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Expansion of a singularly perturbed equation with a two-scale
converging convection term

Alexandre MOUTON*
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Abstract

In many physical contexts, evolution convection equations may present some very large amplitude
convective terms. As an example, in the context of magnetic confinement fusion, the distribution
function which describes the plasma satisfies the Vlasvov equation in which some terms are of the same
order as € !, € < 1 being the characteristic gyrokinetic period of the particles around the magnetic
lines. In this paper, we aim to present a model hierarchy for modeling the distribution function for
any value of € by using some two-scale convergence tools. Following Frénod & Sonnendriicker’s recent
work, we choose the framework of a singularly perturbed convection equation where the convective
terms admits a high amplitude part which periodically oscillates in time with high frequency e~* > 1.
In this abstract framework, we derive an expansion with respect to the small parameter ¢ and we
recursively identify each term of this expansion. Finally, we apply this new model hierarchy to the
context of a linear Vlasov equation in the presence of a high amplitude external magnetic field.

Key words. Vlasov equation, Two-scale convergence, Gyrokinetic approximations, convection equa-
tion.

AMS subject classifications. 35Q83, 76M40, 78A35, 82D10.

1 Introduction

For sixty years, Magnetic Confinement Fusion (MCF) is one of the most important technological chal-
lenge for producing domestic energy. Indeed, this worldwide project involves physicists, engineers and
mathematicians in order to understand and reproduce on Earth the solar magnetic fusion reaction. One
of the most famous examples of this work programme is the ITER project localized in Cadarache (France)
which attempts to produce a fusion plasma in a tokamak reactor by confining it thanks to a strong ex-
ternal magnetic field. Besides the required technological aspects of MCF, it became necessary for thirty
years to lead a rigorous study of the behaviour of such a plasma and this work takes the form of the
derivation of mathematical models and of high precision numerical experiments.

In the present paper, we focus on the Vlasov equation in presence of a external magnetic field with
an amplitude of the same order as e~! > 1 and on its limit regime as ¢ — 0. Such an equation is
the main subject of many previous works: indeed, many results about the mathematical justifications of
Guiding-Center and Finite Larmor Radius limit regimes have been established by Bostan [5l [6], Frénod
& Sonnendriicker [13] 15 17], Frénod & Mouton [12] 28], Golse & Saint-Raymond [18, 19] and Han-Kwan
[21l 22, 23]. Most of these results are based on the use of two-scale convergence and homogenization

*The author wishes to thank E. Frénod, S. Hirstoaga and M. Lutz for the fruitful discussion on the topic and for the
ideas which led to some enrichements of the considered models.

*Laboratoire Paul Painlevé, CNRS & Université de Sciences et Technologies Lille 1, Cité Scientifique, F-59655 Villeneuve
d’Ascq, France. (alexandre.mouton@math.univ-1lillel.fr)
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techniques (see Allaire [3] and Nguetseng [30]) or compactness methods. These mathematical studies
allowed to validate and reinforce the tokamak plasma models presented by Littlejohn, Lee et al., Dubin
et al. or Brizard et al. (see [26], [24} 25], [9], [7, 8]).

The Vlasov equations we are focused on in the present paper are the following:

vV X Be
Oife+ v -Vyfe+ | Ec+vxB+ -Vvfe=0,
€

fé(t: O,X,V) = fo(X,V),

(1.1)

V] vxM
atfe+T'Vfoe+U||ax“f€+ E.+vxB.+ p 'vva:07 (1 2)

f(t=0,x,v)= fOx,v).

In both equations, f. = fc(t,x,Vv) is the distribution function which describes the evolution of the plasma
in the phase space, ¢, x and v stand for the time, space and velocity variables, E. = E.(t,x) and
B. = B.(t,x) are the external electric and magnetic fields, B, = B.(¢t,x) is a given vector function
assumed to oscillate in time with O(e~!) order frequency, M is a fixed unit vector in R?® and, for any
v € R3, v =M-vand v, =v—uv M. These equations can be obtained by rescaling the linear Vlasov
equation as follows. First, we start from the collisionless Vlasov equation

Of+v-Vef+ L(E+vxB)-Vyf =0,
ft=0,x,v) zf%l(x,v),

which describes the evolution of a cloud of particles with unit charge ¢ and unit mass m submitted to
external electric and magnetic fields E = E(¢,x) and B = B(¢, x).

We obtain ([T]) and (I2) thanks to a rescaling procedure: indeed, for obtaining (II]), we rescale the
variables, the external fields and the distribution function by setting x’ = Zzx/, v/ = vVv/, t = &1,
ft,x,v) = ff(t,x,v), E(t,x) = EE'(t,x), B(t,x) = BB'(t,x'), where Z,7,%, f,E, B are re-
spectively the characteristic length, the characteristic velocity, the characteristic time, the characteristic
distribution function, the characteristic electric field and the characteristic magnetic field. Introducin,
the characteristic gyrofrequency of the particles w = % and the characteristic Larmor radius ag = %,
the rescaled Vlasov equation writes

/ —_ar ’ / T F
Opf'+tw—v - Vyf + | two—
T B

E +twv x B') -V f =0,
F1# =0,x,v") = f(x', ),
Then, considering a strong external magnetic field induces the following ratios:

1

tw=—,

€

where € is a dimensionless parameter close to 0. Hence, omitting the primed notations and adding e

in subscript for the distribution function and the electric and magnetic fields, we get equation (LI). A

similar procedure gives (L2) by replacing the rescaling x' = Tx' by ZCi | = x_H:vi I x| = 71x/| and by
assuming that

instead of ay, = €.
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Both equations (L) and (2] can be viewed as particular formulations of a generic singularly per-
turbed convection equation of the form

1 t
8tue(tv X) + Ae(tv X) : que(tv X) +-Lt-x]|- que(ta X) =0,
€ € (1.3)

ue(t = 0,x) = u(x).

where ¢ € [0,7] and x € R™ (n € N*) are the variables (T > 0 is fixed), A, : [0,7] x R" — R"™ and
L:[0,7T] x R x R® — R™ are given vector functions and the solution quantity is u. : [0,7] x R™ — R.
We fix € > 0 and we assume that A, and L are divergence-free in x-direction and that L is 6-periodic in
T-direction, i.e.

V(t,7,x) € [0,T] x RxR",  Vy-Ad(t,x) = Vi L(t,7,x) =0, (1.4)
V(t,7,x) €[0,T] x RxR", L(t,7 + 0,x) = L(t,7,x).

We also assume that, for any fixed € > 0, the initial data u° and the vector functions A, and L satisfy
the minimal required smoothness properties for insuring the existence and the uniqueness of the solution
u of (L3).

The main goal of the present paper is to identify the required hypotheses for the sequence (A¢)eso
and for L in order to develop u. as follows

—+o0
t
ue(t,x) = Z " Uy, <t, o x) , (1.6)
k=0

where each Uy, : [0,T] x R x R™ — R is #-periodic in 7-direction and has to be identified.

A similar work has been lead by Frénod, Raviart and Sonnendriicker [13]: in this paper, the authors
considered a simplified version by assuming that L only depends on ¢ and x and that the vector function
A. = A does not depend on €. By assuming that A,L € L*° (O,T; Wl’“(R")), they proposed to write
each U as

Up(t,7,x) = Vi (t, X(—T7; %, 0)) + Wy, (¢, 7, X(—T7; %, ¢;0)) keN,

and they identified each V; and Wy, thanks to a recurrence formula in k. Furthermore, thanks to additional
assumptions on Wy, they established some two-scale convergence results of the form

e r(t,x) — Ug(t,7,x) two-scale,

where (uc )k en is defined recursively by

1 t
ue,k(tux) = E <ue,k—l(tux) —Uk1 <t7 ? X)) ) if k > 0, (17)

Ue,0(t,X) = ue(t, x) .

An alternative methodology has been proposed by Bostan [6] in the context of L = L(x) and A, = A
strongly depending on L. This context is well suited for simplifying the expression of the 0-th order
limit model established by Frénod, Raviart and Sonnendriicker in [I3] and allows a simple justification of
Guiding-Center and Finite Larmor Radius approximations of the linear Vlasov equations (ILT]) and (L2I)
where the distribution function f. strongly converges in L (O, T; L2(R6)).

Another work from Frénod and Sonnendriicker [17] treats the equation ([3]) with a convection term
A which strongly depends on € and a convection term L of the form

L(t,x) = Mx.

