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Abstract We extend the resutls for the problem of option replication under proportional transaction costs in [23]
to more general frameworks where stochastic volatility and jumps are combined to capture market’s important
features. In particular, we study the hedging error due to discrete readjustments by applying the Leland adjusting
volatility principle to compensate transaction costs. In such contexts, jumps risk is approximately eliminated and
the results established in [23] are recovered.
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1 Introduction

Many suggested mathematical models for stock prices have been trying to capture important markets features,
e.g. leptokurtic feature, volatility clustering effect, implied volatility smile. These market properties are tractable
in stochastic volatility models. However, it is worth noticing that diffusion-based stochastic volatility models,
where the market volatility can fluctuate autonomously, can not change suddenly and as a result, they could
not take into account sudden and unpredictable market changes. Hence, for a realistic setting, the continuity
assumption of stock price should be relaxed. In fact, as discussed in [27], the presence of jumps in the asset price
can be recognized as the presence of participants in the option market. As an extension of the famous Black-
Scholes framework, it is reasonable to suppose that good or bad news arrive according to a Poisson process.
The changes of asset price are described by the jump-sizes and between two jump times, the asset price follows
a geometric Brownian motion as in the classical Black-Scholes models. Such a combination is called a jump-
diffusion model. As shown in [16], jump-diffusion models not only fit the data better than the classical geometric
Brownian motion, but also well reproduce the leptokurtic feature of return distributions. See [27,26,16] and the
references therein for detailed discussions.

It is well-known that in complete diffusion models, options can be completely replicated using the delta
strategy adjusted continuously. However, it is not the case for models with jumps. In fact, jumps risk can not be
released completely even using continuous time strategies and the only way to hedge perfectly an option against
jumps is to buy and hold the underlying asset. In other words, the conception of replication does not indicate
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a right framework for risk management and hedging in the presence of jumps as in diffusion-based complete
market models where Black-Scholes theory plays a central role. Therefore, discrete hedging for jump models is
practically important and asymptotic properties of the hedging error are not a trivial task to show.

The situation becomes more challenging if one takes into account transaction costs which are needed for
hedging activities in practice. Such a consideration is realistic and has been attractive to researchers for last
years. In the absence of jumps, Leland [17] proposed a simple method to compensate trading costs, which is
a modification of the well-known Black-Scholes PDE where volatility is artificially increased. Kabanov and
Safarian [14] showed later that the Leland suggestion for constant transaction cost is not mathematically cor-
rect and hedging error in fact converges to a non-zero limit as the portfolio is frequently revised. The rate of
convergence then investigated by Pergamenshchikov [25] including a characterization of asymptotic distribu-
tion of the replication error. Many extensions have been made for different directions: studying the problem for
option with general payoffs, using non-uniform rebalancing grid to accelerate the rate of convergence [18,19,
5], considering the problem in more general models e.g. local volatility [19], trading costs based on the traded
number of asset [19]. Recently, Nguyen and Pergamenshchikov have studied the problem in stochastic volatility
frameworks using a simpler form for adjusted volatility. It turns out that increasing volatility principle is still
helpful for controlling losses caused by trading costs which are proportional to the trading volume (measured in
dollar value or in physical number of traded asset). In fact, this has a simple connection to asset hedging in high
frequency markets where the form of ask-bid price may be an essential factor for deciding laws of trading costs.
We refer the reader to [14,19,25,23] and the references therein for Leland’s approach.

To the best of our knowledge, there is few study about the trading costs for models with jumps following the
Leland spirit in discrete time setting. In fact, it is very intuitive to think that in the presence of transaction costs
and even also jumps in the asset price, the option is more risky and should be evaluated at higher price than that
in the absence of these risks. However, a more expensive option price would be equivalent to say that there has
been some increase in its volatility values. That is the essential intuition behind the Leland algorithm.

Jump-processes

| P W

Fig. 1 Jump-diffusion paths with Gaussian jumps and intensity 6 = 3 in [0, 1].

The aim of the present note is to build an extension of the achievement in [23] where a simple modification
of Leland’s algorithm [17] is suggested to take into account constant proportional transaction costs in stochastic
volatility models. In fact, we try to capture not only the dependence structure (using stochastic volatility) but also
short term behaviors of the stock price due to sudden market changes as well'. This combination is expected to
represent a market general enough for some practice purposes since stochastic volatility models well complement
models with jumps [16]. In particular, we show that the impact of jumps can be partially negligible under some
mild condition on jump sizes. It turns out that in the presence of both jumps in price and transaction costs, the

! This fact partially explains why jump-diffusion models are, in general, considered as a good choice, especially in short-term situations.
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option becomes more expensive to hedge and super-hedge can be reached. In fact, asymptotic distribution of the
hedging error is independent of jumps and consistent with those established in [23]. More interesting, the same
thing is true when jumps are allowed in both asset price and its volatility. Such general frameworks provide the
ability to explain large movements in volatility, which happen during crisis periods [7,8].

The remainder of this paper is organized as follows. We shortly review the problem of quadratic hedging
with jumps in Section 2. Section 3 is devoted to formulate the model and present our main results. General
stochastic volatility with jumps will be discussed in Section 4. Proof of main results are reported in Section 5
and some useful Lemmas can be found in the Appendix.

2 Quadratic hedging with jumps: a short review

Estimating the hedging error in sense of the mean square means that for a given initial capital V,, we look for a
self-financing strategy 7y that minimizes the expectation value of the squared hedging error

inf E(Vy —H)?. 2.1
Ye¥

Let us suppose that the underlying asset follows a risk neutral dynamics dS; = S;dZ;, where Z; is a martingale
Lévy process dZ; = 6dW; + [~ _zJ,(dt x dz) with diffusion coefficient ¢ > 0 and the compensated Poisson

measure J(dz x dz). In this section, interest rate is assumed to be zero hence, option price is given by C(,S) =
E[A(St)|-%]. Using 1td’s formula one can determine the hedging error €(Vy,y) = Vr(y) — h(Sr) as the following

T T oo _
/0 (3 — (1,5, ))odW, + /0 [ B(LS, ) (a1 da) 2.2)

where B(t,x,z) = zxy% — C(¢,x(1 + z)) — C(¢,x). Taking expectation and differentiating the right hand side of
(2.2) one obtains the solution to (2.1)

A(1,S,-) =62 (Gzcs(t,s,) + SL /'°° 2(C(1,S,- (1+2)) —C(t,S,))vZ(dz)> : 2.3)

where 62 = 6%+ [~ _z*v,(dz) and vz is the associated Lévy measure of Z. If vz = 0 we have the classical
delta strategy as in Black-Scholes’s model and the option is almost surely covered in this case. Nevertheless,
when jumps are present it can be learned from (2.3) that jump risks can not be hedged out by simply taking the
derivative of the option price as in [22].

Let us make a deeper view on strategy A (z,S,- ). For simplicity, assume that there is a single jump size, i.e.
v = §, for some constant a. Put a = a?(6? +a*)~! then, A(t,S,-) = (1 — a)Cs(t,S,-) + a ¢(t,S,-), where
¢ = (C(t,S,-(1+a))—C (t,SF))a‘lStil. In other words, the optimal quadratic hedging strategy is a linear
combination of the well-known Merton strategy Cq(t,S,-) and the jump-type strategy ¢ (¢,S). If the payoff is
not affine (in most of realistic cases) then ¢, # 0. It is easy to see that A(z,S,- ) converges to the Merton strategy
as o — 0.

In summary, the Merton strategy is not the optimal in the presence of jumps. Jump risk can not be hedged
completely even in continuous trading. Thus, quadratic hedging would be realistic in models with jumps but as
we have seen above the variance E|(Vp,7)|? is computed under a risk-neutral measure. This measuring criterion
is not very natural since the risk-neutral measure does not represent statistical description of market events and
profit/loss of a portfolio may have a large variance while its risk-neutral variance can be small. Therefore,
choosing a minimal martingale measure is important for such situations [27].
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2.1 Discrete hedging and jumps

If jumps are allowed to appear in the stock price then one should distinguish two types of hedging errors: one is
due to market incompleteness concerning jumps and the other one is due to the discrete nature of the hedging
portfolio. These two types of hedging errors have different behaviors. In fact, as shown above that jump risks
are not covered by simply using the classical delta strategy even with a continuous time policy. In other words,
in the presence of jumps delta hedging is no longer optimal. Remark that the second one is generally related to
the appearance of the diffusion term.

The literature of discrete hedging with jumps is vast and we only mention to [29,30] for recent achievements.
Seemingly, none of these mentioned papers discussed about trading costs. We conclude the section by noting that
when both jumps and transaction costs are present, the problem of discrete hedging is of course more challenging
to handle. We will see in Section 3 that these two risks can be partially controlled by following the usual discrete
delta strategy obtained from the well-known Black-Scholes formula with an artificially increased volatility.

3 Model and main results
3.1 The market model

Let (.Q, F1,(Ft)o<1<1 ,P) be the standard filtered probability space with two standard independent (F; )y <;

adapted Wiener processes (W,(I)) and (W,(2>) taking values in R. Consider a financial market consisting of one
non-risky asset set as the numeraire and the risky one (e.g. stock) S; being assumed to take jumps at random times
( Tj) Relative changes in value of the risky process at the jump time 7; are characterized by the sequence of

1i. d random variables (&;) j=1- The jumps-size process is then defined by
& =&oljoy + ) & l(gym) (1), &0 =0. 3.1)
izl

We assume further that between the jumps times, S; follows the classical geometric Brownian motion but with
stochastic volatility. More precisely, we suppose that the risky asset dynamics is driven by the following equa-
tions

(55 o o)

dy[ = 0 (t,y[)dt+(x2 (t,y[ de + \/ dW

where §; = le\',:1 &; is the jump part characterized by the Poisson process N; with intensity parameter 6 and
S~ = limgy, Ss. We assume that the coefficients ¢;,i = 1,2 are locally Lipshitz and linearly growth functions,
which provide the existence of the unique strong solution y to the second equation [10].

