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Abstract

We construct the interacting diffusion processes associated to determinantal pro-
cesses on the whole space. Our construction is based on the notion of Dirichlet form
and an integration by parts formula for functionals of determinantal processes on com-
pact sets. We then prove the convergence of the Dirichlet forms on compact sets to a
Dirichlet form defined on the whole space. We also prove the existence of diffusions
associated with this limit Dirichlet form. Some examples of diffusions are also given.

Keywords: Dirichlet forms; infinite dimensional diffusion processes; closability; integration
by parts; Malliavin calculus; determinantal processes.

Mathematics Subject Classification: 60G55, 60HO7.

1 Introduction

Determinantal processes are point processes that exhibit a repulsion property, and were in-
troduced to represent the configuration of fermions, cf. [14], [21] and [24]. They are known
to be connected with the zeros of analytic functions, cf. [11] and references therein.

In this paper we construct Dirichlet forms related to determinantal processes, and we apply
them to derive the existence of the associated interacting diffusion processes. For this we
provide an integration by parts formula for functionals of determinantal processes which is
based on a quasi-invariance result proved in [4]. In this paper, we provide another proof
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of the quasi-invariance result which makes some of the arguments more rigorous. This in-
tegration by parts formula on a compact set is extended to closed gradient and divergence
operators thanks to the use of a set of test functionals different from the one considered in
[4], cf. (3.1) and Theorem 3.9-(¢) and (i7). Our approach follows the lines of [1] and our
construction differs from the one considered in [25] which is based on sample-path identities.
Such a construction can be applied to derive formulas for density estimation and sensitivity
analysis for functionals of determinantal processes along the lines of [17].

Our main result, Theorem 4.1, provides the symmetric Dirichlet form associated to a deter-
minantal process on a compact set. We construct the limiting Dirichlet form by making the
compact sets tend to the whole space, and show that the limit is a proper Dirichlet form
which is still closable in Theorem 4.4. We show that there exist some diffusions correctly
associated to the determinantal point process on a compact set in Theorem 5.1. Afterwards,
we show in Theorem 5.5 that there also exists a diffusion associated to the determinantal
point process on the whole space. These diffusions can be explicited on a compact set or
when the number of points is finite, and we specifically give some examples in Section 6.

We proceed as follows. In Section 2 we recall the definitions of point processes and de-
terminantal process, based on [5], [6], [15] and [26] for point processes, and on [11] for
determinantal processes. We also refer to [2], [7] and [22] for the required background on
functional analysis. In Section 3 we provide an integration by parts formula for functionals
of determinantal processes and extend it by a closability argument. In Section 4 we con-
sider the associated Dirichlet form, with application to the associated stochastic dynamics
in Section 5. We also prove the non-collision property of the resulting diffusion. Finally, in
Section 6 we give some examples of determinantal processes satisfying the hypotheses in the
article.

2 Preliminaries

Locally finite point processes

Let (S,ds) be a locally compact Polish space, and denote by Bg the associated Borel o-
algebra. For any subset B C S, let B denote the cardinality of B, setting §B = oo if B is
not finite. We denote by N;; the set of locally finite point configurations on S:

Nip:={B C S: §(BN D) < oo, for any compact D C S},
equipped with the o-field
Nip=c({BeN;y : #(BND)=m}, m>0,D CS compact).
We define similarly N the set of finite point configurations on S:
Np={B CS: B < oo},

Ny is naturally equipped with the trace o-field Ny = Njf|x,. Lastly, for any bounded set
D C S, let N ? be the space of finite configurations on D, and NJ’? the associated o-field. As
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in [9], we define for any Radon measure p on (5, Bg) the p-sample measure L* on (Ny, Ny)
by

[ s aa) an/ P} p(dan) . (), 2.1)

n>0

for any measurable f: Ny — R.

Let X be a locally finite point process on S, i.e. a measurable mapping defined on some
probability space (€2, F, P) and taking values on (N;¢, N;¢). We will scarcely denote by X an
element of N;s, omitting the fact that X is in fact a mapping. Moreover, we assume that X
is simple, i.e. X({z}) € {0,1} almost surely (a.s.), for all z € S, where X(B) denotes the
number of points of X on B C S, i.e. X(B) :=#(X N B). We also denote by

XP? =XND={Xy,..., Xx(n}

the restriction to D of the point process X = {X, }1<n<x(s), where the previous notation
includes the case X(S) = co. In the following, we will denote by P the law of X and by Pp
the law of XP.

The correlation functions of X, with respect to (w.r.t.) a Radon measure p on (S, Bg), are
(if they exist) measurable functions py : S* — [0, 00) such that

E [ﬁ X(B

for any family of mutually disjoint subsets By, ..., By of S, kK > 1. We require in addition
that pg(z1,...,25) = 0 whenever x; = z; for some 1 < ¢ # j < k. When p; exists, the
measure pi(x) u(dz) is known as the intensity measure of X.

= / pr(1, - ) pldan) - . p(day).
B1X..XBy

For any compact subset D C S, the Janossy densities of X, w.r.t. u are (if they exist)
measurable functions 57 : D™ — R satisfying, for all measurable functions f : N ? — R,

§j [ a )y @ w) plde) ). (22)

i.e. jp is the density of Pp with respect to L% (the restriction to N%, of L*), when Pp < L¥.

We remark that we shall sometimes use the simplified notation jp(x) := jB(D) (21, ..., Tx(D))-

Kernels and integral operators

Let u be a Radon measure on (S, Bg). For any compact set D C S, we denote by L?(D, p)
the Hilbert space of complex-valued square integrable functions w.r.t. the restriction of the
Radon measure i on D, equipped with the inner product

<fgmmm-—/f Ju(de), fige LD, p)



where Z denotes the complex conjugate of z € C. By definition, a kernel K is a measurable
function from S? to C. We say that K is locally square integrable if, for any compact D C S,
we have

/D K y)P(da)dy) < oo (2.3)

To any locally square integrable kernel K, we associate the integral operator Kp : L?(D, ) —
L?(D, i), where D is a compact subset of S, defined for f € L*(D, uu) by

Kpf(x) = /DK(:U,y)f(y) wu(dy), for p-almost all z € D.

A straightforward application of the Cauchy-Schwarz inequality shows that the operator Xp
is bounded. In fact, it can be shown that Kp is a compact operator.

To any locally square integrable kernel K, we associate the integral operator X defined by

Kf(z) = /SK(:E,y)f(y),u(dy), for p-almost all z € §

for functions f € L*(S, i) that vanish outside a compact subset of S. Letting Pp denote the
projection operator from L?(S, 1) onto L2(D, u1), we have Xp = PpK Pp and set Kp(x,y) :=
1p(z)K(z,y)1p(y), for x,y € S. The operator X is said to be Hermitian or self-adjoint if

K(z,y) = K(y,z), for u®*almost all (z,y) € S°. (2.4)

Equivalently, this means that the integral operators Kp are self-adjoint for any compact
D C S. If Kp is self-adjoint, by the spectral theorem for self-adjoint and compact operators
we have that L*(D, y1) has an orthonormal basis {¢?};>1 of eigenfunctions of Xp. The cor-
responding eigenvalues {)\f }j>1 have finite multiplicity (except possibly the zero eigenvalue)
and the only possible accumulation point of the eigenvalues is the zero eigenvalue. Then,
the kernel Kp of Xp can be written as

Ep(z,y) = > AP (x)eP(y), (2.5)

j=1

for z,y € D. We say that an operator X is positive (respectively non-negative) if its spec-
trum is included in (0, 4+00) (respectively [0, +00)). For two operators K and J, we will say
that K > J (respectively K > J) in the operator ordering if K — J is a positive operator
(respectively non-negative operator).

We say that a self-adjoint integral operator Kp is of trace class if
D> M| < 0.

j=1

We will then define the trace of the operator KXp as TrKp = 2321 )\f. If Xp is of trace
class for every compact subset D C S, then we say that X is locally of trace class. It is
easily seen that X" is of trace class, for all n > 2, if K is of trace class. We also have the
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inequality Tr(X") < ||X||"~'Tr(X), where || - || denotes the operator norm. Finally, we define
the Fredholm determinant of Id + X, where ||K|| < 1, as

Det(Id + KX) = exp (Z (_1T)Ln1 Tr(fK")) . (2.6)

n>1

Here, Id denotes the identity operator on L2(.S, u).

Determinantal point processes on (5, ds)

Throughout this paper we shall work under the following hypothesis:
(H1): The operator X is locally of trace class, satisfies (2.4), and its spectrum is contained
in [0,1), i.e. 0 <K <Id and ||K]|| < 1.

Suppose that X satisfies (H1). A locally finite and simple point process X = { X, }1<n<x(s)
on S is called a determinantal process if its correlation functions w.r.t. the Radon measure
won S exist and satisfy

pk(l‘l, e ,l‘k) = det(K(xl, xj))lﬁi,jﬁka

for any £ > 1 and xq,...,2x € S. It is worth noting that, under (H1), we can choose a
proper kernel for X, in the sense of Lemma A.4 in [9], and we have py(xq,...,x) > 0 for
pk ae. (xq,... 1) € Sk

Existence and uniqueness (in law) of determinantal processes is guaranteed under (H1) by
the results in [14], [21] and [23]. See also Lemma 4.2.6 and Theorem 4.5.5 in [11]. More
precisely, if a kernel K and its associated integral operator X satisfy (H1), then there exists
a determinantal process X on S with kernel K. Moreover, for any compact D C S there
exist constants c;(D),cy(D) > 0 such that P(X(D) > k) < ¢;(D)e P* for all k > 1,
and in this case the correlation functions pg(x1,...,zx) uniquely determine the law of the
process. This is because of the fact that for disjoint compacts Dy, ..., D, C S, the random
vector (X(Dy),...,X(Dy)) has a convergent Laplace transform in a neighborhood of zero,
cf. [11] Remark 1.2.4.

Let X be an operator satisfying the assumption (H1). We define the operator J[D] on
L*(D, pt) by
JID] = (Id — Xp) 'Kp.

