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Abstract

Copulas are a useful tool to model multivariate distributions. While
there exist various families of bivariate copulas, the construction of flexi-
ble and yet tractable high dimensional copulas is much more challenging.
This is even more true if one is concerned with extreme-value copulas.
In this paper, we construct a nonparametric one-factor copula exhibiting
a good balance between tractability and flexibility. This copula is built
upon nonparametric generators, thus allowing to get away from restrictive
parametric assumptions. Moreover, the analytical form of the copula al-
lows to explicitly calculate the dependence coefficients and the associated
extreme-value copula.

1 Introduction

The modelling of random multivariate events is a central problem in various
scientific domains and the construction of multivariate distributions able to
properly model the variables at play is challenging. To address this problem,
the concept of copulas is a useful tool as it permits to impose a dependence
structure on pre-determined marginal distributions.

While there are many copula families in the bivariate case, it is less clear how
to construct higher dimensional copulas, especially if the data provide evidence
of tail dependence or non Gaussian behaviors. To deal with such data, various
copula models exist in the literature.

The class of Archimedean copulas [7,12,17] is very popular. Indeed, these
copulas possess several advantages. First, they are explicit and tractable, a
feature more and more important as the dimension increases. Second, they
allow to model a different behavior in the lower and upper tails. For instance,
Gumbel copulas are upper tail dependent but not lower tail dependent, and the
opposite holds for Clayton copulas. However, Archimedean copulas also suffer
from a severe drawback. Indeed, in practice, they are typically governed by only
one or two parameters, hence the dependence structure is severly restricted. In
particular, their dependence structure is exchangeable, meaning that all the
pairs of variables have the same distribution.

Nested Archimedean copulas [10,11] are a class of hierarchical copulas gen-
eralizing the class of Archimedean copulas. They allow to introduce asymmetry
in the dependence structure but only between groups of variables. This hi-
erarchical structure is not desirable when no prior knowledge of the random



phenomenon under consideration is available. Furthermore, constraints on the
parameters restrict the tractability of these copulas.

The class of elliptical copulas (see e.g. [16] Section 5) is radially symmetric.
This means that the same statistical behavior is expected in the lower and upper
tails, which may not be the case in applications.

Vines [1], or pair copula constructions, are flexible copula models but they
are not easy to handle, as the modeling process is rather cumbersome. Indeed,
modeling data with Vines demands to specify certain links between the variables
a priori. Furthermore, the computation of the likelihood is challenging, and one
is often obliged to require to a so called simplifying assumption, that is, to
assume that the conditional pair-copulas depend on the conditioning variables
only indirectly through the conditional margins. This simplifying assumption
can be misleading [2].

Recently, a model involving latent factors has been proposed [13]. This cop-
ula model can be regarded as a truncated Vine copula to simplify the modeling
process. The variables of interest are independent given the factors, thus al-
lowing to simulate easily from this copula. When there is only one factor, this
copula is parsimonious, as it requires only d parameters, where d is the number
of variables at play. Still, this copula presents a flexible dependence structure,
since various tail behaviors can be obtained. Nonetheless, only parametric fac-
tor copulas have been considered until now. This is a restriction, because one
has to hope that a parametric family would fit the data in a reasonable way.
Moreover, the copula expression, which writes as an univariate integral, could
not be calculated, thus preventing a finer analysis of its dependence properties.
Finally, this copula has not been proved to be an extreme-value copula, thus
discarding it from the theoretical well grounded copulas suited for extreme-value
analysis.

In this paper, we propose a nonparametric one-factor copula whose expres-
sion writes in closed form. This advantage permits to explicitely derive the
dependence coeflicients thus allowing to see that all types of dependence struc-
tures can be obtained. Moreover, we are able to derive the extreme-value copu-
las associated to the nonparametric one-factor model by computing the limiting
distribution of the normalized maxima. Finally, even though the nonparamet-
ric one factor copula is not differentiable, we use recent theoretical results to
propose to base the inference on the dependence coefficients, whose resulting
estimator is proved to be consistent and asymptotically normal.

The remaining of this paper is as follows. Section 2 presents the nonpara-
metric one-factor model, Section 3 deals with inference, and Section 4. The
proofs are postponed to the Appendix.