In this paper, all sources of jump randomness mentioned above: two Brownian motions, the Poisson process
N; and the jumps sizes (&;) j>1 are assumed to be independent. Note that limiting results of replication error will
change only on its asymptotic distribution if the two Brownian motions are correlated, see [23].

Let us explain how the asset fluctuates. In fact, it can be observed that the risky asset price S; changes contin-
uously most of the time, but large jumps may occur from time to time. This important fact can not be adequately
taken into account in the classical Black-Scholes context or other pure diffusion-type models. Moreover, it is
easy to see that system (3.2) has the unique solution

N
S; = Soexp{/ b,dt+/ (ys) dW 2/ ys)ds—&-Zln(l—kéj)}, (3.3)
j=1

which means that the stock price is simply a product of the geometric Brownian motion with stochastic volatility
N

Spexp {fé (ys)dW —3 L 5o (ys)ds+ [ b,ds} and the independent jump part [] (1+&;). The jump sizes
Jj=1

should satisfy the natural condition
Ei>—1,foralli=1,2,.... (3.4)
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to guarantee the positivity of the stock price. We easily observe that at the jump time 7; the relative change
in value of S is given by AS;; = S - (§;+1). Let J(df x dz) be the random Poisson measure generated by the
X J

compound Poisson process ;, that is

J([0,1] x A) = Zl Lic i gen) 3.5)
iz

It is well known that J (dz x dz) is a o-finite jump measure whose Lévy measure (intensity measure) is defined by
v = OF (dz)dt, where F(-) is the common distribution of jump sizes (&;). The Lévy measure can be interpreted
as the average number of jumps per unit of time. For convenience, we use the notation v(dz) = 6F (dz) for its

density and denote the compensated stochastic Poisson measure by J (df x dz) = J (df x dz) — v(dz)dz. The jump
measure J (df x dz) permits to define the stochastic Poisson integral (integral with jumps)

‘o N
/0 '/Rf(S,Z)J(dsxdz)ZJZIf(Tj,Zj), (3.6)

for any predictable process f (¢,&;). Adapting from the pricing principle we assume that the drift 5 = —6E&; so
that the stock price is now a local martingale given by

ds, =S, <G(y,)dW,(1) +/def(dt X dz)> . (3.7)

Remark 1 In this paper we do not discuss about the problem of change of measure and jump risk but accept
the free-risk assumption of asset dynamics as the starting point. Clearly, jump-diffusion suggestion leads to an
incomplete market, which is also an important feature of stochastic volatility settings. Hence, there are many
ways to choose the pricing measure throughout the Girsanov technique. Such a procedure makes an essential
change not only on the diffusion but also on the jump part of the asset dynamics [27,22]. In [16], the rational
expectations equilibrium is used to obtain a simple transform from the original physical probability to a risk-
neutral probability so that many assets (bonds, stocks, derivatives on stocks) can be simultaneously priced in the
same framework.

3.2 Assumptions and examples

The following condition on jump sizes is accepted in our consideration:
(C1) The common distribution F of jump sizes satisfies

01
/ PF(dz) <o and / ——F(dz) <oo.
R 1 1+z

The first integrability condition is nothing than the condition of finite variance for jump size distribution while
the second one is equivalent to E(1 4 &)~! < oo. These are quite weak constraints and automatically fulfilled in
the Merton jump-diffusion model [22] where jump size distribution is assumed to be log-normal. In [16], within
an equilibrium-based setting, log-exponential distributions are suggested for jump sizes to obtain the convenient
feature in analytical calculation. Again, this family of jump size distributions verifies condition (Cy).

Let us turn our attention to volatility assumption. As in [23], we assume that the volatility process satisfies
the integrable condition.

(Ca) The function o is twice continuously differentiable such that

0 < Oy < info(y) and  sup Emax{c(y),|o"(y)[} <o
yeR 0<t<1

In fact, condition (C,) is fulfilled for almost of the famous stochastic volatility models, see [23] for more
discussions.
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Remark 2 1t is important to note that in the present setting, the combination of stochastic volatility and jumps
means that the asset price is not a Lévy process but a semi-martingale. As mentioned in [23], a general dynamics
of volatility process do not insure the integrability of moments of the asset process [1,20]. This crucial feature
prevent us from making a L?>-based approximation as in deterministic volatility models [14,18,19]. Therefore,
for approximation procedures, we follow the approach in [23,24] based on a truncation technique and conver-
gence results obtained are guaranteed in probability.

We conclude this subsection with some well-known stochastic volatility models with jumps, see [27] and
Section 4 for more examples.

The Bates models: The Bates models is a jump-diffusion stochastic volatility models obtained by adding pro-
portional log-normal jumps to the Heston stochastic volatility model:

where WS, WY are Brownian motions with correlation p and Z is a compound Poisson process with intensity 0
and log-normal distribution. Condition (C;) is clearly verified since jumps follow the log-normal law. Bates’s
models exhibit some very nice properties from a practical point of view. Firstly, the characteristic function of the
log-price is available in a closed-form, which is important for pricing purposes. Secondly, the implied volatility
pattern for long term and short term options can be adjusted separately [27].

Ornstein-Uhlenbeck stochastic volatility models: It is possible to introduce a jump component in both price
and volatility processes. Such models are suggested by Barndorff-Nielsen and Shephard to take into account
leverage effect:

S, =SoexpX;; dX, = (u+ Bo?)dt+ o;dW; +pdZ; do}? = —607dr +dZ,. (3.9)

If p = 0 the volatility moves with jumps but the price process has continuous paths. The case p # 0, representing
a strong correlation between volatility and price, provides the model flexibility but computation is now challeng-
ing. Remark that in this case ¢ is not the ’true” volatility since the returns are also affected by changes of the
Lévy process Z;. If jumps still follow log-normal law then condition (C;) is fulfilled.

3.3 Main Results

We study the problem of discrete hedging in friction contexts using the increasing volatility principle as in
Leland’s algorithm. A brief review on this literature can be found in [23]. See more in [25, 15, 19] for related
results. In the present framework, we follow the setting in [23]. More precisely, we suppose that for each suc-
cessful trade, traders are charged by a cost that is proportional to the trading volume with the cost coefficient k.
Here « is a positive constant defined by market moderators. Let us suppose that the investor plans to revise his
portfolio at dates (z;) defined by

n=g(i/n), gt)=1-(1-n". (3.10)

To compensate transaction costs caused by hedging activities, the option seller is suggested to follow the Leland
strategy defined by the piecewise process

n
7= LG (oS, ) o ) G.11)
=
where C is the solution to the following adjusted-volatility Black-Scholes PDE
1.
C,(t,x)+ 5c;,%czcm(z,x) =0, 0<r<l; C(1,x)=h(x):=(x-K),, (3.12)

Here the adjusted volatility 62 is given by

G2 (1)=p+/nf'(r) with f=g ' (3.13)
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Motivation of this simple form is discussed in Remark 3, see more in [23]. Now, using strategy 7' requires a
cumulative trading volume measured in dollar value given by I, = Y7 | S, |¥' —¥" |. Thanks to It6’s lemma
=10y li1

one represents the payoff as
1 ~
h(Sy) = C(0,50) +/ C.(1,5,-)dS, +/ ( LS)+50 (y,)sf_cxx(t,s,)> dr
+ ¥ ( (1,5,) —C(1,5,-) — AS,fx(t,S,_)) :
0<r<1

where AS; = S; — S;- is the jump size of stock price at time ¢. The last sum of jumps can be represented as
s JaB (2,8, ,2)J (dt x dz), where

B(r,x,2) = C(t,x(z+ 1)) = C (t,x) — 2xC, (¢,x) (3.14)

with the jump measure J(df x dt) defined by (3.6). Define then I; , = fol JrB(t,8;-,2)J (df x dz). Assuming that
the initial capital (option price) is given by VJ = C (0,80) and using (3.12), one represents > the hedging error as

1
211n+12n 30— K, (3.15)

Vi'=h(S;) =
t
The goal now is study asymptotic property of the replication error V" — k(S ). To describe asymptotic prop-
erties, let us introduce the following functions

In(x/K) A _In(x/K) 1 _ _
N +T’ q(A,x) = 1 4 and @(A,x) =@ (v(4,x)), (3.16)

where ¢ is the standard normal density function. As shown below, the rate of convergence of our approximation
will be controlled by the parameter 3 defined by

where I, = [ (62— 62(y,)) $2 Cy (1,5, )dt and I, = (yf—@(t,S,J)dS,.

v(A,x) =

%gﬁ::ﬁ<%, for 1<pu<2. (3.17)
Clearly, the closer to 2 this parameter is, the more rapidly the hedging error converges to its limit which is a
non-zero value.

Before stating our result let us emphasize that using an enlarged volatility which diverges to infinity implies
that asymptotic property of hedging error strongly depends on trading times near by the maturity. But remember
that jumps are rare events and hence, jumps near by the expiry can be omitted with very small probability.
Therefore, jumps in such contexts do not much affect asymptotic property of the hedging error as revisions
become more shorter. This important fact proves that increasing volatility as in [23] is still helpful for models
with jumps. The below theorems are in fact the achievement of [23] for continuous stochastic volatility models.