The operator J[D] is called the local interaction operator and we emphasize the fact that
unlike Kp, J[D] is not a projection operator i.e., in general, J[D] # Pp(I — K)1KPp.
However, J[D] has some notable properties which are summarized in [9]. Let us state the
ones that are useful to our purposes. First, J[D] is a bounded integral operator and, letting
J[D] denote its kernel, as a consequence of (2.5), we have

AP -
JID)wy) =D =55 @5 (0ef W), (2.7)

Jj=0
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for z,y € D. Second, since J[D] < (1 — |X||)"'Kp, we have that J[D] is a trace class
operator. For x = {x1,...,2,} € NP we denote by det J[D](x) = det J[D]({z1,...,7,})
the determinant det (J[D](z;, z;))1<ij<n. Note that the function

(x1,...,2,) — det J[D]({x1,...,2,})

is p®"-a.e. non-negative (thanks to Lemma A.4 in [9] for example) and symmetric in
x1,..., o, (see e.g. [9]), and we simply write det J[D]({z1,...,z,}) = det J[D](z1,...,2n).
The local interaction operator is related to the Janossy density of a determinantal process,
due to the following proposition:

Proposition 2.1 ([21]) Assume that the kernel X satisfies (H1). Then, given a compact
D C S and n € N*, the determinantal process X admits Janossy densities

Jp(x) = Det(Id — Kp) det J[D](x), (2.8)

where x = {xy,...,x,} € N?. Moreover, it holds the following identity for the hole proba-
bility: 7%(0) = Det(Id — Kp).

Let us now define the operator J := (Id — X)~!X which can be thought of as a global
interaction operator. As proved in [9], J satisfies the expected properties: it is a bounded
integral operator, locally trace class and its kernel J(z,y) can be chosen as in Lemma A.4
of [9]. Furthermore, the determinantal process X is stochastically dominated by a Poisson
process Y with intensity measure J(z,z) u(dz) (defined previously), i.e

E[f(X)] < E[f(Y)] (2.9)

for any measurable function f : N;y — R such that the expectations exist and f(x) < f(y)
whenever x C y.

3 Differential calculus and integration by parts

Hereafter we assume that S is a domain of R?, dg is the Euclidean distance, i is a Radon
measure on S and D C S is a fixed bounded set. We denote by || - || the Euclidean norm on
R? and by 2 the i-th component of z € R?.

Differential calculus

We denote by (D, R?) the set of all €*-vector fields v : D — R? and by €>(D*) the set
of all C*°-functions on D*.

Definition 1 A random variable (r.v.) F(XP) is said to be in Sp if

F(XP) = folxmy=oy + Y Lixoy=iy fo( X1, -, Xi), (3.1)
k=1
where n > 1 is an integer, for any k = 1,...,n, fi € (D) is a symmetric function and

fo € R is a constant.



Then, the following lemma holds:

Lemma 3.1 8p is dense in L}, = L*(NY, Pp).

Proof. Let V € L2 and assume that E[G(XP)V] = 0 for all G(X?) € §p. We need to show
that V = 0 a.s.. Since V' is NP-measurable we have that V = u(X(D), X1,. .., Xx(p)), for
some measurable function u. Therefore, for all integers n > 1 and G(XP”) € 8p, with a little
abuse of notation, we get

GO)u(0,0)P(X(D)=0)=0 and E[G(X,,...,X)u(n X1,...,X,) | X(D) = n] = 0.
(3.2)
The first equality above yields u(0, )) = 0. We now prove that, for any n > 1, u(n, z1,...,2,) =

0 a.s. w.r.t. the probability measure, say ﬂg), with density

Do (o) .. ()

(here, jg) are the Janossy densities of X divided by P(X(D) = n).)
Denote by u; and u;, the positive and the negative part of u(n, -), respectively. Clearly
(take G =1 in the second equality in (3.2)) we have

B, = Elut(X,,...,X,) | X(D) = n] = Blu (X,,...,X,) | X(D) = n.

If £, =0 then v/ =u, =0 ng)—a.s., hence u,, =0 ng)-a.s.. If £, > 0, then consider the
probability measures on D™:

ey .. dey) =T (2, ) T (A, ).
where .
U (21, .., ) = E—nuf(xl, Cey ).

Let R be a rectangular cell in R and take G(zy,...,2,) = @i(x1,...,2,) where ¢ is a
sequence in C°(R%) such that ¢;(z1, ..., x,) converges to 1y, ..)er} as [ goes to infinity,
for all ,...,x,. Combining the second equality in (3.2) with the dominated convergence
theorem, we have ﬂgLH—(R NnD") = 7TD (RN Dm). Therefore, ﬂ})H = ﬂgb) on the Borel
o-field B(D™). So u}(z1,...,2,) = u, (x1,...,up) ng)-a.s., and the claim follows. O

The gradient of F(XP) € 8p as in (3.1) is defined by
ViV F(XP) th k}Z1{X} Wafe(X1,...,Xy), xeD,  (33)

where V, denotes the usual gradient on R? with respect to the variable x € D. For v €
C>(D,RY), we also let

X(D)
ViU F(XP) = Y Vi F(XP)w Zl{x(p k}zvx fro(X, o Xp)v(X5), (3.4)

k=1

where - denotes the inner product on R



Quasi-invariance

In this section, we will recall some results from [4] and make some of the proofs more precise.
Let Diff(S) be the set of all diffecomorphisms from S into itself with compact support, i.e.,
for any ¢ € Diffy(.S), there exists a compact outside of which ¢ is the identity map. In
particular, note that Diffy(D) is the set of diffeomorphisms from D into itself. For any
reference measure p on S, 14 denotes the image measure of p by ¢. For ¢ € Diff((S) whose
support is included in D, we introduce the isometry Ty,

To LZ(D>M¢)_>L2(D>M)
fr—=17Fo0.

Its inverse, which exists since ¢ is a diffeomorphism, is trivially defined by f + f o ¢! and
denoted by ‘J';l. Note that T, and ‘J';l are isometries, i.e.,

(Tethr, Toba)r2(p = (Y1, V2)L2(Dopuy)s
for any ¢; and 1, belonging to L*(D, 11). We also set:
X$ =T,'XpT, and J°[D] = T, 3[D]T,.
Lastly, for any x = {x; }1<n<x(s) € Niy, we denote by ® the map:
o : Ny — Ny
{Xn}lgngx(S) = {¢(Xn)}1§nﬁx(5)-

With the previous definitions in mind, we can give the following result from [4]:

Lemma 3.2 Let K be an operator satisfying (H1). We have the following properties.

a) X9 and §°[D] are continuous operators from L2(D, pug) into L2(D, ).

b) X9, is of trace class and Tr(X9) = Tr(Xp).

¢) Det(Id — X9)) = Det(Id — Xp). This translates into the fact that P(X(D) = 0) =
P(®(X)(D) = 0) which is expected since ¢ is a diffeomorphism.

d) X9, is again an integral operator on L2(D, ig) whose kernel is given by (z, y) — Kp (¢~ (), o~ (y)).
An analog formula also holds for the operator 3°|D], i.e. its kernel J[D] is given by

(z, y) = J[D] (¢~ (x), 07 (y))-

e) J%[D] is correctly defined as the local interaction operator associated with fK%, i.e. (Id—
Xp) K5, = 9°(D.

Proof. The proof can be found in [4], except for point e), which we now prove. We have by

definition

(Id — X5)7'KP = (Id — T, K pTy) ' T, KT,
=7,'(Id — Xp) 'K3 T,
=J°[D],

which is the aforementioned result. O



Then, it is known how the map ® transforms a determinantal process. More precisely,

Lemma 3.3 (Theorem 7 in [4]) Let Xp be an operator satisfying (H1). Then, ®(X) is
again determinantal with kernel CK% with respect to the measure pg on (S, Bg).

To prove the quasi-invariance of the determinantal measure restricted to a compact D C .S
with respect to the group of diffeomorphisms on D, we still need one last result:

Lemma 3.4 Let X be an operator satisfying (H1), and J[D] the associated local interaction
operator, with kernel J[D]. Then, we have that det J[D](x) > 0, for Pp-a.e. x € N¥.
However, we do not in general have det J[D](x) > 0, for L¥,-a.e. x € N2, where LY, is the
sample measure defined in (2.1).

Proof.  Recall that for a determinantal process with kernel K satisfying (H1), we have
dPp

Pp < LY, and jp = FT Moreover, it is known in the determinantal case that (2.8) holds,
D

ie.,

jp(x) = Det(Id — Kp) det J[D](x),

for x € N?. Since jp is a density, we obviously have that jp(x) > 0, for Pp-a.e. x € N?.
Hence, since || KXpl|| < 1, we have det J[D](x) > 0, for Pp-a.e. x € N?. As to the concluding
part of the lemma, we notice that in general, one does not have Pp ~ L. Indeed, consider
for example the case where Rank(Xp) < N € N*. Then, j8™(zy,...,2xy41) = 0, for
pPN ) ae. (z1,...,2511) € DV (since Xp has less than N points almost surely, see [23]
for details). It suffices to define the set

A={BCD: tB=N+1},

which verifies P(A) =0 but L}, (A) = Su(D). O

Remark 3.5 If we suppose that, for any n > 1, the function
(x1,...,xn) —> det J[D](xq,...,x,)

is strictly positive u®"-a.e. on D™, then we have Pp ~ L', and therefore det J[D](x) > 0,
for Li-a.a. x € N7,

We are now ready to give the main result of this section. We emphasize that despite the
result being the same as the one in [4], the proof given there implicitly uses the fact that
det J[D](x) > 0, for L',-a.a. x € N?, which is known not to be true in general. Henceforth,
we shall also assume the following technical condition which ensures that there exists an
integration by parts formula on the underlying space (.5, ds).

(H2) : The Radon measure u is absolutely continuous w.r.t. the Lebesgue measure { on S,
with Radon-Nikodym derivative p = i—‘g which is strictly positive and continuously differen-
tiable on S.