Up to some well chosen hypotheses on the sequence (A)c> ¢ and on M € M,,(R), the authors established
the two-scale convergence of u. to 0-th order term Uy and they provided a complete identification of this



TWO-SCALE EXPANSION OF A CONVECTION EQUATION 4

limit function.

A first order expansion have been proposed by Frénod, Gutnic and Hirstoaga for the linear Vlasov
equation in the context of axisymmetric charged particle beams: indeed, in [10], the authors proposed a
first order approximation of the solution f. of the following Vlasov equation

r
€

Out et 07) + 0, b,y vr) + (Ee(t,r) = ) Do, fet,r00) =0, 18)
fé(t = OaTa 1}7«) = fO(,r, 1}7«) ’

in which E. is given. This expansion has been written under the form

t t
fﬁ(t7r7v’l‘) ~ FO <t7 _7T7U7‘> +6F1 (tu _7T7U7‘> 3
€ €

and it has been proved that, under well chosen hypotheses for (E.)cso and f°, the sequence (f:)cso
two-scale converges to Fy and the sequence (fe1)e> o defined by

1 t
ffyl(t”r’ UT) =~ (fé(thva) - FO <t7 _7T7’UT>> )
€ €

two-scale converges to Fy, with Fy and Fj fully identified. As well as the problem treated in [17], the
Vlasov equation (L8)) includes a 0-th order convection term which strongly depends on € but a singularly
perturbed convection term which linearly depends on the space variables r and v,..

As a consequence, the aim of the present paper is to somehow generalize these results to the case
where A, strongly depends on €, ¢t and x, and where L depends on ¢, 7 and x. For this purpose, we
follow the recursive methodology detailed in [I3] and we first write some convection equation for each
ue i defined in (L), then we adapt the two-scale convergence results from [I7] in order to prove that
Uc, ), somehow two-scale converges to U, and we propose a set of equations allowing to identify Uj.
Such work is essentially motivated by applications to Vlasov equations like (L)), (I2) or (L8) where
the electric and magnetic fields may be self-consistent and obtained from Poisson or Maxwell equations
which themselves depend on € through the source terms computed thanks to the e-dependent distribution
function (see [12] [14} 17, 18, 19, 211 22, 23]).

Thus, the present paper is organised as follows: in a first paragraph, we present the main convergence
results along with the associated hypotheses which are required. The second part is devoted to the proof
of these results. Finally, we present some applications to Vlasov equations (1)), (I2) and (LS).

2 Two-scale convergence results

2.1 Notations and definitions

Before going further and presenting the main results, we introduce some notations and definitions.
Considering a fixed 6 > 0, we define for any p € [1,+oc] the space L%, (0,0) as the functions f: R — R
which are 6-periodic and such that f, , € LP(0,60). In the same spirit, we define Cx(0,0) stands for
the subspace of C(R) constituted of f-periodic functions and provided with the the norm induced by
C(R). Having these notations in hands, we recall the definition of two-scale convergence as it has been
introduced by Allaire [3] and Nguetseng [30] and a useful two-scale convergence criterion:

Definition 2.1. Let X be a separable Banach space, X' its topological dual space, and {-,-) x x+ the duality
bracket associated to X and X'. Considering fivzed g € [1,+00[, T > 0, and ¢’ such that % + % =1,
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a sequence (uc)eso C L9(0,T; X') two-scale converges to a function U € LY (O,T;Lf;(O,H;X’)) if, for
any test function 1 € L9(0,T;Cx(0,60; X)), we have

. T " T 6
Eh_r)nO | <u5(t),1/) <t, E) >X7X, dt —/0 /0 ({Ut, 1),y (t,T)>X7X, dr dt . (2.1)

Theorem 2.2 (Allaire [3]). If a sequence (uc)eso C L7 (0,T;X") is bounded independently of e, there
exists a profile U € L (O, T Lq#,((), 9;X')) such that, up to the extraction of a subsequence

ue — U two-scale in L9 (O,T;L%E(O,@;X’)). (2.2)

Furthermore, the so-called two-scale limit U of ue is closely linked to the weak-* limit of (ue)eso in
L7(0,T; X"). Indeed this function denoted by u satisfies

0
u(t) = %/0 U(t,7)dr. (2.3)

2.2 Two-scale convergence at 0-th order

For any (t,0,x) € [0,T] x R x R™ fixed, we consider the following differential system

(2.4)

{ 87-X(T) = L(t,T,X(T)) 9
X(o) = x,

where the unknown is the vector function 7 — X(7). We assume from now that this system admits
a unique solution in the class of #-periodic functions in 7-direction and we denote this solution by
T = X(7;%,t;0).

The first main result is the two-scale convergence of (u¢)c>o to a profile Uy = Uy(t, 7,x). For this

purpose, we consider some hypotheses derived from those which are required for proving Theorem 1.5 of
[17):

Hypothesis 2.3. Fizing p €]1,+00[, ¢ > 1 and ¢’ such that % + % <1 and % = max(% - 1.0), we

assume that
o u’ € LP(R"),
o (A)c>o is bounded independently of € in (Loo (O, T; (qu(K))))n for any compact subset K C R™,

o L is smooth enough in order to insure that, for any compact subset K C R",
~Lisin (L°° (O,T;L;f (0,9;W1>Q(K))>) ,
- (t,7,%x) = 0:X(1;%,t;0) is in (L°° (O,T;L;f (0,0;Wl’q(K)))) ,

— (t,7,%) = VX (3%, ;0) is in (L°° (O,T;L;f (0,9;L°°(K))))n2.

As a trivial consequence, we can write, up to a subsequence and for all compact K C R"”,

Ac — Ag=A(t,7,x)  two-scale in (L (0,T; L3 (0,60; (W 4(K)))))".
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Assuming that the profile Ay is somehow known, we introduce g and &g as
a(t,7,%) = (VaX)(75%,10) " (Ao (£, 7, X(73%,£0)) — (9, X)(75%,1;0)) , (2.5)
and
1 (4
a(t,x) = 5/ o(t, 7,%x) dr . (2.6)
0
With these hypotheses and definitions, we can identify the 0-th order term Uy of the expansion (L6):

Theorem 2.4. Assume that Hypotheses [Z.3 and that the sequence (u¢)eso s bounded in
L>(0,T; LY (R™)) independently of €. Then, up to a subsequence, u. two-scale converges to the pro-

loc

file Uy = Up(t, 7,%x) in L™ (O,T; Lg (0,0; LP(R”))) defined by

Uo(t,7,x) = Vo (¢, X(—7;%,t;0)) , (2.7)

where Vo = Vo(t,x) € L (0, T; LY (R™)) satisfies

loc

{ O Vo(t, x) + éo(tdx) -VxWo(t,x) =0, (2.8)
Vot =0,%x) = u’(x).
Theorem 2.5. Uy satisfies the following equation:
U (t, 7,%x) + ag(t, 7,x) - VxUo(t, 7,x) =0, (2.9)
with ag defined by
ao(t: 7 %) (2.10)

= ((VxX)(=7:%,£;0)) " (ag (t, X(=7;3x, £;0)) — (8:X)(—7; %, 1;0)) .

2.3 Two-scale convergence at k-th order

We fix & € N* and we aim to identify the k-th term of the expansion ([L6l). Before stating the result, we
need additional assumptions besides Hypotheses 2.3

Hypothesis 2.6. Defining the sequence (Ac;)e>o as

1 t

Am-(t,x): — (Aéyil(t,x)—Ail (t, —,X)) 5 Vizl,...,k,
€ €

A o(t,x) = Ac(t,x),

we assume that, for all i = 0,...,k, (Aci)e>0 two-scale converges to the profile A; = A;(t,7,%x) in
(L°° (O,T; Ly (O, 0; Wl’q(K)))) for any compact subset K C R™.