Theorem 1 Under conditions (Ci) — (Ca), the sequence of nP (V' — h(Sy) —min (S,-,K) +xI (S,-,y1,p))
converges to a centered-mixed Gaussian variable as n tends to infinity, where the positive function I is the
limit of trading volume defined as

o0
I(xy.p)=x /O A2 E [0(0)p~1Z+q(Ax)| dA, (3.18)

in which Z is a standard normal variable independent of S|-,y.

The term g(A,x) in the limit of transaction costs can be removed using the modified Leland strategy, so-called
Lépinette’s strategy:

7= Z( (1.5, / Cult,S, )dt) 1, ,0(0). (3.19)

2 Recall that for Lebesgue and Itd’s integrals one can replace S,- by S,.
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Theorem 2 Suppose that Lépinette’s strategy is used for option replication. Then, under conditions (C1) — (Cy)
the sequence of nP (V' —h(Sy) — nmin (S,-,K)) converges to a centered-mixed Gaussian variable as n tends to

infinity, where 1 = 1 — ko (y1)p~'/8/x.

Remark 3 If o is constant then a complete replication can be reached using the classical form for adjusted
volatility 6 = 6% + po+/nf'(t), where py = k0 +/8 /7, even when jumps are allowed in the asset price process.
This is consistent with [23]. However, the simple choice of & defined in (3.13) has two-fold advantage. First, it
allows to carry out a much more simple approximation procedure in comparison with the previous works [14,
18,19,5]. Second, strategy 7} is always computed easily since it needs a simple modification in the well-known
Black-Scholes framework while the one resulting form the use of classical form is not available for investors
if volatility is driven by an extra random factor. In fact, by the Black-Scholes formula, it strongly depends on
future realizations of the volatility process, which is impossible from a practical point of view, see [23].

3.4 Super-hedging and price reduction

As proved in [23], a suitable choice of p can lead to super-replication.

Proposition 1 Let conditions (C) — (Cz) hold and & be a twice continuously differentiable and bounded func-
tion. Then there exists p, > 0 such that lim,_,. V{* > h(S1) for any p > p.. This property is true for both of
Leland’s strategy and Lépinette’s strategy.

From Black-Scholes’s formula one observes that both strategy %' and %" approach to the buy-and-hold one
as n — oo, This means that option is now very expensive from the buyer’s point of view. In fact it is close to the
buy and hold price Sp. In [25,23] a simple method is suggested to lower the option price following the quantile
hedging spirit. Let us adapt the main idea in these works for the present setting. Since S;- = §; almost surely,
we define

6, =inf{a>0:Y(a)>1-¢}, (3.20)
where ¥'(a) =P ((1 — x)min(S;,K) > (1 —a)S;). The quantity J, is called quantile price of the option at level €
and the difference (1 — J,)Sy is the reduction amount of option price (initial cost for quantile hedging). Clearly,
the smaller value of &, is, the cheaper the option is. We show that the option price is significantly reduced,
compared with powers of parameter €.

Proposition 2 Let 8, be Leland price defined by (3.20) and assume that the jump sizes are almost surely non-
negative, i.e.

>0, as. VYVjeN (3.21)
and Gy, = sup, p 0(y) < oo. Then, for any r >0,

lim (1 — 8,)& " = +oo. (3.22)

£—0

Proof Observe that 0 < 8, <1 and §, tends to 1 as € — 0. Set b = 1 — k. Then for sufficiently small € such that
0 >a>1—bK/S, one has

1 —&>P(min(S;,K) > (1 —a)Sy) =1-P(S,/S, < (1 —a)).
Therefore, € <P (S,/Sy < (1—a)(1—k)™") =P(P(E)&(y) < za),
e<P(8/Sy<(1-a)(1-x)"") =P(P(E)E(y) <), (3.23)
where z, = (1 —a)(1 — k)~ '*E%1 and
- m_Lrf A T ,
&(o) = p{/o o (y,)dw! 2, o (ys)d } d P(&) j];[l(l+§,). (3.24)

By (3.21), P(&) > 1 for all t € [0, 1], which implies that the probability in the right side of (3.23) is bounded
by P(&1(y) < z4)- Therefore, € <P (& (y) < z4) . At this point, the conclusion exactly follows from Proposition
4.2 in [23] and the proof is completed. O
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4 General stochastic volatility models with jumps

4.1 Introduction

Stochastic volatility with jumps (SVJ) models have been very popular in the option pricing literature since they
provide flexibilities to capture important features of returns distribution. However, empirical studies [7,8] show
that they do not well reflex large movements in volatility assets during periods of market stress such as those
in 1987, 1997, 2008. In other words, SVJ are misspecified for such purposes. The studies also suggest that it
would be more reasonable to add an extra component into the volatility dynamics so that this new factor allows
volatility to rapidly increase. Note that such expected effect can not be generated by only using jumps in returns
(as in jump-diffusion models) nor by using diffusive stochastic volatility. In fact, jumps in returns can only create
large movements but they do not have future impact on returns volatility. On the other hand, diffusive stochastic
volatility driven by a Brownian motion only generates small increase via sequences of small normal increments.
Empirical analyses in important works [7,8] show that incorporating jumps in stochastic volatility can provide
rapid changes in volatility.

20 1 EURfUSD

L LSO datoamin 1934 |
1 FLVL a1 One Year Implied Volatility |

I. | H

| 1 1 | L P i' !
{31 i *‘ 1T -’.1“ Wy qiul'
rﬁa U'«.\-., i " i F || 1] 'f |
125400 A 18 f w1 fa | e [ T il

O 1) 0 T 4 L ISR 1" R W | " T ;

n I| i St '|.|::.|'| i K wmo l-"IMF LT | L.J:- PO BT,
101 1l

|

! 1

M T 1] / Vi y

81 ¥ A R M, W moe tnfall? 4
] 840100 8.5 lidsa 4

B 1 f

21 Mgy =%
B 1 3 ; epir alakilty washout
ﬁ|

Va8 L 0 i, 50 G

8 90 B B2 B2 55 Bd 95 96 B7 98 99 00 01 02 93 04 05 06 07 OB 08 100112 13

Fig. 2 Implied volatility of EUR/USD, source from marketpulse.com.

It is important to note that introducing jumps in volatility does not means an elimination of jumps in returns.
Although jumps both in returns and volatility are rare, each of them plays an important part in generating crash-
like movements. In crisis periods, jumps in returns and in volatility are more important factor than the diffusive
stochastic volatility in producing large increases. We refer the reader to [7,8] for more influential discussions
about financial evidence for motivation of the use of jumps in volatility.

In this section, we study the problem of option replication under transaction costs in a general SV models
with jumps in return as well as in volatility, which is clearly a generalization of the setting in Section 3. In such
contexts, jumps in volatility can be also ignored as those in asset price, i.e. the results obtained in Section 3 are
recovered when jumps are allowed in both asset price and volatility.

4.2 Specifications of SV models with jumps

Assume that under the objective probability measure, the dynamics of stock prices S are assumed to be given by

s, =, (b,(yf)dwr oy, )aw, " +dC,S> L dy, =0 (ty)di+ oo (ty, ) dwP +dE . @)
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. . . NT o .
Here, {5 and ¢ are two compound Poisson processes, in particular, for r € {S,y}, {" =Y. i &7 with jump sizes

(§"). For a general setting, two Poisson processes N/ and two sequence of jump sizes (§]), r € {S,y} can be
correlated. For illustration, we give some possible specifications for jump components.

(i) Stochastic volatility model (SV): Clearly, this corresponds to the case when there is no jump in both asset
price and volatility, i.e. {3 = £ = 0,V¢. This basic SV model has been widely investigated in the literature.
The problem of approximate hedging under proportional transaction costs is studied in [23,24]. Roughly
speaking, adding some extra component generated by a diffusion to the returns distribution of a classic
Black-Scholes setting gives a SV model.

(ii) Stochastic volatility with jumps in volatility (SVJV): By allowing jumps in volatility process y one can
obtain an extention of SV models, i.e. 5 = 0,V but §” # 0. In such cases, option pricing implications are
in fact inherited from SV models.

(iii) Stochastic volatility with jumps in price (SVJP): Assume now that {5 # 0 but ¢ = 0. This case is
studied in Section 3.

(iv) Stochastic volatility with common jumps in price and volatility (SVCJ): Suppose that both asset price
and its volatility in a SV model are influenced by the same extra random factor modelled by a compound
Poisson process. In other words, jumps in asset price and in volatility are driven by the same compound
Poisson process 5 = (.

(v) Stochastic volatility with state-dependent and correlated jumps (SVJJ): This is the most general case for
the present setting (4.1).

4.3 Option replication with transaction costs in general SVJJ models

In this subsection we study the problem of option replication presented in Section 3 for general SVJJ models
(4.1). We show that in the same hedging policy as in SVJ defined in Section 3, jump effects can be ignored in
asset as well as in volatility. First, let us recall from Section 3 that the hedging error takes the form V' —A(S;) =

%Il’n +5L,—1;,— kI, wherel;,, i=1,2,3 and I, are defined as in (3.15). The following conditions on volatility

dynamics are needed in this section.

(C3) The coefficient functions 0;,i = 1,2 are linearly bounded and locally Lipschizt. Furthermore, the common
distribution of jump sizes in volatility F” admits the integrablility condition

e
R

Condition (C3) implies that supy,.; E y,2 < oo, which is necessary for approximation procedure.

Theorem 3 Under conditions (Cy) — (Cz) — (C3), the limit results in Theorems 1 and 2 still hold.

5 Proofs

As usual, the main results established in Section 3 are just direct consequences of some specific types of limit
theorem for martingales that we are searching for. For this aim, we construct a special approximation procedure
following the one in [23]. Our main attempt is to prove that jump terms appearing in the approximation can be
neglected at the desired rate nP . For convenience, we recall in the first subsection the preliminary setup and refer
to [23] for the motivation.