2 A nonparametric class of one-factor copulas
to balance flexibility and tractability

Since the proposed nonparametric one-factor copulas are special cases of the
more general one-factor copulas, we introduce the later in Section 2.1. The
construction and properties of the nonparametric one-factor copula is given
in Section 2.2. Parametric examples are given in Section 2.3. The extreme-
value copula associated to the nonparametric one-factor copula are derived in



Section 2.4.

2.1 One-factor copulas

Let Uy, Uy, ...,Uy be standard uniform random variables such that the coordi-
nates of (Uy,...,Uy) are independent given Uy. Let us write Cp; the distribution
of (Uo,U;) and Cjjo(-|uo) the conditional distribution of U; given Uy = ug for
t=1,...,d. Tt is easy to see that the distribution of (Uy,...,Uy) is given by

1
C(U17~-~>Ud):/ Chjo(utluo) - - . Cgjo(ualuo) dug. (1)
0

Since the role played by Uy is that of a latent variable, or factor, this model has
been called a one factor model in [13]. The copulas Cy; are called the linking
copulas because they link the factor Uy to the variables of interest U;. The
one-factor model has many advantages to address high dimensional problems.
We recall and briefly discuss them below.

Nonexchangeability A copula C' is said to be exchangeable if C(uq,...,uq) =
C(ur(1y,---»Ur(q)) for any permutation 7 of (1,...,d). This means in
particular that all the bivariate marginals are restricted to exhibit the same
statistical behaviour. For instance, the pairs (Uy, Uz) and (Us, Uy) have the
same distribution. As an example, Archimdean copulas are exchangeable
copulas. Needless to say, this assumption may be too strong in practice.
That is why the class of Archimedean copulas was extended to the wider
class of nested Archimedean copulas (see [15] and [12] Section 4.2). The
one-factor model has the advantage to be, in general, nonexchangeable.

Parsimony The one-factor model is parsimonious, a feature of great impor-
tance in high dimension. Indeed, only d linking copulas are involved in
the construction of the one-factor model, and since they are typically gov-
erned by one parameter, the number of parameters in total is no more
than d, which increases only linearly with the dimension.

Random generation The conditional independence property of the one factor
model allows easily to generate data (Uy,...,Uy) from this model.

1. Generate Uy = ug,Vy = v1,...,Vy = vq i.i.d. standard uniform
random variables.

2. Fori=1,...,d, put U; = C’iTol(vi|U0 = ug) where v — Cl._‘ol(v|U0 =

ug) denotes the inverse of v — Cyjo(v|Up = uo).

Properties of the one-factor model have been investigated in [13]. Regarding
tail dependence, the authors studied how tail dependence properties are trans-
mitted from the linking copulas to the one-factor copula bivariate marginals

Cij(ui,uj) = C(].,...,1,?1,1',17...,]./U,j,].,...,].).

A bivariate copula is lower (upper) tail dependent if its lower (upper) tail depen-
dence coefficient is positive. Recall that the lower and upper tail dependence
coeflicients of a bivariate copula C' are respectively given by

1-2
A — limM e [0,1], AU — hmw

€ (0, 1].
ul0 U utl 1—u [ ]



If the linking copulas Co; and Cy; are lower (upper) tail dependent, then so is the
one-factor copula bivariate marginal C;;. Although this property is of interest,
it would be better if one could say, for instance, how much the bivariate marginal
is tail dependent. In other words, can we explicitly derive the tail dependence
coefficients of the C;? Of course, the same question applies to the Spearman’s
rho and Kendall’s tau dependence coefficients.

Another question related to extreme-value statistics is the following. Is the
one-factor copula an extreme-value copula (the definition of extreme-value cop-
ulas is postponed to Section 2.4)7 If not, can we calculate the limit

crwy’™, . ul/™
as n — 0o to get an extreme-value copula?

These questions are part of a more general global problem of constructing a
tail dependent copula in closed structure with the widest dependence structure
possible while keeping the advantageous one-factor form. This copula may be
nonparametric to get rid of restrictive parametric assumptions during the mod-
eling process. We believe that the so called nonparametric one-factor copulas
proposed in Section 2.2 permit to answer these questions.

2.2 Nonparametric one-factor copulas to balance tractabil-
ity and flexibility

In this section, we construct a class of nonparametric one-factor copulas by

choosing appropriate nonparametric linking copulas. The selected class of non-

parametric copulas is referred to as the Durante class [4]. This class consists in
the copulas of the form

C(u,v) = min(u, v) f (max(u, v)), (2)

where f : [0,1] — [0, 1] called the generator of C is a differentiable and increasing
function such that f(1) = 1 and ¢t — f(¢)/t is decreasing. The advantages of
taking Durante copulas are twofold: we can calculate the integral (1) and the
resulting multivariate copula is nonparametric.

