= cy q.e. on Xy.

As explained in [12], the hypothesis of Theorem 3.2 can be usefully transported to the sphere
S in R? centred at (0,0,1/2) with radius 1/2, by the inverse stereographic projection 7' : R? — S
defined by

1 9 |:c|2
T+ ]z 1+ |22 1+ |22

ron - (

> Jfor any z = (21, z2) € R%

We know that T is a conformal homeomorphism from R? to S\{N} where N := (0,0,1) is the
North pole of S.
The procedure is as follows: Given V : R? — R, we may define (see [12]) V : S — R by letting

V(T (z)) = V(x) —log(1 + |z[*), V(N) = liminf {V(z) —log(1 + |z|*)}. (3.4)

|x| =400

Then (see [12]), V satisfies the hypothesis of Theorem 3.2 if and only if V is a lowersemicontinuous
function on § which is finite on a nonpolar set. Therefore, in this case, the minimum of

R = [[[(tolle =l + 22+ X2 dute) dut)

2 2

among probability measures on S is achieved. Here ||z — y|| denotes the euclidean norm in R3.
Moreover, still from [12], the minimizer py is related to py by the following relation

py = Thpy, (3.5)

where T4 denotes the push-forward of the measure p by the map T'.



Definition 3.2. We say that V : R> — R is admissible if it is of class C? and if, defining V as
above,

1. (H1) : The set {z € R%; V(z) < 400} is not log-polar and lim inf {V (z)—log(1+|z|?)} > —oc.

|x| =400

2. (H2) : The equilibrium measure wy is of the form my(z)ls,,(z)dz, where my is a C!
function on S and dx denotes the surface element on S, where the function my is bounded
above and below by positive constants m and m, and where ¥y is a compact subset of S with
C' boundary.

Remark 3.4. Using (H2) and (3.5), we find that
dpy (z) = my(z)ly,, dz,

where Xy = T71(2y) and

my(T(z))
my(x) = ——5%5. (3.6)
(1+ |=[*)?
Note that (1 4 |z|?)~2 is the jacobian of the transformation 7'
4 Splitting Formula
Assume V' is admissible. We define as in [23] the blown-up quantities:
7 = +/nx, my (2') = my(x), duy, (2') = mi, (2')da’
and we define v
((x) :==U"(z) + @) cv, (4.1)

2

where ¢y is the Robin constant given in (3.1). Then by (3.2) and (3.3), {(z) = 0 q.e. in ¥y and
¢(x) >0 q.e. in R%\Zy.

n
For (x1,...,7,) € (R?)", we define v, = Z‘S:ri and
i=1
n
H, = —2rA v, —nuy) = — /2 log|. — y|d(vy, — nuy)(y) = — Zlog |. — x| — nUHV
R i=1

where A~! is the convolution operator with % log| - |, hence such that A o A™! = I where A
denotes the usual laplacian. Moreover we set

H, = —2n A7) — ply) (4.2)
n
where v, = Z Oyt
i=1
Lemma 4.1. Let V' be an admissible potential. Then we have

lim H,(z)dpy (x) = / H,(x)dpy(x) and lim W(VHy,1p,) = W(VH,, 1g2).
R—+o00 Jp, R2 R—+o00
(4.3)



Proof. From (3.6) and the bounds on my we get?

[ Toxt -+ )iy (3) < +ox. (1.4

Therefore by the dominated convergence argument given in [17, Theorem 9.1, Chapter 5] (used for
the continuity of U*V), we have

Hy () = Z [ o (%) duv (). (45)

It follows that Hy(z) = O (|z|™!) as |z — +oo which implies the first equality using (3.6).

The second equality follows from the dominated convergence argument of Mizuta in [16, The-
orem 1], because from (4.5) we have VH,(z) = O(|z|72) as |z| — +oo and thus |[VH,|? in in
LY(R). O

Lemma 4.2. Let V be admissible. Then, for every configuration (z1,...z,) € (R®)", n > 2, we
have

1 n
Wa (1, oo ) = 02Ty (pv) — glog” + ;W(VH;“ 1ge) + 2”2 (). (4.6)
=1

Proof. We may proceed as in the proof of [23, Lemma 3.1] and make use of the Frostman type
inequalities (3.2) and (3.3) and Lemma 4.1. The important point is that, as shown in the proof
of the previous lemma, we have H,(z) = O(|z|™!) and VH,(z) = O(|z|72) as |z| — +oc which
implies, exactly like in the compact support case, that

lim H,(x)VH,(x).v(x)de =0
R—+o00 8Bg
where /() is the outer unit normal vector at x € 9Bpg. O

5 Lower bound

Here we follow the strategy of [23], pointing out the required modifications in the noncompact case.

5.1 Mass spreading result and modified density g
We have the following result from [23, Proposition 3.4]:

Lemma 5.1. Let V' be admissible and assume (v, E) are such that v = Z 0p for some finite subset
pEA

A CR? and divE = 27(v — my), curl E = 0 in R2. Then, given any p > 0 there exists a signed

measure g supported on R? and such that:

o there exists a family B, of disjoint closed balls covering Supp(v), with the sum of the radii of
the balls in B, intersecting with any ball of radius 1 bounded by p, and such that

1
g(A) > —=C(|lmy]le + 1) + Z/ \E(m)]Qlﬂ\Bp(x)dm, for any A C R?,
A

where C' depends only on p;

“We note that pyv is an equilibrium measure is sufficient to obtain (4.4), as explained by Mizuta in [17, Theorem
6.1, Chapter 2] or by Bloom, Levenberg and Wielonsky in [1, Lemma 3.2]



e we have

dg(x) = %|E($)|2d$ outside U B(p, \)

peEA
where X\ depends only on p;
o for any function x compactly supported in R? we have
W(E) - [ xds| < ONGog N + )V (5.1

where N = #{p € A; B(p, \) N Supp(Vx) # 0} for some X\ and C depending only on p;

o forany U C Q) R R
#(ANU) < O+ my[%|U] +9(U)) (5.2)

where U = {x € R%d(x,U) < 1}.

n

n

Definition 5.1. Assume v, = Z Sz, Letting v), = Z 696; be the measure in blown-up coordinates
i=1 i=1

and E, = VH), we denote by g, the result of applying the previous proposition to (v}, E,, ).