5.1 Preliminary

Definem, =n— |n (l*/?LO)Z/(“H)] andm, =n— [n (l*/)bo)Z/(uH)} , where the notation [x] stands for the integer

part of a number x and /, = In"3n, [* = In® n. Below we focus on the subsequence (tj) of trading times and the
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corresponding sequence (l j) defined as

1 1
t.=1—(1—j/m* and ;Lj:/ G2du = Ag(1—1))%, m, < j<m. 5.1)

J .
Note that (tj) is an increasing sequence with values in [t*,,], where £, = 1 — (I, /A)*F and r* = 1 — (I*/2)*P,
whereas (l j) is decreasing in [I.,!*]. Therefore, in the sequel we make use the notation Az i =1; —1j—1 whereas

A),j = ),j,l — lj, for m; < j < my to avoid the negative sign in discrete sums. Below, It6 integrals will be
discretized throughout the following sequences of independent normal random variables

2 2
wi —wih) W —w)
7, =——L 7=l (5.2)

i — —
=1 =1

We set

p (In(x/K) 1) | 53)

p(%x,y)zc(y)( o2 4

Stj:l ’yfjil)' This reduced notation is also frequently applied for functions

appearing in the approximation procedure. With the sequence of revision times (¢ j) in hand, we consider the
centered sequences

and write for short p;—1 = p(A;_4,

Z3; =120+ 01| —E (1200t |71

Z47j = |Zl,j| —E <|Zl,j| |t?jfl) = |Zl7j| - \/2/7

The sequences (Z; ;) and (Z, ;) will serve in finding the Doob decomposition of considered terms. To represent
the limit of transaction costs, we introduce the functions

54

{G(a) =E (|Z+a|)=2¢(a)+a2®P(a) - 1), 55)

A(@)=E (|Z+a|—E|Z+a|)? =1+a*—G*(a),

fora € Rand Z ~ .#7(0,1). We also write o(n~") for generic sequences of random variables (X)), satisfying
P —lim,_,,n" X, = 0 while the notation X, = O(n~") means that n” X, is bounded in probability. For approxi-

n—oo
mation analysis, we will make use of the functions
2 A ~ )
bx) =expd =L b $AX)=9(An@)  with n@W=[W(/K)| (56

5.2 Stopping time and technical condition

We first emphasize that in bounded volatility settings, it is possible to carry out an asymptotic analysis based on
L? estimates as in the previous works [5,18,19]. For general stochastic volatility frameworks, this approach is
no longer valid because k-th moments of the asset prices S may be infinite for £ > 1 and § is not in general a
martingale, see [1,20]. We come over this difficulty by using a truncation technique. In particular, for any L > 0,
we consider the stopping time

r*:»c;:inf{z20:1{,2t*}nﬂ+@ >L}/\1, 5.7)

where 1, = 1(S;) and &; = max{c(y;), |6’ (y;)|}. Note that jumps may be not fully controlled for stopped process
S, ¢+ as in [23]. Therefore, in the presence of jumps we consider its version defined by

t t 1 rt N;

S :Soexp{/ bsds+/ ordw,) —5 | ods+ Zln(l+:§,~)}, (5.8)
0 0 0 P
j=1
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where 6, = o (y;)1 {o(y)<L}- Here the dependency on L is dropped for simplicity. Then, it is clear that SF =35
on the set {7* = 1}. We easily observe that under condition (C,),

lim limsupP(7* < 1) =0. (5.9)

L—boo px_4q

For simplicity, in the sequel we use the notation S, = (S,,y,). We carry out an approximation procedure for
a class of continuously differentiable functions A from R, x R x R — R satisfying the following technical
condition, which is somehow more general than the one proposed in [23].

(H) A is a continuously differentiable function having absolutely integrable derivative A’ with respect to the first

argument and
lim P (/ AL, - \dl+/ Ay |d/l)
n—soo

Furthermore, there exist Y > 0 and a positive continuous function U such that

A2 9) < AT+ 1)U (x2)9(A,5), (5.10)
where a defined in (5.6) and
sup EU*(S7) < oo, (5.11)
0<r<1

Remark 4 In approximation of hedging error, the function U (x,y) takes the form 1/x6™(y) (up to a multiple
constant) where m > 0 with G stands for ¢ or its derivatives ¢’. Therefore, for any L > 0, condition (5.11) is
fulfilled as long as sup,,_,_, Esz < oo but this is guaranteed by the condition of finite second moment of jump
sizes (Cy). See Appendix B.

For some positive constant L, we introduce the function
g (0) =81 (x) = WeLyo oy + L7 Loy (5.12)
Putting ;" = g*(7;), one observes that on the set {7* = 1},

n'=L" and ¢(A,8)=9(A.n)=¢A,L7"):=¢ (), forall r*<u<l. (5.13)

5.3 Approximation for stochastic integrals

For the completeness of representation we recall here the asymptotic result established in [23], which serves the
central role in the proof of the main results.

Proposition 3 Let A(A,x,y) be a function such that A and its first partial derivatives A, dyA satisfy (H). Then,
fori=1,2,

/ &2 (/ AA,.S,) <’>> d=p~' Y A, 7 AA+o(nP), (5.14)
Jj=my
wheregjzg(lj,gt;) and A(A,x,y) = [; A(z,x,y)dz
Proof We follow the argument used in Proposition 7.1 in [23]. Although we are working under technical condi-
tion (H) which is slightly different from that in [23] but arguments are in fact the same. For reader’s convenience

let us give the proof in details since the approximation technique will be repeatedly used in our analysis. First,
making use of the stochastic Fubini theorem one gets

A:/ A2</A 5 >)dz /01 (/O 24(4,,8,)d )qu“).
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Changing the variables v = A, for the inner integral, we obtain

v

/0 24(A,,8,)dr = /A —A(,.8,) —A(20,5,).

In other words, Z, = IAl n 12 n» Where 11 n= fo A aw!

), A, =A(A,,S,) and 12,, fo A(%,S,)dW ). Moreover,
we have

ot . te . . L ;
= /O A dwl) + [ A, dw) +/t A AW =Ry, + Ry, +Rs,. (5.15)
Let use first show that Tzn = o(nP). For any & > 0, one observes that

P(nP|L,| > e) <PWP|L,|>e o =1)+P(r" < 1).

In view of (5.9), one needs to show that the first probability in the right side converges to 0. Indeed, by (H) one
has

[A(Ag,x,y)| < CU(x,y)/)LO e M < CU(x,y)e .
Putting A* = Aul{r*:l} and IA;H = fol A dWll(i) and making use of the notation §* = (S*,y) one has

PPIL | > e 17 =1)=PP|L; | > &) <e ?nPE(I;,)* <Ce 2nPe b/ sup BU(S)),
, ; 0<i<1
which converges to zero by condition (H). Hence, I, n= o(nPB) as n — oo. Next, let us show that R, 18 the

main part of , - For this aim, taking into account that [* <A, < A, for 0 <u <t*, we get R, , =o(n" ’3).
Next, let us show the same property for the last term R; , in (5.15). To this end, note again that

P(n5|R3An| > e) <P (nB\R3’n| Se, 1T = 1) FP(r" < 1), (5.16)

On the set {t* = 1} one has the estimate |4, | < U(S’:)f;(l +2710(z, S*)dz U(§:)f;, where f = S+
777)¢r(z)dz. Again on obtains by the Chebychev inequality

P(nﬁ IRy | >€,7T" = 1) ( |R3 | > e) < nzﬁg*Z/ E A: 2du,

which is bounded by n*Pe~2C(U) fll (f)?du with C(U) = SUP << EUz(gz,) < oo, Taking into account that

S I, . 2
/ (F)2du =g *P / ( / (1+ZV)¢L(z)dz) dr <cag P,
Jt, 0 JA

we conclude that lim,_,,P (nP[R; al>€ 1 =1)=0andhence R; , = o(n~ B) in view of (5.9).
It remains to discretize the integral term Ry, usmg the sequence ( ;). The key steps for this aim are the
following. First, we represent R, , = ,i*A dW ) = Y: m ft, 1A dW . and replace the It6 integral in the last

sum with AJ;]Z,J\ /At;. Next, Lemma 4 allows to substitute \/At; = p~!AA; into the last sum to obtain the
martingale ./, defined by
k
%]{ = pil Z Zj_lZ,;’jA/lj, my <k< my.
J=my

We need to show that P — lim,, ;e n? IRy, — Am,| = 0 or equivalently, Z;Eml B, = o(n~P), where B in =

o~ “

,JLlAu,deIA() and Auj =A(A,,S,) — A(),j,l,Stj11
aim, let » > 0 and introduce the set

). We show this without using the 1t6’s formula. For this

.Qb—{ sup sup (|A(z,S,)| +[0,A(z,S,)| +|9,A(z,S,)]) < }

*<u<l zeR
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my
J=my

Then, for any € > 0, P (nﬁ Y Bj,n\ > 8) is bounded by

ﬂ’l2
P(Q))+P(t" <1)+P <n5| ) B;,|>¢€Q,1 = 1) .