Hypothesis 2.7. Defining the sequence (Ue;)e>0 as

1 t
um-(t,x) = Z (um-_l(t,x) — Ui—l (f, ;,X)) 5 VZ = 1, . .,k — 1,

Ue0(t, X) = ue(t,x),

we assume that, for all i = 0,...,k — 1 and up to a subsequence, (ue;)e>0 two-scale converges to the
profile U; = Uy (t, 7,x) in L™ (O,T;L;f (O,H;LP(R”))).
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Under these hypotheses and if k£ > 1, we define «;, a; and a; as

a;(t,7,%x) = ((VXX)(T;X,t;O))71 A, (t,7,X(7;%,1;0)) , (2.11)
1 0
a;(t,x) = @/ a;(t,T,x) dr, (2.12)
0
1 .
a;(t,7,x) = 7 / (VX)(o — 1;%,t;,0)) " A; (¢, 0,X(0 — 75%,t0)) do
) 0 (2.13)
— 5/ ((VXX)(—T;x,t;O))_l a; (t,0,X(-7;x%,t;0)) do,
0
forallti=1,...,k — 1. We also define recursively the functions Wy,..., Wy and Ry,..., Ri_1 as
- -1
Wi(t, 7,x) = / Z(aj —A;j) - ViUi_i_j — Ri_1 | (t,0,X(0;%,t;0)) do, (2.14)
o \;=0
1 6
R’L(ta T, X) = (8tW’L) (ta T, X(_T7 X, t? O)) - g/ (8tW’L) (ta g, X(_T7 X, t? O)) do
0
+ Z (aj - VaWiy) (t, 7, X(=7;%,1;0)) (2.15)
j:

0
1 [?
—EZ/ (aj - ViWi_j) (t,0,X(—T7;x,;0)) do,
0

j=0
with the convention Wy = Ry = 0. Having these notations and assumptions in hands, we can now state
a two-scale convergence result at k-th order by proceeding recursively:

Theorem 2.8. We define s’ > 0 such that & =1— % — L with r € [1, ”qu[ and we define the functional

n

’ ’ !
space X° (K) = (Wl’q(K))/ U (VVLS (K)) . We assume that Hypotheses [Z.3MZ.60HZ21 are satisfied and
that, for any K C R™ compact,

o W is in L (O,T;L;f (O,H;LP(K))),
o 0,Wy is in L (O,T;L;f (o,e;XS’(K))),
o Ry, isin L™ (O,T;L;f (o,e;XS’(K))).

Then, if the sequence (ue)e>o defined by

Ue 1 (t,Xx) = % <u€1k1(t,x) —Up_1 <t, E, X)) , (2.16)

is bounded independently of € in L (0,T; L7 (R™)), ucy two-scale converges to the profile Uy in

loc

(O,T;L;f (O,H;LP(R”))) characterized as follows:

Uk(ta T, X) = Vk (ta X(_T7 X, t? O)) + Wk (ta T, X(_T7 X, t? O)) ) (217)
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where Wi, = Wi (t, 7,x) is defined in (2.14) and where Vi, = Vi (t,x) is the solution of
O Vi (t,x) + ag(t,x) - Vi Vi (t, x)

1 0
= ~3 / (8,5Wk + ap - Vka)(t’ g, X) do
0

(2.18)
_ Z [ / ailt, 0,%) - [VoVios(t, %) + VoaWii(t, 0,%)] do| |
Velt = 0,%) = 0.
Theorem 2.9. Uy satisfies the following equation:
WUk (t, 7,%x) + ag(t, 7,x)-VxUg(t, 7, %)
(2.19)

k(t, 7, %) (6, 7,%x) - ViUp—i(t, 7,%)

H'Mpr

where Ry, is obtained from the definition (213) extended to the case i = k.

3 Characterization of Uj

In this section, we aim to prove the two-scale convergence results presented in Theorems [2.4] 2.5 2.8 and
For this purpose, we choose to detail the proofs on the generic equation of the form

1 t 1
atge(tux) + Ae(tax) ) vxge(tux) + ZL <t7 Eu X) : vxge(tax) = Efe(tux) , (3-1)

ge(t = va) = gO(X) )

in which f., A, and L are known and where g, is the unknown. The next lines are structured as follows:
first, we detail some two-scale convergence results for the model (8.1 under some well-chosen hypotheses
for A, L and f.. Then we apply these results onto the equations satisfied by each u. ; recursively defined
thanks to Hypothesis 271

3.1 Two-scale convergence

We aim to establish some two-scale convergence results for the sequence (gc)e > o under some well-chosen
hypotheses for A, L and f.. These results are detailed in the following theorem:

Theorem 3.1. We consider s' > 0 such that % =1— % — L with r € [1, a2l and, for all compact subset

!/
K CR", we define X*' (K) = (Wol’s (K)) u (Wol’q(K)) . We assume that A, and L satisfy Hypotheses
23 and that ¢° and (f<)e>o have the following properties:

o g° € LP(R"),
o f. is bounded independently of € in W1 (O, T, XS/(K)) and admits F' = F(t,7,x) as a two-scale
limit in L (o, T; L (o, b: XS/(K))),
o [ satisfies
Y (t,x), /09 F(t,7,X (7;%,t0)) dr =0, (3.2)
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<f6(t,x) - F (t, Z, x)) , (3.3)

is bounded independently in L (O,T;XSI(K)) and two-scale converges to the profile Fy =
Fi(t,7,x) in L® (O,T;L;f (0,9;XS’(K))),

o The sequence (fe1)e>o defined by

a | =

fe,l(tux) =

e Defining the function S = S(t,7,x) as

S(t,7,x) = /OT F(t,0,X (0;x%,t;0)) do, (3.4)

we assume that S lies in L™ (O, T; L (0,0; Lfoc(R"))) and that .S lies in
L (O,T; L3 (0, 0: X+ (K))).
If (ge)e> o is bounded in L™ (0,T; LY (R™)), then it admits a two-scale limit G = G(t,7,x) in the space

loc

Lo (O, T; L (0,0; LP(R"))) and G is characterized thanks to the relation
G(t,7,x) = H (t,X(—7;%,t;0)) + S (t, 7, X(—7;%,;,0)) , (3.5)
where H = H(t,x) € L> (0,T; LY (R™)) satisfies

loc
O H (t,x) + ao(t,x) - Vi H(t,x)
1 6
= 5/ Fy (8,7, X(73%,1;0)) dr
0
1 6
- 5/ [0:5(t,7,%) — o (t, 7, %) - VS (t, 7, )] dr
0
H(t=0,x)=¢%x).
Proof. Since (ge)e>o is assumed to be bounded in L> (0,T; LY (R™)) independently of ¢, it admits a
two-scale limit G = G(¢,7,%) in the functional space L (O,T; LZE(O, 0; LP(R”)). In the same spirit of
[17], the next step of the proof consists in finding an equation which link the first order derivative of G
in 7 to the derivatives of G in x directions. For this purpose, we consider a test function ¥ = ¥(t, 7,x)
defined on [0, T] x R X R™ being 6-periodic in 7 direction and with compact support K C R™ in x direction.
We multiply BI) by ¥(¢, £,x) and we integrate the result in ¢ and x. Some integrations by parts give

T t 1 t t
/0 /ng(t,x) l(aﬂﬁ) (tu o X) + ;(&w) <t, o X) +A(x) - (Vxy) (t’ € X)
(1) (1)
+ ZL t7 27 X : (wa) t’ E’ X dX dt

— _% /OT/Kfe(t,x)iﬂ (t, E,X> dxdt+/Ku0(X)¢(070=X)dx'

Thanks to the considered assumptions for ¢, A., L and f., we can multiply by € and reach the limit
€ — 0. This gives

/0 /T/ G(t, 1,x) [BTz/J(t,T, x)+L(t, 7,%) - Vxt)(t, T, x)] dx dt
0o Jo JK

:_/Oe/OT/KF(t,T,x)w(t,T,x)dxdth.
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This means that G satisfies the following equation in L™ (O T;Lg (0,6; Ly, (R ")))
0;G(t, 7,x) + L(t, 7,%x) - Vi G(t,7,x) = F(t,7,x%).
According to Lemma 2.1 from [13] and thanks to the hypothesis (8.:2), we can write G as follows
G(t,7,x) = H (t,X(—7;x%,¢;0)) + /07' F (t,0,X(0c —1;%,t;0)) do,
with H = H(t,x) € L= (0,T; L} (R™)).

The next step consists in proving that H satisfies [B.6]). For this purpose, we introduce the sequence
(he)e > o defined as

t t/e t
ge(t,x) = he (t,X(——;x,t;O)) +/ F (t,o,X(o — —;x,t;O)) do .
€ 0 €

Injecting this relation in &I]) gives

+ Ac(t,X) - Vyhe(t,x)
t t ~ t
= fea [ £.X [ 5x —(@5) [ t.-x — A (t,X) - VxS tox ), (3.7)
go(

where A, is linked to A, through the following relation:

-1
Ae(t,x) = ((V X) <t X,t,O)) (A <t X (t X,t,O)) — (0:X) (E;x,t;())) .

