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Stochastic dynamics of determinantal
processes by integration by parts

Laurent Decreusefond* Ian Flint Nicolas Privault?
Giovanni Luca Torrisi®

September 29, 2015

Abstract

We derive an integration by parts formula for functionals of determinantal processes
on compact sets, completing the arguments of [5]. This is used to show the existence
of a configuration-valued diffusion process which is non-colliding and admits the dis-
tribution of the determinantal process as reversible law. In particular, this approach
allows us to build a concrete example of the associated diffusion process, providing an
illustration of the results of [5] and [32].

Keywords: Dirichlet forms; diffusion processes; integration by parts; Malliavin calculus;
determinantal processes.

Mathematics Subject Classification: 60G55; 60J60; 60G60; 60HO7; 60K 35.

1 Introduction

Determinantal processes are point processes that exhibit repulsion, and were introduced to
represent the configuration of fermions, cf. [18, 23, 27]. They are known to be connected
with the zeros of analytic functions (cf. [15] and references therein) as well as with the
theory of random matrices (cf. [3]). To the best of our knowledge, the first use of determi-

nantal processes as models in applications trace back to [4]. More recently, in [9, 19, 28, 31],
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different authors have used determinantal processes to model phenomena arising in telecom-

munication networks.

The Markov process associated to the Ornstein-Uhlenbeck operator on the Poisson space has
been constructed in [26]. In [1], using the Dirichlet forms theory (see [10, 16]), the diffusion
whose symmetrizing measure is the law of a Poisson process over a Riemannian manifold
is constructed. This result has been extended to Gibbs processes on R in [2]. Using such
methods, the Dirichlet form and diffusion process associated to determinantal processes has

been constructed in [32].

In this paper, by completing the arguments of [5] we prove an integration by parts formula
for functionals of determinantal processes on compact subsets of R?, and we recover the
closability of the associated Dirichlet form. This provides a novel proof of the existence of
interacting diffusion processes properly associated to determinantal processes. In addition,
our approach based on integration by parts exhibits the generator of the diffusion process, and

allows in turn to provide an explicit example of a diffusion process satisfying our hypotheses.

As a preliminary step, we derive an integration by parts formula for functionals of a deter-
minantal process on a compact set D C R? by completing the result established in [5]. In
comparison with [5], the integration by parts formula on compact sets is extended to closed
gradient and divergence operators by the use of a different set of test functionals, cf. (3.1)
and Theorem 3.8. Our construction of the diffusion processes follows the lines of [1], and
it differs from the one of [11] which is based on sample-path identities. Our gradient and
divergence operators also differ from those of [21], which also deals with compact subsets
of R%. Nevertheless the integration by parts formula of Theorem 3.8 can also be applied to
density estimation and sensitivity analysis for functionals of determinantal processes along

the same lines.

In Theorem 4.1 we construct the Dirichlet form corresponding to a determinantal process
on a compact set D C RY. In Theorem 5.1 we show the existence of the diffusion properly
associated to a determinantal process on a compact set D C R?. Note that, as in the other
constructions (cf. [1, 2, 32]), the associated diffusion process admits the distribution of the

determinantal process as a reversible law. We prove the non-collision property of the diffu-



sion in Theorem 5.3. Finally, in Section 6, we provide an example of a determinantal process
satisfying our integration by parts formula, and for which the aforementioned properly as-

sociated diffusion process exists.

Some definitions related to point processes theory and more in particular to determinantal
processes are recalled in Section 2 based on [6, 7, 15, 20, 30]. Some notions from the Dirichlet
forms theory are given in Sections 4 and 5 based on [10, 16]. We also refer the reader to

8, 24] for the required background on functional analysis.

2 Preliminaries
Locally finite point processes

Let S be a Polish space, and denote by B(S) the associated Borel o-algebra. For any subset
B C S, let B denote the cardinality of B, setting B = oo if B is not finite. We denote by
Nis the set of locally finite point configurations on S:

Niyp={B C S : #(BND) < oo, for any compact D C S}.

We identify locally finite configurations with N-valued simple Radon measures, equip Njf
with the vague topology (see Appendix 2 in [6]), and we denote the corresponding Borel
o-algebra by N;s. We recall that a non-negative simple Radon measure is a Radon measure
which is less than or equal to 1 on singletons. We define similarly N the set of finite point
configurations on S:

Np={B CS : {B < oo},

which is naturally equipped with the trace o-algebra Ny = N¢|x,. For any measurable set
B C S, let N? be the space of finite configurations on B, and NJ]? the associated trace-o-
algebra.

By a locally finite and simple point process X on S we mean a measurable mapping defined
on some probability space (€2, F, P) taking values on (N;r,N;r). We denote by X(B) the
number of points of X in a measurable set B C S, i.e. X(B) :=#(X N B), and by

XP=XNB={Xy,....,Xxm}



the restriction to B of the point process X = { X, }1<n<x(s). In the following, we shall denote
by P the law of X and by Pp the law of X5.

The correlation functions of X, with respect to (w.r.t.) a given Radon measure v on

(S, B(Y9)), are (if they exist) symmetric measurable functions p, : S — R, such that

n

[Ix(B)

i=1

E _ / puln, ) vl(dar) - w(day),
Bi1Xx...xBp,

for any family of mutually disjoint bounded subsets By, ..., B, of S, n > 1. We require in
addition that p,(x1,...,2,) = 0 whenever x; = x; for some 1 < i # j <n. When p; exists,

the measure p;(x) v(dz) is known as the intensity measure of X.

As in [13], we define for any Radon measure v on (S, B(S)) the v-sample measure L” on
(Ny, Ny) by

g f(a) LY (da) == Z % /Sn fz, ..z, v(dey) - v(dey,), (2.1)

for any measurable f : Ny — R;. For any compact subset D C S, the Janossy densities of
X w.r.t. v are (if they exist) measurable symmetric functions ;7 : D" — R satisfying, for

all measurable f : NP — Ry,

Z f {1,y 2 D) I (21, -y x) v(day) - v(day,), (2.2)

n>0

i.e. defining jp(x) := J;(D)

Pp with respect to LY, (the restriction to N]l? of L¥), when Pp < LY,.

(21, ..., Tx(py) for x = {z1, ..., 2%y} € N7, jp is the density of

Kernels and integral operators

Let v be a Radon measure on (S, B(S)). For any compact set D C S, we denote by L*(D, v)
the Hilbert space of complex-valued square integrable functions w.r.t. the restriction of the

Radon measure v to D, equipped with the inner product

. D)oo = / f@)g@ v(dz), f.g€ LD, v)

where Z denotes the complex conjugate of a complex z € C. By definition, an integral

operator T : L2(S,v) — L%(S,v) with kernel T': S? — C is a bounded operator defined by

Tf(z) = /ST(:B, y)f(y)v(dy), for v-almost all x € S.
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Letting Pp denote the projection operator from L?(S, v) onto L?(D, v), we set Tp = PpT Pp
and note that its kernel is Tp(x, y) := 1p(x)T(z,y)1p(y), for v-almost all x,y € S. It can be
shown that Tp is a compact operator. The operator T is said to be Hermitian or self-adjoint
if

T(z,y) =T(y,x), for v®*-almost all (z,y) € S* (2.3)

Equivalently, this means that the integral operator T, is self-adjoint for any compact set D C
S. If Tp is self-adjoint, by the spectral theorem we have that L*(D,v) has an orthonormal

basis (¢});>1 of eigenfunctions of Tp. The corresponding eigenvalues (AP);; have finite
multiplicity (except possibly the zero eigenvalue) and the only possible accumulation point

of the eigenvalues is the eigenvalue zero. Then, the kernel T, of Tp can be written as
= 2N @e ). (2.4
7>1

for v-almost all x,y € D. We say that an operator T is positive (respectively non-negative)
if its spectrum is included in (0,4o00) (respectively [0, +00)). For two operators T and U,
we will say that T > U (respectively T > U) in the operator ordering if T — U is a positive

operator (respectively a non-negative operator).