Theorem 1. Let C be defined by (1) and assume that Cy; belongs to the Durante
class (2) with given generator f;. Then

d

C’(ul,...,ud)zuu) H / da?“!‘f U(2) Hf
U(d) j=1

d d )
+3 H [T oo | [ I o]
k=3 j=k u

(k=1) j= 1
where wy = Uy (s), f5) := fo@) and o is the permutation of (1,...,d) such that
Ug(1) S -+ < Ug(q)-

The particularity of the nonparametric one-factor copula expression (3) is
that it depends on the generators through their reordering underlain by the



permutation o. For instance, with d = 3 and u; < ug < uz we have ug) =
ur, up) = Uz, uz) = uz, 0 = {1,3,2} and fu) = foy = f1, fo) = forr) =
I3, f3) = fo3) = f2- This feature gives its flexibility to the model, referred
to as NPOF from now on (NonParametric One-Factor model). Although the
NPOF copula expression has the merit to be explicit, it is rather cumbersome.
Hence, we shall continue its analysis through the prism of its bivariate marginals,
which reveal to belong to the Durante class as well.

Proposition 1. Let C;; be a bivariate marginal of the NPOF copula (3). Then
it belongs to the Durante class (2) with generator

1
Folt) = 150+ [ fa) s,
In other words,
Cij(ui,uz) = Cy,; (i, uj) = min(u;, ug) fij (max(ug, uy)). (4)

Thus, the NPOF model is stable in the sense that its bivariate marginals
belong to the same class as that of the bivariate linking copulas. It can be
viewed as a flexible generalization in higher dimension of the Durante class of
bivariate copulas. Another generalization has been proposed in [5]:

d

Cyrlut, ..., ua) = uq) Hf(u(i)),

=2

where f is a generator in the usual sense of the Durante class of bivariate copulas.
Unfortunately, the fact that there is only one generator to determine the whole
copula in arbitrary dimension restricts much of the applicability of this copula.

Since the bivariate marginals of the NPOF copula belong to the Durante class
of bivariate copulas, we refer to the original paper [4] for a detailed account of
their properties. Here, we shall only report the formulas for the dependence
coefficients. The Spearman’s rho p, the Kendall’s tau 7, the lower ML) and
upper AU tail dependence coefficients of a bivariate copula belonging to the
Durante class with generator f are respectively given by

1
o :12/ 22 f(z)dx — 3,
0

1
T :4/ zf(x)ide — 1,
0
AE) =£(0),
A =1 — f(1).
Hence, to get the dependence coefficients of the NPOF bivariate marginals, it

suffices to apply the above formulas and Proposition 1. The pairwise dependence
coefficients of the NPOF copula are summarized in the next proposition.

Proposition 2. The Spearman’s rho, the Kendall’s tau, the lower and upper
tail dependence coefficients of the NPOF' bivariate marginals Cy; are respectively



given by

piy =12 / 22, (@)f, ()de + 3 / @) f @) e — 5,
2

Tij —4/0133 <fi(x)fj(x)+a:[ f{(t)f;(t)dt) dr —1,

AP = AN and
(U) _ (U)4(U)
A = AAT
where )\EL) = £;(0), )\EU) =1-fl(1),i=1,...,d are the lower and upper tail
dependence coefficients of the bivariate linking copulas respectively.

The ability to calculate the dependence coefficients in analytical form allows
to better understand the tail dependence structure of the NPOF copula, and, in
particular, how are passed tail dependence properties from the linking copulas
to the NPOF bivariate marginals.

The results of Proposition 2 are in accordance with the results about general
one-factor copulas. Recall that it was established that if the linking copulas Cy;
and Cy; are lower (upper) tail dependent, then so is the bivariate marginal
Ci;. It is easily seen that, here, if the linking copulas Cpy; and Cp; are lower
tail dependent, then f;(0) > 0 and f;(0) > 0, which happens if and only if
£i(0)f;(0) > 0. In Section 2.3, various forms for the dependence coefficients are
obtained by choosing parametric families for the linking copulas.