From the definition of h. provided by (B8] and the hypotheses made for F and (g)c> o, we can write
vt, [[he(t, ')HLP(K) < llge(t, ')HLP(K) +0[[F(t, -, ')HL;&O(O,G;LP(K)) )

for all compact subset K C R™ so we deduce that the sequence (h.). s o is bounded independently of € in
L>(0,T; LY (R™)) and, up to a subsequence, two-scale converges to H in L™ (O, 15 L (0,0; LP(R"))).
Indeed, if we consider a test function ¢ = (¢, 7,x) on [0,7] x R x R™ being #-periodic in 7 direction and
with compact support K C R™ in x direction, we have

iy [ e (1x) it
L b)) o) )

[G(t,7,x) Y (t, 7, X (—7;%,£0)) — S (¢, 7,x) ¢ (¢, 7,x)] dxdtdr

1
il L
[ T
- %/ / / (G (t, 7, X(73%,1;0)) — S(t, 7,x)] ¥(t, 7, x) dx dt dr
0 0 R™
1
9 /Rn H(t,x)¢(t, 7,x) dx dt dr .
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Consequently, h, weakly-* converges to H in L> (0,T; L?(R™)) according to Theorem However, as
in [I7], we are able to obtain a strong convergence result for h. in a well-chosen functional space:

Lemma 3.2. For any compact subset K C R™, the sequence (h¢)eso strongly converges to H in
/
Lo (O,T; (W(}"J(K)) )

Proof. The procedure is almost similar to the proof of Lemma 4.1 of [I7]. Indeed, from the assumptions
made for the sequences (gc)e> 0, (Ac)e>0, Ly (fe)eso and (fe.1)e> 0, we consider a compact subset K of
R™ and we sucessively prove that

e (A,).~ 0 is bounded independently of ¢ in (L>(0,T; leq(K)))n and is divergence-free in x direc-
tion,

e (A.)c> o is bounded independently of € in (L*° (0,T; L"(K)))" for any r € [1, 2L |,

' n—q

° (Ae he)e>o and (Ae S(-,Z,-))e >0 are bounded independently of € in the space (L> (0,7} L3 (K)))"
with s satisfying 1 = % +1

. (Vx (A he))6 o and (Vx (A S(, % ))) o are  bounded in  the  space

’ I n /
<L°° <O,T; (V[/Ol’s (K)) )) and consequently in (L°° (O,T;XS (K))) independently of

In addition of these results, we deduce from the hypotheses on F that ;S 1is in
L (O, T:Lg (0,0, LP(K))). At this point, we distinguish 2 different cases according to the considered

value of s’ in front of ¢:
1. Assume that s’ > ¢. This leads to the continuous embedding (L?(K)) C (LS, (K))/ and, conse-
quently, to the continuous embedding (Wol’q(K))l C (Wol’sl (K))/, so X% (K) = (Wol"s, (K))/ On
another hand, Rellich’s theorem gives the compact embedding LP(K) C (VVO1 UK ))/ Hence, 0,5

, ’
and f 1 lie in L*° <O, T, (V[/Ol’S (K)) ), and the sequence (fe1)eso is bounded independently of

€ in this space. Finally, we can write that (h¢)eso is bounded independently of € in the following
space:

U= {h € L= (0,T; LP(K)) : ,h € L™ <O,T; (WOLS' (K))I>} .

/
Aubin-Lions’ lemma indicates that U is compactly embedded in the space L <O, T, (VVO1 UK )) ) ,
so h. weakly-* converges to H in L% (0,7;LP(K)) and strongly converges to H in

L (O,T; (WOI’Q(K))I).

, ’
2. Assume that s’ < q. As a consequence, we have the continuous embedding (Wol (K )) -
/ , / /
(WOI’Q(K)) , X5 (K) = (WOI’Q(K)) and the compact embedding LP(K) C (Wol’q(K)) so we
/
are insured that (Oihe)eso is bounded independently of € in L (O,T; (Wol’q(K)) ) and that

(he)e>o is bounded in the functional space U defined by

U= {h € L= (0,T; LP(K)) : d;h € L™ (O,T; (WOI’Q(K))/)} :
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Applying Aubin-Lions’ lemma finally allows us to claim that the weak-* convergence of h, to H in

/
L (0,T; LP(K)) is a strong convergence in the space L <O, T, (Wol’q(K)) )

O

In order to conclude the proof of Theorem B.I] we now consider a test function ¢ = ¥(t,x) on
[0,T] x R™ with compact support K C R™ in x direction. If we multiply (B7) by v (¢, x), integrate the
result in ¢ and x, we obtain

/ /n (t,%) at¢(f x) + Ac(t,x) - Vxii(t, x)} dth_/ngo(X)w(O,x)dx

:/ fealt:x) ( (——xtO))dxdt
/ / [8,5 (t, -, x) P(t,x)— S <t, Z, x) Ae(t,x)-vxz/}(t,x)] dxdt.

Thanks to Lemma and to the hypotheses we have formulated for A, f.1 and S, we can write the
limit obtained when e converges to 0: indeed, we can write

T 1 0
/o RnH(t,x) l@tz/}(t,x)—i- 5/0 ag(t,7,x)dr
0 X X)ax
+ [ 2 Gou0.x)d

:_% /OT/n/OeFl(t,T,x)w(t,X(—T;x,t;O)) dr dx dt
+/OT/n [% /OeatS(t,T,x) dT‘| P(t,x)dxdt
_/OT/n l% /OOS(t,T,x) ao(t, 7, x) dr

which is exactly the variational formulation of (B.6]) in L (0, T'; L?(R™)). O

Vx(t, x)} dx dt

Vx(t, x) dx dt,

3.2 Identification of each U,

Having Theorem B3] in hands, we can apply it for identifying each term Uj of the expansion (L.
For obtaining some equations for Uy, we simply use this theorem with the source term f. = 0 on
[0,T] x R™ for each € > 0. As a consequence, assuming that (uc).>o is bounded independently in € in
L>(0,T; LY (R")) in addition of Hypotheses is sufficient to get the two-scale convergence of u. to

loc

the profile Uy = Up(t, 7,%) in L (O, 15 L3 (0,0; LP(R”))) entirely characterized by
Uo(t, 7,x) = Vo (¢, X(—7;%,t;0)) ,
where Vp = Vy(¢,x) € L™ (0,T; LP(R™)) satisfies

{ O Vo(t,x) + ap(t,x) - VxVo(t,x) =0,
Vo(t = 0,x) = u’(x).

This is the conclusion of Theorem 24l For reaching the results of Theorem 2.7 we derive in x and ¢ the
relation (27) and we obtain

VxUo(t, 7,x) = ((VXX)(—T;X,t;O))T (VW) (t, X(—7;%,1;0)) ,
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and
Uy (t,7,%)
= (0:Vo) (t, X(—T7;%,t;0)) + O X(—7;%,t;0) - (VW) (¢, X(—7;%,¢;0))
= [0:X(—7;x,4,0) — &0 (t, X(—7:x,40))] - (VxVo) (£, X(—73%,10))
= [(VxX)(=75%,£0)) " [ X (=75 %, £0) — &g (£, X (=73 %, ;0))]
- VxUo(t,7,%x).