Then for any ¢ € Diffo(D), i is absolutely continuous with respect to p with density given

by

piy _ dug(r)  plo~!(2) 1
where Jac(¢~1)(z) is the Jacobian of ¢~! at point z € S. We draw attention to the fact that
it is indeed Jac(¢~')(z) that appears in (3.5), which differs from equation (2.11) of [1]. We
can now state the main result of this section:

Proposition 3.6 Let Xp be a restriction operator satisfying (H1). Then, for any measur-

able non-negative f on D:

) det J?[D](XP)
det J[D](XP)

B [~ Seexp f260)] — g {e— 5 exd @) g Z,cxn I (a) (3.6)

Proof. For any measurable non-negative f on D, we have

E |e™ Xeexp (@) ZIGXD In(pl; (2)) det ‘]¢[D](XD)
det J[D](XP)

1 s T

n>0 k=1

det JO[D](xy, ..., x,)
det J[D](z1,...,xn)

Jp (1, x,) p(dey) ... p(de,)

1 n &
= E — / = 2k f(@r) Hp xg) det J?[D)(xy, ..., z,) Det(Id — Kp) p(dzy) . .. p(dz,)
TL
n>0 k=1
1 n
= ; e~ 2i=1F@) Det(Id — K9) det J?[D](x1, - . ., 2n) prg(dy) . . . pg(day,),

O

where we have used (2.8), (3.5) and Lemma 3.2, ¢). Then, we conclude by Lemma 3.3.
Indeed, Det(Id — X)) det J?[D](z1, . .., x,) is the Janossy density of ®(X) with respect to
L' (see lemma 3.2, €)), which yields (3.6). O

Integration by parts and closability

In this section we give an integration by parts formula for determinantal processes, based
on closed gradient and divergence operators. The proof relies on an integration by parts
formula on the set of test functionals 8p introduced in (3.1), extending and making more
precise the arguments of Theorem 10 page 289 of [4] and its proof.

(H3) : We suppose that, for any bounded set D and for any n > 1, the function
(x1,...,xn) —> det J[D](xq,...,x,)

is continuously differentiable on the whole D™.
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Assuming that (H1) and (H3) hold, the potential energy is the function U : N — R
defined by
U[D](x) := —logdet J[D](x).

We insist that since det J[D](x) > 0 for P-a.e. x € NP, U is well defined for P-a.e. x € N?.
We set

N V detJ Xlu---7Xk)
V. IUIDIXT) = ‘Zl{x ’f}z e T, Xy

Zl{X(D):k} ZUi,k(Xla o X)) v (XG), (3.7)
=1 i—1

for any vector field v € (D, RY).

Under Conditions (H1) and (H2) we define the vector field

g () = )
p(x)
as well as the random variable
X(D)
BU(XP) =Y (—pM(Xe) - 0(Xp) + dive(Xy)), v e E¥(D,RY,
k=1

where div denotes the adjoint of the gradient V on D, i.e.

/Dg(x) divV f(z)dx = /DVf(x)-Vg(x) dz, f,g€C(D).

Lemma 3.7 Assume that (H1), (H2) and (H3) hold, and let D C S be a bounded set.
Then, for any F(XP), G(XP) € 8p and vector field v € (D, R%), we have

EB[G(XP)Vy" F(XP)] = B[F(XP)V,""G(XP)], (3.8)
where
Vo GXP) = VNV GXP) + GXP) (= Bi(XP) + ViV UD)(XP))

Proof. For any vector field v € €>*(D,R%), consider the flow ¢V : D — D, t € R, where
for a fixed x € D, the curve t — ¢} (z) is defined as the solution to the Cauchy problem

d v v v
% (@) = v(@i(2)), ¢lz) =
For a given family of flows {¢? : t € R, v € C>*(D,R%)}, we define the mapping ®? : NJI? —
NJI? by
BY(x) = {1(x) : v €}

11



Following [1], for a functional R(XP) of the determinantal process, we define the gradient
VljlfR(XD) as the directional derivative along v, i.e.

d v
Vol R(XP) := TREIXD)|

provided the derivative exists. It is easy to check that formulas (3.4) and (3.7) are consistent
with this definition. Note that as observed previously, the image measure po¢?, is absolutely
continuous with respect to u on D, with Radon-Nikodym derivative

p(¢24(2)) ac®e (g
oy

where Jac?*t denotes the Jacobian of ¢¥,. Note also that

Jac? (z) = exp (— /t div v (¢l (z)) dz) (3.9)
0
and therefore

( ) div o(g} (x >>} (3.10)

Using the quasi-invariance property of determinantal processes discussed in the previous
section, for any ¢ € R and F(XP), G(XP) € 8§p, we have

EB[F(®}(X"))G(X")] (3.11)

det J[D](¢*,(X1), ..., 0", (Xx(p)))
det J[D](X1, ..., Xx(p))

X(D

_ B | F(XP)G(8",(XP)) H %J (X

We start by exchanging the derivative d/d¢ with the expectation sign E in the above relation,
for all t € Iy a neighborhood of zero. This interchange will be justified by integrability after
(3.12) below. In this case we have

E [G(XD)%F(CI)Q’(XD))}
X(D) v v
~E ((iG(cI)” (XD))) F(XP) H POX) 500m ) | tjﬂ(ﬁgﬁ(;z:::::f(;g;m))
X(D e v Xq), .., 0 (Xx(p
+EB| 5 H POZUXN) g, 00 (x,) F(XD)G(ch(XD))d t"&fﬂf@ﬁf}f’_ﬂ’f&fjﬁ )
[ T o6, (X)

+E FXP)Ge",(x”) ] Jac? (Xy)

b1 p(Xk)

(9D o)
dt det J[D](Xh...,XX(D))

12



The claimed integration by parts formula follows by evaluating the above relation at ¢ = 0. In
particular, we use (3.10) to evaluate the second term inside the expectation in the right-hand
side of the above equality, and we use the relation

d det J[D](¢%,(X1), -, 0% (Xxn)))
dt det J[D](X1, ..., Xx(p))
X (D)

-y Va,det J[D](¢?,(X1), ..., 0% (Xxp)))
B det J[D](X1,. .., Xx(D))

v(6%,(X3)) (3.12)

=1

to evaluate the third term inside the expectation in the right-hand side of the above equality.
Equality (3.12) holds P-a.e. which is enough for our purposes. Using the definition of
functionals in 8p, one checks that the r.v.

d

G(XD)a

F(@}(X2))
is uniformly bounded in t € Iy by a positive constant. By the assumptions (H2) and (H3)
and the form (3.1) of the functionals in 8, one may easily check that all the terms inside
the expectations in the right-hand side of the above equality can be uniformly bounded in
t € Iy by integrable r.v.’s and this justifies the exchange of expectation and derivative in
(3.11). We check this fact only for the latter term. Take

F(X) = folgxp) 0}+Zl{x _fe(X LX)

of the form (3.1). By (3.12) we easily see that the modulus of the r.v.

X(D)

d det J[D]((bzt(xl)v"'7¢2t<XX(D)>> D v D p e
(E det J[D)(X1, ..., Xx(p)) ) FEOGE@LX H e ()

up to a positive constant is bounded above P-a.e. by

- v V. det J[D X1), .o, 0% (X .
;1{)( - (Hp J - ) Z‘ det J[D ](gﬁ,?..,Xk) e -v(0%,(X5))
(3.13)

Since p is continuous on D, for any n > 1, the map
(1, ..., 2,) —> det J[D)(x1,...,2y)

is continuously differentiable on D™, and the Jacobian is given by (3.9), up to a positive
constant. The term in (3.13) is bounded above P-a.e., uniformly in t € I, by

Z 1 p(X1) 7 p(X) !
x(o)= ’“}d t J[D](X1, ..., Xe)

13



To conclude the proof, we only need to check that the mean of this r.v. is finite. We have
by definition of the Janossy densities, and since det J[D](x) > 0, for Pp-a.e. x € NJP:

p(X1>_1“'p<Xk>_1 1 / jg<x17"'7xk>
E |1 _ = — 1, d d
XM qet JIDI(Xy, -, Xp) ]| K S det J[D](ar, .. ay)  UbE1man)=0) G- Gk
Det(Id — K
= = ( ) ((D*) < o0,
k!
where ¢ denotes the Lebesgue measure. O

Remark 3.8 We remark that there is a sign change in (3.8), as compared to the results of
[4], which is justified by the corrected formula for (3.5). This corrected version is also more
in line with the corresponding integration by parts for the Poisson point process.

Next, we extend the integration by parts formula by closability to a larger class of functionals.
For v € C*®(D,R%), we consider the closability of the linear operators Vol o 8p — L3
and Vo”* : 85 —» L2 defined, respectively, by F(X?) — VoY F(XP) and F(XP) —
VoY F(XP). In addition we state our extension of the integration by parts formula (3.8)
by closability. In the following, we denote by A the minimal closed extension of a closable
linear operator A, and by Dom(A) the domain of A.

Theorem 3.9 Assume that (H1), (H2) and (H3) hold, and that for any bounded set D C S,

/.

foranyn>1,1<i,j<nandl1 <hk<d. Then

0 (_h)det J[D] (Il, Ce ,xn)ﬁ (_k)det J[D](:L’l, Ce ,xn)

l‘l Z‘J

det J[D)(z1, ..., 2,)

Ldet (D) (21,.n)>0} #(dT1) - - po(day) < 00

(3.14)

(1) the linear operators Vo' and Val* are well-defined and closable for any vector field
v € C®(D,RY). In particular, we have

YI(Sp)Cc Ly and YU (Sp) C L2,
(ii) for any vector field v € €= (D, R?), we have
E[GV)VF] =E[FV)" G|

for all F € Dom (Vg”), G ¢ Dom (Vf”*) in the domains of the minimal closed

. N Nyrx
extensions of V"' and Vi7",

Note that under the assumptions (H1), (H2) and (H3), condition (3.14) is satisfied if, for
any n > 1 and any D C S, the function

(1,...,xn) —> det J[D](x1, ..., 2,),
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is strictly positive on the compact D".