2.3 Examples of parametric families

The multivariate NPOF model is determined by d generators (f1, ..., f4). In this
section, we assume that each of these generators belong to a same parametric
family whose parameter is real. We give four examples of such families, and we
show that these families allow to get all possible types of dependence structure.

Example 1 (Cuadras-Augé generators). In (3), let
fl(t) = tliei, 0; € [0, 1} (5)

A copula belonging to the Durante class with generator given by (5) gives rise to
the well known Cuadras-Augé copula with parameter 0; [3]. By Proposition 1,
the generator for the bivariate marginal Cy; of the NPOF copula is given by

fu={ T (1- G52Ug) 4 (L0020 g, 40, #1
t(l—(l—&i)(l—Gj)logt) zf@l—&—ﬁj =1.

The Spearman’s Tho, the lower and upper tail dependence coefficients are respec-
tively given by

30,0,

- _ o) _

Example 2 (Fréchet generators). In (3), let



A copula belonging to the Durante class with generator given by (6) gives rise
to the well known Fréchet copula with parameter 0; [8]. By Proposition 1, the
generator for the bivariate marginal C;; of the NPOF copula is given by

fij(t) = (1 - (91‘9]‘) t + Hiej.

By noting that f;; is of the form (6) with parameter 6;0;, one can see that
the bivariate marginals of the NPOF copula based on Fréchet generators are
still Fréchet copulas. The Spearman’s rho, the lower and upper tail dependence
coefficients are respectively given by

L U
Pij = /\Ej) = )‘Ej = 0:0;.
Example 3 (Sinus generators). In (3), let
Sln(ezt)
sin(@i) ’
This generator was proposed in [4]. By Proposition 1, the generator for the
bivariate marginal C;; of the NPOF copula is given by

sm(HZt) Sin(th) tGZQJ %
sin(0;) sin(0;)  2(05 — 07) sin(6;) sin(6;)

fit) =

0; € (0,71'/2] (7)

fij(t) =

{(91 + 0J) [Sin ((01 — 0])1?) + sin (0] — 91)]

+ (05 — 0;) [sin(0; + 6;) — sin ((6; + 6,)t)] } if 0; # 0.

The Spearman’s Tho, the lower and upper tail dependence coefficients are respec-
tively given by

1
1
pij = 12(sin; sin6;) ! / z? sin(0;z) sin(0;x) + Z@Hjx4 cos(6;x) cos(f,x)dx — 3,
0

0; 0,
AE — 0 and AV = (1 - —~ 1——L ).
i =0 and Ay tan(6;) tan(6;)

Example 4 (Exponential generators). In (3), let

fi(t) = exp (teie 1) . 0;>0 (8)

i
This generator was proposed in [4]. By Proposition 1, the generator for the
bivariate marginal Cy; of the NPOF copula is given by

th—1 %1 ! ol -1 2% 1\ L,
fz‘j(t)zexp< 0, + 6, >+t/t exp( 0, + 6, >m1+-’ 2.

The Spearman’s rho, the lower and upper tail dependence coefficients are respec-
tively given by

1 0, 0;
o1 af—1 1
oy :12/ exp T L2 2?4 —g3H0t ) gy 3,
0 92 6‘j 4

(L) _ 11 ) _
)\ij =exp <— — 9;) , and /\ij =0.

0;



The tail dependence coefficients are summarized in Table 1. One can see
that all possible types of tail dependences can be obtained: the Cuadras-Augé
and sinus families allow for upper but no lower tail dependence, the exponential
family allows for lower but no upper tail dependence, and the Fréchet family
allows for both.

family of generators ‘ A§f) )\g‘])
Cuadras-Augé 0 0;0;
Fréchet 0:0; 0:0;
Sinus 0 (1— ta?liigi)(]‘ - taiijej)
Exponential exp(—g%_ - %) 0
(U

Table 1: Lower )\EJ-L) and upper A ) tail dependence coefficients for the four

families presented in Section 2.3.