The following result [23, Lemma 3.7] connects g and the renormalized energy.

n
Lemma 5.2. ([23]) For any v, = Z&xi, we have
1=1

W(VH,, 1gs) = / dg,,. (5.3)

R

5.2 Ergodic Theorem

We adapt the abstract setting in [23, Section 4.1]. We are given a Polish space X, which is a space
of functions, on which R? acts continuously. We denote this action (\,u) — O u := u(. + \), for
any A € R? and u € X. We assume it is continuous with respect to both A and w.

We also define 7§ and T} acting on R? x X, by T5 (z,u) := (z+e), Oyu) and Ty (z,u) = (z,0\u).

For a probability measure P on R? x X we say that P is T'\(z)-invariant if for every function A
of class C1, it is invariant under the mapping (z,u) — (z, O\(@)1)-

We let {f.-}c, and f be measurable functions defined on R? x X which satisfy the following
properties. For any sequence {z.,u.}. such that x. — = as ¢ — 0 and such that for any R > 0,

lim sup fe(ze + X, O\us)d\ < 400,

e—0 Br

we have
1. (Coercivity) {u.}. has a convergent subsequence;
2. (P-liminf) If {u.}. converge to u, then ligljélf fe(ze,ue) > f(z,u).
Remark 5.3. In contrast with the compact case we do not have the convergence of {z.}.

Now let V be an admissible potential on R? and uy its associated equilibrium measure. We
have



Theorem 5.4. Let V, X, (f-)c and f be as above. We define

F.(u) := /R2 fe(@, 0z u)dpy (2)

Assume (ug)e € X is a sequence such that F-(u:) < C for any e > 0. Let P. be the image of uy by
x> (x,0zu.), then:

1. (P:)e admits a convergent subsequence to a probability measure P,
2. the first marginal of P is uy,
3. P is Ty(g)-tnvariant,

4. for P —a.e. (z,u), (x,u) is of the form lir%(me,ﬁxiug),
e— B

5. liminf F, (u.) 2/ f(z,u)dP(z,u).
e—0 R2x X

6. Moreover we have

/R2xx f(z,u)dP(z,u) = /R?xx ( lim f(m,ew)d)\> dP(z, ). (5.4)

R—+o00 Bgr
where JCBR denote the integral average over Bg.

Proof. The proof follows [22, 23] but with uy replacing the normalized Lebesgue measure on a
compact set Yy. We sketch it and detail the parts where modifications are needed. For any
R > 0 we let ,ug denote the restriction of uy to Bg, and PR denote the image of u{f by the map
x> (z,0zu).

STEP 1: Convergence of a subsequence of (F.) to a probability measure P. It suffices to
prove that the sequence {P.}. is tight. From [22, 23], which deals with the compact case, { P/}, is
tight, for any R > 0.

Now take any § > 0, we need to prove that there exists a compact subset K5 of R? x X
such that P.(Ks) > 1 — ¢ for any ¢ > 0. For this we choose first R > 0 large enough so that
(py — uf)(R?) < 6/2. This implies that P has total measure at least 1 — §/2 and then we may
use the tightness of {Pf}, to find that there exists a compact set K such that PR(Kj) > 1 — 4.
It follows that P.(Kjs) > 1 — d, and then that {P.}. is tight.

STEP 2: P is T)(;)-invariant. Let A be a function of class C' on R?, ® be a bounded continuous
function on R? x X and Py be the image of P by (z,u) — (x, Or()u). By the change of variables
y =eX(z) + 2 = (eA + I)(x), we obtain

/ q)(x’u)dp)\(x’u) :/ q)(x’a)\(m)u)dp(xau)
R2x X R2x X

= il_{% . (13(.%', HA(JC)u)dPg(x, u)

= lim <I>(x,0/\($)+§u5)duv(m)

e—0 Jr2

= lim D(x, 0 cx@)+a Ue )dpy ()

e—0 R2

2R ) s my (A + ) )y
50 S [det(Iz + eDMN(Is + eN) - L(y))] ’

10



where D is the differential of A.
From the boundedness of ® and the decay properties of my (see (3.6)) it is straightforward to
show that

@ ((eA+ 1) (), Buue ) v (X + 1) ™ () dy

i
=20 Jpo [det(Io + eDA(I2 + £N)L(1)))]
=lim [ @ <(e/\ + Iz)‘l(’y),@aue) my (y) dy
e—0 ]R2 €
= lim ) ((5)\—1-[2)71@),10) dP.(y,u).
e—0 R2x X

Then, arguing as in [23] using the tightness of (P.). we obtain

lim D ((eX + ) (y), u) dP-(y,u) = lim ®(y, u)dPx(y, u)
e—0 Jr2y x e=0 Jr2y x

= / O(z,u)dP(z,u),
R2x X

Which concludes the proof that /

O(x,u)dPy(z,u) = / ®(x,u)dP(z,u), i.e. that P is
R2xX

. ) R2x X
T\(y)-invariant.