We say that a self-adjoint integral operator Tp, with kernel T, as in (2.4), is of trace class if
>l <o,
Jj=z1
and we define the trace of the operator Tp as
_ D
Sy
Jj=z1

If Tp is of trace class for every compact subset D C S, then we say that T is locally of trace
class. It is easily seen that T™ is locally of trace class, for all n > 2, if T is locally of trace

class. Finally, we define the Fredholm determinant of Id + Tp, when ||Tp|l,, < 1, as

Det(Id + Tp) := exp (Z #Tr(%)) : (2.5)

n>1

Here, Id denotes the identity operator on L2(S,v) and || - ||,, denotes the operator norm.



Determinantal processes on S

Let i be a Radon measure on (S, B(S)). A locally finite and simple point process X on S is
said to be a determinantal process with kernel K and reference measure p if its correlation

functions w.r.t. p exist and satisfy

pn(T1, ... xn) = det(K (2, 25) )1<ij<n,

for any n > 1 and p-a.e. 4,...,z, € S, where K(-,-) is a measurable function. Throughout

this paper we shall work under the following hypothesis.

(H1): The integral operator X on L2(S, u) with kernel K is locally of trace class, self-adjoint,
and 0 < X < Id.

The existence and uniqueness in law of a determinantal process with kernel K is guar-
anteed under (H1) by the results in [18, 23, 25]. See also Lemma 4.2.6 and Theorem 4.5.5
in [15].

We define the global interaction operator J := (Id — X)™'X. As proved in [13], we also

define the local interaction operator J[D] as
JID] == (1d — Kp) 'K,

and we emphasize that J[D] is not the projection of J onto L*(D, u). We refer the reader to
[13] for the following properties of J[D]. First, J[D] is a self-adjoint integral operator and,

letting J[D] denote its kernel, as a consequence of (2.4) we have

TDl(e.y) = 3 2 P @) P . (26)

j=1

for p-almost all x,y € D. Second, J[D] is a trace class operator. Third, denoting by
det J[D]({z1,...,2z,}) := det (J[D](zs, z;))1<i j<n, the function

(x1,...,xp) — det J[D]({z1,...,2,})

is u®"-a.e. non-negative and symmetric in w1, ..., x,, and we set det J[D]({z1,...,x,}) :=
det J[D](z1,...,z,). The local interaction operator is related to the Janossy densities of a

determinantal process by the following proposition.
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Proposition 2.1 ([23]) Under (H1), for any compact D C S, the Janossy densities j},(x)
of X are given by

Jjp(x1, ..., z,) = Det(Id — Kp) det J[D](xy, ..., z,), 1,2, €D, n>1. (2.7)

Moreover, P(XP = ()) is given by j%(0) = Det(Id — Kp).

3 Differential calculus and integration by parts

In this section we derive an integration by parts formula for functionals of a determinantal
point process, and we extend it by closability. Hereafter we assume that S is a domain of
R? equipped with the Euclidean distance, p is a Radon measure on (S, B(S)) and D C S is
a fixed compact set. We denote by || - || the Euclidean norm on R?, by z - y the usual inner

product of z,y € R%, and by z® the i-th component of z € R%, i =1,...,d.

Differential calculus

We denote by €*(D,R?) the set of all €-vector fields v : D — R? and by €>(S¥) the set

of all @®-functions on S*.

Definition 1 A function F' : N? — R is said to be in Sp if

F(x) = folix(p)=0} + Z Lix(pymky fu(@1, .. x),  forx={a1,...,2xp)} €NF, (3.1)

k=1
where fy € R is a constant, n > 1 is an integer and, for any k= 1,...,n, fr € C*(D*) is a

symmetric function.

The set of test functions Sp is dense in L% := L2(N?, Pp) (indeed, it contains the space 8p
defined in Definition 2 below which is dense in L%, see e.g. [16] p.54).
The gradient of F' € 8p as in (3.1) is defined by

lfF Zl{x([) k}zl{xz} szfk(l'l,...,l'k), reD, xe ND, (3.2)

where V, denotes the usual gradient on R? with respect to y. For v € C®(D,R%), we also
let

x(D)

n k
leF Z V?éfF (xg) = Z 1ix(D)=k} Z Ve fe(zr, oo an) - o(my), (3.3)
k=1 i=1
where we recall that the symbol - denotes the inner product on R
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Quasi-invariance

Next we recall some results from [5], with some complements that make the proofs more
precise. Let Diffo(D) be the set of all diffeomorphisms from D into itself. For ¢ € Diffy(D)
and a Radon measure v on D, v, denotes the image measure of v by ¢. For such a ¢, we

define the map

Jp L2(D,V¢) — L*(D,v),
Jr— fod,

whose inverse is given by J;l = Jy-1. Note that J4 is an isometry. Given an operator 7 on

L?(D,v), we define the operator on L?(D, v,)
T0=0,1T77,.
Lastly, for any x = {x }1<n<x(s) € Nif, we denote by ® the map:
O Ny — Ny,
{70 }i<ncx(s) = {0(Tn) br<nzx(s)-
The following lemma is proved in [5] and [29].
Lemma 3.1 Assume (H1), and take ¢ € Diffo(D). The following properties hold.

a) X9 and J[D)® are integral operators on L2(D,pug) with kernels given respectively by
Kp(w,y) = K (67" (x),¢7'(y)) and J[D)*(z,y) = J[D] (67" (), ¢~ (y)).

b) K9, is of trace class and Tr(X9) = Tr(Xp).

¢) Det(Id — X)) = Det(Id — Kp). This translates into the fact that P(X(D) = 0) =
P(®(X)(D) = 0) which is expected since ¢ is a diffeomorphism.

d) J[D)? = 3°[D] := (Id — K%9)~' K% is the local interaction operator associated with K.
The following mapping theorem holds, see Theorem 7 in [5].

Lemma 3.2 Assume (H1), and let ¢ € Diffo(D). Then, ®(XP) is a determinantal process

with integral operator UC% and reference measure [iy.

To prove the quasi-invariance of the determinantal measure restricted to a compact set

D C S with respect to the group of diffeomorphisms on D, we state one last result.
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Lemma 3.3 Under (H1), we have det J[D](x) > 0, for Pp-a.e. x € N?. However, it does
not in general hold that det J[D](x) > 0, for L},-a.e. x € N?.
Proof. Recall that under (H1), we have Pp < L%, and

_dPp
-~ drLy,

Jp(x) (x) = Det(Id — Kp) det J[D](x),

for x € N¥. Since jp is a density, we clearly have jp(x) > 0, for Pp-a.e. x € NP. Hence,
since [|KXpl|| < 1, we have det J[D](x) > 0, for Pp-a.e. x € N?. As to the concluding part
of the lemma, we notice that in general, one does not have that Pp is equivalent to L.
Indeed, consider for example the case where the rank of Kp is less than or equal to N > 1.
e+ ae. (z1,...,2n541) € DV (since X has less

than N + 1 points almost surely, see [25] for details). It suffices to define the set

Then, jN ™ (z1,...,2ny01) = 0, for u

A={BCD : fB=N+1},

which verifies P(A) = 0 but L7 (A) = m,u(l)). O

Remark 3.4 If we assume that, for any n > 1, the function
(x1,..., @) —> det J[D)(z1,...,2y)

is strictly positive p®"-a.e. on D™, then we have that Pp and LY, are equivalent, and it

follows that det J[D](x) > 0, for Lj-a.a. x € N7,

The next Proposition 3.5 is similar to its analog in [5], however the proof given there implic-
itly uses the fact that det J[D](x) > 0, for L},-a.a. x € N®| which has been shown to be false

in general. In order to prove Proposition 3.5, we assume the following technical condition.