For identifying the higher order terms, more calculations are needed. First, we consider a fixed integer
k € N* and we assume that Hypotheses and 2.7 are satisfied at step k and that the results of Theorem

are true for i = 0,...,k — 1, meaning that Uy, ..., Ui_1 are fully characterized. These assumptions
authorize the definitions of «;, &;, a;, W; and R; for any i =0, ...,k as it is suggested in paragraph 2.3l
Then we can write an evolution equation for u.; for any ¢ = 1,..., k thanks to a recurrence procedure:

this equation writes

1 t
O i(t,X) + Ac(t,x) - Ve i(t,x) + -L <t, - X) - Vxtie,i(t, %)
€ €

1A t t
=- it - x| —Aci(t,x) ] - VxUi—1—; | t, -, x
E = a; ) 67 €,g\bs xYVi—1—3 ) 67 (38)

for any ¢ > 0.
As a consequence, we aim to apply Theorem [B.I] with f. defined by

k—1
t t t
fﬁ(tu X) = Z lal <t7 ;7 X) - Aé,i(tu X) . vak—l—i <t7 Eu X) - Rk—l <t7 ;7 X) .

i=0
First, we have to verify if the sequence (fc)e o is bounded independently of € in L™ (O, T, XS/(K)> for

any compact subset K C R™. For this purpose, we first remark that Hypotheses 2.3] and imply that
their exists a constant C' = C(K) > 0 such that

t
a; (t7 ™ ) - Ae,i(tu )H S C(K) )
¢ Wha(K)

for any t € [0,T] and € > 0. Hence, following the same methodology as in the proof of Lemma
and assuming that Ri_q is in L™ (O, T; L;;&O (0, H;Xsl (K))) leads to the existence of a constant C' =
C'(K) > 0 such that

||f6(t7 ')”XS/(K) < CI(K) )
for any € > 0 and ¢ € [0,77], where the norm || - || x. ) is either the usual norm on (Wol’q(K)) or

, ’
(V[/Ol’S (K)) according to the sign of s’ — q.
This result indicates that f. two-scale converges to the profile F = F(t,7,x) in
L> (O, T Ly (0, 0; X' (K))) characterized by

N

-1
F(t,7,x) = [a;(t, 7,x) — Ai(t, 7,%x)] - VxUg—1-i(t, 7,%) — Rp—1(t,7,%) .

i=0
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The next step consists in proving that Wy defined by
0

is such that

W, € L™ o,T;Lg;(o,e;LP(K))),
oWy € L®(0,T;L% (O,H;XS/(K))),
Wi(t,0,x) = 0, Vit,x.

The first two points are handled thanks to the hypotheses for W which are added for claiming Theorem
2.8 The last point can be proved by using the definition of Rj_;. Indeed, we have

6 [k—1
Wi(t,0,x) = / (Z la; — A - Vi Up—1-; — Rk_1> (t,7,X(7;x%,t,0)) dr, (3.9)
0 \i=o
with
Ry—1 (t, 7, X(7;%,1;0))
= 8th_1(t,T, x) + éo(f,x) . Vka_l(t,T, X)
1 6
— 5 / (8th_1 + ap - vak—l)(tu o, X) do (3.10)
0
0
+ Z / a;(t,0,%x)  [VaeWie1-i(t, 7,%) — VaWi—1-i(t, 0,%)] da] ,
=1
and

([ai — Ai] - VxUp—1-;) (¢, 7, X(7; %, 1;0))
= [(VxX)(15%x,8;0) [a;(t, x) — ai(t, 7, x)]] - (VxUk—1-;) (t, 7, X(7;%,t;0)) (3.11)
= [éz(t,x) — Oéi(t,T, X)] . (vakflfi(t,x) + Vkaflfi(t,T, X)) )

for any ¢ = 0,...,k — 1. Hence, using the links between a;, a; and A;, we inject (BI0) and BII) in
(9) for obtaining a new formulation for Wj:

k—1
i (t, T, %) Z/ [a;(t,x) — a(t, 0,%x)]
7=0
: [vakflfj (t,X) + Vkaflfj(t, g, X)] do (312)

T 1 6
—/ lath—l(tuo-u X) — ] / O:Wi_1(t, ¢, %) d<] do .
0 0

Hence, it is straightforward that Wy (¢,0,x) = 0 for any ¢ and for any x.
The last property we have have to satisfy for completing the proof of Theorem 2.8 consists in proving
that the sequence (fc1)es o defined by

fe,l(t,X) = 1 <f5(t,X) - F <t7 £7X>>
k—1 +

=-> [A- <t, = x) —Ai(t,x)
1=0

—_

™

t
. vak—l—i (tu ) X) )
€
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is bounded independently of € in L*° (O,T;L;f (O,H;XSI (K))) for any compact subset K C R™. To

obtain this result, we remark that f; can write as

k
t
fé,l(tux) = - Z Ae,i(tux) . vak—i (t7 Eu X) B

i=1

and we use Hypothesis Consequently, this sequence admits the profile F} = Fi (¢, 7,x) defined as

k
F1 (t,X) = — Z A/L’(t77—7 X) . vak—i(tu T, X) )

i=1

as a two-scale limit in L (O,T; L3 (0, 6: X (K))).
We end the proof of Theorem 2.8 by assuming that (uer)eso is bounded independently of e
in L>(0,T; LY (R™)): we deduce that ucj two-scale converges to the profile Uy = Ug(t,7,x) in

loc

Lo (o,T;L;;O (O,H;LP(R"))> defined by
Up(t,7,x) = Vi (£, X(—7; %, 0)) + Wy, (¢, 7, X(—7; %, ¢;0)) ,

where Vi, = Vi (t,x) € L> (0, T; LY (R™)) satisfies

loc
O Vi (t,x)+a0(t,x) - Vi Vi (t,x)
10 [
= —5/0 L_Zl(A,L - ViUi—i) (t, 7, X(75%,t;0)) | dr
)

1
—5/‘@wwuﬂm+adaﬂ@-mmamﬂxﬂm,

0
w(x), ifk=0,
Vk(t:o’x):{ 0 > else.

4 Application to Vlasov equation

In this last paragraph, we present some results which can be obtained when we apply Theorems 2.4l and
on linear Vlasov equations like (ILT), (T2) or (LS.

4.1 Guiding-Center regime

We focus on the following linear Vlasov equation:

v X f3c
atfe+v'vxfe+ E.+vxB:+ B 'vvfezou

ft=0,x,v) = fOx,v).

(4.1)

In this equation, ¢ € [0, T] is the dimensionless time variable, x € R? is the dimensionless space variable,
v € R3 is the dimensionless velocity variable, f. = f.(t,x,v) € R is the unknown distribution function,
E. = E.(t,x) € R? and B, = B.(t,x) € R? are the given electric and magnetic fields, f° = fo(x,v) € R
is the given initial distribution. We finally assume from now that the vector function 3. is of the form

@@@:ﬁ@ém>, (4.2)
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where 3 : [0,7] x R x R® — R? is a given function assumed to be #-periodic and continuous in 7 with
6 > 0 fixed.

Before going further, we introduce additional objects linked to 3. First, let ,@ be defined such
that 0,3 = B8 and B(t,O,x) = 0 for any t,x. Second, we define the matrix B = %(t,r, x) such that

B(t,7,X) V=V X ,é(t, 7,%) for any ¢,7,x,v. Finally, we define R = R(t, 7,x) = exp (%(t,T, v))
We fix ¢ > 3/2 and we consider the following hypotheses:

Hypothesis 4.1. We assume that the function R satisfies

e R is O-periodic in T direction,

3x3
e Re (L°° (O,T; Ly (O, 0; Wlm(K)))) for any compact subset K C R3,

3x3
e O;/R € (L°° (O, T; Ly (O, 0; Wl’q(K))>> for any compact subset K C R3.
Consequently, adding sufficient hypotheses on f°, (E.)c~o and (B¢)c>o allows to establish a 0-th

order two-scale convergence result:

Theorem 4.2. We assume that Hypotheses [[-1] are satisfied and that f° € L*(R®) and both sequences

(E)eso and (Be)eso are bounded in (L> (0,T; I/[/1"1(K)))3 independently of € and for any K C R3
compact. We denote £y = Eo(t,7,x) and By = By(t, 7,x) as the respective two-scale limit of (E¢)es o

3
and (Be)eso in the space (LOO (O,T;L;f (0,9; Wl’q(K)))) and we define Lo as
Lo(t,7,x,v) =Eo(t,7,x) + v x Bo(t,7,%) . (4.3)

Then, (fe)eso is bounded in L™ (O,T;LQ(RG)) independently of € and, up to the extraction of a subse-
quence, two-scale converges to the profile Fy = Fy(t, 7,x,v) in L™ (O,T;L;Eo (O,O;LQ(RG))>. Further-
more, Fy is characterized by

FO (tu T, X, V) = GO (t7 X, R(t7 -7, X) V) ) (44)
with Gy = Go(t,x,v) € L™= (0,T; L}, (R%)) solution of

loc

WGo(t,x,v) + (J1(t,x) v) - VxGo(t,x,V)
+ J2(Lo)(t,x,v) - Vi Go(t,x,v) =0, (4.5)
Go(t =0,x,v) = fO(x,v),

where J1(t,x) and J2(Lo)(t,x,v) are defined by
1 0
Ji(t,x) = g / R(t,7,x)dr, (4.6)
0

1 6
J2(Lo)(t,x,v) = 5/ Jo(Lo)(t, T,%x,v)dT . (4.7)
0
with Jo defined as

Jo(Lo)(t, 7,%x,v) = R(t, 7,x) " [ — OR(t,7,x)v — (VxR(t,7,x) V) R(t,7,x) v

Lo (t,7,%,R(t, 7, X)V) ] .
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Proof. We first remark that the sequence (f¢)cs o is bounded independently of e in L™ (O,T; L2(R6)).