Items 2 and 4 in the theorem are obvious consequences of the definition of P and items 5 and 6.
require no modification from [23]. We have proved above items 1 and 3. O

6 Asymptotic Expansion of the Hamiltonian

We define )
ay = — min Wdzx = — mmW - —/ my (z) log my (x)dx, (6.1)
R2 'Amv(ﬂc)

where the equality is a consequence of (2.5). The fact that ay is finite follows from (3.6), which
ensures that the integral converges.
We also let

1 /1 ,
Fyv)={ n (;W(VH 1g2) + 2n/§dV> if v is of the form — ;595

+00 otherwise.

n
For v/, = Z 8,1, let By, be a solution of div E,,, = 27 (v, — my,), cwrl ), = 0 and we set
i=1

b, = /}R2 O(w, Euy, (/) SV ()

The following result extends [23, Theorem 2| to a class of equilibrium measures with possibly un-
bounded support, which requires a restatement which makes it slightly different from its counterpart
in [23]. It is essentially a Gamma-Convergence (see [2]) statement, consisting of a lower bound and

1
an upper bound, the two implying the convergence of — |wy(z1,...,2,) — n* Iy (uy) + glogn to
n

ay for a minimizer (x4, ...,x,) of w,.
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6.1 Main result

Theorem 6.1. Let 1 <p <2 and X =R? x LI (R% R?). Let V be an admissible function.

A. Lower bound: Let (vy,)y such that Fy,(v,) < C, then:

1. P, s a probability measure on X and admits a subsequence which converges to a probability
measure P on X,

2. the first marginal of P is uy,
3. P is Ty(g)-tnvariant,
4. E €Ay, @) P-ae.,
5. we have the lower bound
o1 , 1 W(E)
— > — > . .
Eg}rgcf) er(VH"’ 1p2) > T s mv(x)dP(x,E) > ay (6.2)

B. Upper bound. Conversely, assume P is a T\ -invariant probability measure on X whose
first marginal is py and such that for P-almost every (x, E) we have E € Ay (2)-
a sequence {v, = Y. | 0y} of measures on R* and a sequence {Ey}, in L} (R? R?) such that

Then there exist

div E,, = 27 (v;, — mi,) and such that, defining P, = / O (e, Bn(ay/n+.) v (), we have P, — P as
R2

n — +oo and

1 W (E
limsup Fy,(v,) < — (E)
n——+o0o ™ JR2 mV(x)

dP(z, E). (6.3)
C. Consequences for minimizers. If (x1,...,x,) minimizes w, for every n and measure v, =

n
Z 0z, then:
1=1

1. for P-almost every (x, E), E minimizes W over A

my ()7
2. we have
. 1 L[ W(E)
1 F,(v,) = 1 —W(VH!  1g2) = — dP(z,F) = ay, 4
Jm Falvn) = i SSW(VH 1) = 2 oy dP@ B) = av (6.4)

hence we obtain the following asymptotic expansion, as n — +o0:

(le)n wy, = Iy (py)n? — g logn + ayn + o(n). (6.5)
R n

6.2 Proof of the lower bound
We follow the same lines as in [23, Section 4.2]. Because F,,(v,) < C and (4.6), we have that

1
ﬁwn(ﬂ?l,---ﬂ?n) — Iy (pv),

therefore v, converges to py (this follows from the results in [12]).
We let v}, = >, 6,7, and E,, H),, g, be as in Definition 5.1.

l‘i’

Let x be a C* cutoff function with support the unit ball B; and integral equal to 1. We define

1 x(y) .

p d £, E.9) =0z (V> En gn),
fn(waya Eag) = 7T/RQ mv(x) g(y) ' (V’ ’g) \/ﬁx(l/n, g )

+00 otherwise.

12



As in [23, Section 4.2, Step 1], if we let

F,.(v,E, g) := /R? f, (x,@x\/ﬁ(y,E,g» duy (), (6.6)

then

P B = [ [ X0ato, v @)= [ [ (- ovideds )

< Lw(vn) 1g) + 20

nm nm

by (5.3), where U = {2’ : d(2/,R*\X) > 1}. As in [23], we have g, (U°) = o(n). Hence, if

1
Fn(ya Eag) < n_W(vHrlw 1]R2) + 0(1)7
™

and F, (v, E, g) = +00 otherwise.

Now, as in [23], we want to use Theorem 5.4 with ¢ = % and X = My x LP (R? R?) x M
where p €]1,2[, M is the set of nonnegative Radon measures on R? and M the set of Radon
measures bounded below by —Cy = —C(|[my||% + 1). Let Q, be the image of uy by =

(2,04 (Pps En, gn)). We have:

1) The fact that £, is coercive is proved as in [23, Lemma 4.4]. Indeed, if (x,,v(n), E(n), g(n)),
is such that z,, — = and, for any R > 0,

Jim sup /B 5 <xn + %,HA(V(n),E(n), g(n))> dX < +oo,

n—-+o0o

then the integrand is bounded for a.e. A\. By assumption on f,,, for any n,

HA(V(n)v E(n)7g(n)) = Hmm/ﬁJr)\(V;w Ey, gn)7

hence it follows that
(v(n), E(n),g(n)) = 0, /(v En, gn)-

For any R > 0, there exists Cr > 0 such that for any n > 0, noting Bgr(x) the closed ball of radius
R centred at a point z,

A 1 x(y)
£, (0 + 22,6 un,En,gn>dA:/ —/ _ X ey, tgn(y))dr
/BR < Vn A ) Br T RQmV x,ﬁ.%) Oty ®))

L L
remem v

= %/]R? X * <lBR(mn\/ﬁ)m> (y)dgn(y) < Ck.