Jj=my

Note that lim,, ., lim,,_,.,

P(Q;) = 0 by Lemma 7. In view of (5.9), one needs to prove that the last probability
: n A ) X i —

converges to zero. To this end, putA,, ; = A“vfl{\gu,j\ébfsu.,-} and B;, = [/, Au_’deu( ), where O, ;= Au—=A; 4]+
ny 5

Sy =8 1 |+ y,- — e, |. Then, the last probability is equal to P (nﬁ | YiZm B inl > 8) , which is smaller than
o

g 2n2P ):';Zml Eﬁin by the Chebychev inequality. Clearly, Eé\in is bounded by

)
2b2/.1 (A=A +E(S, — S

rj1 J—1

>+ E(y, —-, )2)du < C ((AA)° + (A;)?).

my

Consequently, n? ):';Zml Eé\in <cn?Py jom, (A Aj)? + (At;)?. Taking into account Lemma 4 we conclude that
the latter sum converges to 0 hence, the proof is completed. O
Lemma 1 Let 1(t) =sup{t; : t; <t} and A(A,x,y) is a function satisfying condition (H). Then,
. Ji ( T agA(/lu,ir)du) W =omB), i=1,2,
). 5 (1A S, )W) aw = o(n ), i je (1,2},
Proof By assumption, |A(A,x,y)| < U(x,y)9(A,x)(1 4 A7) for some constant ¥ and positive function U (x,y)

verifying (5.11). Denote by r,, the considered double stochastic integral in (i). Put A = fl’( ) (AflfA(lu,guf )du, we
represent r,, as

o . 1 .
rn:/o dAtVVt(l),Jr/t* A[dvvl(l) = r17n+r27n,

We will prove that r; , = o(n™B),i=1,2. To this end, let L > 0 and consider 7* = 7; defined as in (5.7). For
i=1,2, by r;, we mean the "corrected” version of r; ,, i.e. Sy, y, should be replaced by S, and yj, respectively
in A. Now, for any € > 0,

P (nﬁ\rn| > e) <P (nﬁ\rn| Se Tt = 1) FP(e < 1), (5.17)

Taking into account A, > I* — oo for ¢ € [0,¢*] and using Chebychev’s inequality, one bounds the first probability
in the right side by

l* . . t*
nPe2Er2, = nPe? / EA;?dr < Cn®*Pe 2 BU*(S7) / bZdr,
0 0

where by = [' 1 62(14 A, ")e */3du. Recall from (3.13) that

()
~ 1—n m . ~
G, =pvn(l—u) ™ =p/n(Ao/M)F, with [ =(u—1)/(1+p). (5.18)
Then, splitting the integral as the sum of integrals on the intervals [¢,_,,7;] and changing variable one gets

£ 1* R A ~ r* N ~ Ay
n?P / b2dr < Cn*Pn~2 / i1+ A2 Hdu < Cn®P3 2k / GIAH(+ A7) e 4 du,
0 0 0

which is smaller than Cn?F—3/ zloﬁ JEATE 4 A~7)2e~%dA. This implies the convergence to zero of the first
probability in the right side of (5.17). In view of (5.9), one obtains r; , = o(n*B). Let us prove the same property
forr, ,. In fact, the singularity at 7 = 1 requires a more delicate treatment. We make use of the stopping time 7*
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again. Put A* :A()‘uvgz)l{\Au\gu(Slj)ﬁj}v fi=q +24,7)¢(A) and T2, = st (fl'm c/)\'uz/?;du> dW,(i). Then, by the
Chebychev inequality one gets P (nﬁ Ir2q|>€,7=1)=P (nﬁ [F2,4| > €). The latter probability is bounded by

2
1 t ~ 1 PN
B2 sup EUZ(S;,)/ / &2 du | dr < anﬁsfz/ (1(1) —t)/ &4 F2dudt = a,.
0<u<l1 t* 1(r) r 1(t)
On the other hand, for some constant C& o independent of n,
o
a, <Cn?P-3e pa”/ ATAG2 2 < C, pnToh / AE(1 42,7202 (A)dA

which converges to 0 as n — co. Hence, by taking into account (5.9) one concludes that P (nﬁ [rs | > 8) con-
verges to 0. The second equality can be proved by the same way. O

Lemma 2 Suppose that A = A(A,x,y) verifies (H). Then, the following asymptotic properties hold in probabil-
ity:

. Jy (A, >dW“)dW£’>=o<n*2ﬁ>, ije {12},

(). fyA(,S,-)dt = O(n~2P).
(ii). f(}( TAALS - )ds) dt = 0(n~*b).

Proof The procedure used in the proof of Lemma 1 can be applied straightforwardly to obtain the first equality.
Indeed, we can check directly that

1 . .
/ ( / A(L,Ss_)dwf(”) dawY) = o(n=28).
0.410f,.1] \JO

Now, consider again the set {7* = 1} one can prove that fli* ( I A(?L,,gj,)dW;(i)) th(j ) = O(n2P) using again
the truncation technique hence, (i) is verified. Next, let us prove (iii). By making use of the change of variable
A = Ao(1 —1)"/4B)_ the double integral is written as

o Jo o .
& =1y 8ﬁ16ﬁ2/ o </A Z4ﬁ1A(szv(Z/M))dZ> A, v@)=1-2%.
0

By hypothesis, A(A,x,y) is bounded by U (x,y)(1+A~7)¢(A,x) for some constant ¥ and some positive function
U verifying (5.11). Hence, lg P |€,| is bounded (up to a multiple constant) by the double integral

./010141371 <'/l'loz4ﬁl(l+z7)U( 192 S0 z) da.

Let o outside the set {S,- = K}, which has zero probability by Lemma 5. It is clear that the integrand of the
above integral is dominated by a continuous function depending on @, which exponentially decreases to 0 at 0
and infinity hence, it is integrable on [0,). Therefore, the double integral converges to

/W;L4ﬁ—lu(§1) </mz“5‘1(1 +z‘y)$(z,51)dz) dA
) 2

by the dominated convergence theorem. Thus, n*P, is bounded in probability. The equality (ii) is proved by the
same way. O
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5.4 Eliminating jumps

In this subsection, we establish asymptotic results which will serve in eliminating jump effects in our approxi-
mation.

Lemma 3 Suppose that
IB(A,x,y,2)| <@ (2)w(A)U(x,y), forall x>0,z€R,A>0,

where U is a continuous function holding supy<,<1 EUZ(S';‘,) < oo for any L > 0 in the definition of t* in (5.7).
Suppose furthermore that

/wz(z)v(dz) <o and n mx4ﬁ—1(w2(z)+w(z))dx —0, foranyr>0. (5.19)
R I*
Then, for any r > 0,

/ 1 / ACa,S, v 2)d(dE x d2) = o(n™"). (5.20)
0 JR

Proof For notation simplicity, one abbreviates B(f,z) := A(A;,S;-,y,-,z). Let us decompose the integral in (5.20)
as

/: ./E%B(t,z)f(dtxdz)—i—/t*l/H%B(t,z)J(dtxdz). (5.21)

Clearly, for any 6 > 0 and r > 0, P (n’
o 0(1-1%)

Jt Jo B(t,2)J (dt x dz)’ > 6) is smaller than P(N| — N= > 1) =1—

, which converges to 0. Hence, it suffices to prove the same property for the first integral in (5.21).
Indeed, this term can be represented as [§ [ B(t,z)J (df x dz) + [§ [ B(t,z)v(dz)dt. We prove that the com-
pensator is almost surely exponentially negligible, i.e.

t*
n’/ /B(t,z)v(dz)dt%O a.s. as n-—»oo, (5.22)
0 JR

Indeed, by assumption and the change of variable defined in (5.1), it is estimated by
cn'ag P / ATy (AU (8,2 )d / @(2)v(dz),
I* R

which a.s. converges to zero due to (5.19) and the continuity of U, where 1(A) = 1— (1 /A9)*#. Hence, it remains
to prove that for any r > 0, fé* Ja B(t,2)J (dt x dz) = o(n™") as n — oo. To this end, note that for any § > 0,

P( /0 : /R B(t,2)7 (dt x dz) /O ‘ /R B(t,2)7 (dt x dz)

for any L > 0. Denote by &, the last probability. In view of (5.9), one needs to show that &, converges to 0.
In fact, by assumption one also has the following estimate |B(¢,z)| < U(S;- )y (A,)®@(z) := B*(t,z) on the set
{t* = 1}. Therefore, applying the isometry for jump integrals yields

g =P (nr

t* - . t*
52K / / B2(1,2)v(dz)dr < n? 82 sup EUA(S) / W2 (2)de % / @ (2)v(dz),
0 R 0 R

0<r<1

> 8) < <np(

>6,1’*:1>

t* ~
/o ./RB(”Z)l{\Bo,z)\gE*(t,z)}f(df xdz)| > 8,7" = 1) ’

which is bounded by

and the conclusion follows from (5.19). O
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5.5 Limit theorems for approximations

We first recall the following result in [12], which is extremely useful for studying asymptotic distribution of
discrete martingales.

Theorem 4 [Theorem 3.2 and Corollary 3.1, p.58 in [12]] Let .#, =Y., X; be a zero-mean, square integrable
martingale and ¢ be an a.s. finite random variable. Assume that the following convergences are satisfied in
probability:

n n

2 2 2

ZE<X1' 1{\Xi|>5}|'%*1> — 0 forany 6>0 and ZE(Xl. \Zi1) — ¢
i=1 i=1

Then, the sequence (M, converges in law to X whose characteristic function is Eexp(—%gztz), i.e. X has a

Gaussian mixture distribution.

Below we will establish some special versions of Theorem 4. In particular, our aim is to study the asymptotic
distribution of discrete martingales resulting from approximation (5.14) in Proposition 3.