Proof of Theorem 8.9. (i) Let v € C®(D,R%) and F(XP) € 8p. For ease of notation,

throughout this proof we write V, in place of Vo" and V¥ in place of Vy'*. We clearly
have

IV, F(XP) <C

for some constant C' > 0, almost surely, and therefore V,(Sp) C L%. The claim V(Sp) C L%
follows if we check that [|G(XP)V,U[D](X")|l;2 < oo and [|G(XP)BL(XP)||12, < oo for

any G(XP) € 8p. The latter relation easily follows noticing that
GXP)BXP) < C

for some constant C' > 0, almost surely. Taking
G(X") = golix(p)=0y + Z Lx(D)=k} g (X1, - - -, Xi)

of the form (3.1), by (3.7) we have

k
V., det J[D)(X1, ..., X})

XD — _§ 1 (Xq,...,X - — '
G(X”)V,U[D] {X(D k}gk 1, ) k)¢=1 det J[D](Xq,..., Xk)

and for some positive constant C' > 0,

|G(XP)V,UD)I(XP)|,

= Zk/ gk.r17...,xk)
=1
k

21 gie;‘] (ii?’.'.',.:é:;k) 'v(:ci)) o1, a)u(den) - p(day)

)

Liaet gD (21, 2, >0}<
1

" gi (e, ..., )
= Det(Id — X
et( b Zlk'/k det J[D](x1, ..., xr)
2
1{det J[D](z1,...,x1)>0} <Z szdet J[D](ZL‘l, e ,:L‘k) . U(I‘Z)> ,u(dxl) e u(dl‘k)

i=1
Z / 1det J(D)(21,...,21) >0}

T 1<i, i<k
Ve det J[D](zy, ..., 2p) - v(2;) Vo, det J[D](z1, ..., 2x) - v(z))
det J[D](z1, ..., xx)

C Det(Id — Kp) Z

IN
E’?‘|H

p(dzy) - - p(dxy)

< 00,

where the latter integral is finite by assumption (3.14).
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To conclude, we only need to show that V, is closable (the closability of V? can be proved
similarly). Let (F,(X"”)),>1 be a sequence in 8§p converging to 0 in L% and such that
V., F,(XP) converges to V in L% as n goes to infinity. We need to show that V' = 0 a.s. We
have

[E[GXP)V] = lim [E[G(X")V,F,(XP)]| = lim [E[F,(X7)V;G(X)] (3.15)
< IVEGXP) g, lim [ Fy(XP)[lig =0, G €8p.

Here, the second inequality in (3.15) follows by the integration by parts formula (3.8) of
Lemma 3.7. The fact that E[G(XP)V] = 0 for all G(XP) € 8p implies V = 0 a.s. is a
consequence of the density Lemma 3.1.

(i1) By (i), both operators V, and V* are closable. Take F € Dom(V,), G € Dom(V?)
and let (F,(XP))n>1, (Gn(XP)),>1 be sequences in 8p such that F,(X?) converges to F,
G (XP) converges to G, V,F,(XP) converges to V,F and VG, (XP) converges to VG
in L% as n goes to infinity. By Lemma 3.7 the integration by parts formula applies to r.v.’s
in 8p, therefore we have E[G,(XP)V,F,(XP)] = E[F,(X?)V:G,(XP)] for all n > 1. The
claim follows if we prove that

lim E[G,(X"”)V,F,(X")] = E[GV,F]

n—oo

and
Tlim E[F,(XP)V:G,.(XP)] = E[FV:G].
We only show the first limit above; the second limit being proved similarly. We have
|E[G.(X7)V, F,\(X”)] — E[GV,F]|
= |[E[G,(XP)V,F,(X")] - E[G,(X”)V,F] + E[G,.(X?)V,F] — E[GV,F||
< [E[G(XP) (Vo Fu(XP) = VuF)]| + [E[(Gu(X”) = G)V,F]|
< | Ga(XP) g IVo F(XP) = Vo Flig) + [|Ga(XP) = Gllig [ VoF 1z,

which tends to 0 as n goes to infnity. O

4 Dirichlet forms

In this section we construct the symmetric Dirichlet form associated to a determinantal
process (see Theorem 4.1 below.)

We start by recalling some definitions related to bilinear forms (see [18] for details). Let
H be a Hilbert space with inner product (-,-) and A : Dom(A) x Dom(A) — R a bilinear
form defined on a dense subspace Dom(A) of H, the domain of A. The form A is said
to be symmetric if A(z,y) = A(y,x), for any x,y € Dom(A), and non-negative definite if
A(x,z) > 0, for any z € Dom(A). Let A be symmetric and non-negative definite, A is said
closed if Dom(A) equipped with the norm

|x||a = \/A(:c,a:) + (z,x), x € Dom(A),
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is a Hilbert space. A symmetric and non-negative definite bilinear form A is said closable if,
for any sequence (z,,),>1 C Dom(A) such that z,, goes to 0 in H and (x,,),>; is Cauchy w.r.%.
|| - |4 it holds that A(x,,z,) converges to 0 in R as n goes to infinity. Let A be closable and
denote by Dom(A) the completion of Dom(A) w.r.t. the norm || - [|4. It turns out that A is

uniquely extended to Dom(A) by the closed, symmetric and non-negative definite bilinear
form

A(z,y) = lim A(z,,y,), (z,y) € Dom(A) x Dom(A),

where {(Zn,¥n)}n>1 is any sequence in Dom(A) x Dom(A) such that such that (z,,yn)
converges to (x,y) € Dom(A) x Dom(A) w.r.t. the norm | - |7+ | - [|z- A symmetric,
non-negative definite and closed bilinear form A is said symmetric coercive closed form if

the following weak sector condition is satisfied:

3 a constant ¢ > 0 such that |A'(z,y)| < cA'(z, 2)Y2A (y, )2, z,y € Dom(A),
(4.1)
where
Al(w,y) = Alz,y) + (z,y).
Suppose H = L?(B,B, 3) where (B, B, 3) is a measure space. In such a case a symmetric
coercive closed form A is said to be a symmetric Dirichlet form if

A(min{f", 1}, min{f", 1}) < A(f, f), A(f* AL fT A1) < A(f. f), [ € Dom(A),

where f* denotes the positive part of f. Suppose that B is a Hausdorff topological space
and let A be a symmetric Dirichlet form. An A-nest is an increasing sequence (C,),>1 of
closed subsets of B such that

U{f € Dom(A): f =0 p-a.e. on B\ C,,}

n>1

is dense in Dom(A) w.r.t. the norm || - [[4. We say that a subset B’ C B is A-exceptional
if there exists an A-nest (C,,),>1 with B" C B\ |J,~; C,,. Throughout this paper we say
that a property holds A-almost everywhere (A-a.e.) if it holds up to an A-exceptional set.
Moreover, a function f : B — R is called A-almost continuous (A-a.c.) if there exists an
A-nest (C),)n>1 such that the restriction fic,, of f to C,, is continuous for each n > 1.

Let B again a Hausdorff topological space. A symmetric Dirichlet form A on the Hilbert
space L%(B, B(B), 3) is called quasi-regular if:
(7) There exists an A-nest (C,,),>1 consisting of compact sets.
(17) There exists a || - || 4-dense subset of Dom(A) whose elements have A-a.c. S-versions.
(iii) There exist f, € Dom(A), k > 1, having A-a.c. S-versions fi, k > 1, such that (fi)es1
is a separating set for B\ N (i.e. for any z,y € B\ N, x # y, there exists fi- such that
fre(x) # fre(y)), where N is a subset of B which is A-exceptional.

We denote by N? the set of non-negative integer-valued finite measures on D, equipped
with the vague topology (recall that this topology is metrized by the so-called ”d-hash”
metric, see e.g. Appendix A2 pages 402-405 in [5]). For technical reasons, in this section
and Section 5 we shall see NJI? as a subspace of N2 via the identification

XEZ(SQC, x € N2,

reX
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where ¢, denotes the Dirac measure at € D. We shall denote by B(N]’? ) the corresponding
Borel o-field. Letting X denote a determinantal point process with kernel K, using obvious
notation, we shall identify L% with LQ(NJQ, Pp).

We consider the bilinear map €p defined on §p x 8p by

X (D)
Ep(F(XP),G(XP) =E | Y VY/F(XP) Vi/G(XP)

i=1

For F(XP) € 8p of the form (3.1), i.e

F(XP) = folixp)-op + Z Lix(p)=ky Jr( X1, - s Xi),

we also define the linear Laplace operator Hp by
HpF(X Z 1(x(p)

k
D (=BM(X0) - Vo, X, Xk) = A fi(Xa, o, Xi) 4 Ui(Xa, - Xa) - Vi, fo(XL - X))
=1

where A = —divV denotes the Laplacian.

In the following, we consider the subspace SD of 8p made of r.v.’s F(XD) € 8p of the

form
X (D)

X(D)
Z P1(Xe), -0 > en(Xn) | Lixpy<xy,
k=1

for some integers M, K > 1, ¢1,...,0nm € C°(D), f € C*(RM). Note that Sp is dense in
L2, (see e.g. [18] p. 54).

The next Theorem 4.1 provides the Dirichlet form associated to a determinantal process.

Theorem 4.1 Let D C S be a bounded set. Under the assumptions of Theorem 3.9, we
have:

(1) The linear operator Hp : Sp —» L2 is symmetric, non-negative definite and well-defined,
i.e. Hp(8p) C L. In particular the operator square root .’H}D/Q of Hp exists.

(ii) The bilinear form Ep : 8p x 8p — R is symmetric, non-negative definite and well-
defined, i.e. Ep(Sp x 8p) C R.

(i17) .'ng and Ep are closable and the following relation holds:

eo(F,G) = E[H2FHL2G], VF,G € Dom(HZ?). (4.2)

(iv) The bilinear form (Ep, Dom(ﬂ{gﬂ)) is a symmetric Dirichlet form.