(]

2.4 Extreme-value copulas attractors

In this section, we derive the extreme-value copulas attractors associated to
the NPOF model. This is an important result for extreme-value statistics.
Indeed, according to extreme-value theory, the proper copulas to be used for
the analysis of extreme values should be the extreme-value copulas. A copula
Cy4 is an extreme-value copula if there exists a copula C such that

Cy(un,...,ug) = imC™(uy"",. . uy™), 9)

ntoo

for every (u1,...,uq) € [0,1]%. We say that Cy is the attractor of C and that
C belongs to the domain of attraction of Cx. A popular representation of
extreme-value copulas involves the so called stable tail dependence function [9].
Let Sq—1 = {(y1,---,94) € [0,00)¢ : >_;y; = 1} be the unit simplex in R,
Then there exists a finite Borel measure H on S;_1 such that

Cu(u1,...,uq) = exp[—I(—logus,...,—logug)], (10)

where [ : [0,00)¢ — [0,00) is given by

l(l‘l,...,l'd) :/ ~max (ijj)dH(y1,~--7yd), (Il,...,md) (S [0,00)d,
S,

1 Jj=1,..., d

with
/ yjdH(yl""7yd):17 j:17"'7d'
Sa-1

The function [ is called the stable dependence function and completely deter-
mines the extreme-value copulas. Extreme-value copulas have no lower tail
dependence. The dependence for extreme-value copulas is naturally measured
with the upper tail dependence coefficient, or simply tail dependence coefficient.



The tail dependence coeflicient A of a bivariate extreme-value copula Cx takes
the form

A=2+logCyule ™).

The limit (9) can be calculated for the NPOF copula (3) leading to a new
extreme-value copula (referred to as EVNPOF from now on) which benefits
from most of the advantageous properties of the NPOF model.

Theorem 2. Assume that the generators f; of the NPOF copula are twice
continuously differentiable on [0,1]. Then the attractor Cy of the NPOF copula
exists and is given by

d
Cy(un, .. ua) = [ ul), (12)
i=1

where
i—1
xi= | [TA=26) | Ay +1 =A@,
j=1

with the convention that H;):l(l — ) = 1 and where \; = 1 — f{(1). As in
(3), wiy = ugqy and f(;y(1) = f};)(1) where o is the permutation of (1,...,d)
such that uy < -+ < uegy. The stable tail dependence function of Cy is given
by

d
Wzq,...,2zq) = Zxa(i)xi, x = (x1,...,7q) €[0,00)%
i=1

Note that, because of (10), we have x,(1) > -+ > x,(q) if and only if us (1) <
< Uy

Even though the copulas belonging to the domain of attraction of Cy are
nonparametric, the attractor Cy is parametric, since it depends on the generator
derivatives only at a single point. As for the NPOF model, we shall have a look
at the bivariate marginals

C#,ij = C#(].,...,1,?1,2',17...,1711,]',1,...,1)
to study the dependence properties of this extreme-value copula.

Proposition 3. Let Cy ;; is a bivariate marginal of the EVNPOF copula. Then
Cyu.ij is a Cuadras-Augé copula with parameter A\;A;. In other words,

Cpij(u, uy) = min(u;, u;) max(u,, uj)l_)"’)‘j. (13)

Hence, the bivariate marginals of the EVNPOF copula are Cuadras-Augé
copulas, and, therefore, belong the Durante class of bivariate copulas. Moreover,
the upper tail dependence coefficient of the EVNPOF copula bivariate marginal
is the same as the upper tail dependence coefficient of the NPOF copula bivariate
marginal with Cuadras-Augé (Example 1) and Fréchet (Example 2) generators.

The multivariate EVNPOF extreme-value copula can be regarded as a flex-
ible generalization of the Cuadras-Augé copula. To demonstrate this, we shall



compare it to other multivariate generalizations of the bivariate Cuadras-Augé
copula. Let

d
A(ul, v ,ud) = U(1) Hu((lii)’
=2

where (a; = 1,a9,as,...,aq) is a d-monotone sequence of real numbers, that is,
a sequence which satisfies Vi7lay >0, k=1,...,d,j=1,...,d — k + 1 where
Vi =37 o(=1)"(})arts, j. k > 1 and V%a; = ai. This exchangeable copula

was proposed in [14]. In particular, the bivariate marginals write
Aij (ui, Uj) = min(ui, Uj) max(ui, Uj)aQ.

One can see that all the bivariate marginals are governed by a single parameter
as. This means that all of them exhibit the same statistical behavior. For
instance, all the upper tail dependence coefficients are equal and are given by
1 — a9, which is far too restrictive for most applications.