(H2) : The Radon measure p is absolutely continuous w.r.t. the Lebesque measure ¢ on D,
with Radon-Nikodym derivative p = % which is strictly positive and continuously differen-

az
tiable on D.

Under (H2), for any ¢ € Diffy(D), 1, is absolutely continuous with respect to p with density

given by
_ dpg(@) _ ple7 (2))

~dp(e)  pla)

Py(x) Jac(o™')(x), (3.4)



where Jac(¢~!)(z) is the Jacobian of ¢! at a point x € S. We draw attention to the fact
that it is indeed Jac(¢~!)(x) that appears in (3.4), which differs from equation (2.11) of [1].

We are now in a position to state and prove the main result of this section.

Proposition 3.5 Assume (H1), (H2), and let ¢ € Diffo(D), for any measurable non-

negative f on D we have

X (D)

€xp Zf ¢Xk =

X (D)

) det J[D](XP
exp Z f(Xk) + kz_; IH(PZ(Xk)) det J[[D]]((XD))

Proof. For any measurable non-negative f on D, we have

X(D X (D) ot J¢ D
Eexp [ — Y f(X)+ ) In(p(X0) (ilsti[g](g”))
k=1 k=1
—va /n I | FACY

" det J?[D)(z1,. .., %)
det J[D](xy,...,x,)

Jp (1, ... x,) p(day) - - - p(dey,)

~ 2kt JEO TT phi(xn) det JO[D(y, . .., ) Det(Id — Kp) pu(day) - - - p(d,,)
k

=1

~ 2= 160 Det(Id — Kp) det JO(D] (21, .. ) pp(dar) -+ - prg(dn),

|
\\/M \\/M

)
)

where we have used (2.7), (3.4) and Lemma 3.1, ¢). Then, we conclude by Lemma 3.2.
Indeed, Det(Id — X$) det J?[D](x1, ..., x,) is the Janossy density of ®(XP?) with respect to
te (see Lemma 3.1, e)). O

Integration by parts and closability

We close this section with the statement and proof of the integration by parts formula for
determinantal processes which is based on the closed gradient and divergence operators, cf.
Theorem 3.8 below. The integration by parts formula is proved on the set of test functionals

8p introduced in Definition 1, extending and making more precise the argument and proof

10



of Theorem 10 page 289 of [5].

(H3) : The function (x1,...,x,) — det J[D](z1,...,x,) is continuously differentiable on
D",

Assuming that (H1) and (H3) hold, the potential energy is the function U : NP — R
defined by
U[D](x) := —logdet J[D](x).

We insist that since det J[D](x) > 0 for Pp-a.e. x € NP U is well defined for Pp-a.e.
x € NP. For any v € €°(D,R?) and x = {x1,...,2xp)} € N?, we set

V., det J[D](xy, ..., xx)
f _ ) Y
Vo UlD = — E 1ix(p)=k} E det JDI(z1, - 78) v(x;)

Z Lix(D)=k} Z Uip(21, . 2x) - v(). (3.5)
k=1 =1

Under Conditions (H1) and (H2) we define the vector field

Vp(x)
p(z)

ph(x) =

as well as
x(D)

B(x) =Y (=B"(x) - v(ay) + divo(zy)),

k=1
where div denotes the adjoint of the gradient V on D.

Lemma 3.6 Assume (H1), (H2) and (H3). Then, for any F,G € 8p and v € (D, RY),
we have
E[G(XP)Vy" F(XP)] = E[F(XP)Vy“*G(XP)), (3.6)

where

Nt Gix) = —VUN”G(XHG(X)( 1(x) + VoY U[D](x )), x € N?.

Proof. For v € (D, R%), consider the flow ¢V : D — D, t € R, where for a fixed € D,
the curve t — ¢} (z) is defined as the solution to the Cauchy problem

d v o v v J—
Ecbt (z) =v(¢/(x)), ¢plz)=

11



We define the mapping @} : NP — N7 by ®{(x) := {¢}(z) : = € x}. Following [1], for a
function R : N? — R, we define the gradient v R(x) as the directional derivative along v

i.e. for x € NP,

d v
Vo' R(x) == L R(®{(x)| .

provided that the derivative exists. It is easy to check that formulas (3.3) and (3.5) are
consistent with this definition. Note that by (3.4), the image measure pgy is absolutely

continuous with respect to p on D, with Radon-Nikodym derivative

PO
0 e (67, (o)
Note also that .
Jac (¢}) () = exp <—/0 div v(¢(z)) dz) ) (3.7)

and therefore

d (p(@"(x) . ., o (= [ diveieron ds ) [P

i (P2 e (01 @) == oo (= [Caivoterton az ) [T oo o)
p(¢",(x))

+ B diva g@:))]. (3.8)

Using Proposition 3.5, for any ¢t € R and F,G € §p, we have

E[F(®}(X")G(X")] =E [F(XD)G((I)Ut(XD)) (3.9)

X(D

) o6 (X)) ) det J[D](¢%,(X1), . .., " (Xx(p)))
| 11 p(Xk) Jae (9%,) (X4)

det J[D](X1, ..., Xx))

We now differentiate this relation with respect to ¢, and exchange d/d¢ with E. This exchange
will be justified later on after (3.14). Writing, for ease of notation, Jac? := Jac (¢V), we

have
E [G(XD)%F(Qf(XD))] (3.10)
X(D) .,
~E (%G@:(XD») PO T WJM(X@)

det J[D](¢?,(X1),..., 9" (Xx(D)))
det J[D](X1, ..., Xxn))

12



) v
+E —H%J% (Xp) | FXP)G(@2,(XP))

det J[D](¢%,(X1), ..., 0" (Xx(D)))
det J[D](X1,..., Xx(p))

(3.12)
d det J[D](¢%4(X1), - - -, % (Xx(n))) b
HEK& det J[D](X1, ..., Xx(p)) )F<X )G(®Y,(X7))
X(D)
X}H p(Xk) Jac’ (Xp) | . (3.13)

The claimed integration by parts formula follows by evaluating the above relation at ¢ = 0.
In particular, we use (3.8) to evaluate (3.12), and we use the relation

d det J[D)(¢%,(X1), ., 0% (Xx())
dt det J[D](X1,. .., Xx(D))

’§> Vx,det J[D](¢°,(X1), -, 6", (Xx()))
det J[D](X1, ..., Xx))

v(6%4(Xi)) (3.14)

1=1

to evaluate (3.13). Using the definition of 8§, one checks that for Pp-a.e. x € N%,

i G S P(@7(x).

is uniformly bounded by a positive constant in an neighborhood of zero. By the assumptions
(H2) and (H3) and the form (3.1) of the functionals in 8 5, one may easily check that (3.11),
(3.12) and (3.13) can be uniformly bounded in an neighborhood of zero by Pp-integrable
functions. This justifies the exchange of derivative and expectation in (3.9). We check this

fact only for (3.13). Take

F(x) = folix(p)=0} + Z Lix(py=ry fr(1, -, 1), x ={x1,..., )} € N,
=1

of the form (3.1). By (3.14) we easily see that, up to a positive constant, the modulus of the

r.v.