This, inequalities (3.6) and the fact that g,, is bounded below imply that g,(Br(z,v/n)) is bounded
independently of n. Hence by the same argument as in [23, Lemma 4.4], we have the convergence
of a subsequence of (v, Ey, gp)-

13



2) We have the T'-liminf property: if (zy, vn, Fn, gn) — (x,v, E, g) as n — +o0, then, by Fatou’s
Lemma,

liminf £, (xn, v, En, gn) > f(z, v, E, g)

n—-+o0o mv

obviously if the left-hand side is finite. Therefore, Theorem 5.4 applies and implies that:

1. The measure ), admits a subsequence which converges to a measure ) which has py as first
marginal.

2. Tt holds that @-almost every (z,v, E, g) is of the form lim (0, /(5 En,gn)).

n—-+o00

3. The measure @ is T)(,)-invariant.

4. We have liminf F,, (v, Epn, g) > l/R2 </R2 Jé?%dg(y)) dQ(z,v, E,g).

n—-+o00

5. — //mv dg(y)dQ(z, v, E, g) = /(RETOO]{BR/%@@)CM) dQ(z,v, E, g).

Now we can follow exactly the lines of [23, Section 4.2, Step 3] to deduce from 4), after noticing that
P, is the marginal of @, corresponding to the variables (z, ') which converge to a T)(,)-invariant
probability measure. Moreover

1 d E
liminf — W (VH., 1g2) > / (/ng> dQ(z,v, E, g)

n—+oo N mv(CC)
. 1 dQ(z,v, E,g)
= [ i, (Tm/ A 1BRdg> @
dQ(z,v,E,g) W(E)
> = /W Sl e L)

Thus the lower bound (6.2) is proved. The fact that the right-hand side is larger than «ay is obvious

dP
because the first marginal of — is the Lebesgue measure.
my

6.3 Proof of the upper bound, the case Supp(uy) # R?

The discussion following Theorem 3.2 permits to immediately reduce the case of V’s such that
Supp(uy) # R? to the case of a compact support. Indeed in this case there exists y € S which does
not belong to the support of uy. Let R be a rotation such that R(N) = y, then the minimum of
Iyor is pyor = R~y hence N does not belong to its support.

b
Letting ¢ = T~'RT, we have that ¢ is of the form z — az+

ith ad —bc =1, and lyi
o) o ) ) = 1d with a C , and applying
4), (3.9) to V o R we have that

pv, =T "pvor,

where

Vo R(T(z)) = Viy() — log(1 + |a]?).

This implies that jy, has compact support since N does not belong to the support of pyog.
Moreover, using (3.4) again to evaluate V(RT(z)) we find for any z such that RT(z) # N, i.e.

x # —d/c,

V() = V(T7'RT(z)) —log(1 + |T7'RT(z)[?) + log(1 + |z|?),

14



V,(—=d/c) = V(N) +log(1 + |d/c|*) = log(1 + |d/c|*) + 1 niinog{V(x) —log(1 + |z%)}.

i
||
Finally we find that

Vol@) = V(g(x)) ~ log(1 + [p@)|?) + og(L+ [af’), Vy(-d/e) = lminf Vy(u).  (67)

Now we rewrite the discrete energy by changing variables, to find that, writing w,, - instead of
wy, to clarify the dependence on V,

wn v (@1, mn) = = Y loge(yi) — oY) +n Y Vie(:)), (6.8)
itj i=1
where x; = ¢(y;). Now we use the identity (see [12])

|z — |

VI+[zPy/T+ [y

applied to o(z), ©(y) together with the fact that ¢ = T"'RT and that R is a rotation to get

1T (=) =Tl =

lp(z) — oY)l
T(x)-T = .
1T () = T(y)|l VIt e@) PV + o)

The two together imply that

1 1 1 1
log |ip(z) = p(y)| = log |z —y|+ 5 log(1+]p(x)[*)+ 5 log(1+ [ (y)[*) — 5 log (1+|[*) — 5 log (1+[y[*).
Replacing in (6.8) shows that

Wy v (T1,...,2,) = Wn,V, (Y1, -y Yn) + Zlog(l + |g0(yl)|2) — Z log(1+ |yi|2), x; = o(y;). (6.9)

It follows from (6.9) that an upper bound for minw,, y can be computed by using a minimizer
for wy, v, as a test function. But now we recall that uy,, has compact support, hence the results of
[23] apply and we find, using the fact that for such a minimizer % >_; 0y, converges to py,,

, 1 1+ |p(2)]?
min wy, y < n2[v¢(uv¢) — inlogn + <aV¢ + /log <%‘i’;’> d,uvw(ac)> n+o(n), (6.10)
where
(65} 1 .
av, =——35 my, (x)log my, (z)dr, a1 := Hvilan

Sv,

We remark that Iy, (uy,) = Iv(uy) because py, = ¢~ #uy. Moreover, it follows from (3.6) that

1+www>2

) = my (o) ()

which plugged in the expression for oy, and then in (6.10) yields,
. 9 1
minwy, vy < nly(py) — §nlogn + ayn + o(n),

which matches the lower-bound we already obtained and thus proves Theorem 1.1 in the case where
the support of uy is not the full plane.
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6.4 Proof of the upper bound by compactification and conclusion

Here we assume that ¥y = R2. Let

Then, using the notations of the previous section, we deduce from (6.7) that
Vio(2) = V(p(2)) + 2log |z|.

To simplify exposition and notation, we assume that py(B1) = py(Bf) = 1/2, otherwise there
would exist R such that puy(Bgr) = pv(Bf) = 1/2 and we should use the transformation pgr(z) =
@R’ (2) = —Rz~ instead.

Our idea is to cut Xy = R? into two parts in order to construct a sequence of 2n points
associated to a sequence of vector-fields. We will only construct test configurations with an even
number of points, again to simplify exposition and avoid unessential technicalities.