Now let

d d
AN : y
B(uq,...,uq) = I |u11 L=tz Ma | Imln(ui,uj)’\”,
i=1

i<j

where \;; € [0,1], A;; = A\j; and

o<l i=1,...,d (14)

J=1,.d; j#i

This copula was proposed in [6]. It is easy to see that the bivariate marginals
B;; are Cuadras-Augé copulas with parameter (and thus upper tail dependence
coefficient) \;;. Unlike the copula A, the tail dependence coefficients can take
distinct values from each other. Unfortunately, the constraints (14) on the
parameters \;; are quite restrictive, as it was already stressed by the original
authors.

In the light of the above, one can see that the EVNPOF model achieves
greater flexibility than its competitors. In particular, one can obtain distinct
distributions for the bivariate marginals without imposing restrictive conditions
on the parameters.

3 Parametric inference

Here the results of the working paper weighted least square inference for multi-
variate copulas based on dependence coefficients will be used.

10



4 Numerical illustrations

A Appendix

Proof of Theorem 1

Let Cjjo(-|uo) be the conditional distribution of U; given Uy = ug. The Uj’s are
conditionally independent given Uy, hence,

/ \o Ug|uo)duo (15)
/ 6CQJ UO,uj)duo
3u0

0Co(j) (uo, ugj))
/H 8u0 dUQ
:/u(l) H 8CO(j)(uO,U(j))du
0 dug 0

d_ - pugy k=1 OCH(5 ( ) 1 9Co( ]
G) UQ,U(j)) ()(j)(uo’u(]))
+ Z/ H 6u0 H 8u0

k=27 U%(k-1) j=1 j=k

L 9 (o, u )
() U0, ¥(J
+/1; H a’u,o duo.

() j=1

Since
9Cu;(uo, uj) _ [i(ug) if uo < u;
Oug ujfj’(uo) if ug > Uj,

(15) yields

k—1
u] + Z H f(J) /u H U(j)f(/j)(uo)duo

k=2 j=k (k=1) j=1

1
f UO duo

‘:1@“?:1&

= w(a)
Putting w(;) in factor and noting that fu(z) foy(@)dz = fay(ue) — fo)lua))
finishes the proof.

Proof of Propositionl

It suffices to set all ui equal to one but u; and u; in the formula (3).

Proof of Proposition 2

It suffices to apply the formula of the dependence coefficients for the Durante
class of bivariate copulas given in Section 2.2. To compute the Spearman’s rho,

11



note that [, a2 f;(x fo 22 fi(x) fi(x)dz + [y @3 [1 f1(2)fi(2)dzdz. An

integration by parts ylelds fo 3f f f’( Ydzdx = (1/4) fo 4fi () f}(x)dx
and the result follows.

Proof of Theorem 2

Fix (u1,...,uq) € [0,1]% and let n > 1 an integer. Put
1/n
1/n f]( / )
Q=) 1/n ,
]_1 U
P : /l/n Hf uo)du,
“ay j=1
fiy(u
Tn H l/n ’
J=k (J)
l/n _
(k)
On,k : /l/n H [ (wo)duo,
U(k-1) j=1
and define
d
Ay =y + Bn + Z fYn,k(Sn,k-
k=2

We are going to derive equivalence at infinity for a,,, 8,7, and d,,. Let ~ denote
the equivalent symbol at infinity (i.e., a,, ~ b, means a, /b, — 1 as n — c0).
By using the well known formulas e* ~ 1+ (when x — 0), logx ~ 2 —1 (when
r— 1) and fj(z) ~ 1+ (z —1)f;(1) (when z — 1) we get

d
1 1 1
~ (1 + - 1ogu(1)> (1 - log(uy ... ud)> 1+ - ;bg U(j)f(/j)(l) and

d d
1 1
Yo~ [ 1— - Zlogu(j) 14 - Zlog u(j)f(’j)(l)
j=k j=k
For f3,, the equivalence is obtained as follows. Let F(x) be a primitive of