Let A; = A;j(A,x,y),i € I:={1,2,3,4} be functions having property (H) and consider discrete martingales
(A ), <k<m, a0d (A 1)y, <g<pm, defined as

k k
M=p 'Y Y A Z AN and A=p' Y, Y A Z A, (5.23)
j=m, iel\{4} j=m, iel\{3}

where A, ; = A,»(?Lj,S',_f) and Z; ; are defined as in (5.2) and (5.4). To describe the limit distributions let us
’ J
introduce

L = A7 +24,A;20(p) — 1) + AT A(p) +A3, L=A2+A3+(1-2/m)AZ, (5.24)
where p is defined in (5.3). Define now
2 Foo . 2 Foo .
gzznpmfo AML(A,S,-)dA  and gzznpﬁ/o AML(A, S, )dA (5.25)
with
f= gt DEFT and f= (- 1)/(ut ) (5.26)

Proposition 4 Assume that A; = A;{(A,x,y),i = 1,2,3 and their first partial derivatives 9, A;, dxA;, dA; are
Sunctions having property (H). Then, for any fixed p > 0 the sequence (nﬁ ///mz) weakly converges to a mixed
Gaussian variable with mean zero and variance ¢* defined as in (5.25). The same property still holds if some
(or all) of the functions A; are replaced by [;" Ai(z,x,y)dz.
Proof Note that the square integrability property is not guaranteed for the random variables (v;). To overcome
this issue let us recall the stopping time 7* = 7} defined in (5.7) and put A;(A,x,y) = A;(A,x,y)0 1 (A,x)0L(A),
where ¢ (1) defined in (5.12). Let v} = Z?ZlAi()Lj,S:i_)Zi7jA)Lj and A" = Z’j‘.:m] V.
Step 1: We will show throughout Theorem 4 that for any L > 0 the martingale nf ///;2 weakly converges to a
mixed Gaussian variable with mean zero and variance ¢*?(L) defined as
2 too .
(L) = fip it / APL(A,S,-)dA, (5.27)
0

where L is obtained by replacing all A; in the formula of L in (5.24) by the corresponding modified functions
Aj;i=1,2,3 . To this end, setting a} = E(v;f2 1{ v >5} |7 ,_1), we first show that P (nzﬁmm2 a;.| > 8) con-

Jj=my

verges to 0. By hypothesis,

max
=123

Al i) S UG +A,7000) SUS)(14+4,7) (5.28)
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for some y > 0 and positive function U (S ) verifying (5.11). We observe that

my my my
P<n2ﬁ| ) aj >e> =P<n2ﬁ Y ajl>s> <e'n?ty Ea’

Jj=my Jj=my Jj=my

by Markov’s inequality. Using the Chebychev inequality and then again the Markov inequality one gets

* *2 *4 * —2q x4
Ea'=E (vj flus >5}> < \/Evj \/P(|vj| >8) <8 K]

<982 (1+ A, AL EUY(S:)

||Mw

Taking into account that all of Z; i have bounded moments and using (5.28) we obtain

)712 m2
e 'n?? Y Eal<oce !5 Y (144, 7)4 (a4,
J=m; Jj=m
which converges to 0 by Lemma 4.

Let us verify the limit of the sum of conditional variances E(v *2|,/ j—1)- Setting v = A;‘j 1Z; jAA;, one

obtains E (v |J i 1) E ( |J i 1) = 0since Z, ; and Z, ; are independent. It follows that
E(U;2|yj71) = E(”rfﬂyjq) +E(v;?j|yj71)+E(v;?j|§j71) +2E(v) v, |7 0)-
Observe that for Z ~ N(0,1) and some constant a, E(Z|Z+a|) = 2®(a) — 1 and E (Z+a)* — (E|Z+4|)? =
A(a), where @ is the standard normal distribution function and A is defined in (5.5). On the other hand, A4 i =
2 n p
n P (14 0(1)itp® 121 | by Lemma 4. So,

i ~
PPE(?IZ; ) = (1+o(1)ipFT AL L(2,

i i 1,S* )AL,

J

Therefore, by Lemma 8, the sum n28 "2 o, E(v *2| 7 ;_1) converges in probability to ¢* 2(L) defined in (5.27).
Thus, nP A, weakly converges to .4 (0,6*2(L )) throughout Theorem 4.

my

¢(A,S;) = ¢r(A) and hence, A; = A, for i = 1,2,4 on the set {7* = 1}. Then, the conclusion directly follows

from
P (1.4,

my

Step 2: Let us show that sup,_,lim; . limsup, P (|nﬁ///* —nP i, | > 8) = 0. To this end, recall that

My, | >e) <P( B|%;2—/%m2| >e,7" = 1) +P(t" < 1)

and (5.9). Moreover, taking into account that ¢*>(L) converges a.s. to g2 as L — oo, we conclude that nP My,
converges in law to .4 (0, ¢%), which completes the proof. O

Let us consider martingales of the following form, resulting from the approximation for Lépinette’s strat-
egy, M = Z’J‘.:ml (Al,jfl Zyj+Ay 12y A Z4_’j) AA;. Their limiting variance is defined throughout the
function

L(A,x,y) = A2(A,5,y) + A2(A,xp) + (1 - 2/m)AX(A,x,y). (529)
The following result is similar to Proposition 4.

Proposition 5 Suppose that A; = A;(A,x,y),i = 1,2,4 and their first partial derivatives have property (H).
Then, for any fixed p > 0 the sequence (nﬁ M mQ) weakly converges to a mixed Gaussian variable with mean

zero and variance @ given by (5.25). The same property still holds if some (or all) of the functions A; are
replaced by [y AY(z,x,y)dz.



Approximate hedging with transaction costs in SV models with jumps 19

Proof The conclusion follows directly from the proof of Proposition 4 and the observation that EZZ = E(Z, j| —
V2/m)? =1-2/n,and E(Z;;Z, ;) =0, fori=1,2and m; < j <mj,. O

The remaining part of the section is devoted to prove main results following the scheme of [23]. Our first
step is establish the asymptotic representation at rate nP for each term contributing in the hedging error. The
approximation procedure also provides the residual parts as discrete martingales for which, Propositions 4 and
5 will be applied to obtain the limit distribution at the last step.

5.6 Approximation for /; ,

The following approximation is obtained in [23].
Proposition 6 Let H = [;°(z7'/?/2 —z73/?In(x/K))@(z,x)dz and define
k
Ui=p" _Z oy, | )Stj:1 H; \Z,jAL;, m < j<my.
Jj=m
Then, under (Cy) and (C;), P —1lim,__,_nP |1 2 —2min(S;,K) — %1’,”2’ =0.
Proof By (3.15), one represents /; , as

~

1 =R 1
I, = /0 6787 C, (1,8, )dt — /0 02(y,) 8% Cpi (2,5, )dt.

The last term is nP negligible by (ii) of Lemma 2. To study the first integral let us introduce the function
A(A,x) = x*C,,(t,x) and split it as

1 - 1 - 1
/chftZStz,Cxx(LSﬁ)dt:/o 6fs§,cxx(t,sr)dt+/0 67 (A(A,S,) —A(A,, Sy))dr.

The first integral fol 812S%, @X(t,S ,-)dr almost surely converges to 2min(S,-,K) faster than n” for any r > 0,
see [23]. Let us study the last term which describe jumps of A. Using the It Lemma for A(%,S,) —A(4;,S)).
we rewrite it as

1 1
£t Eryt / / G20,A (A, S, )0 (y)S,-dw D, (5.30)
atent ||

where

1 1 1 1
£, = /O [ 6241 (A S,y )duds and &, = /0 &2 /l /]R A(A,S,-,2)J (du x dz)de

with
A1(A,x,y) = AL, x) + I AL, x)0>(¥)x%,  A(d,x,2) = A(A,x(142)) —A(A,x).
Then, the approximation procedure of Proposition 3 is used to get a discrete martingale approximation % ,,, for
the Itd’s integral of (5.30).
Now, let us show that ¢; , = o(nP),i=1,2.1n fact, &= o(n~P) by (iii) of Lemma 2. The jump term &1
can be represented as £, ,, = [\ Jw (/o' 62A(%:,S,-,2)dt) J(du x dz) by Fubini’s theorem [2]. Changing variable
v = ful G7dr as in (5.1), one gets

w_ o _
/GIZA(A{,S,,z)drz/}L Aw,S,,z)dv:=D(A,,S, ,2)
0 U
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and hence, &, , = fol JrD(Au,S,~,2)J (du x dz). On the other hand,

Ao _ (14z)
D(Au,S,,2) :A A, 2) = / / 9:A (v, xX)dvdx.

Direct computation shows that d,A(v,x) = 2x6xx(v, X)+ szxxx(v, x) and

Caln) = =90, Conlin) =~ () (jﬁ+ 1“%’“) |

M . K ,—v/8 . ko 2/2 . .
Denotting ¢(v,x) = \f%( vie 22 with @ (v) = 1/ 57€7"/° and using the fact that ve™""/* is uniformly
bounded for all , one has | A(v,x)| < C%(l +v~1)o(v), for some positive constant C. This estimate implies

that
S —(1+2) 1 Ao | ~
ID(MsS,,2)| < C / SR / (1+v")go(v)dv < CB(2)Po(A)S, (5.31)
where ! -
O(z) =2l0y + Wl{ﬂng} +1, ¢o(A) = //1 (1+v~")go(v)dv. (5.32)

Clearly, ¢ and @ satisfy condition (5.19) of Lemma 3 hence, &, =o(n"") forany r > 0. 0.

5.7 Approximation for [, ,

Proposition 7 Under (C;) and (C,), nﬁlzyn converges to 0 in probability as n — oo.