STEP 1: Reminder of the compact case and notations. We need [23, Corollary 4.6] when
K is a compact set of R?:

Theorem 6.2. ([23]) Let P be a Ty -invariant probability measure on X = K x LP (R?R?),
where K is a compact subset of R? with C' boundary.

We assume that P has first marginal dz g /|K| and that for P-almost every (z,E) we have
E € Ay, where m is a smooth function on K bounded above and below by positive constants.
Then there exists a sequence {vn, = > 1 | 0z, tn of empirical measures on K and a sequence {Ep},
in P (R%,R?) such that div E,, = 2w (v}, — m'), such that E, = 0 outside K and such that P, =

loc

Oz, En(Vmat.))dr — P as n — +o00. Moreover
o K
limsup —W(E,, 1p2) < W(E)dP(z,E).
n—+oco N s

We write py = u%/ + ,u%, where u%/ = pv|p, and u%/ = WV B where A denotes the closure of
set A in R?. Let [L%/ = goﬂ,u%/, then we have

dpis(z) = my (2)1p, (z)de =: mi(z)de  and  dpd(z) = my, (z)1p, (v)dx =: m%/¢(x)dx,

where my, (z) = my (¢~ (2))| det (D )].
Note that, by assumption (H2) and (3.6) we have that there exists positive constants m and m
such that, for any = € By,

O<m<my(z)<m and 0<m<my,(z)<m.

Moreover the boundary 0By is C*.
Now let P be a T)(;)-invariant probability measure on X whose first marginal is py and be
such that for P-almost very (z, E), we have E € Ay, (). We can write

P =P+ P2

where P! is the restriction of P to B; x Lfoc(Bl, R?) with first marginal ,u%/, and P? is the restriction

of P to B x L¥ (Bf,R?) with first marginal pf,. We define P! by the relation

dP" (&, u) = my ()| Bi|dP" (2, u),
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and then P! is a T'\(z)-invariant probability measure on By X LfOC(Bl,]RQ) with first marginal
dz|p, /|B1] and such that, for Plae. (z,E), E € Al (z)- We denote by @t P? the pushforward of
P? by

(x,FE) — <y,E) , where y:=p(z) and E := (Dy,)" E(Dyp,"), (6.11)
where Dy, = A(z)l2 is the differential of ¢ at point z. Then if div E = 27(v — my(x)dx) then

div E = 2r (v — N2 (y)my (p(y))) so that for pf P?-a.e. (y, E) the vector field E belongs to A
since

my, ()

my, (y) dy = mv (p(y)) d(e(y)) = mv(e(y)A(y)* dy.
We define P2 by the relation

d(eiP?)(y, E) = my, (y)| B1|dP?(y, E),

and then P? is a T'\(z)-invariant probability measure on By X Lfoc(Bl,]RQ) with first marginal
dy|p,/|B1| and such that, for P%2ae. (y,E), E ¢ Ay, ()

STEP 2: Application of Theorem 6.2. We may now apply Theorem 6.2 to P! and P2. We
thus construct a sequence {v.} := > 6,1} of empirical measures on By and a sequence {E}},, in

LP (B1,R?) such that

loc
div E} = 27((v}) — (mi)) and P! ::]{B O (e, BL (vat)) 4T — P!,
1

as n — +o00. Moreover, we have

1 B ~
lim sup — W (E}, 1g2) < M/W(E)dpl(gc,E). (6.12)
n—-+oo N ™
Applying now the same Theorem to P2, we construct a sequence {2 = Y oi 052} of empirical

measures on B; and a sequence {E£2},, in L (B;,R?) such that

div B2 = 27 ((#2) — (m%@)') and P2 ::]{B O (4,52 (frat.)) T = P2,
1
as n — +o0o. Moreover, we have

1 = B U
limsup — W (E2 1p2) < %/W(E)dPQ(y,E). (6.13)

n—+4oo N

STEP 3: Construction of sequences and conclusion. It is not difficult to see that we can
assume @2 # 0 for any j and any n > 2 (otherwise we translate a little bit the point). Now we set
CCJQ = go(:EJQ) and in view of (6.11), for each n we define

VT2L = (pﬁﬁr% = Z 530? and E?L(x) = (D(pn—l/Qx)TEEL(n1/2(p(n71/2x))'
j=1

Hence, we have a sequence of vector-fields E? of Ly c(Bf,]Rz) such that

div E2 = 2x((v2) — (m?)')

where m?,(z) = my ()1 ge(x) is the density of ©.
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We have, for sufficiently small 5 such that 0 ¢ B(%2,7) for every i,

W(Eg’ ]-]RQ)

1
= lim —/ |E2(2))|?de’ + mnlogn
=0\ 2 Jr\ UL, B2

= lim (—/ (D, —1/2,) T E2(n20(n=22"))2da’ 4 7nlog 77>
R2\ UL, B(=}m)

— lim <—/ |E5<y’>|2dy’+””l°g">
n=0 \ 2 Jr2\Ur_, B2, (=2)|n)

1 . n n
-t (3 B2y’ + 7 log |/ ()ln — 73 los |so'<xi>|>
=0 (2 R\ UL, By} l¢' (27)|n) ;

i=1

= W(Ep, 1g2) — leog |’ (2],
i=1

where the change of variable is i/ = n'/2¢(n=1/22/).
Furthermore, we have

~ P2) (v, E dP2(z, E)
W (E)dP2(y, E / W(E (et 2 / W (D ) i il
Jw = 1B ol 1B 2y BDey)) =)

by change of variable y = p(z) and E = D@?E(D¢y-).
Now we remark that, for A > 0 and F € A,,,

1 1
EW\)) = I lim [ = 2\E 2 )1
WOAE(M)) = lim —s lim <2 /R?\U oy RONIEQW) dy‘i‘ﬂ'Zi:XR(yz) 0g77>

B 1 1 2 .
= i e lm <2 /R?\UiB(mi,Am XR(z/A)|E(2)] dx"‘W;XR(%/)‘) 10g?7>

where x = \y. Thus, setting R’ = R\ and 1/ = n\, we get

W(AE(M.))