d det JDYO" (X1). - 0" (Xxo)) ) v oy TT 2055
(5 det JID)(X1, -, Xx(0)) )F(X JG(2L(XT)) g P AR

is bounded above by

13



L

By assumptions (H2), (H3) and equation (3.7), it follows that, up to a positive constant,
(3.15) is bounded above by

p(X1) 7 p(X) !
ZI{X(D k}d t J[D ](Xl,...ka)’

for any t in a neighborhood of zero. To conclude the proof, we only need to check that
the mean of this r.v. is finite. We have by definition of the Janossy densities, and since

det J[D](x) > 0, for Pp-a.e. x € N7

p(X1>_1"'p(Xk)_1 1 / jD(xlv"'vxk)
E|1 _ 1 dr;...d
XO=R 4ot JIDI(X1, - Xn) | K o det J[D] (w1, . .., ap) b >0y GHL - - Gk
 Det(Id - Xp) i
= 1 ((D") < o0,
where ¢ denotes the Lebesgue measure. O

Remark 3.7 We remark that there is a sign change in (3.6), as compared to the results of
[5], which is justified by the corrected formula for (3.4). This corrected version is also more

in line with the corresponding integration by parts on the Poisson space given in [1].

Next, we extend the integration by parts formula by closability to a larger class of functions.
For v € €°(D,R%), we consider the closability of the linear operators Vol 8y — L2
and Vo!'": 8 p — L4, In the following, we denote by A the minimal closed extension of a

closable linear operator A, and by Dom(A) the domain of A.

In Theorem 3.8 below we assume, in addition to (H1), (H2) and (H3), the following condi-

tion.

(H4): Foranyn>1,1<4,57<mn, and1 < h,k <d, we have
chh)det J[D](xy, ... ,xn)(‘?x(_k)det J[D)(xy,. .., x,)
i J
/n det J[D](z1,...,2n)

1get 71D (21, .., xn)>0},u(d361) - p(day,) < oo

14



Theorem 3.8 Assume (H1) — (H4).
(i) For any v € C®(D,RY), the linear operators Vo and Vo™ are well-defined, i.e.
Vo' (Sp) C Ly and  Vy¥¥(Sp) C L2,
and closable.
(i1) For any v € C>*(D,R%), we have
E[GXP) VYT F(XP)| = E [F(XP) VY7 G(XP)]
for all F € Dom (VN”) G € Dom (VN” )

Note that under (H1), (H2) and (H3), condition (H4) is satisfied if, for any n > 1, the
function
(1,...,xn) —> det J[D](xq, ..., 2,),

is strictly positive on the compact D".
Proof of Theorem 3.8. (i) Let v € C®(D,R?%) and F € 8p. For ease of notation, throughout
this proof we write V,, in place of V4" and V# in place of Vo*. We clearly have

V. F(x)] <C

for some constant C' > 0, Pp-a.e., and therefore V,(Sp) C L%. The claim V(Sp) C L%
follows if we check that [|G(x)V,U[D](x)|Ls, < co and [|G(x) B} (x)||p2 < oo for any G € Sp.

The latter relation easily follows noticing that
IGx)Bi(x)| < C

for some constant C' > 0, Pp-a.e.. Taking

G(x) = golix(p)=0} + Z Lix(py=r} g (21, - - ., k)
k=1

of the form (3.1), by (3.5) we have

* V.. det J[D](z1,. .., )

G( )V U = = Z 1{X k}gk Tiy-eey .flfk) det J[D] (Il zk) ' U(xi)v
Py ey
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and for some positive constant C' > 0,

IGV.UD]|Ii;

E Y, det J[D(x1, ..., 1) c
( - det J[D](z1, ..., xx) cv(xy) | gp(xe, . xp)p(day) - - - p(day)

e 1 g]% S(Zl,...,l’k)
= Det(Id - X
¢ Dzk'/mdetJD [(z1, ..., xx)
i 2
1{detJ[ 121, z3)>0} (Z V,,det J[D](SCh 7$k) U(%)) (dI1) (dSCk)
i=1
S C’Det Id — fKD Z Z / ]—{detJ ..... zk)>0}
T 1<i,j<k
V., det J[D](xy,. .. ,:)sk) v(x;) Vg det J[D|(xq, ..., xx) - v(x))
i pu(dzy) - - p(day)
detJ[ ](l’l,...,l'k)
< 00,

where the latter integral is finite by (H4).

To conclude, we only need to show that V, is closable (the closability of V¥ can be proved
similarly). Let (F},),>1 be a sequence in 8p converging to 0 in L% and such that V,F),

converges to V in L% as n goes to infinity. We need to show that V' = 0 Pp-a.e.. We have

(G V)| = lim [E[GXP)V,E(XD)) = lm E[F,(XP)V,GXT) (316)
< IViGllg lim |Fuls =0, G €8p.

Here, the second inequality in (3.16) follows by the integration by parts formula (3.6). The
conclusion follows noticing that (G, V)2 = 0 for all G € Sp implies V' = 0 Pp-a.e. due to
the density of 8p in L%,

(i4) By (i) both operators V, and V7 are closable. Take F' € Dom(V,), G € Dom(V?)
and let (F,)n>1, (Gn)n>1 be sequences in 8p such that F,, converges to F, G, converges
to G, V,F, converges to V,F and V*G, converges to V*G in L2, as n goes to infinity.
By Lemma 3.6 the integration by parts formula applies to r.v.’s in §p, therefore we have
E[G,(XP)V,F,(XP)] = E[F,(XP)V:G,(XP)] for all n > 1. The claim follows if we prove

16



that
lim E[G,(XP)V,F,(XP)] = E[G(XP)V,F(XP)]

n—oo

and
lim E[F,(X")V]GA(XP)] = E[F(X")ViG(XP)].
We only show the first limit above; the second limit being proved similarly. We have
[E[G.(XP)V, F(X7)] - E[G(XP)V,F(XP)]]
= |E[G,(XP)V,F,(XP)] — E[G,(XP)V,F(X)] + E[G,(XP)V,F(XP)]
— E[G(XP)V,F(X")]]
< [E[Gn(XP) (Vo Fo(XP) = VL E(XP))]] + [E[(GA(XP) = G(XP))V, F(XP)]]
<|1Gullee Vo = Vo F |z, + [|Gr = Gllez Vo F 2,

which tends to 0 as n goes to infnity. 0J

4 Dirichlet forms corresponding to determinantal pro-
cesseson D C S

In this section we construct the Dirichlet form associated to a determinantal process, cf.
Theorem 4.1 below. We start by recalling some definitions related to bilinear forms (see [16]
for details). Let H be a Hilbert space with inner product (-, -) and A : Dom(A)xDom(A) —
R a bilinear form defined on a dense subspace Dom(A) of H, the domain of A. The form
A is said to be symmetric if A(F,G) = A(G, F), for any F,G € Dom(A), and non-negative
definite if A(F, F') > 0, for any ' € Dom(A). Let A be symmetric and non-negative definite,
A is said to be closed if Dom(A) equipped with the norm

|EF|la:= VA(F,F)+ (F,F), F & Dom(A),

is a Hilbert space. A symmetric and non-negative definite bilinear form A is said to be
closable if, for any sequence (F,,),>1 C Dom(A) such that F,, goes to 0 in H and (F},),>; is
Cauchy w.r.t. || - ||4 it holds that A(F,, F,,) converges to 0 in R as n goes to infinity. Let