Proof We represent I, , as
1 1 _
/ G(y,)SFA(t)dW,(l)—i-/ /RzSFA(f)J(dtxdz) i=b,,+b,,, (5.33)
J0 0 - :

where A(t) = éx(l(t),Sl o) — a((t,S,). We first claim that the It6’s integral of (5.33) can be omitted by Lemma
1. To see this, it suffices to apply the 1t6’s formula, one represents the difference A, as

t A
[ (Eotesi )+ 0205, s, ))us [ s, )o0s, aw?
1(r)

+ / / (Cx(u,S,f(l+z))féx(u,Su7))J(dz><du)
1(t) /R
In view of (3.12),
C,,(u,x) = —%o (2xC (ut,x) +°C. (1, )) = G2A(u,x). (5.34)

Therefore, b; , equals the following sum

1 ~ 1 R
|, [, Go0s Aws, w7 [ 0005, 008} CanluS, Jaud”

0 Ju(r)
+/// 30)S,- (Co(u,S,- (14 2)) — C, (1, S, ))J (dz x du)dw, V). (5.35)

The first two integrals converge to 0 more rapidly than n~# by Lemma 1. Let us study the jump term in (5.35),
which will be denoted by a,. Clearly, by the Fubini’s theorem a,, equals

1i
y / /lp S, 2) (/ (y,)S,dW,(I)) J(dz x du), (5.36)

1<i<nti-1
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where ¥ (u,x,z) := C,(u,x(1+2)) — C,(u,x). We prove that a, = o(n"") for any r > 0 following the demonstra-
tion of Lemma 3 with some modification. In particular, we decompose the sum in (5.36) into two parts: a ,,
the first concerns the index i with my < i < n and the second one a,, which is the sum over the rest of index
i,1 <i<my.Clearly, P(n"|a; ,| < 8) <P(Ny =N, < 1) =1—e0-") which converges to 0.

To study the second one aé > We run again the argument used to to obtain the estimate (5.31). In particular,

|9 (u,x,2)| is bounded by @1 (A,) | /5" -5 | < 1 (A) V/xBo 2), where
= VK/2mA e and @y(z) =1+ ! (5.37)

\/ﬁl{ 1<z<0}

Denote by af , the compensator of a, ,,. Then, it is clear that

@ (< Y / /\lp w.s, 2| [ o00s, aw®| vidz)du
1<i<my V1li-1
<y / 01 (M) /S /’O'(yt)Sde,(l) dux/ @0 (2)v(dz) (5.38)
1<t<m2 L u R

It is important to highlight that X, := /S, - ‘ fut‘ o (y:)S,- dW,(l) ‘ may not be squared integrable. To overcome this
issue, consider the stopping time 7* defined in (5.7) for some L > 0. On the set {t* = 1}, one has foru € [t,_,,#],

1
EX> = (, /s / (7)S=aw; )> <Es;;,/ §2dr < cLn!

and hence, EX* < \/EX2* < CLn~'/? by Cauchy-Shwart’s inequality. Therefore,

P(r'las,| > 8,7 =1) <5 Y / o1 (A EXdux/wo v(dz)

1<i<my V1i—
< 'cLn'? Y / e dux/wo
1<1<m2 i
<ws'CLn ‘/2/ o1 (A dux/mo v(dz) (5.39)

Now, taking into account [ @p(z)Vv(dz) < e and fo @1 (A, )du rapidly converges to 0, one concludes that the
right side of (5.38) converges to 0 for any r > 0 and so is P( n'|ag | > &,7" = 1). Noting that

P('[a, | > &) <P(n'|as, | > 8,7 = 1) +P(r" < 1)

and using (5.9) one obtains n’ag

Now, putting &, , = 0, , — a5, we need to show that P(n" |&, ,| > &) — 0. To this end, consider again the
stopping time 7* defined in (5.7) for some L > 0. On the set {7* = 1}, one has |¥'(uS,-x,2)| < | /S*_ ¢1(A) Do (2),
)
1

— 0 in probability for any r > 0.

—
_1Su<t; ESu‘ |Wfi7

itive constant C. It then follows by the Chebychev inequality that P(n"|a, ,| > §,7* = 1) <n* § *E a7, where

—wWW2 < Cn! for some pos-

where S:_ is the stopped version of S, -. Clearly, sup, <i<nSUP, '

&i‘i is obtained by substituting S,- by S*_ in the function ¥ (u,S,-,z). Now, the well-known isometry for jump
integrals applying to 552’,, =0, Ot” 1mphes that E Oc - is bounded by

E/ /|lp w82 PW — W Py (de)du,

u
1<i<my fi
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which is smaller than
t*
/ 02 (M) EX2du / @2 (2)v(dz) < Cn~ / 02 (Tur)dut X / B2 (2)v(d2).
JR

Again, [ ®2(z)v(dz) < e by condition (C). Therefore, for some constant depending on L,

t*
P(' (&, > 8,7 = 1) < C(L)n¥ 20! / 02 (Ao dut x /R @2 (2)v(dz)
0

which converges to 0 for any r > 0. Letting now L — oo and using (5.9) we obtain that |&, ,| = o(n~") for any
r > 0. By the same way, one can show that n"b, , — 0 in probability for any r > 0 and the proof is completed. O

5.8 Approximation for I3 ,
Proposition 8 Suppose that (Cy) and (Cz) hold. Then, for any r > 0, n"|I; | — 0 in probability as n — eo.

Proof By (3.15), one has B(t Si-,2) = fs 1+ fs Coe(t,u)dudv. Recall that C_.(f,u) = u~'2, I/ZN(L u) <

u32¢1(A;), where ¢ (A \/Wl_l/z ~*/8_ Direct calculus leads to [B(z,S,,z)| < CSl/Z(Z)l(?L,) o(2)
where @ (z) defined in (5. 32) Therefore all assumptions in Lemma 3 are fulfilled and the conclusmn follows. O

5.9 Approximation for I,

Let us study the trading volume J,. It is easy to check that for v >0, 1 — & (v) < Cv~'o(v) and fo O(Ay, Sy )du+
jtl ©(Ay,S,)du almost surely converges to O more rapidly than any power of n. Therefore, one can truncate
the sum and keep only the part corresponding to index m; < j < my. Next, one can ignore jumps terms that
may appear in approximations via It6’s formulas in the interval [#*,1]. For convenience, let us recall here the
approximation result for I, obtained in [23].

Proposition 9 Under conditions (Cy) — (Cy), the total trading volume J,, admits the following asymptotic form

Jn = J(Slaylvp) + (%Z,mz +?/3,;112) +0(n_ﬁ)'

5.10 Proof of Theorem 1

By Propositions 6-9, the hedging error is represented as V{' — h(S1) = min (S,-,K) — k" (S,-,y1,p) + .4,

where the martingale part of the hedging error is given by .#), = %%1 k K(%Z,k + 5 ;) and hence, the sequence
(nB ///mz) converges in law to a mixed Gaussian variable by Proposition 4 and Theorem 1 is proved. O

5.11 Proof of Theorem 2

Suppose now that the Lépinette strategy ¥/ is applied for the replication problem. In the same principle one can
represent the corresponding hedging error as V' — h(S,) = %Il.,n +h,—L,— xI,,, where

ti1 ~
I f12n+ZAS C,(u,S,)du
i>1

and I, = LS -7 1 | is the trading volume. Recall that 1, , est negligible by Proposition 7. Let us inves-
tigate the above sum. By (5.34), it can be represented as

li ~
Z/ Au,S,) / o(y,-)S,- dW +Z/ Alu dv/ zdS,-J(dz x dr)
i>1

li— i>1 li-1
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using the usual change of variable, where A defined in (5.34). Now, the approximation technique of Proposition
3 can be applied to replace the first sum by martingale %, ,,,, defined by

k
Tox=p"' Y oly, )5,

- ijlzl,jA)Lj, m <k<mp

J=m

and Y(A,x) = [z %/?In(x/K)(z,x)dz. On the other hand, one obtains the same estimate (5.31) for the inte-
grand, which implies that the second sum can be omitted at order »n” for any » > 0 by Lemma 3.

Now, approximation representation for the trading volume I",, following the procedure in the approximation
of I,,. The following is established in [23].

Proposition 10 Under conditions (C;) — (Ca),

P— lim n T, — nmin($;,K) — (U gy + U 3 y)| =0

n—soo

Hence, %mz =, 1y +@1,m2 - K, (@2,,,,2 +@37m2) is the martingale part of the hedging error for Lépinette’s
strategy, which can be represented in the form

k
—7 -l
My =p Z (A1 121 j+ A2 j 1+ Ay 12, A

J=m

for explicit functions A; holding the assumption of Proposition 5. Then, the convergence in law to a mixed
Gaussian variable of the sequence (n/3 M m2) is guaranteed by Proposition 5 and hence, Theorem 2 is proved. O

5.12 Proof of Theorem 3

Note first that the approximation representation for the replication error is the same as in SVJ case, in particular,
approximations of /;,,i = 1,2,3 are the same since martingale sums are resulted from Itd’s formula in one
dimension case. The only difference is that in finding the limit of the total transaction costs one has replaced
St/-il and i, by terminal values S|~ and y;-. Now, the two-dimension version of 1t6’s formula applied for the

difference provides sums concerning to the dynamics of y;. Using the elementary of Poisson process one can
ignore the jump part of y; in the time interval [+*,1]. Hence, the martingale approximation for this difference is
the same as in SVJ case. However one needs to check the integrability of ;(¢,y;),i = 1, 2. For this aim, condition
sup,_, . E y? < oo is needed but this is fulfilled under condition (C3) together with the linear growth and Lipshitz
properties of these coefficients, see Appendix C. O

6 Conclusion

Diffusion-based stochastic volatility models well account for volatility clustering, dependence in increments and
long term smiles and skews but can not generate jumps nor realistic short-term implied volatility patterns. These
shortcomings can be fixed by adding jumps into the model. There are two possible ways to emerge jumps into
stochastic volatility models: adding an independent jump component to the return or in the volatility process
itself. We showed that jumps in such frameworks do not affect asymptotic property of the replication error in
approximate hedging with transaction costs. The results established in the present note is general enough for
practical purposes.