. A2 1 2 /
= i e (5 /RQ\UI_B(W/) Xr (2)|E(z)[*dz + = ; X (x:) (log 7’ — log n))
=\ (W(E) —mlog ).

Applying this equality with A = |¢/(z)|~! = |¢'~*(y)|, we obtain

1 n
lim sup — <W(E3L, 1ge) + 7 Z log \w'(mﬁ\)

n—-+oo N im1
dP%(z, F)
my,,(y)

l ; o) "(2)|m? (z
W/ o/ ()2 (W(E) + log|¢' () Imi, (x))

)
that is to say, because m%/ is the density of points {z;} as n — 400,

1
imsup = (E2, 1xa) + [ logl'(o)ldi (o)

n—+oo N B¢
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dP%( x_E) , 5
/ () —i—/Bflog\go(x)\dP (2).

As fo log |/ (z)|dP?(x ch log |¢(z)|du? (z), it follows that
1 dP?*(z, E
lim sup — W (E2, 1g2) < — /W x» (6.14)
n—+4oo N )

Finally, we set
Vo = vl 4+ 12 and  FEy, = E} + E2,

and by (6.12) and (6.14), we have, since E} and E? have disjoint supports,

1 1 FE 1 FE
limsup —W(E,, 12) < — Mdpl(l",E) +— WAE)

P ) (@) ) @)

dP*(z,E)

_ L[ WE) b By

T my(z)
which proves (6.3). Furthermore, by changes of variable,

F%:L@wmﬁﬂWM@%PlMMP%:/meﬁmWW@%ﬂ
1

By

in the weak sense of measure, and it follows that
P,=P+P> P4+ P =P

Part C follows from A and B as in [23].

7 Consequence: the Logarithmic Energy on the Sphere

As we have an asymptotic expansion of the minimum of the Hamiltonian w,, where minimizers can
be in the whole plane — not only in a compact set as in the classical case — we will use the inverse
stereographic projection from R? to a sphere in order to determine the asymptotic expansion of
optimal logarithmic energy on sphere.

7.1 Inverse stereographic projection

Here we recall properties of the inverse stereographic projection used by Hardy and Kuijlaars [12, 13]
and by Bloom, Levenberg and Wielonsky [1] in order to prove Theorem 3.2.

Let S be the sphere of R3 centred at (0,0,1/2) of radius 1/2, ¥ be an unbounded closed set of R?
and T : R? — S be the associated inverse stereographic projection defined by

x1 T |z|?
T+ 22" 1+ 2|2’ 1+ |22

T(x1,22) = < ) ., for any z = (z1,12) € R?,

where R? := {(x1,22,0); 21,20 € R}. We know that T is a conformal homeomorphism from C to
S\{N} where N :=(0,0,1) is the North pole of S.

We have the following identity:

I7() - T = ——E U for any 2,y € B2

V1t 2Py + [y
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Furthermore, if |y| — 400, we obtain, for any = € R%:

IT(2) - N|| = ﬁ (7.1)

We note s = T(X)U{N} the closure of T'(X) in S. Let M (X) be the set of probability measures
on X.. For p € My(X), we denote by Tu its push-forward measure by T' characterized by

[ s /f

for every Borel function f: ¥s — R. The following result is proved in [12]:

Lemma 7.1. The correspondance p — Tty is a homeomorphism from the space My (X) to the set
of w € M1(Xg) such that u({N}) = 0.

7.2 Asymptotic expansion of the optimal logarithmic energy on the unit sphere

An important case is the equilibrium measure associated to the potential
V(x) = log(1 + |2[?)

corresponding to the external field ¥V = 0 on S and where THuy is the uniform probability measure
on S (see [12]). Hence V' is an admissible potential and from (3.6) we find

dzx

d,U,V(,I) = W and EV = RQ.
We define
Wy (T, .oy Ty Zlog]w,—xj\—i— n—1) Zlog 1+ |z,
i#]

and we recall that the logarithmic energy of a configuration (y,...,y,) € 8™ is given by

Elog (Y15 s Yn) 1= Zlog lyi — ;-
i#j
Furthermore, we recall that (1) denotes the minimal logarithmic energy of n points on S2.
Lemma 7.2. For any (z1,...,x,) € (R?)", we have the following equalities:
Wi (21, ..y Tn) = Elog(T(21), ..., T(xp))  and  wp(x1,....,20) = Eiog(T(z1), ..., T (z5), N),
which imply that

(@1, ...y ) minimizes Wy, <= (T(x1),...,T(xy,)) minimizes Eipg

(@1, ..., Tp) minimizes w, <= (T(x1),...,T(xy), N) minimizes Eiyg.

Proof. For any 1 <i <n, we set y; := T'(x;), hence we get, by (7.1),

Elog(y17" 7yn = ZIOgHyz y]”
i#]
n
=~ log||T(x;) = T(x;)l|
i#]
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n
|zi — @4 >
=— log
> (ﬂ TN
n n
=— Zlog |z; —xj| + (n—1) Zlog(l + |z)?)
i#j i=1

= Wn(T1, ., Tn).