18



Proof. The proof of this theorem is based on Lemma 4.2 below. .
(i) By Relation (4.4) in Lemma 4.2 we easily deduce that, for any F(XP), G(XP) € §p we
have

E[G(XP)HpF(XP)] = E[F(XP)HpG(XP)] and E[F(XP)HpF(XP)] > 0.

Therefore, Hp is symmetric and non-negative definite. It remains to check that, under the
foregoing assumptions, Hp is well-defined. Let F'(X”) € 8p be of the form

n k k
F(XP) =3 Lixm)-rh (Z Pr(X), Y me(Xi)>
k=1 i—1 :
= Z Lix(py=ryhe (X1, ..., X5)
k=1

for some integers m,n > 1, ¢1,..., ¢, € C°(D), h € C°(R™). By the definition of Hp, for
the well-definiteness of H{p we only need to check that ||1{X(D):k}B“I.hk(XD)||L% < oo and

||1{X(D):k}V§;ChkU[D] (XD)||L2D < oo. The assumptions guarantee these relations, cf. the

proof of Theorem 3.9.

(7) The symmetry and non-negative definiteness of €p follow from Lemma 4.2 below. It
remains to check that, under the foregoing assumptions, £p is well-defined. By Step (i),
for any F(XP) € 8, we have HpF(XP) € L. We conclude the proof by noting that, by
Lemma 4.2, for any F(XP?), G(XP) € 85 and some positive constant ¢ > 0, we have

Ep(F(XP),G(X7))] = [B[GXP)FHp F(XP)]| < | HpF(XP)]|pz, < oo

(79) We first show that €p is closable. We apply Lemma 3.4 page 29 in [18]. We start
checking that €p satisfies the weak sector condition (4.1). By Relation (4.5) in Lemma 4.2
we have, for any F(XP?), G(XP) € 8p,

EL(F(XP),G(XP))| = [E[H > F(XP)H ) G(XP)] + E[G(XP)F(XP)]]
< |32 FXP) 02 |FH 2 G(XP) s, + [1F(XP) 12 |GXP)|r2,
< 285 (F(XP), F(XP))2eL(G(XP), G(XP)) /2.

It remains to check that if (F,(X?)),>1 C 8p is such that F,,(X”) converges to 0 in L7,, then
Ep(G(XP), F,(XP)) converges to 0, for any G(XP) € 8§p. This easily follows by Lemma 4.2,
the Cauchy-Schwarz inequality and the fact that HpG(XP) is square integrable (see the
proof of Step (i)). The closability of 5—(32 follows by the closability of €, Relation (4.5)
in Lemma 4.2 and Remark 3.2 (i) page 29 in [18]. Finally, we prove Relation (4.2). Take
F,G € Dom(H}/%) and let (F,,(X2))us1, (Gn(XP))p=1 be sequences in 8 such that F, (XP)
converges to F, G,,(XP) converges to G, 3> F,(XP) converges to H}> F, and H}) G, (XP)

converges to 5—(32 G in L2, as n goes to infinity. By Lemma 4.2 we have

En(Fo(XP),Gn(XP)) = E[H)F,(X2)3* G (XP)], forall n > 1.
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The claim follows if we prove

lim B[} F,(XP)H* G, (XP)] = B[H)? FHY2 G,

n—oo

We have:
B[HY?G(XP)HY? F,(XP)] — B[HY2G HL )
= [B[HY?G (XP)HY2F, (X)) — BIHY2G,(XP) 52 F]
+ B[ Ga(XP) H F] — E[H)) G H  F)|
< |B[H2 G (XP)(H L, (XP) _W F)|| + [E[(32G,.(XP) _g_c—lD/QG)J_C—lD/QFH
< 135G (XP) 13, |95 Fu(XP) — 3 F

+ | MG (XP) — %}{QGHLQDH%}{Q Flliz =0, asn— oo.

(iv) The bilinear form (€p, Dom(.’}f}jﬂ)) defined by (4.2) is clearly symmetric, non-negative
definite, and closed. Using the Cauchy-Schwarz inequality and equality (4.2) (i.e. reasoning
similarly as the first part of Step (#ii)) it is easily checked that the weak sector condition (4.1)

holds. So by Definition 2.4 page 16 in [18] we have that (€p, Dom(.’}f}jﬂ)) is a symmetric

coercive closed form. We conclude the proof by applying Proposition 4.10 page 35 in [18].

First note that 8 is dense in Dom(ﬁ{gQ) (w.r.t. the norm (5“2)1). By Exercise 2.7 page 47

n [18], for any € > 0 there exists an infinitely differentiable function ¢, : R — [—¢,1 + €]
(which has not to be confused with the functions ¢, ..., @y involved in the definition of
the r.v. F(XP) below) such that ¢.(t) =t for any ¢ € [0,1], 0 < . (t) — p.(s) < t — s for
allt,s e R, t > s, p.(t) =1+¢e fort € [1 +2¢,00) and p.(t) = —¢ for t € (—o0, —2¢]. Note
that |@L(t)|* < 1 for any € > 0, t € R and ¢, is in €°, for any € > 0. Consider the r.v.

X(D) X(D)
Z 01(Xk), Z om(Xk) | 1ix(py<kys
k=1

for some integers M, K > 1, ¢1,...,¢y € C°(D), f € C°(RM). Note that F(XP), ¢, o
F(XP) € 8p. Indeed

X(D) X(D)
¢. 0 F(XP) = Z ©1(Xk), Z oar(Xe) | Lix(py<ky
k=1
X(D) X(D)
Z 01(Xg), ..., o (Xg) Lix(p)<k3,
k=1
because ¢.(0) = 0. By Lemma 4.2 we have
X(D)
Ep(p- 0 F(XP), 0.0 F(XP)) =E | Y Vip. 0 F(XP) - Vi . 0 F(XP)

i=1
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Ny

=B IV ¢ 0 F(XP)]?

where in (4.3) we used the fact that |¢.(¢)|* < 1, ¢t € R. By this inequality we easily have,
for any F'(XP) € Sp,

lim inf €5 (F(XP) + . 0 F(XP), F(XP) T ¢. 0 F(XP)) >0

e—0

and the proof is completed (since, as required by Proposition 4.10 page 35 in [18], we checked
condition (4.6) page 34 in [18]). Indeed, for any ¢ > 0, by the above inequality and the
symmetry of £p and Hp, we have

p(F(XP) + ¢ 0 F(XP), F(XP) — p. 0 F(X7))
Ep(F(XP) = p. 0 F(XP), F(XP) + . 0 F(X7))
E[(F(X"”) = g 0 F(XP)Hp(F(XP) + p. 0 F(X"))]
=E[F(X")HpF(X") + F(X")Hpp. o F(X?)

— . 0 FXP)YHpF(XP) — p. 0 F(XP)H py. o F(XP)]
> E[F(XP)Hpp. o F(XP) — . 0o F(XP)HpF(XP)]
=0.

|| o

OJ

Lemma 4.2 Under the assumptions of Theorem 8.9, for any F(XP), G(XP) € 81, we have

X(D
z(:) Vi F(XP) - VY G(XP) | = E[G(XP)HpF(XP)] (4.4)
= B[} F(XP)H ) G(XP)]. (4.5)
Proof. Let F(XP),G(XP) e 8p be, respectively, of the form
X (D) X (D)
Z ©1(Xk), Z o (Xi) | Lix(py<ri}
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X(D) X(D)
G(XP)=yg Z Y1 (X&), Z Y (Xk) | Lix(p)<kst
k=1

for some integers M17M27K17K2 Z 17 Plye e PM1y Vs -+ -5 VMo S GOO(D)7 f € GI?O(RMl)7
g € C®*(RM2). Define

X(D

F(XP)=of Z o1(Xg), Z o (Xi) | Lix(py<kiys

and

vi(x) = Vpi(x), =€ D.

By direct computation we find

My X(D) X(D) X(D)
HpF(XP) = ~Lxmy<ray D > BXk) - 0i(X)Oif Z ©1(Xk), Z o (Xk)
i=1 k=1
My X(D) X(D) X(D)
“Lxy<iay D Y vl Xe) Y 0(X0)00;f Z 1(Xi), Z o (Xi)
ig=1 k=1 =1
M, X(D)
+1(x(D)<K:1) Z Z div vy (Xy)0; f Z ©1(Xg), Z o (Xk)
=1 k=1
M, X(D) X(D) X(D)
+1ix(p) <K1}Z Z Uk x(0) (X1, - -+, Xx(D)) - vi(Xy)0i f Z ©1(Xp), Z o (Xi)
i=1 k=1
X(D)
= —ZF (XP) ZB“ (X3) - (X
M,y X(D) X(D) X(D)
—1x(p)<K1} Z Z v; (X5) Z v;(X1)0;0; f Z 01(Xk), Z o (Xi)
i,5=1 k=1

My
+> F(XP) Z div oy (X;)
i=1 k=1
1
+3 " BEXP)V,IUD)(XP),
which yields
My

HpF(XP) = Z (—vilfm(XD) + (BL(XP) + VN UIDI(XP) Fi(XP))

i=1
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So, by Lemma 3.7 and since Sp C 8p, using obvious notation we have

E[G(XP)HpF(XP)] ZE[ \ALM D ] ZE[ fffG(XD)]
X (D) M, X (D) X(D)
—ZE FX) Y Y o Z Y1 (Xn)s -0 Y 1 (Xm) | V5(X0) - Vips(X0)
=1 j=1 m=1 m=1
Mo

- B ZZF YW (X)) D G(XP)V;(X)

| (=1 =1 j=1
[X(D)
=E | VY F(XP)- V' G(XP)

i=1

Finally, since Hp is symmetric and non-negative definite the square root operator 9{32 is
well-defined. Relation (4.5) follows by the properties of 5—(1/ 2 O

We conclude this section with the following remark which provides the semigroup of the

Dirichlet form (€p, Dom(ﬂ-CgQ)). The connection between such semigroup and the transi-
tion semigroup of the diffusion associated to the determinantal process will be specified in
Theorem 5.1 below.