It should be mentioned that in [29,30], the authors studied the asymptotic property of hedging error resulting
from discrete delta hedging in exponential Lévy models without transaction costs. More precisely, they showed
that the normalized hedging error converges stably in finite-dimension laws to an explicit variable. This result
was applied to a problem of hedging a discontinuous payoff option in Merton’s jump-diffusion model. However,
they left the jump residual as an unhedgeable term even in sense of approximate hedging.
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For future directions, it would be interesting to investigate the problem of approximate hedging options
which are written on multiple assets where jumps are allowed. In the absence of jumps in the price processes, a
such study has appeared in [24] and hence, it is reasonable to believe that jumps influence can be also removed
in the limiting property of the hedging error in multiple frameworks. Another interesting problem is to study
asymptotic properties of jump risk in small transaction costs models. In fact, when k¥ = xkpn~™% for 0 < a < 1/2
the complete replication can be obtained with a better convergence for both Leland and Lépinette strategies [23].
For o0 = 1/2, the classical form of volatility should be applied to get the complete replication. Such extensions
are in progress research.

Appendix
A Auxiliary Lemmas

Lemma 4 There exist two positive constants Cy,Cy such that

CinPBpTTvo(L) < inf  [AA| < sup |AA] < Con Bp T vo(17), (A1)

my<j<my my<j<m,

where vo(x) = xW=D/(+D Moreover,

2

ALy =n"PpETvo(A; 1) (1+0(1)) and AL (A1)~ =p(1+0(1)). (A.2)
Proof It follows directly from relation (5.1). O
Lemma 5 ForanyK >0and 0 <t <1, P(S; =K) =0.

Proof We prove that for 0 < t < 1 and any real number a, P(y; = a) = 0, where y; = [} b dt + [} & (v5) aw,V —

% fé o2 (ys)ds+ 27’:, In(14¢&;). Indeed, one can represent Wt(l) = pB; + /1 —p2?Z,, where B, is the Brownian
driving y; and Z is another Brownian independent of B. Now, conditionally on the Brownian B and jump terms
le\,’le In(1+&;), y is a Gaussian variable. O

Lemma 6 Forany € >0and K > 0, limsup,_, P (inf,,<; [In(S;/K)| < &) = 0.
Proof Let 1 be some positive number. Clearly, the above probability is bounded by
P( inf1 [In(S,/K)| < &,N; —N, =0,|In(S,/K)| > 1) (A.3)
v<u<

+P(|In(S, /K)| < 1)+ PN —N, > 1).

Let us show that the probability in (A.3) is equal to zero for v sufficiently close to 1. On the set {N; — N, =0},
we have In(S,/K) = In(S, /K) — y;, where y; = f%ful crz(s)derfM1 o(s)dW,(s). We can check directly that
v (v)=sup _ W (u)| —0as.asv— 1.So,if [ In(S; /K)| > n then for v sufficiently close to 1 and v <u < 1,

[In(S;/K)| = [In(S, /K) — yi| = |[In(S; /K)| = y| > %“n(SI/K)l >1/2.

Therefore, for 1 > 2¢, one obtains inf, ., |In(S,/K)| > 1/2 > € and so, the first probability in (A.3) is equal
to 0. On the other hand, P(N; —N, > 1) =1—¢~ 0= s 0as v — 1. Letting now 1 — 0 we get P(|In(S, /K)| <
n) — P(S; = K) = 0in view of Lemma 5 and hence Lemma 6 is proved. O

Lemma 7 Suppose that A = A(A,x,y) and its partial derivatives 9, A, d,A, d,A verify condition (H). Set

= swp (1A R+ 19AG )| + DA D)),
(znd)ell, I*]x 2B

where % = [Smin’ﬂsmax’] X [ymin’7ymax’] with
S.-= inf §-, S _..-= sup S, .~ = inf y - - = su -
min <u<t, u max t*gul;t* u™r Ymin t*gugz*y“ v Ymax t*gul;t*yu
Then, lim,,_, lim, . P(r, > b) = 0.
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Proof See Lemma A.4 in [23] with remark that the left continuity of S,- and y,- gives the same argument. O

Lemma 8 Suppose that A = A(A,x,y) and its first partial derivatives have property (H). Set A(A,x,y) =
J1A(z,x,y)dz andg(),,x,y) = Kz(k,x,y). Then, for any y > 0,

my . . oo . .
P—lim | ) JL}’_IA(/IJ-_I,SI;I)AQLJ-*/O AYA(X,S,-)dA| =0,

n—soo

J=m)
where S, = (S,,y,). The same property still holds if A(A,x,y) = A(A,x,y) or the product of these above kinds.

Proof See Lemme A.5 in [23]. O

B Some moment estimates

Lemma 9 Lety, is some Itd’s process and S; be the asset process given by

t t ! 1 st N
si=siesp{ [‘nars [[opoan -1 ['eooasfT[0+8).
j=1
where N; is a homogeneous Poisson process with intensity 0 independent of (&;) j>1> a sequence of L.i.d. vari-
ables. We assume that the jumps ingredient (&;) j>1» Ni are independent of the Brownian motion W; and of that
of yi. If b and © are two bounded functions then, for any m > 0,
ES" <C(m)exp{O0t(E(1+&)"—1)}, forall t€][0,1],

where C(m) is some constant depending on m.

Proof Let us represent S; = Ab;é?(c)X, with X; = Hlly’:l (1+&;) and

t

~ " t
bi = Spel &, é;(o>exp{ A c(ys)dWs“L% 62<ys)ds}-
0 0

By hypothesis, the stochastic exponential &; (o) is a martingale with expectation 1, indepedent of X;. Therefore,
ES}" < CE&"(o)EX]" since sup,,_,, bf" < C. Because ¢ is bounded one has

E&"(6) = E&,(mo)e™ —m/2[0° 054 < CE & (mo) = C.

On the other hand, using the usual conditioning technique gives
N
EX" =EJ](1+&)" =exp{6:(E(1+&)"— 1)},
j=1

which implies the desired conclusion. O
Lemma 10 Under the assumptions of Lemma 9, for 0 <u <v <1,
E(S,—S,)* <Clu—v|,

for some constant C.
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Proof For0 <u <v <1, put Z‘,/Lt = elubs, Xy = HIJYLNMH (1+¢;) and

&,,(0) =exp {/uvc(ys)dwy“) - %/ o> (ys)ds} .

u

Then, &, ,(0) and X,,, are independent and

sup (ES? (0)+Ee2ul) < oo (B.1)

v/u
0<u<v<l1

since b ans o are bounded. Denote 6 = 0(v —u). It is easy to check that
E(X, ), — 1)? = S EGHESD) 90086 1, (B.2)

Let us first show that E(X,,/, — 1)2 < C§, for some constant C. Obviously, for any finite interval [a, 5], [e* — 1| <
Cx by Taylor’s approximation. From condition (C3), EE? < oo. Now, if E€; = 0 then E(X, ), — 1?2 = OB 1 <
C4. Similarly, in case E& +EE2 = 0 one has E&; # 0 and hence E(X, ), — 1)2 = ¢%1 —1 < C8. Lastly, if both of

E&) and EE; + E&} are non zero one can estimate E(X,, — 1) by |5 BEESE _ 1|4 2|¢%B8 — 1| < C8. Using
the same argument one can easily prove that

E(6,,(0)—1)*<CS and E(b,, —1)* <C8 (B.3)

2
Clearly, E(S, — §,)? = ES2E (% . 1) and

S N\* /- - -
(s - 1> <2 (bf/u((g;/v(o) 12+ By — 12+, 62,(0) (X — 1)2) . (B.4)

By Lemma 9, sup,_, ES% < oo. Now, taking expectation in (B.4) and using (B.1), (B.2) and (B.3) one obtains
the conclusion. 0 =~

C Stochastic differential equations with jumps

In this section we recall the basic result in the theory of stochastic differential equations with jumps (SDEJ) of
the form

dy; = oy (¢,y,)dt + 0 (¢, ;) AW, +d&;, (C.1)

on the time interval [0, 7| with initial value yo, where § = szv,z 1 &; is a compound Poisson process independent
of the Brownian motion W and Ey(z) < oo,

Theorem 5 Suppose that a;,i = 1,2 are locally Lipshitz and linearly bounded functions and Ey% < oo, Assume
further that jump sizes of §; have finite second moment. Then, there exists a unique solution y, to (C.1) with
initial value yy and

E( sup )2 <C(T)(1+Ey}) < oo. (C.2)
0<t<T

Furthermore, for any 0 < s <t < T, there exists a positive constant C such that

Ely, —ys|* < Clt —s|. (C.3)
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Proof The existence and uniqueness of the solution follows by adapting the classical method used for SDEs, see
for instance Theorem 2.2 in [10]. To prove (C.3), we note that

2
t 2 t N;
Ely, —y,|>* <3E (/ a (u,yu)du> +3/ Eoj (u,y,)du+3E| Y &
§ § j=Ns+1

By the linear boundedness of o, @ and (C.2) one gets

E (/' o (u,yu)du>

2
Similarly, Ea? (u,y,)du < C [!(1+Ey2)du < C|t — s|. To compute E (Z]]Yt:Nngl €J) we apply the conditioning

2 t
<Clt fs|/ (1+Ey2)du < Clr — 2.
S

2
technique to get E (Zyt:Ns+1 é,) < Alt —s|Var&, + (EE))2 (At — s| + A2|t — s|?) and the conclusion follows. O
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