A be closable and denote by Dom(A) the completion of Dom(A) w.r.t. the norm || - ||4. It

turns out that A is uniquely extended to Dom(A) by the closed, symmetric and non-negative

definite bilinear form

A(F,G) = lim A(F,,G,), (F,G)€ Dom(A) x Dom(A),

n—oo
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where {(F,, G,)}n>1 is any sequence in Dom(A) x Dom(A) such that (F,, G,) converges to
(F,G) € Dom(A) x Dom(A) w.r.t. the norm || - ||z + || - ||z. Suppose H = L?(B, 3) where
(B,F, ) is a o-finite measure space. A symmetric, non-negative definite and closed bilinear

form A is said to be a Dirichlet form if
A(min{F*, 1}, min{F*,1}) < A(F, F), F € Dom(A),

where F'* denotes the positive part of F'. Suppose that B is a Hausdorff topological space,
F = B(B) the corresponding Borel o-algebra, and let A be a Dirichlet form. Throughout
this paper, we shall use the following notions. The generator H&™" of the Dirichlet form is

the unique symmetric non-negative definite operator on H such that
‘A(Fa G) = <(_}CgenF) ) G>a

for F,G € Dom(—H#") C Dom(A). The symmetric semi-group of A is the linear operator
on H defined by T} F' := exp(—tH&™*)F, t > 0. An A-nest is an increasing sequence (Cy,),>1
of closed subsets of B such that

U{F € Dom(A): F'=0 p-a.e. on B\ C,}

n>1
is dense in Dom(A) w.r.t. the norm || - ||4. Throughout this paper, we say that a subset
B’ C B is A-exceptional if there exists an A-nest (Cy)n>1 with B C B\ U, 5, Cn. We say
that a property holds A-almost everywhere (A-a.e.) if it holds up to an A-exceptional set.
We say that a function f: B — R is A-almost continuous (A-a.c.) if there exists an A-nest
(Cr)n>1 such that the restriction fio, of f to C,, is continuous for each n > 1. We say that
a Dirichlet form A is quasi-regular if:
(1) There exists an A-nest (C,,),>1 consisting of compact sets.
(77) There exists a || - || a-dense subset of Dom(A) whose elements have A-a.c. S-versions.
(#7) There exist Fy, € Dom(A), k > 1, having A-a.c. S-versions Fy, k > 1, such that (F})x>1
is a separating set for B\ N (i.e. for any z,y € B\ N, x # y, there exists k* > 1 such that
Fy- () # Fi-(y)), where N is a subset of B which is A-exceptional.

After these general considerations, we move to the situation at hand. Assume (H1),
(H2) and (H3). In particular, we recall that D is a fixed compact set of S which is in turn
included in R¢. We denote by N? the set of N-valued Radon measures on D. We equip N?
with the vague topology and the corresponding Borel o-algebra 3(N]’? ). Note that N J’? is
contained in N ? . In the following, we consider the subspace 8 of 85 made of cylindrical

functions.
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Definition 2 A function F : N? — R is said to be in Sp if it is of the form

x(D)

Zgol flfk Zgom ,’,Uk 1{X(D)§n}7 X = {xlv"wxx(D)} S ND7
for some integers m,n > 1, @1,...,pm € C°(D), f € CP(R™).

Note that, as already mentioned, Sp is dense in L2%,. We consider the bilinear map & p defined

on SD X SD by
X (D)

Ep(F.G)=E | Y VY F(XP) Vi G(XP)

1=1

For F' € §p of the form (3.1), i.e

F(X):fol{x( 0}—|—Zl{x k}fk ZL’l,...,ZL'k), X:{l’l,...,l'x(p)} EN?

we also define the Laplace operator Hp by

HpF(x Z 1 (D)=

k
Z —B*(xi) - Vo fr(wr, .o ) = By filwn, oo o) + U@, oo ) - Vi (- a)
i=1

where A = —divV denotes the Laplacian. The next theorem provides the Dirichlet form

associated to a determinantal process.

Theorem 4.1 Under conditions (H1) — (H4) we have:

(1) The Laplace operator Hp : Sp —» L2 is linear, symmetric, non-negative definite and
well-defined, 1.e. J{D(SD) C L. In particular the operator square oot J{gz of Hp exists.
(ii) The bilinear form &p : 8p x 8p — R is symmetric, non-negative definite and well-
defined, i.e. 8D(8D X SD) C R.

(i17) 5{32 and Ep are closable and the following relation holds:
eo(F.G) = E [1 F(XP) 32 G(XD)] vV F,G € Dom(HY?). (4.1)

(iv) The bilinear form (Ep, Dom(f}{gz)) is a Dirichlet form.

The proof of the theorem is based on the following lemma.
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Lemma 4.2 Under conditions (H1) — (H4), for any F,G € 8p, we have
X(D)

> VY F(XP) VI GXP) | = E[G(XP)HpF(XP)] (4.2)

i=1

= B[H}?F(XP)H*G(XP)]. (4.3)

Proof of Theorem 4.1.
(i) By Relation (4.2) in Lemma 4.2 we easily deduce that, for any F, G € 8, we have

E[G(XP)HpF(XP)] = E[F(XP)HpG(XP)] and E[F(XP)HpF(XP)] > 0.

Therefore, Hp is symmetric and non-negative definite. It remains to check that, under the

foregoing assumptions, Hp is well-defined. Let F' € $p be of the form

= Zl{x k}f (Z@l xz . Z(pm X )

—Zl{x iy fr(Te, o xp)

for some integers m,n > 1, ¢1,...,pm € C°(D), f € C°(R™). For the well-definiteness of
Hp we only need to check that, for x = {z1,...,2x)} € N2,

Fi(x) == L)y (8(x:)), and Fy(x) := 1eoymty Uin(@1, - - 21)

are in L2, for all k € {1,...,n}, i € {1,...,k} and j € {1,...,d}. One may easily check
that Fy € L% due to (H2) and Fy € L% due to (H4).

(i) The symmetry and non-negative definiteness of €p follow from Lemma 4.2. It remains
to check that, under the foregoing assumptions, €p is well-defined. By Step (i), for any
F € 8p, we have HpF € L. We conclude the proof by noting that, by Lemma 4.2, for any

F.G e $p and some positive constant ¢ > 0, we have
Ep(F.G)| = [E[GXP)HpF(XP)]| < c||HpF(XP)|pz, < oo

(i) We first show that €p is closable. By Lemma 3.4 page 29 in [16], we have to check
that if (F),),>1 C Sp is such that F, converges to 0 in L%, then &p(G, F,) converges to 0,
for any G € 8p. This easily follows by Lemma 4.2, the Cauchy-Schwarz inequality and the
fact that HpG is square integrable (see Step (i)). The closability of %32 follows by the
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closability of €p, relation (4.3) in Lemma 4.2 and Remark 3.2 (i) page 29 in [16]. Finally, we
prove relation (4.1). Take F,G € Dom(f}{ %) and let (F)ns1, (Gn)ns1 be sequences in 8
such that F,, converges to F', G,, converges to G, H}) 12 F,, converges to H ;) 12 F, and 5—(1/2G

converges to J D/ G in L2 as n goes to infinity. By Lemma 4.2 we have
Ep(F,, Gy) = E[H2F,(XP)H?G(XP)),  for all n > 1.
The claim follows if we prove that

lim E[H})*F,(XP)H )G, (XP)] = E[H}))? F(XP)H ) G(XP)).

n—oo

Indeed we have:
(3G (XP) 3} Fo(XP)] — E[H)2G(XP) 32 F(XP))
= [E[H)) G, (XP)H 2 Fu(XP)] — E[H) G (XP) 3)* F(XP)]

+ (3G (XP) Y F(XP)) - E[H) G(XP) 3y F(XP))

< [E[H)2C(XP) () Fo(XP) — 3052 F(XP))]|
+ [E[(H}2Gn(XP) — K G(XP) 32 F(XP))|

< NNHYCollog 1962, — K Flliz
+ ]|5‘CID/2Gn — J’(—ID/zGHLzDHfH—lD/zFHLzD — 0, asn — oo.