Indeed, we have
6t (/ |f€(t7xuv)|2 dde) :O
R6

Consequently, up to the extraction of a subsequence, f. two-scale converges to Fy = Fy(t,7,%x,v) €
L (O, T; Ly (0,6; L2(R6))), where Fy has to be characterized.

Second, we remark that the vector function A, defined by

A (t,x,v) = < E.(t,x) +:rf x B(t,x) > 7

is bounded independently of € in (LOO (O, T, Whi(K )))6 for any compact subset K C RS and two-scale

converges to Ay defined by
v
Aﬂ(thvxa V) - ( L’,O(t,T,X, V) ) .

Under the hypotheses made on 3, we find that Fy satisfies
O Fo(t,7,%,v) + (v X B(t,7,%x)) - Vs Fo(t,7,x,v) =0.

Invoking Hypotheses ] we find that there exists a function Gy = Go(t,x,v) € L* (0,T; L}, .(R®)) such
that
FO (ta T, X, V) = GO (tv X, R(tv =T, X) V) :
Hence, applying Theorem 24 gives the equation (@3] for characterizing Gy.
O

We can remark here that the results of Theorem are coherent with the Guiding-Center model
presented in [I5]. Indeed, taking B, = 0 and 8 = e, leads to the matrix

cosT sint 0

R(t,7,x)=| —sinT cost 0 |,
0 0 1
which is 27-periodic in 7. Consequently, assuming that E. and B, converge strongly in

0,T;L? (R3 ® to E and B, we have
( ( loc( )))
Ji(t,x)v=uv,e,,

and
J2(Lo)(t,x,v) =E,(t,x)e, + v x (B,(t,x)e,) .

In order to characterize the higher order terms, it is necessary to add several assumptions. We fix an
integer k > 0 and we consider the following hypotheses for (fc)es o0, (Ec)eso and (Be)es o:

Hypothesis 4.3. Defining recursively the sequences (Ec;)eso and (Bei)e>o as

1 t
Eé,i(tax)__<Eez ltX <t,—, )) izl,...,k,
€ €
E.o(t,x) = Ec(t,%),
1 t '
B€7i(t7x):_<B€z ltX (t,_7 )) 121,...,k,
€ €

B. o(t,x) = Be(t,x),
we assume that, for all i =0,...,k, (Eci)eso0 and (Bei)eso two-scale converge to €; = E;(t,7,%x) and

3
B; = B;(t,7,x) respectively in (LOO (O, T: L (O, 0; Wl’q(K)))) for any compact subset K C R3.
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Hypothesis 4.4. Defining recursively the sequence (fei)eso as

1 t

feilt,x,v) = — (fm-l(t,x,v) —F_4 (t, —,x,v)) , Vi=1,...,k—1,
€ €

fé-,O(thaV) = fe(t,X,V),

we assume that, up to a subsequence, the sequence (fei)e>o two-scale converges to the profile F; =
Fi(t,7,x,v) € L™ (o,T;L;f (O,Q;LQ(RG))) foralli=0,... . k—1.

We now define £; for ¢ = 0,..., k such that
Li(t,7,x,v)=E;(t,7,x) +Vv x B;(t,7,%) . (4.9)
We define Wy, ..., Wy such that Wy =0 and, for any i =1, ..., k,
W’L(t) 7,X, V)
o \ J2(Lo)(t,x, V) Jz(ﬁo)(t 0,X,V)
. vai_l(t,X, V) vai_l(t,U, X, V) d
V.Gi_ 1(f,X,V) —I—VVWi_l(t,O',X,V) 7

4.10
+ Z/ [T5(L;)(t,x,v) = R(t,0,x) " L; (t,0,%x,R(t,0,x)V)] (4.10)
j=1
. [VvGi_j_l(t,X, V) + VvWi_j_l(t, 0,X, V)]:| do
T 1 0
- / Wi a(t0,%,v) — 5 / BWi1(t, ¢, %, v) d¢ | do,
0 0
with J3(L;) defined by

T3 (L;)(t,x,V) /Rth Lit,m,R(E,x)v)dr, (4.11)

and where Gy, ...,Gr_1 are linked with Fy, ..., Fx—1 and Wy, ..., Wy_; thanks to the relation
Fi (tv T, X, V) = GZ (tv X, R(tv =T, X) V) =+ WZ (tv T, X, R(tv =T, X) V) .
With these notations, we can establish a two-scale convergence result at the k-th order:
Theorem 4.5. We assume that the hypotheses of Theorem and that Hypotheses [.3 and are
satisfied. We introduce Ry—1 as follows

Ry—1(t,7,x,V)
=0 Fp—1(t,7,x, V) + (J1(t,x) V) - Vx Fi—1(t, 7,%, V)

+ / R(t,0,x)" [ = OR(t,0,x)v — (VxR(t, 0,x)V)R(t, 0,%) V] da}
4.12
. Vkafl(t,T,X,V) ( )
k—1 1 /7]
+ 5/ R(t,0,x) " L (t,0 +7,%, R(t,0,%)V) da}
i=0 0

Ve Fe—1-i(t, 7,%,V).
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In addition, taking s' such that & =1 — % — L with r € [1, 66—_‘1(1[ and defining X* (K) = (Wl’q(K))/ U

(Wl’sl (K)), we assume that, for any compact subset K C RS,
o Wy € L™ (O,T;L;f (O,@;LQ(K))),
o Wy, Ry € L™ (o,T;L;f (0,9;X5'(K))).

Then, if the sequence (fer)e>o defined by

(fe_,kl(t,x, v) — Fr1 <t, é,x, v)) , (4.13)

18 bounded independently of € in L (O,T;L2 (Rﬁ)), it two-scale converges to the profile F =

Al =

fe,k(t; X, V) =

loc
Fy(t,7,x,v) € L™ (O,T;L;f (O,H;LQ(RS))) up to the extraction of a subsequence. Furthermore, Fy
1s fully characterized by

F (t, 7, X, V) = Gk (tv X, R(tv =T, X) V) + Wy (tv T, X, R(tv -, X) V) ) (414)

where Wy, is defined in (@I0) and where Gy = Gy (t,x,v) € L> (0,T; L} (R%)) is the solution of

loc

WGr(t,x,v) + (J1(t,x)v) - VG (t,x,V)
+ j2(£0)(t7 X, V) ! vak(tu X, V)

0
__/ [8th (ta 7, X, V) + (R(ta T, X)V) ' Vka (tv T, X, V)] dr
0

1 0
- —/ Jo(Lo)(t, 7,x, V) - Ve Wi (t, 7,%,v)dT
0/, (4.15)
1 [f
— 52/0 [R(t,T, x)71L (t, T, %, R(t, T, X)V)} Vo Wi_i(t, 7, x,v)dr
i=0
k
- Z j3 (‘C’Z)(ta X, V) : vakf’L’ (tv X, V) )
i=1
Gr(t=0,x,v)=0.
4.2 Finite Larmor Radius regime
We focus now on the following linear equation:
v vxM
atf€+T'va_f€+’U||8xf€+<E€+VXB€+ )'vvfe—07 (4.16)

ft=0,x,v) = fO(x,v),

in which (x,v) € R¥* x R3 t € [0,7], f. = f.(t,x,v) € R is the unknown distribution function,
E. = E.(t,x) € R? is the external electric field, f© = f°(x,v) is the initial distribution function,
M =e, € R3 and B, = B(t,x) € R? constitute the external magnetic field.