Remark 4.3 Assume the hypotheses of Theorem 3.9. Then (Ep), Dom(ﬂ-ﬁgz)) is a symmetric
Dirichlet form. Its generator is by definition the linear operator HE"F = G, where G is
determined by the domain of the operator:

Dom(HE™)
_ /2y | 2 2\ e _
F € Dom(Hy"): 3G € LLVZ € Dom(H ") E(F,Z) = —E[GZ] ;.

One may easily see that the operator (=H3", Dom(HE")) is symmetric, non-negative definite
and extends (Hp,8p). Moreover

Dom(J-CgQ) = Dom ((—.’J—C%’n)l/z)

and

Ep(F,G) = E[(—-HEM) 2 F(—HEM2G], V F,G € Dom(H}?).
By definition, the symmetric semi-group of (Ep, Dom(ﬂ{gﬂ)) is the linear operator T;F :=
exp(tHE"F, t > 0, F € L, (which is defined by the spectral theory for symmetric operators

on a Hilbert space).

In this section, we generalize Theorem 3.9 to the whole space. We begin by introducing
an increasing series of compact sets (D,,)nen, such that U,enD,, = E. For such (D,,),en, we
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denote by

X(Dn)

E(F.G) = Ep, (F,G)=E | Y VY F(XP) . VG(XP)|
i=1

which is well-defined for F, G € Dom(€&,,) = 8 p,.- We recall that we have showed in Theo-
rem 4.1 that (€, Dom(€,,)) is a closable Dirichlet form, which is associated with 3, := Hp,].
We show the following.

Theorem 4.4 Let jix ) be a determinantal point process satisfying the hypotheses of The-
orem 8.9. Assume moreover that the operator J associated with the determinantal point
process is continuous. Define (€, Dom(€)) by

E(F,F)= lim &,(F,F) (4.6)
with domain Dom(€) = Dom(&,) C L3(N;s, P), and define E(F,G) by polarization.
f

neN

Then, (€,Dom(€&)) is a closable Dirichlet form.
Proof. ~ We begin by remarking that (£, Dom(€)) is a densely defined positive definite
symmetric bilinear form. We have that (&€,, Dom(€,,)) are increasing in the sense that
D, C D,, and VF € D,,, £,,(F) < &, (F).
when n > m. Then, recall the following lemma from [18]

Lemma 4.5 (Prop 1.3.7, (i) in [18]) Suppose (£, Dp)nen is an increasing sequence of
positive definite symmetric bilinear forms on L2(Nyy, P). Moreover, assume (€,, Dy )nen are
closable. Define

Eo(F, F) =lim,, o E,(F, F),
Dom(Ex) = {F € NpenD” : sup E,(F, F) < 00}

Then, (€, Dom(Ex)) is closable.

Therefore, by applying Lemma 4.5, we obtain that € is closable as it is the increasing limit
of (€,,Dom(€&,)). Its domain is defined in Lemma 4.5 as Dom(€) := {f € Nyeny Dom(E,,) :
sup,, £,(f, f) < oo}. In the following, we write (€, Dom(€&)) for its closure. The Dirichlet
property follows by using the same arguments as in Theorem 4.1. 0

As a corollary, we obtain

Corollary 4.6 Assume that the hypotheses of Theorem 4.4 hold. Then, there exists a non-
positive definite self-adjoint operator, denoted by —IH such that

&(F,G) = E[(—HF) G, (4.7)

for F,G € Dom(€).
Proof. This is a direct consequence of Theorem 4.4 and Theorem 1.3.1 in [§]. O
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5 Stochastic dynamics and quasi-regularity

In this section we establish the existence of diffusions corresponding to determinantal point
processes associated to the Dirichlet form (&, Dom(3'/?)), ¢f. Theorem 5.1 below.

Associated diffusion process

We start recalling some notions, see Chapters IV and V in [18]. Given 7 in the set P(N ?)
of the probability measures on (NJI? : B(N? )), we call a w-stochastic process with state space
NJI? the collection

MDJF = (Qv 357 (gjt)tz(% (Mt)t207 (PX>X€N?7 PW)
where J :=\/,5, J; is a o-field on the set €2, (F})¢>0 is the P -completed filtration generated
by the process_l\/[t Q0 — N? of (?,B(NJQ ))-measurable mappings, Py is a probability
measure on (2, F) for all x € N2, and P, is the probability measure on (2, F) defined by

P.(A) := /ND P.(A)n(dx), Aed.

A collection (Mp r, (01)¢>0) is called a m-time homogeneous Markov process with state space
N7 if 6, : @ — Q is a shift operator, i.e. My o6, = My, 5, > 0, the map x = Py(A) is
(B(N]’? ), B(R))-measurable for all A € F, and the time homogeneous Markov property

Pi(M; € A|F,) =Py, (My_s € A), Pyx—as, A€F, 0<s<t, xeNf

holds. Recall that a m-time homogeneous Markov process (Mpr, (6;)>0) With state space
N7 is said to be m-tight on N7 if (M) is right-continuous with left limits P r-almost
surely; Py(My =x) =1V x € NJ’?; the filtration (F;);>0 is right continuous; the following
strong Markov property holds:

P.(My, € A|F,) =Pm. (M, € A)

P,-almost surely for all F;-stopping time 7, 7’ € ?(N?), A€ Fand t > 0, cf. Theorem
IV.1.15 in [18]. In addition, a m-tight process on NJI? is said 7w-special standard process on
NJI? if for any 7’ € ?(N? ) which is equivalent to 7 and all F;-stopping times 7, (7,),>1 such
that 7,, T 7 then M,  converges to M, P ,-almost surely.

The following theorem holds, in which E, denotes the expectation under Py, x € NJ’? .

Theorem 5.1 Assume the hypotheses of Theorem 3.9. Then there exists a Pp-tight special
standard process (Mp,p,, (61)1>0) on NP with transition semigroup

pef(x) = Ex[f(M,)], xeNP ¢ NJQ — R square integrable.

In addition, (Mp py,, (0¢)i>0) is properly associated with the Dirichlet form (€p, Dom(ﬂ{gﬂ))

in the sense that p.f is an Ep-a.c., Pp-version of exp(tHE™)f for all square integrable

f: N? — R and t > 0, and such that

Pi({w: t — My(w) is continuous on [0,4+00)}) = 1, Ep-a.e., X € N?. (5.1)
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Proof. By Lemma 5.2 below the Dirichlet form (&p, Dom(ﬂ-CgQ)) is quasi-regular, hence by
Theorem I11.3.5 page 103 in [18], there exists a Pp-tight special standard process on ND. say
(Mbp . py, (0:)i>0), whose transition semigroup (p¢):>o is such that, for any square integrable
function f : NJI? — Rand t > 0, p.f is a Pp-version of exp(tHgen)f and p,f is E-a.c..
Since the form has clearly the local property (see the definition in [18]), by Theorem V.1.5
page 150 in [18] the tight special standard process is a Pp-diffusion associated to the form,
i.e. relation (5.1) holds for €p-a.e. x € N? O

For the sake of completeness we remark that by applying Theorem 6.4 page 141 in [18], one
has that the Pp-diffusion on N]’? properly associated with the Dirichlet form (€p, Dom(J-CgQ))
(defined in Theorem 5.1) is unique up to Pp-equivalence. We refer the reader to Definition
6.3 page 140 in [18] for the meaning of this notion.

Quasi-regularity

The following lemma holds.

Lemma 5.2 Assume the hypotheses of Theorem 3.9. Then the form (Ep, Dom(fH}jﬂ)) is
quasi-reqular.

Proof.  As in [27] and [28], we apply Theorem 3.4 of [19]. For this purpose, we have to
show that, for some countable dense set (X;);>1 in N? , there exists a countable collection
(F;;(XP)); j>1 of random variables such that:

(1) For some bounded metric g on N2 which is uniformly equivalent to the ”d-hash” metric,

we have o(x,X;) = sup, Fj;(x), E-a.e. x € NJ’?, for any ¢ > 1.
(11) Fy; : Njy — R is of the form

x) = fi; (Z h (), .. .,ZhN(x)> . x €Ny

TEX TEX

for some integer N > 1, hy, ..., hy € €°(S) and f;; weakly differentiable; (F;;(XP)); j>1 C
Dom(H}/?) and, setting F;; = Fj;(X?),

X(D)

Ep(Fy;, F Z IV Fy (XD (5.2)

where V3" Fy;(x) is defined as in (3.3) with n = oo and the symbol V, being the gradient
w.r.t. the weak partial derivatives.

(4i) sup; ; ZX(D) ||VleF (XD)]]2 € Li,.

Proof of (i). Such a metric g is defined as the restriction on N? of the following metric on
Njs (which we continue to denote by @) constructed in [28] as follows. Here Nj; denotes
the set of non-negative integer-valued locally finite measures on S, equipped with the vague
topology. Let T}, be a countable open base in S and, for every O € Ty, take a sequence
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lo,,00,, .. € CX(S) such that lo, () T 1izcoy, ¥V x € S. For ease of notation set £, = (o,
and assume that this enumeration satisfies

J
supp(te) C{z e S: |z <j} j=1.2....
k=1

The desired metric is defined by

B @) ~ Sy )

o(x,y) :=sup27 {1 —exp ; , X,y € le
J J

where, for z = (2, ... (),
v Il;(z)
l; .—sup{’ 9@ ’ cxeS qg=1,...,d; > 0.

Let (X;);>1 be a countable dense set in N ? and define
, | Saen (@) = Lo, () ..

Fij(x)=2"7¢1—exp | — x € Nyy.

l ’

Then (i) follows.