(iv) The bilinear form (€p, Dom(f]—f}jﬂ)) defined by (4.1) is clearly symmetric, non-negative
definite, and closed. We conclude the proof by applying Proposition 4.10 page 35 in [16].

First, note that S is dense in Dom(f}(gz) (w.r.t. the norm |- [z, ). By Exercise 2.7 page 47

n [16], for any € > 0 there exists an infinitely differentiable function ¢, : R — [—¢,1 + €]
(which shall not be confused with the functions ¢, ..., ¢, involved in Definition 2) such
that p.(t) =t forany t € [0,1], 0 < p.(t) —p-(s) <t—sforallt,s e R, t > s, p.(t) =14¢
for t € [1 + 2¢,00) and ¢.(t) = —¢ for t € (—oo, —2¢|. Note that |¢.(#)|* < 1 for any € > 0,
t € R and ¢, is in Cp°, for any € > 0. Consider the function

x(D)

Z 901 SCk Z SOm xk 1{x(D)§n}7 X = {xlv cee 7$x(D)} € ND,

for some integers m,n > 1, ¢1,...,om € C°(D), f € C(R™). Note that ¢. o F € Sp.

Indeed we have
x(D) x(D)

@e o I'(x) Z@l ), Zwm i) | Lix(p)<n}
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x(D) x(D)

Z o1(wr), Z ©Om(Tk) 1x(py<ny

because ¢.(0) = 0. Next, we have

X(D)

Ep(p-0Fp. 0 F)=E | Y Vi'p. 0 F(XP) - Vi . 0 F(XP)
=1

[x(D)

=E | ) [VY/ .0 F(XP)|?

=1

=E Zl{xw k}ZHV ’f%oF(XD)||2]

k=1 i=1

=E(> lxmyn Z H Z prof P1(X0), ) @m(Xl)>
x 0;f <Z e1(X), - - -, Z%n(Xz)) Vi (Xi) 2]
n k m k k 9
<E Z 1(x(D)=k} Z H Zajf (Z 01(X1),. .., Z@m(ﬁ)) Vpi(X;) ] (4.4)
k=1 =1 j=1 =1 =1
= _D(F7 F)v

where in (4.4) we used the fact that [¢.(¢)|* < 1, t € R. By this inequality we have, for any
F e SD,
liminf Ep(F £ . 0 F,FFp.0F) >0

e—0
and the proof is completed (since, as required by Proposition 4.10 page 35 in [16], we
checked condition (4.6) page 34 in [16]). Indeed, for any € > 0, by the above inequality

and Lemma 4.2, we have

97]

p(F+@.0F,F —p.0F)
Ep(F —@.0F,F +¢.0F)
E[(F(X") = ¢. 0 F(XP))Hp(F(X") + ¢ o F(XP))]
= E[F(XPYHpF(XP) + F(XP)Hpy. o F(XP)
— 0. 0 FXP)HpF(XP) = ¢. 0 F(XP)Hpyp. o F(XP)]

> E[F(XP)Hpp. o F(XP) — . o F(XP)H, F(XP)]
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O

Proof of Lemma 4.2. Let F,G € 8p be, respectively, defined for x = {z1,. . 2y} € NJ?

as
F(x)=f Z o1(zn), Z Oy (T1) 1ix(py<ni}s

x(D)

G(x)=g Z Yi(Tk), Z Vo (Th) 1ix(D)<nays
for some integers my, ma,n1,M2 > 1, ©1, .. Omyy V1, - - Yme € C°(D), f € C°(R™), g €
C°(R™2). Define
x(D)

Fi(x) = 0, f Z ©1(7r), Z ©Omy (k) | Lix(D)<ni}s

and

vi(x) = Vpi(x), =€ D.

By direct computation we find

my1 x(D) x(D) x(D)
HpF(x) = —1ix(D)<ni} Z Z B (xr) - vi(wr) 0 f Z e1(w), Z Oy (T)
i=1 k=1 k=1
my %X( x(D) x(D)
1{x D)<ni} Z Z (% :Ck U] 'rl aa f Z 801 l’k Z SOml l’k
1,j=1 k=1 =1
my %( x(D) x(D)
+1ix(D)<ni} Z Z divv;(zg)0;: f Z o1(Tk), Z Om, (T1)
i=1 k=1
m x( x(D) x(D)
+lep)<m} D Z Urx(0) (@1, - o)) - vi @) Oif | D er(@n)s oD oy ()
i=1 k=1 k=1 k=1
m1 x(D)
= - Z Fi(x) Z B (k) - vilg)
m1 x( x(D) x(D)
Lo 3 3 o) Y ()20, 2 i) Zwml o)
1,7=1 k=1 =1

mi1 x(D)
+ Z F;(x) Z div v (xy)
i=1 k=1
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+ZF )V "UID](x),

which yields

mi

HpF(x) = Z (- () + (B () + VAU () Fi(x) )

1=1

So, by Lemma 3.6 and since Sp C Sp, using obvious notation we have

E[G(XP)HpF(XP)] ZE [ VAR ] ZE [ ﬁ“‘G(XD)]
X(D) X(D)
= ZE Fi(XP) Z Zﬁjg Z 7 (X Z Yima (X Vv (X1) - Vei(Xy)

—F Z ZF (XP)Vei( X)) - ZG]-(XD)V%(XZ)

=1 =1
x(D)
=E | ) VYF(XP) Vi’ G(XP)

i=1

Finally, since Hp is symmetric and non-negative definite the square root operator H 12

well-defined. Relation (4.3) follows by the properties of H D/ 2,

Let FCp*(D) denote the set of functionals F': N7 — R of the form
x(D) x(D)

Z@l ), Zwm i) | XZ{Zfl,---Jx(D)}EN?,

for some integer m > 1, ¢1,...,om € C°(D), f € C*(R™). For F' € FC°(D), we naturally
define

x(D) x(D)

Vol F(x Zalf Z ©1(z), Z om(zr) | Vou(z), x = {z,...,2xp)} € N},

We conclude this section with the following proposition.
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Proposition 4.3 Under (H1) — (H4), we have that FC° (D) C Dom(fH}:,/Q) and

X(D)
Ep(F.G)=E | > VYFXP). VY/GXP)|,  FGeFCr(D). (4.5)
i=1
Proof. For F € FC°(D), we clearly have F"(x) := F(x)1{x|(p)<n} € 8p, for any positive
integer n. By a straightforward computation, F™ — F in L% as n goes to infinity. By
the standard construction of the smallest closed extension of Ep (see e.g. [10]), to get
that F € Dom(Ep) and that Ep(F, F) = lim,_ . Ep(F™, F™), it suffices to prove that
Ep(F™ — F™ F™ — F™) tends to zero as m,n go to infinity. This easily follows by the
dominated convergence theorem. Indeed for some positive C' > 0 and m < n,
X(D)