Thanks to well-chosen hypotheses for f° and the sequences (E.)c~o and (B.).> o, it is possible to
establish a 0-th order two-scale convergence result:

Theorem 4.6. We assume that f° € L*(R®) and that (Ec)eso and (Be)eso are bounded independently
of € in (L°° (O,T; Wl’q(K)))3 for ¢ > 3/2 and for any compact subset K C R3.
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We denote with £y = Eo(t, 7,x) and By = By(t,7,%x) the respective two-scale limits of (Ec)eso and
3
(Be)eso in (L°° (O,T;L;&O (O,27T; Wl’q(K)))) and we introduce the vector function Lgy defined by

Lo(t,7,%x,v) =E(t,7,x) + v X By(t, 7,%). (4.17)

Up to a subsequence, f. two-scale converges to the profile Fy = Fy(t,7,x,v) in
L (O,T;L;’#O (0, 27T;L2(R6))) and Fy is fully characterized by

Fo(t,7,x,v) = Go (t,x + R1(—7) v, Ra2(-T7) V) , (4.18)

where R1, Re and Gy = Go(t,x,v) € L™ (O,T; LZQOC(RG)) satisfy

sinT 1—cost O cosT sint 0
Ri(r) = cosT—1 sint 0 |, Ro(r)=| —sinT cost 0 |, (4.19)
0 0 0 0 0 1
OGo(t, x, V) + v} Oz Go(t, x, v)+T1(Lo)(t, %, V) - VxGo(t, %, V)
+ Jo(Lo)(t,x,v) - ViGo(t,x,v) =0, (4.20)
Go(t=0,x,v) = fO(x,v),
with J1(Lo) and J2(Lo) defined by
1 2
Ji(Lo) = 5~ | Ri(=7) Lo (8,7, x + Ra(7) v, Re(7) v) dr. (4.21)
T Jo

Proof. We easily remark that the sequence (A¢)e s o defined by

0
A (t,x,v) = U(|)| ;

E.(t,x) + v x B(t,x)

is bounded independently of e in (L (0,T; leq(K)))G for any compact set K C R® and for
g > 3/2. Consequently, A, two-scale converges to the vector function Ay = Ay(t,7,%x,v) €

(L°° (O,T; L3 (0,2m; WL‘Z(K))))6 defined by

0 0
0 0
Ap(t,7,x,v) = =
Y| Y|
50(t777 X) + v X Bo(t,T, X) ‘C’O(taTa X, V)

We also remark that the ODE system

{ (X,V)(T) = L(t,T,X(T),V(T)) )
(X,V)(O) = (X,V),

with L defined by
L(t,7,x,v) = ( V:JM ) ,

admits the following 27-periodic solution:

X(r;x,v,t;0) = x4+ Ri(7)v,
V(T7 X,V, t? O) = RQ (T) v,
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with R1 and Ro defined by (Z.I19).
Multiplying the Vlasov equation by f. and integrating the result in x and v, we obtain

8t ( |f€(t7X;V)|2 dXdV) = O7
R6

so we deduce [[fe(t, )|l p2re) = [ /2l L2(rs) for any € and any ¢. Consequently, Theorem 24 allow us to
claim that, up to the extraction of a subsequence, f. two-scale converges to the profile Fy = Fy(t, 7,%, v)

in L (O, T Ly (O, 2m; L2(R6))) characterized by
Fo(t,T,X,V) = GO (t7X+R1(_7—) V’RQ(_T) V) ’
where Go = Go(t,x,v) € L (0,T; L}, (R®)) satisfies ({20). O

For obtaining higher order two-scale convergence terms, we first consider a fixed k& € N* and we
assume that the electric and magnetic fields satisfy the following hypotheses:

Hypothesis 4.7. Defining recursively the sequences (Ee;)eso0 and (Bei)eso as

E.;(t,x) = % (Ee)i_l(t,x) — &1 <t, z, x)) , Vi=1,...,k,
Eco(t,x) = Ec(t,x),
B.(t,x) = % <Bm—1(t,x) —Bi1 (t, é, X)) , Vi=1,...k,
Beo(t,x) = Be(t,x),
we assume that, for all i = 0,...,k and up to the extraction of a subsequence, (E¢;)eso and

(Bei)eso two-scale converge to the profiles € = E;(t,7,x) and B; = B,(t,7,x) respectively in
3
(L°° (O,T; L3 (O, 27r; Wl’q(K)))) for any compact subset K C R3.

Hypothesis 4.8. Defining recursively the sequence (fei)eso as

1 t
feilt,x,v) = — (fm-l(t,x,v) —F4 (t, —,x,v)) , Vi=1,...,k—1,
€ €
fé,o(t7x’ V) = fé(tvxa V) ’
we assume that, up to a subsequence, the sequence (fei)e>o two-scale converges to the profile F; =
Fi(t,7,x,v) € L™ (O,T;L;f (O,QW;LQ(RG))) foralli=0,... . k—1.

Hence, defining L£; as
Li(t,7,x,v) =E;(t,7,x) + v x B;(t,7,%), (4.22)
forall © =0,...,k, we define recursively the functions Wy, ..., Wy such that Wy = 0 and, for any i > 0,

Wi(t, 7,%,v)

EJ t,x,v) — Ri(—0) L (t,0,x + Ri(0) v,Rz(0) V)
o Z/ < )(t,x,v) = Ro(—0) L (t,0,x + Ri(0) v,R2(0) V) >

| VxGici—j(t,x,v) + Vi Wi_1-;(t,0,%,V) d (4.23)
VoGiii1— (txv)—l—VWllJ(taxv) g

™ Jo

. 1 2T
—/ [{% i— 1(t g,X V) 2— 815 i— 1(t Cvx V) d<‘|
0
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where, for i =0,...,k — 1, G; is defined on [0, 7] x R® thanks to the relation

Fl(ta T, X, V) = Gl (t7 X+ Rl(_T) v, RQ(_T) V)
+ Wit 7, x+Ri(—7) v, Ra(—7) V) .

Hence we have the following result for obtaining the k-th order term Fj:

Theorem 4.9. We assume that the hypotheses of Theorem [{.6] and Hypotheses[{.7 and[{.8 are satisfied
for a fixed k € N* and we introduce the function Rx_1 defined by

Ry—1(t,7,x,V)
= 0pF—1(t, 7,%, V) + )| Oz Fi—1(t, 7, %, V)

1/€—1 27 1(—0o 3 , O T,X 1(o)v, 2(0)v
; [/0 ( 225—0321' Ei,aiﬂxiglga;v,gi ) )da (4.24)

. vka—l—i(taTaxuv)
vka—l—i(tuTu X, V) '

In addition, taking s' such that & =1 — % — L withr € [1, 66—:1(1[ and defining X* (K) = (Wl’q(K))/ u

(Wl’sl (K)), we assume that, for any compact subset K C RS,
o W, € L™ (o,T;L;; (o, 27T;L2(K))),

o Wy, Ry_1 € L™ (O,T;L;f (0,%;){5’(1{))).
Then, if the sequence (fer)e>o defined by

Jer(t,x,v) = % (fe,kl(t,X, v) — Fr_1 <t, E,X,V>> , (4.25)

is bounded independently of € in L (O,T;L%OC(Rﬁ)), it two-scale converges to the profile Fy =
Fy(t,7,x,v) € L™ (O,T;L;f (O,QW;LQ(Rﬁ))) up to the extraction of a subsequence. Furthermore, Fj
is fully characterized by

Fk (tv 7, X, V) = Gk (tv X+ Rl (_T) v, RQ(_T) V)

+ Wi (t, 7, x + R1(—=7) Vv, Ra(—7) V) , (4.26)

loc

where Wy, is defined in @23) and where Gy = Gy (t,x,v) € L> (0,T; L}, (R%)) is the solution of
0G(t,x,v) +v)| O Gr(t, %, V)
+ J1(Lo)(t,x,v) - VxGi(t,x,v) + To(Lo)(t,x,v) - Vi G (t,x,V)

- _%/0 ' [0 Wi (t, 7,%,v) + v 81“Wk(t,7',x,v)] dr
LSS (27 1 Ru(=7) Li (t,7,% + Ri(7) v, Ra(7) V)
_ %;J/O [( Ro(—7)L; (t,7,x + R1(7) v, Ra(T) V) ) (4.27)

VaWi—i(t, 7,%x,V)
' < Vo Wi_i(t,7,%,V) )] dr

S (RENE) T ) (TEe).
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4.3 Application to axisymmetric charged particle beams

In this last example, we focus on the following axisymmetric linear Vlasov equation:

r
€

3tf5(t, T, UT) + vfarfe(ta T, UT) + (Ee(th) - ) 8Urf€(t) T, UT) =0, (4.28)
f(t=0,r,v.) = fO>r,v,.).