Proof of (ii). Clearly F;; has the claimed form. We now check that F;; € Dom(ﬁ{gZ), ie.

there exists a sequence (F;(jﬁ)(XD Nas1 C Sp such that, as n goes to infinity, F@(XD)

ij
converges to Fy; in L%, and (9{32F’i§ﬁ) (XP)),>1 converges in L%. Define the function

, R

Tyla) =z = 3" (@)

fiegi

and consider the classical sequence of mollifiers defined by 7, (z) := Cnn(nz), n > 1, where

T](:L’) = 1{‘x‘<1}eil/(lﬁv2), ze€R

-1
and C = (fjl n(x) dx) . Define the functions

fl.(.")(:p) =277 {1 — exp (—W) } , zeR

where x denotes the convolution product, and set F’i(f)(x) = fi(f) (Yo 4(2) Ligo<ny
x € NP where the symbol f(x) denotes the number of points in the configuration x. Since

N, € €°(R) and f,; is locally integrable on R, we have 1,  f;; € C(R) (see e.g. Proposition
IV.20 in [2]). Therefore fi(f) € C*(R) and so Fi(f) (XP) € 8p. Since f;; € C(R), we deduce
that n, * Tij converges to ﬁ-j uniformly on the compacts of R (see e.g. Proposition IV.21 in
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2]), and so Fi(j") (XP) converges to Fy; in L%, as n goes to infinity. It remains to show that
the sequence (}C}:)/Qﬂ(]n)(XD ))n>1 converges in L2, For this we are going to prove that it is
a Cauchy sequence. We start by noting that since 7, is integrable on R and ?Z-j is weakly
differentiable we have (see e.g. Lemma VIII.4 in [2])

_ d _
(17 * fz])/(x) = aﬁn * fzj(ff) = Mn * 1
where
d - =1 1
310 = U, 6@ceea} T HSh e, bE0E0m}

Thus | (1, * f;;)'| <1, for any n > 1. Moreover, (1, * f;)'(x) converges to 7;] (x) point-wise,
as n goes to infinity. We also note that for any n > 1 and = € D we have

k
N n
DAC D SR LA (zw)
X(D) X(D)

= Lix(py<ny Y Lxy (@ Z C5(
h=1

where, for any x € N7,

(ZE ) 277 /0) (max [ 3;) (Zﬁ ) exp (—ﬁn * fij (Z 5j($)) /@) V().

So, forany n > 1,4, jand k= 1,...,X(D), we have

IV EI(XP) |2 < dd?, as.. (5.3)
For any n,m > 1, we deduce
1/2 n 1/2 1/2 n m
192 (XP) = P FSY(XP)7. = Bl (F(XP) — B (X))
X (D)
N m

=E Z IV [ES(XP) — B (XP)]|?
X(D)

< d47E (1{X(D)<n} M * fig) Z Ci(Xe) | exp [ —mn * fi Z Ci(Xg) | /4 | +
k=1

X (D) X (D) 2
— Lx(py<m} (T * f ;) Z GX) | exp [ =nm* Fiy | D G(X0) | /6 ) X(D)]-

Due to the above remarks, applying Lebesgue’s dominated convergence theorem (recall that
X(D) has a finite mean since it has exponential tails) one has that this quantity goes to zero
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as n,m go to infinity, and the claim follows. It remains to check (5.2). By Lemma 4.2 we

have
X (D)

Z IV ES(XP)|12| = E[(3 2 (XP))).

Clearly

lim B[(3{* FJ" (XP))?] = B3 Fy)*) = Ep(Fy, Fyy),

n—oo
and so we only need to check
X(D)
lim E Z VX! FS XD | = Z IV By (X))

n—oo

This easily follows by Lebesgue’s dominated convergence theorem. Indeed, by (5.3), for any
WAL
Z IV EI(XP)|? < 479dX(D),  as. (5.4)

and
X(D) X(D)

Nis D 2 Ny Dy (12
,}EEOZ”V F(XP)|? = va F;(XP)|1?,  as..

Proof of (iii). It suffices to note that by (5.4) we have

sup Y ||V Fy(XP)|? <

Extension to the whole space

We recall that in Section 4, we showed that we have proved that (Ep, )nen converge to a
Dirichlet form (&€, Dom(€)) which is closable, and is associated with the generator H. To
show that the limit of the previous Dirichlet forms is local and quasi-regular, we will use the
following result which can be found in [16]. Here D = B(0,7) and set j%(()’r) = j! to denote
the i-th Janossy density in B(0, ).

Lemma 5.3 (Theorem 1 in [16]) Suppose that (€,Dom(€)) is a given Dirichlet form,
and assume that the following conditions hold:

(A1) (&,Dom(¢&)) is closable on L?(N;y, P);

(A2) Vi e N,Vr >0, ji € L*(NL,d\) Vr >0, Y02 iP(X(B(0,r) = i)) < co. Here,
={x € NE(0 5 ¢ X(B(0,r)) =i}

Then (€,Dom(€&)) is a local, and quasi-regular form.
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We are then able to show the following:

Theorem 5.4 Let px \ be a determinantal point process satisfying the hypotheses of Theo-
rem 3.9. Assume moreover that the operator J associated with the determinantal point process
is continuous. Define (€,Dom(&)) by (4.6). Then, (€,Dom(E)) is a closable, quasi-regular,
and local Dirichlet form.

Proof.  We have already proved in Theorem 4.4 that (€, Dom(€)) is a closable Dirichlet
form. In order to verify that (€, Dom(€)) is quasi-regular and local, it suffices to apply
Lemma 5.3. Indeed, we have already proved (A1) and (A2) follows since by the results
of [9], ji(xy,...,x;) < J(wy, 1) ... (2, 2;) for N-ae. xy,...,2; € B(0,r) for any r > 0.
We conclude that ji(z1,...,z;) € L°(N?, d)\) by continuity of J. The last part of (A2)
follows directly from the fact that K is locally trace-class. Hence, (€, Dom(€)) is a closable
quasi-regular local Dirichlet form. O

As a consequence, there exists a quasi-continuous diffusion correctly associated with the
determinantal point process on N;f, and satisfying the properties of Theorem 5.1.

Theorem 5.5 Let jx \ be a determinantal point process satisfying the conditions of Theo-
rem 3.9. We assume moreover that d > 2 and p(-)J(-,-) € L .. Then there exists a psc x-tight

loc*
special standard process (Mg x, (6¢)1>0) on Niy with transition semigroup

pef(§) :=Ex[f(My)], x€Niy, f:Ny— R square integrable.

In addition, (Mg x, (6:)i>0) is properly associated with the Dirichlet form (€, Dom(E€)) in the
sense that pif is an E-a.c., px x-version of exp(tH)f for all square integrable f : Njy — R
andt > 0, and such that

Pi({w: t— My(w) is continuous on [0,4+00)}) = 1, E-a.e., x € Ny, (5.5)

i.e. (Mx ., (0)i>0) is quasi-continuous. Moreover, such M is up to px r-equivalence unique
(in the sense of [18]) and hence usx  is reversible with respect to (Mg x, (6¢)i>0)-

Proof. 'The first part is a consequence of Theorem 4.4. Lastly, reversibility of jix » follows
from Theorem 6.4 page 141 in [18]. O

Non-collision property of the corresponding diffusion
We start recalling the following lemma, which is borrowed from [20].

Lemma 5.6 Assume the hypotheses of Theorem 5.5 and let (Mg x, (01)i>0) be the P-tight

special standard process properly associated with the Dirichlet form (€, Dom(&)). Let u, €
Dom(€), n > 1, be such that: u, : Njy — R is continuous, u,, — u point-wise, u € L? and

sup €Uy, u,) < 00.
n>1

Then u is E-a.c. and, in particular,

Pi({w: t— u(My)(w) is continuous on [0,+00)}) =1, P-a.e. x € Nyy.
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The next theorem provides the non-collision property of (Mg x, (6¢):>0)-

Theorem 5.7 Assume d > 2, J continuous on S, and the hypotheses of Theorem 3.9. Then
(Mg a, (01)e=0) takes values on Nyy, i.e.

Py({w: My(w) e Ny VO0<t<oo}) =1, P-a.e. x € Nyy.

Proof. Since the proof is similar to the proof of Proposition 1 in [20] we skip some details.
For every positive integer a, define u := 1, where

N:={xeNy : sup x({z})>2}.

z€[—a,a]?

The claim follows if we prove that w is €-a.c.. For this we are going to apply Lemma 5.6.

Define
Up(x) =W (sup Z(bz(x)) ) n>1

where A, := Z?N[—na,na]® and ¥ and ¢ are chosen as in the proof of Proposition 1 in [20].
Then u,(X) € Dom(€), N;y — R is continuous and w,, — u point-wise. It remains to prove
that sup,,>; €(un(X), u, (X)) < co. For i = (i1,...,iq) € Z%, we denote by I; the function

defined by
d

[Z(x) = H 1[_1/273/2} (nxk — ik), r = (:L’l, e ,:L’d) eS.
k=1

The following upper bound holds:

E(un(X), un(X)) < Cn? Z E

1€An

1{235Ex Li(@)>2) Z [l(a:)] , for some constant C' > 0.
rzeX

Since X is stochastically dominated by a Poisson process Y with intensity measure J(z, z) u(dz)
and, for any ¢ € A,, the mapping x — l{Zzexh(rB?} Y e Li(x) is 7increasing”, by (2.9)
we have

E(un(X),un(X)) <Cn* > B

i€An

L(5 v b2} D [z'(y)] : (5.6)

yey

By the properties of the Poisson process, the right hand side of (5.6) is equal to

Cnt Y (1= el e e / Ii()J (x,2) plda),

i€EA, s
which is bounded above by
2
C n? Z (/ Ii(x)J (x,z)p(x) dx) :
1€EA, s

By using the Cauchy-Schwarz inequality, this term is further bounded by

Cn?> < /5 I;(x) dx) ( /5 Ii(:p)J(x,x)zp(x)de). (5.7)

1€An
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We have on the one hand that
Li(z)dz = (2/n)?

R4
and on the other hand,

[ 1100200 00 < (sup sGaooto?) 21,

zeD

since J and p are continuous on the support of I; which is compact, and included in a
compact D. Moreover, #(A,) < (2an)?. Consequently, the quantity (5.7) is in turn bounded
by

Ca,a n2-4, for some constant Cy, > 0 which depends only on d and a.
The claim follows by the assumption d > 2. 0

We note that in the proof we only need p(-)J(-,-) € L2, but in all common examples, J is
in fact continuous.