Ep(F" — F™ F" — F™) =E | Y |V F(XP)|[*Limex(p)<n)

i=1

<CE [X(D)l{m<x([))§n}} —— 0.

m,n— 00
Now, noticing that by the monotone convergence theorem,

X(D) X(D)
Ep(F", F") =E | Y VX FXP) P Lixmyeny | —= B | D IV FXP)[?|

i=1 i=1

we have (4.5) with G = F' and we conclude by polarization. O

5 Diffusions associated to determinantal processes on
DcS

We start recalling some notions, see Chapters IV and V in [16]. Given 7 in the set U’(N? )
of the probability measures on (N]’? ,B(N J’? )), we call a m-stochastic process with state space

N? the collection
MD,F - (Qa 97) (:Tt)tZ()a (Mt)tZOa (Px)xeN?aPW)

where F = \/t20 F; is a o-algebra on the set Q, (F;);>o is the P -completed filtration
generated by the process M; : Q — N? , Px is a probability measure on (€2, ) for all
x € NP, and P, is the probability measure on (€2, F) defined by

P, (A) := /ND Po(A)m(dx), A€ 7.

f
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A collection (Mp r, (6;):>0) is called a 7-time homogeneous Markov process with state space
N? if 0, :  — € is a shift operator, i.e. Mg o6, = My, s,t > 0; the map x — Py(A) is

measurable for all A € F; the time homogeneous Markov property
Pu(M, € A|F,) =Pm, (M, € 4), Px—as, AedF, 0<s<t xeNP

holds. A m-time homogeneous Markov process (Mp ., (6;):>0) with state space N]’? is said to
be w-tight on N? if (M;)¢>0 is right-continuous with left limits P -almost surely; Px(My =
x) =1, x € N? ; the filtration (F;);>0 is right continuous; the following strong Markov
property holds:

Po(Myy, € A|F,) =Py (M, € A)

P,-almost surely for all F;-stopping time 7, 7’ € ?(N? ), A€ Fand t > 0, cf. Theorem
IV.1.15 in [16]. In addition, a m-tight process on N J’? is said to be a m-special standard process
on N? if for any 7’ € ?(N? ) which is equivalent to 7 and all F;-stopping times 7, (7,)n>1

such that 7,, T 7 then M, converges to M,, P.,-almost surely.

In the following theorem, E, denotes the expectation under Py, x € N]l? .

Theorem 5.1 Assume (H1) — (H4). Then there exists a Pp-tight special standard process
(Mpp,, (6t)i=0) on N? such that:

1. Mpp, s a diffusion, in the sense that:

Py({w € Q: t — M;(w) is continuous on [0,4+00)}) = 1, Ep-a.e. x € NP
(5.1)

2. the transition semigroup of Mpp, is given by

peF (&) = Ex[F(My)], x¢€ N]’?, F: NJ’? — R square integrable,

and it is properly associated with the Dirichlet form (€p, Dom(f}(gz)) in the sense that
piF is an Ep-a.c., Pp-version of exp(—tHE")F, for all square integrable F - NJ’? — R
and t > 0 (where 33" is the generator of Ep);

3. Mpp, is unique up to Pp-equivalence (we refer the reader to Definition 6.3 page 140
in [16] for the meaning of this notion);
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4. Mpp, is Pp-symmetric, i.e.
E [G(XD)Z%F(XD)] =E [F(XD)ptG(XD)] )
for F,G € L%;

5. Mpp, has Pp as invariant measure.

Proof. We apply Theorem 4.13 of [17, p. 308]. Using the notation of [17], set

S(f,9)(x) == V[f(z)-Vg(z), =z €R’ fgeC(D),

where V is the usual gradient on R%, and

x(D)
SUF.G)(x) =Y Vol F(x): Va’G(x),  x={z,....axn)} €N}, F,G € 8p.
=1

Then, it is readily seen that (S, C>(D)) satisfies conditions (D.1), (S.1), (S.2) and (S.3)
of [17], and (S',8p) satisfies condition (ST.x) of [17, p. 282]. Furthermore, P), satisfies
condition (u.1) of [17, p. 282] and condition (Q) of [17] holds since R? is complete (see
Example 4.5.1 in [17]). The assumptions of Theorem 4.13 are therefore verified and the
proof is completed. O

Non-collision property of the associated diffusions

In the following, we will show the non-collision property of the diffusion constructed in the
previous theorem which, roughly speaking, means that the diffusion takes values on N]’? .

We start by recalling the following lemma, which is borrowed from [22].

Lemma 5.2 Assume (H1) — (H4) and let (Mpp,, (0)i>0) be the diffusion given by The-
orem 5.1. Let u, € DOIH(ED), n > 1, be such that: u, : N? — R is continuous, u, — u
point-wise in ND ,
sup € p (Un, ty) < 00. (5.2)
n>1
Then w is Ep-a.c. and, in particular,

Pr({w € Q: t— u(M;)(w) is continuous on [0,+00)}) = 1, Ep-a.e. X € NJ’?.

The next theorem provides the non-collision property.
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Theorem 5.3 Assume d > 2, and (H1) — (H4). Then

Px({w e Q: My(w) e NY VO<t<oo})=1, Ep-a.e. x € NY.
Proof.  Since the proof is similar to the proof of Proposition 1 in [22] we skip some details.
For every positive integer a, define u := 1y, where

N :={x¢€e N? . sup x({z}) >2}.

z€[—a,a]?

The claim follows if we prove that u is €p-a.c.. For this we are going to apply Lemma 5.2.
Define

up(x) =W <sup Z(jbl(:c)) , n>1,

i€An rEX
where U € C°(R) and ¢; € C>*(D) are chosen as in the proof of Proposition 1 in [22],
and A, := Z¢ N [—na,na]?. Note that u, € Dom(f}f—lD/Q) by Proposition 4.3. Furthermore,
Uy 2 N J’? — R is continuous and u,, — u point-wise by the proof of Proposition 1 in [22]. Tt
remains to check (5.2). Fori = (i), ... i®) € Z? and n > 1, we denote by I the function
defined by

d
I (z) = H 119,372 (na® — k), z=(zW,...,29) e D.
k=1

As proved in Proposition 1 in [22], the following upper bound holds:

X(D)
Ep(un, up) < O’ Z B Lrsoxo x50 Z (x| (5.3)
i€An j=1
where C' > 0 is a positive constant.
Now, we upper-bound the r.h.s. of (5.3) by stochastic domination. In [13], it is proved
that
c[D)(x,x) < J[D](z,z), =€ D,x¢e& NP,

where we denote by ¢[D](x,x) the Papangelou conditional intensity of X, see [6]. Note
that a Poisson process Y of mean measure J[D](z,z)u(dx) has Papangelou conditional
intensity J[D](z,z). Therefore, by Theorem 1.1 in [12], we have that XP? is stochastically
dominated by Y7, in the sense that

E[f(X")] <E[f(Y")] (5.4)
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for any integrable f : N;; — R such that f(x) < f (y) whenever x C y € N;;. Since for any

1 € A, the mapping x — l{zx(p) 1™ >2} ZJ 1 Z" (x;) is increasing, we then have

ED(un,un) < C?’L2 Z E 1 Y(D)I(") >2} Z I . (55)

ZEA'!L

By the properties of the Poisson process, the right hand side of (5.5) is equal to

O Z < o Jp 1 (2).] }(m,m)u(dr)) / [Z.(")(x)J[D](SCax) p(dz),
D

1€An

which is bounded above by

Cn? (/ I (2)J[D)(z, z)p(x) dx)z.