In this system, f. = fc(t,r, v,) is the unknown distribution function of the particles, E. = E.(t,r) is the
radial component of the external magnetic field, the variables (¢,r,v,.) € [0,T] x R x R stand for the time
variable and the radial position and velocity variable, with the convention fc(¢,7,v,.) = fe(t,—r, —v,),
E.(t,r) = —E(t,—r) (see [10} [14] 29] for details).

The two-scale convergence of f. at 0-th order has been studied by Frénod, Sonnendriicker and
Salvarani in [I4] in a more rich context. We recall here this result and we adapt it in a straightforward
way to the case of Vlasov equation (L28):

Theorem 4.10 (Frénod, Sonnendriicker, Salvarani [14]). We assume that the initial distribution f°
is positive on R? and that f° € LY(R%*rdrdv.) N L*(R?*rdrdv,). We also assume that the se-
quence (E¢)eso is bounded independently of € in the space L™ (O,T;W1’3/2(K;rdr)) for any K C R
compact. Then, up to the extraction of a subsequence, fe two-scale converges to the profile Fy =

Fo(t,7,r,v,) in L™ (O,T;L;f (O,27T;L2(R2;Td’l“dv7«))) and E. two-scale converges to & = Ey(t,r,v,)
in L™ (O,T; Ly (O, 2m; Wl’?’/z(K;rdr))) for any K C R compact, with Fy defined by

Fo(t,7,r,v.) = Go(t, rcosT — v sinT,rsinT + v, cosT), (4.29)

with Go = Go(t,r,v,) € L™ (O, T; L? (RQ;rdrdvT)) solution of

loc

0:Go + J1 (&) 0-Go + J2(&o) 0,,.Go =0, (4.30)
Go(t =0,7,v,.) = fO(r,v,), )
where
1 27
TJ1(Eo)(t, 1y vp) = 5 / sin(7) Eo(t, 7,7 cos T + vy sinT) dr | (4.31)
™ Jo
1 27
J2(&E0)(t, ryv.) = o / cos(7) E(t, 7,7 cos T + v sinT) dT . (4.32)
0

In order to establish higher order two-scale convergence results, it is necessary to add some hypotheses
on the external electric field E.. As in the previous paragraphes, we consider a fixed integer k£ > 0 and
we formalize it as follows:

Hypothesis 4.11. Defining recursively the sequence (E¢i)e>o as

1 ¢ .

Eei(t,r) = - (Ee,z'—l(tﬂ“) - &1 (t, -, 7“)) , Vi=1,...,k,
€ €

E.o(t, 1) = Ec(t, 1),

we assume that, for all i = 0,...,k, (Eci)e>o two-scale converges to the profile & = &E;(t,7,7) in

L*>® (O, T; L;;&O (O, 2m; W1’3/2(K;rdr))) for any K C R compact.

We also add some hypotheses about the two-scale convergence of f. at i-th order for i =0,...,k—1:
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Hypothesis 4.12. Defining recursively the sequence (fei)eso as

1 t

féyi(ta’ra UT) =~ <f€,i1(tvrvvr) - F_4 <t, —,T,UT>> , Vi=1,...,k—1,
€ €

fg,O(t,’l”, UT) = fé(taTa 1)7«) ’

we assume that, up to the extraction of a subsequence, (fei)e>o two-scale converges to F; = Fi(t,T,r,vy)

in L (O,T; L5 (0,275 LA(R?; rdrdvr))) fori=0,.. . k—1.

Hence we can define recursively Wy, ..., Wy as follows:

Wi (t7 T,T, UT)
7 f Ji1(&)(t, r,vr) +sin(o) E;(t, 0,7 coso + v sino)
K ‘ J2(&)(t, 7, vr) — cos(o) E;(t, 0,7 coso + vy sino)
i=
) 8TGi_1_j (t, T, ’UT) + 8TWi_1_j (t, o,r, ’UT) (433)
0v, Gi—1—j(t,7,0,) + Oy, Wi_1_;(t, 0,7, 0r)
2

1
- 8th—l(t707 T, Ur) + 2_ ath—l(t7C7T7 U’I‘) dc‘| dUa
™

0

where Gy, ...,Gg_1 are linked to Fy,..., Fx_1 by the relations

Fi(t,7,r,v.) = Gi(t,r cosT — v, sin7,7sin 7 + v, oS T)

+ W;(t, 7,7 cosT — v, sinT,rsin T + v, COST) .
We finally introduce the function Ry_; defined by

Rk—l(t7T7 T, U’I‘) = atFk—l(taTa T, UT)

ol IS WYL sin(0)&;(t,o0 + 7,7 coso + v, sino)
+2_ |50 E(t i do
gt 27 Jo cos(0)&;(t,o + 7,7 coso + v sino) (4.34)

o OrFy—a—j(t, T, 0p)
O, Fim1-j(t, 7,1, 0r) '
Hence we can extend the main result of [10] to the k-th order:

Theorem 4.13. We assume that the hypotheses of Theorem [{.10 and Hypotheses @ and [{.13 are
q

satisfied for a fized k € N*. In addition, taking s' such that 5 =1- % — % with r € [1, 2—_q[ and defining

X+ (K;rdrdv,) = (Wl*q(K;rdrdvT))/ U (Wl*s, (K;rdrdvr)), we assume that, for any compact subset
K C R?,

o Wy € L™ (o,T;L;;; (o, 27T;L2(K;rdrdvr))),
o Wi, R_1 € L™ (O,T;L;f (0,2w;XS’(K;rdrdvT))).

Then, if the sequence (fer)e>o defined by

<f67k1(t77ﬁ7 UT) - kal <t7 z; r, 1)7«)) 5 (435)

fe,k(tv T, UT) -

|
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s bounded independently of € in L (O,T;L2 (R2;rdrdvr)), it two-scale converges to the profile Fy =

loc

Fy(t,r,r,v.) in L™ (O, T; Ly (O, 27; L?(R?; rdrdvr))) with

Fr(t,7,r,v,) = Gg(t,rcosT — v sin T, rsin 7 + v, cos 7) (4.36)
+ Wi (t, 7,7 cosT — v sin T, rsin7 + v, cos 7) '

where Wy, is defined in @33) and where Gy, = Gi(t,r,v;) € L™ (0,T; LY (R?;rdrdv,)) is the solution
of
atGk (tu T, Ur) + jl (50)(t7 T, Ur) aer(tu T, Ur) + jz(f, T, Ur) 6117\Gk (t7 T, Ur)

1 27

=—— Wy (t, 1,7, v.) dr
2T 0

1 k

27
- Z / cos(7)&;(t, 7, rsinT + v sin7) Oy, Wi—;i (¢, 7,7, v,-) dr (4.37)
: 0
- Z jl (gz)(tv T, UT) aerfi(ta T, 1)7«)

k
- Z jQ(gz)(ta T, Ur) 6’[}7~Gk}—i(t7 T, UT‘) )
i=1
Grp(t=0,r0v.)=0.

5 Conclusions and perspectives

We have proposed some two-scale convergence results for a particular kind of convection equations in
which a part of the convection term presents some high order frequency oscillations in time. These results
can be viewed as an improvement of the calculations done by Frénod, Raviart and Sonnendriicker in [I3]
since the properties of the convection terms A, and L are less restrictive: indeed, in the present paper,
the two-scale convergence can be proved with A, which depends on € and with L which can also depend
on € in some particular sense. Along with these results, we have described the list of required hypotheses
on (A¢)eso and L for reaching the k-th order of two-scale convergence for (uc)eso. Finally, we have
applied these new results to three different rescaled linear Vlasov equations which are used in the context
of MCF or charged particles beams. The limit systems which have been obtained consolidate the existing
results and complete them by proposing a k-th order two-scale limit model.

From a numerical point of view, these new informations can be used for enriching the two-scale
numerical methods which are currently based on the resolution of the 0-th order limit model: in particular,
the limit model presented in Theorem 10l is discretized for approaching the solution of (28] but these
numerical experiments are relevant for € < 1 (see [14, 29]). Combining this approach with the numerical
resolution of higher order two-scale limit models like (£37) may provide some relevant numerical results
for values of € which are less close to 0.
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