6 Examples

Bergman kernel

Let S = D = B(0,R) C R? be the ball centered at the origin with radius R € (0,1) and
{gp,iR)}lngN, N > 1, the orthonormal subset of L?(B(0, R), ¢) defined by

1 [E+1 (20 2@\ "
By L : _ ) @)
() : - ( 7 +1 ) , x= (2" 2%) e B(0, R),

where p = ¢ is the Lebesgue measure and i := y/—1 denotes the complex unit. We consider
the modified Bergman operator Kg, : B(0, R)?> — C with associated kernel defined by

N
Kpe(wy) = Y RPEDo® @)™ (y) 2,y € B(O,R), neN
k=1

and denote by Kp. the associated integral operator, which is easily seen to be Hermitian
and locally of trace class with non-zero eigenvalues sy = R2¢+D k= 1,...,N. As a
consequence, the spectrum of Kp, is contained in [0, 1) and the triplet (Kpge, Kpe, 1) satisfies
assumption (H1). In addition, Condition (H2) is trivially satisfied since p = ¢ is the
Lebesgue measure. The Janossy densities of X = X defined in (2.2) are given by

g% (1, ..., x) = Det(Id — Kpe) det J[D] (a1, . . ., 1), k=1,...,N, (z,...,x;) € DF,
where the kernel J[D] is given by
N R2(h+1)

JID)(w,y) =Y T mmrmen (@)en” (v).
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cf. (2.7). Moreover, X has at most N points, see e.g. [23], which means that j% = 0, for
k > N + 1. To prove condition (H3) it suffices to remark that the function

(w1, .., ) = det(J[D](wp, 74))1<p,g<k

is continuously differentiable on D*, for k € N*. To show that Condition (3.14) is verified,
we first consider the case n = N. Note that

(J[DI(p, ) )1<pg<n = AN(xlv e 7xN>AN<5U17 N
where the matrix AN (zy,...,2x) := (A),)1<p <y is given by
Rh+1
N ._ (R)
Aph T 1— RQ(thl) “h (l‘p)
and AN(xy,...,zn)* denotes the transpose conjugate of AN (x1,...,zy). Hence,

det J[D](z1,...,xn) = |det AN (zy, ..., 2x5)|%,

and since the previous determinant is a Vandermonde determinant, we have

N N
1+p . .
det AN = | | (1 = B2 (l |<x1(71) + m’f))> | | ((xél) — xél)) + ’l(.ﬁl}z(?) — ng)))'
p=1

p=1 1<p<g<N

Note that Condition (3.14) with n = N is equivalent to

d w|det AN(z1, ..., 2n)[?0 |det AN (zy,... 2zy)[
i J
-

|det AN (21, ..., 2N)[?
forall 1 <i,5 < N and 1 <p,q<2, and so it is verified if we check

/ 8$<1>\detAN(:c1,...,xN)\2
1
B(O,R)N

|det AN (zq, ..., 2N)[?
This latter integral reduces to

/B(O,R)N

which is indeed a finite quantity. Consequently, we proved that Condition (3.14) is verified
for n > N (indeed it is trivially satisfied for n > N.) Now, consider n < N. We have again

J[D)(x1,. .. x5) = AN (21, .. ) AN (21, ... )%,

dz;...dzy < 00,

dz;...dzy < oo.

1 1
2x§1) g)_ (1)

N
x x
+2 ’
e D e

drq...dzy,

where this time, AN (zy,..., 1) is a rectangular £ x N matrix. Hence, by application of the
Cauchy-Binet formula:

det J[D](z1,...,zx) = Z |det A (zy, ... ap)|?,

1<) <ig<--<ix <N
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where we have for 1 < p,h <k,

. ) Rih-i-l

Wy . TV (R)
which is a square matrix. We now consider fixed 1 <1 < iy < --- < 4 < N and wish to
evaluate |det A% (zy, ..., x3)]%. In fact, we observe that

k .

o 141
P1yend 2 _ | | j4 - ) 2
|detA1 k($1,--->xk)| = 17T(1—R2(ip+1)) |‘/,1,___7Zk($1,...,l‘k)| s
p:

where

Vi i(xy,...,xp) = det <xlp)
21,---,2k< 1) ) k) ( h 1<p,h<k

is known in the literature as the generalized Vandermonde determinant. Here, Vi (x1,. .., 2)
is the classical Vandermonde determinant, and in the general case, we have deleted a cer-
tain number of rows from the matrix. The generalized Vandermonde determinant is known
to factorize into the classical Vandermonde determinant and what is defined to be a Schur
polynomial. To be more precise,

Vitin(@1, o) = Vi k(1,0 Tr) S ,in) (T15 -+ )

where A(iy,...,ix) == (ix —k+1,...,i5 — 1,41), and s, is the Schur polynomial, which is
known to be symmetric, and is a sum of monomials, see e.g. [10]. To sum up the previous
calculations, we have

k .
1+
det J[D](ZL‘l,,ZL‘k) = |‘/17___7k(l‘1,..-,$’]g)|2 E (H 7r<1 _R2(I;p+1))> |5A(i1,...,ik)(l‘17"'

1<i1 <ig<-<ix<N \p=1

(6.1)

The previous function of xy,...,zy is of class C*!, therefore condition (H3) is verified for
k < N. Condition (3.14) is verified thanks to the form that s, takes, and in particular the

fact that |sy(xq,...,23)[* =0 if and only if x; = -+ = 23 = 0.

We now study the associated diffusion in a simple visual case. Assume that we have N = 2,
ie. 5 5
K eld, = —(2y —(zy 27
Be(2,y) = —(2§) + —(2)
for z,y € B(0, R). Then, the associated determinantal point process has less than 2 points

a.s. and:

L1 L1 — T2
Vx U ) = -2 ;
llon o) =2 [+ 2
for z1, x5 € R?. Therefore, the diffusion associated with the previous determinantal process
starting from (x1,15) € C? is a (weak) solution of the following pair of S.D.E. on C:

1 ey 0 _ 5@
dxM = V2dB} +2 [\xf”w + 2t | a.

(2) (2) _ 5 (1)
X = V2B +2 | e + = dt,

t t
Xo(l) = T, XO(Q) = T2,
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where B! and B? are two independent complex brownian motions. Moreover, since s () =
z', for i € N and x € C, we have by (6.1)

Ufa}) = —In (ﬁ P+ s |:c\4) .

Therefore, if we set C := P e R ) and Cy :=
is a solution of the following S.D.E.:

{ AX, = V2dB, + KX g

17}%6) then the diffusion starting from z; € C

C1|X¢[?24+C2| X,
Xo = 1,

where B is a complex brownian motion.

Sine kernel on the circle
Fix N € N* and define S = D = [-5, &] C R. Let {cplgN)}oskSN_l denote the orthonormal

subset of L2([—Z, 2], /) defined by

27 2

1 )
Spi(ﬁN)(e) — 1[ g7%](9)—62mk6ﬂv,

where ¢ := 1/ —1 denotes the complex unit. We consider the Dyson operator ngy =5, %]2 —
C with associated kernel defined by
N
) 2 *

|

=

Kgy 91,92 . ZQO 92) 91,92 € [—

By a standard computation, one can rewrite K]{)Vy as

NIZ

K]])Vy<91792) — Sln(ﬂ-(el - 02)) 91’92 e [_%

N sin(iﬂ(elj\;@) )

Note that
KN (0 0 sin (7w (0, — 6s))
Dy( 1, 2) Nesoo 7_(_(91 _ 92) )

uniformly on compact sets. Therefore by Proposition 3.10 in [21], the determinantal point
process with kernel K ]ijy converges weakly to the sine kernel process. It is well-known that the
operator Kfj, satisfies Condition (H1) (see e.g. [23]). Since the measure y is the Lebesgue
measure, Condition (H2) is trivially satisfied.

Again, when evaluating the determinant the matrix (Kgy(el,e )) for 0,...,0n €

1<i,j<N’

[—%, %], we notice that it is nothing but a Vandermonde determinant, Whlch can be explicitly
calculated:
1 i im0;
det <KDy(92’9]))1§Z,]§N = W H ‘62 ]/N _62 z/N|2

1<i<j<N
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ON(N-1) 0. — 0.
= 11 Sm@%)? (6.2)

NN
1<i<j<N

Now, even though the operator J[D] is not properly defined since the spectrum of X contains
N times the eigenvalues 1, the Janossy density is still well-defined, as was proved in [21,
Lemma 3.4]. More precisely, in our case, if x = {61, ...,60x}, the Janossy densities are equal
to

G (%) = det (Koy(6:,6)),; <

and if |x| # N, then j,_ ¥ %](x) = 0. As before, condition (H3) is satisfied as the previous

N

function is continuously differentiable on [—%, &]. It remains to note that Condition (3.14)

can be extended to include the case where 1 € Spec(X) by simply replacing the occurrence of
det J[D](xy, ..., xx) with the kth-Janossy density j[(iv& v (1, ..., xp), which is well-defined
2

)
in this case. Thanks to (6.2), we obtain

893[ Eﬂ}<¢91,...,¢9 )893[ ﬂﬂ<917"'79n)

272 2 2
G w01, 00)
27 2
) 0, — Oy — 0 0: — 0y
—C t t !
Hsm( ) Z coan( )coan(ﬂ N ,
K<k ki k']
fori,j =1,...,N, and 0y,...,0N € [—%, %] The previous equation being continuous in
01,...,0y, it is integrable on a compact, and therefore Condition (3.14) is verified.

Therefore, the diffusion associated with the previous determinantal process starting from
N N

(01,...,0n) € [-5, 5]V is a (weak) solution of the following system of S.D.E. on R:

(1 9 _gM
d@ ) = V2dB} + Z1<3<N i N COt(%) dt,

N) N o 7.((6(.7)_9(1\7)) (63)
o) =6,,...,00") = oy,
where B!,..., BY are N independent brownian motions on R. It can be noted that the

S.D.E. (6.3) was solved in [3] in the strong sense.
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