€Ay

By using the Cauchy-Schwarz inequality, this term is further bounded by

Cn? ) ( /D I () dx) ( /D Ii(n)(:c)J[D](x,xfp(:c)zda:). (5.6)

i€EAn

We have on the one hand that

[ 1@ do = 2/my"
R4
and on the other hand for some constant C’ > 0,

/D 1 (2)J[D](z, 2)2p(x)? dz < C'n?,

since J and p are bounded on D. Moreover, #(A,) < (2an)’. Consequently, the quantity
(5.6) is in turn bounded by

"% for some constant C” > 0.

The claim follows by the assumption d > 2. O

6 An illustrating example

Let S := B(0,1) and D := B(0, R) C R? be the closed ball centered at the origin with radius
R € (0,1) and (gp,&R))lngg, the orthonormal subset of L?(B(0, R), () defined by

1 1 /20 @)\ *
o (@ >::§\/k: <xR ”xR) . z=(®,2®) e BO,R), k=1,23,
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where ¢ is the Lebesgue measure and ¢ := +/—1 denotes the complex unit. In this example,

we consider the truncated Bergman kernel with at most 3 points (see e.g. [15]) restricted to
D = B(0, R):

3
R R
=Y R (@)l (y),  w,y €D,

and denote by Kp the associated integral operator, which is easily seen to be Hermitian
and trace class with non-zero eigenvalues ry, := R***D k =1,2,3. As a consequence, the
spectrum of Kp is contained in [0, 1) and the triplet (Xp, Kp, ¢) satisfies (H1). In addition,
(H2) is trivially satisfied since the reference measure is the Lebesgue measure. The Janossy

densities of X defined in (2.2) are given by
Jip(x, ... x,) = Det(Id — Kp) detJ[D](z1, . . ., Tn), n=123 (xr,...,x,) € D",

where the kernel J[D] is given by

3 R2(h+1)

J[D](z,y) == Z W@ELR)( )¢ (¥),

cf. (2.6). Since XP has at most 3 points, see e.g. [25], we have j7 = 0, for n > 4. To prove

condition (H3) it suffices to remark that the function
(@1, ..., @n) = det(J[D](zp, 24))1<p,g<n

is continuously differentiable on D™, for n = 1,2,3. To show that (H4) is verified, we first

consider the case n = 3. Note that

(J[D)(wp, 74))1<pg<3 = A(T1, T2, 23) A(21, T2, 3)",

where the matrix A(xy, x2,x3) := (Apn)1<p.n<s is given by

Rh—l—l (R)
V1 — R2(h+1) goh

and A(xq,x9,23)* denotes the transpose conjugate of A(z1,xq, x3). Hence,

App = (zp)

det J[D] (Il, Ta, Ig) = \det A(Il, Ta, LU3)|2,

and since the previous determinant can be rewritten involving a Vandermonde determinant,

we have

3 3
1+ . .
det A(z1, 72, 73) II \/ 1_ R2pp+1 D) (l |(x;£zl) + sz(az))> | | ((xl()l)—xgl))+z(xl()2)—xg2))),

p=1 1<p<q<3
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Note that (H4) with n = 3 is exactly

Js

forall 1 <14,7 <3 and 1< h,k <2, and so it suffices to check

/B(O,R)S

This latter integral reduces to

/B(O,R)3

which is indeed finite. Consequently, we proved that (H4) is verified for n > 3 (indeed it is

d_mldet A(xy, za, 13)[?0_w|det A(w1, za, 23)]?
% J
|det A(zq, z2, x3)|?

1{|det A(w1,20,25)|>0y dT1dTadas < 00,

6x(1) |det A(l'b T2, $3)|2
1
|det A(zy, 29, 23)|?

1{\detA(:c1,x2,x3)|>0} dl’ldllﬁ'gdl’g < o0.

(1) @
2z 49 Ty x;

1 2 1 1 2 2
@)+ (2P) T @D —2P)2 4 (2P — 2Py

dl‘ldl’gdxg,

]

trivially satisfied for n > 3). Now, consider n = 1,2. We have again
J[Dl(x1,...,xn) = Az, ..., 20)A(z1, ..., 20)7,

where this time, A(xy,...,z,) is a rectangular n x 3 matrix given by A(xq,...,z,) =

Rh—l—l (R)

Apn = V1 — B2t ¥n

(zp)-

Recall the Cauchy-Binet formula:

det J[D](z1, ..., 2,) = > det A%t (zy, .. x| (6.1)
1< <9< <1 <3
where -
. RZ}LJ’_ (R)
L1yeeey in .__ \
Aph - 1 — R2(ih+1) (pzh (zp)a 1 S D, h S n,
defines a square matrix. We now consider fixed 1 < i; < iy < --- < 4,, < 3 and evaluate

|det A%-in(zy, ... ,)]2. We note that

141,

2
7'(‘(]_ — R2(’ip+1)) |‘/Z ~~~~~ in(xl? e axn)| ) (62)

|det Atin (2, ... 2,2 = H
p=1

where



is known in the literature as the generalized Vandermonde determinant. By definition, the
Schur polynomial s) is the ratio between the generalized Vandermonde determinant and the

classical Vandermonde determinant. More precisely,

det ((x;lp> ISp,hSn) = det <(xz_1)1§p,h§n> 8)\(i1 ..... in)(x17 s 7xn)7 (63)
where A(iy,...,4,) = (i, —n+1,...,92 — 1,41). Combining (6.1), (6.2) and (6.3), we have

2

det J[D)(z1,...,2,) = H ((1’1(71) — xgl)) + z’(:z’}f) _ 517512)))

- 1+74
> (Hﬂl—Rz&H)))lsMil ..... IET

1<i1 <o < <in<3 \p=1

3

For n =1, one has syq)(z) =z, sx@ (z) = 2? and sy (z) = 2°, see e.g. [14], and therefore

det J[D)(z) = —————a[? + ———— ||’ ’
R ) L s 5 Ly D L
Thus,
9 2P
O, In (det J[D](z)) =
(1 = RY) 2w |2 + ol + st |2
N 3 42P)| 2|2
m(1 - RY) 7r(1ER4) |z ]? + W(IERﬁ) 2| + ﬁmﬁ
4 62®) |z |*
+ 2

ﬂ-(l - R8) n(1—RY) |$|2 + ﬂ—(lERG) |$|4 + ﬁkﬂﬁj

and therefore
9 ‘;p(:n)‘ 4 ‘z(:n)‘ 6 ‘z(:n)‘
|z [? |z |? 2>

which is integrable on D. For n = 2, one has syq2)(2,y) = 1, sxa3(z,y) = © +y and

|0, In (det J[D](x))] <

Sx2,3)(®,y) = xy, see e.g. [14], and therefore

det J[D)(z,y) = |z — y|?

2 3 2 4 ) 3 4 ;
’ <7T(1 “RY A1 - 7)  a(i- R Al —R8)‘x+y| S E —R8)|xy‘ ) .

Note that the differential of the logarithm of |z — y|2 gives rise to a locally integrable term.
So it remains to check that the differential of the logarithm of the second term, hereafter
denoted by ¥p(z,y), is integrable on D?. By symmetry of the Schur polynomials, it suffices
to check that the derivative of Wp(z,y) with respect to z®) is integrable on D?. We have
2 ‘x(p) + y(p)} 2 ‘x(p)} ly|2 2 }x(”) 4 y(p)‘ 2P

@+ y? zyl2 eyl x|’

|am(1’) \I]D(ZL’, y)| <

and the claim follows by noticing that the r.h.s. is integrable on D?.
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