Furthermore, by (7.1), we obtain

n
W (X1, ooy Tp) = Wp(T1, e, Tn) + Zlog(l + |4]?)
i=1

n
== logllyi —yill =2 loglyi — NI| = Eiog(y1, -+, yn, N).
i#j i=1

n
Lemma 7.3. If (z1,...,x,) minimizes wy, or Wy, then, for v, = E 0z,, we have
i=1

Vn
— = uy, as n — oo,
n

in the weak sense of measures.

Proof. Let (x1, ..., x,) be a minimizer of w,,, then (T'(x1), ..., T(xy)) is a minimizer of Ej,. Brauchart,
Dragnev and Saff proved in [4, Proposition 11] that

1 n
— > 01, = Thuy.
" =1

As T8y (N) = 0, by Lemma 7.1 we get the result.

If (1, ...,2,) is & minimizer of w,, then (T(x1),...,T(x,), N) minimizes E;,, and we can use our
PRREY] ) IREES] ) og
previous argument because

1 = 1 « n SN
Op(p) + 0 =— O (x, T
i (e v ) = 3 3o (7). -

i=1 i=1

in the weak sense of measures, and we have the same conclusion. ]

n
Lemma 7.4. If (1, ...,2y,) is a minimizer of wy, and if vy, := Z(Sm then
=1

n—4+oo n

1
i [ dog(1+ fo)dvi () = [ 1og(1 + [of )y (o).
R2 R2

There exists minimizers of Wy, for which the same is true.

Proof. Let (x1,...,2,) be a minimizer of w,,. We define y; := T'(x;) for any 1 <1 < n and we notice
that

1 2 1
- /]R2 log(1 + |z|?)dvy (z) = - /]R2 log <\/TW) dvy,(z)
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2
= ——/loglly—NlldTﬁVn(y),
nJjs

and by the previous Lemma, (yi,...,,) is a minimizer of Ej,z on S. For any rotation R of S the
rotated configuration of points is still a minimizer, and it is clear that the average over rotations
R of

2
—=> "log||Ry; — N||
n )

is equal to
—2]£ log [ly — N|| dy.

It follows that there exists a rotated configuration (g1, ..., ) such that
1 _
— log ||gi — N|| = ¢ log ||y — N|| dy.
n p S
Transporting this equality back to R? with 7~!, we obtain a minimizer (Z1, ..., %, ) of W, such that
LS 0et 11z = [ 1og(1 + |22)d
S log(1 + lai?) = [ log(1 + o P)duy (@),
n i R2

If (x1,...,2y) is a minimizer of w,, we use [4, Theorem 15] about the optimal point separation
which yields the existence of constants C' and ng such that for any n > ng and any minimizer
{y1,..+,Yn} € S™ of the logarithmic energy on the sphere, we have

C
vn—1
Letting y; = T'(x;) we have that (N,y1,...,¥y,) is a minimizer of the logarithmic energy, hence for
any 1 <1 < n,

rgél;l\lyz il

C
, — N|| > . 7.2
For n > ng and ¢ > 0 sufficiently small, we define, for any 0 < r < 4,
n(r):=#{y; | yi € B(N,r)nS},
and 7; = ||y; — N||. From the separation property there exists a constant C such that n(r) < Cr?n
for any r. Hence we have, using integration by parts,
1)
— Z logr; = —/ log rn/(r)dr
yi€B(N,5) 1/vn—1
é
= —n(d)logd + / Mdr
1/vn—1 T
é
< —Cnd?logé + Cn/ rdr < C5°n|log d).
1/v/n=1
It follows that
1 1
(%er(l] ngrfoo E /B(N,&)OS log Hy - NHdTﬁVn(y) - (%er(l] ngrfoo B ; E log Hyl B NH =0 (7.3)
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v
By Lemma 7.3, — goes weakly to the measure uy on Bpg for any R, hence we get
n

lim l/ lOg(1+|€C| )dvy ()

n—+oo n

1
= lim — </ log(1 + |z|?)dv, () —|—/ log(1 + |x|2)dl/n(x))
n—+oco n Br %

1
= / log(1 + |z|?)dpy (x) + lim = / log(1 + |z|?)duy ().
Br R

n—+oco n

Therefore it follows from (7.3) that

1
lim —/ log(1 + |z|?)du, ()
R2

n—+oo n

1
_ o 2 o4 2
= lim (/BR log(1 +[a*)dpy (z) + lim — /B% log(1 + |z )an(w)>
— [ 1og(1 + [of )y (o).
]RQ
The convergence is proved. O

The following result proves the existence of the constant C' in the Conjecture 1 of Rakhmanov, Saff
and Zhou.

Theorem 7.5. We have
1 1 log ™
Elog(n) = 5—10g2 n? ——logn+ H}lmW—i_T—i_IOgQ n+o(n), asmn— +oo.

Proof. As Ejog is invariant by translation of the 2-sphere, we work on the sphere S? of radius 1 and
centred in (0,0,1/2). Let (y1,...,yn) € S* be a minimizer of Ejog. Without loss of generality, for
any n, we can choose thls configuration such that y; # N for any 1 < ¢ < n. Hence there exists

(21, ..., xy) such that £ 2 = T'(z;) for any ¢ and we get
BEiog (Y1, -+ Yn) = Zlog s =yl
i#£]
n
= =3 log |T(ws) — T(aj)| - n(n — 1) log?
i#]

= Wn(T1, ..., Tn) —n(n —1)log 2.
By Lemma 7.2, (y1,...,y,) is a minimizer of Ejoq if and only if (x4, ..., 2, ) is a minimizer of w,,. By

the lower bound (6.2) and the convergence of Lemma 7.4, we have, for some minimizer (Z, ..., Z,)
of w,,:

1
lim inf — [@n(a’cl, oy Tn) — 2Ty (py) + glog n]

n—+oo N

| _ _ - 12 2 n
= Egl}r{.lcf)g [wn(ﬂ?h ey Tn) — leog(l +|@i|%) = n"Iv (pv) + 5 logn
1=

>a~ [ log(l+[eduy ().
RQ
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The upper bound (6.3) and Lemma 7.3 yield, (x1, ..., x,) being a minimizer of wy,:

1
lim sup — [@n(:il, oy ) — 02Ty (uy) + g log n}

n—+oo T

1
< limsup — [@n(xl, oy ) — 02Ty (v ) + glog n}

n—-+o0o

n—-4oo i—1

o 1 n 9 9 n
= lim sup - [wn(:cl, ey Tpy) — Zlog(l + |zi?) = n Iy (pv) + 3 log n]

=ay — /2 log(1 4+ ]w\z)d,uv(m).
R

Thus, we get

N N _ n
lim — [wn(:vl, oy ) — 02Ty (uy) + 5 log n} =ay — /R2 log(1 + |z*)dpuy (z).

n—+oo N

Therefore, we have the following asymptotic expansion, as n — +o00, when (Z1, ..., T, ) is a minimizer
of wy,:

1 1
=n?Iy(py) — glogn + <— min W — 3 my () log my (x)dx — /

T A R2 - V(ﬂf)dﬂv(ﬁﬂ)) n+ o(n).

1
We know that Iy (uy) = 3 (see [3, Eq. (2.26)]) and

0 x|?
/ log(1 + |z|?)dpy (z) = l/ M
R2 R2

™ (1 + [z[*)?
+oo 1 2
:2/ rog(l—i—r)dr
0 (1+r2)?

2y +o0
_ _ |log4r7) +/ L
1+72 |, r2 (1+172)2

1 ]t
T [1"‘72}0

= 1.

Hence we obtain, as n — +o0,

n? n 1 1
Wn(T1, s Tp) = 5 3 logn + (; I{iian T3 /log(ﬂ(l +[a*)?)dpy (z) — 1> n+o(n)
n? n 1 . log 7 9
:7——logn+ —HEHW%— + [ log(1 + |z|*)dpy (z) — 1 | n+ o(n)
™ Al
2 1 1
— % — glogn—l— (;Hjian—i- Ogﬂ> n+o(n),

and the asymptotic expansion of &og(n) is

1 1 1
Elog(n) = (5 - 10g2> n? — glogn + <—minW + % + log 2> n+ o(n).

T A
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Remark 7.6. It follows from lower bound proved by Rakhmanov, Saff and Zhou [20, Theorem
3.1], that

1 log 7 1 n
;rrjlan—i— — +log2 = ngrfoo - [Elog(yl,. o UYn) — <§ — log2> n? 4+ §logn}

> 5o [50- e‘“ﬂ ’

2v/2 / V2 -2
where a := i < 21 + V27T 4+ 27T> and b := ™+ V2 T and we get
V27 V2 4+ V27T + V2 T

min W > —g log [2772(1 - e—a)b] ~ —4.6842707.

Aq

7.3 Computation of renormalized energy for the triangular lattice and upper
bound for the term of order n

Sandier and Serfaty proved in [22, Lemma 3.3] that
1 2
W (A jar) = = log (V2mbln(r)?)
V3

where A /o, is the triangular lattice corresponding to the density m = 1/27, 7 = a+ib = 1/2—{—27
and 7 is the Dedekind eta function defined, with ¢ = e?", by

7= 0

n>1
We recall Chowla-Selberg formula (see [8] or [9, Proposition 10.5.11] for details):

|D|

HF(|D|) v Do

w (D
m

D
for 7 a root of the integral quadratic equation az? 4+ 3z +~ = 0 where D = 32 — 4ay < 0, <—> is
m

the Kronecker symbol, w the number of roots of unity in Q(iv/—D) and when the class number of
Q(iv/=D) is equal to 1. In our case b = /3/2, w = 6, a« = f = v = 1 because 7 is a root of unity,

-3
hence D = -3, <T> =1 and <7> = —1 by the Gauss Lemma. Therefore we obtain

L3502/ = AT ()

and by Euler’s reflection formula I'(1 — 1/3)I'(1/3) = Sm( 73) we get
P(1/3)°3v3  4ny/3 x vV3ln(r)!
83 N 2 ’
Finally we obtain
it = TSV
R T
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Now it is possible to find the exact value of the renormalized energy of the triangular lattice Ay of
density m = 1:

log(2m)
2

= —log (Varbln(r)?) - wlog(;”)

=mlogm — glog?) —3mlog(I'(1/3)) + gwlogQ

_ 1 2271
= mlog 7\/§F(1/3)3

~ —4.1504128.

W (A1) = 20 W (Ayjo5) —

Thus, we get

1 1
WA + 2T 4 log2
s 2

1 1
== (Wlogw - glog?) — 3mrlog(T'(1/3)) + gwlog2> + % +log 2
T

Nz
I'(1/3)

1 2
=2log2 + 3 log 3 + 3log = Cgpgs =~ —0.0556053,

and we find exactly the value Cppg conjectured by Brauchart, Hardin and Saff in [6, Conjecture
4]. Therefore Conjecture 2 is true if and only if the triangular lattice A; is a global minimizer of
W among vector-fields in Ay, i.e.

. 2\/57?
HleIHW =W(A;) = wlog <W> .

Thus we obtain the following result
Theorem 7.7. We have:
1. It holds

NG
I'(1/3)

1 1 1 2
lim — [Elog(n) — (5 — log2> n? + glogn} < 2log2+ §log§ + 3log

2. Conjectures 2 and 8 are equivalent, i.e. n}‘inW =W(A;) < C=Cppys.
1
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