H?:1 fi(x). Then B, = F(1) — F(u 24)71) A Taylor expansion yields

1/n
(U(d) - 1)2

Flugy) = F(1) + (ugg = DF'(1) + —75

Ua) Ua) F'(an)

where z;, is between uéé)" and 1. Since F” is assumed to be continuous on [0, 1],
it is uniformly bouned on this set and therefore (uéé)n —1)2F"(2,)/2 = o(1/n)
where o(1/n) is a quantity such that no(1/n) — 0 as n — oco. Hence, since

ugé)" = exp(log(u(a))/n) ~ 1+ log(ug)/n, we have as n — oo

F(1) = Fugy') ~ f% log(u(a)) F'(1).
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The same arguments apply to get

d
1
B ~ *ﬁlogu(d) H fi(1)

j=1

1 " E—1
On ~ — log < ®) > f5(@).
n u(k—l) i=1

The quantity A, is a polynomial with respect to n~! of order at most three.
In (16), the coefficients of order 0, 2, and 3 vanish at infinity. Only remain the
terms of order 1, hence,

d
71LITI£10 n(A, — 1) =logugy — log(uy ... uq) + Zlog u(j)f(’j)(l)
j=1

d d k-1
—logugy [ £ (1) + > TT £ (1) log <u(k)> :
j=1

k=2 j=1 U(k—1)

By using Abel’s identity, that is, 221:—11 ai(bir1 — b)) = E?:_ll bi(ai—1 — a;) +
ag—1bg — a1by for two sequences (a;) and (b;) of real numbers, we can write

d k—1
tim (A, = 1) = 3 | | TLAH(0) | (L= foy (1) + Fig () = 1 | loguge,
k=1 j=1

=Xk
with the convention that H?:l f(’j)(l) = 1. From (3) we have
C’"(ui/n, . ,u}/") =y ...uqexp[nlog A,)

which is equivalent at infinity to

uy ...ugexp [n(4, —1)]. (16)
Hence
d
1/n 1/n\n
Cluy/™,.. . ul/™m — Huz‘,:)
i=k
as n — o0o.

To derive the expression for the stable tail dependence dependence function,
it suffices to apply the definition. By (10) we have

d
{(—loguy,...,—loguy) = — Zxk log w1
k=1
d
==Y xrlogug)
k=1
(recall that o is the permutation of (1,...,d) such that usn) < -+ < Up(a))
Putting zx = —logux we get the result (observe that x,(1) > --- > xa(d)).

13



References

[1]

[10]

[11]

K. Aas, C. Czado, A. Frigessi, and H. Bakken. Pair-copula constructions of
multiple dependence. Insurance: Mathematics and Economics, 44(2):182—
198, 20009.

E. F. Acar, C. Genest, and J. NesLehova. Beyond simplified pair-copula
constructions. Journal of Multivariate Analysis, 110:74-90, 2012.

C.M. Cuadras and J. Augé. A continuous general multivariate distribution
and its properties. Communications in Statistics - Theory and Methods,
10(4):339-353, 1981.

F. Durante. A new class of symmetric bivariate copulas. Nonparametric
Statistics, 18(7-8):499-510, 2006.

F. Durante, J.J. Quesada-Molina, and M. Ubeda Flores. On a family
of multivariate copulas for aggregation processes. Information Sciences,
177(24):5715-5724, 2007.

F. Durante and G. Salvadori. On the construction of multivariate extreme
value models via copulas. Environmetrics, 21(2):143-161, 2010.

F. Durante and C. Sempi. Copula theory: An introduction. In P. Jaworski,
F. Durante, W.K. Héardle, and T. Rychlik, editors, Copula Theory and Its
Applications, volume 198, pages 3-31. Springer, 2010.

M. Fréchet. Remarques au sujet de la note précédente. CR Acad. Sci. Paris
Sér. I Math, 246:2719-2720, 1958.

G. Gudendorf and J. Segers. Extreme-value copulas. In P. Jaworski, F. Du-
rante, W.K. Hardle, and T. Rychlik, editors, Copula Theory and Its Appli-
cations, page 127-145. Springer, 2010.

M. Hofert. Construction and sampling of nested archimedean copulas. In
P. Jaworski, F. Durante, W.K. Hérdle, and T. Rychlik, editors, Copula
Theory and Its Applications, pages 147-160. Springer, 2010.

M. Hofert, M. Maéchler, and A.J. McNeil. Likelihood inference for
archimedean copulas in high dimensions under known margins. Journal
of Multivariate Analysis, 110:133-150, 2012.

H. Joe. Multivariate models and dependence concepts. Chapman &
Hall/CRC, Boca Raton, FL, 2001.

P. Krupskii and H. Joe. Factor copula models for multivariate data. Journal
of Multivariate Analysis, 120:85-101, 2013.

J.F. Mai and M. Scherer. Lévy-frailty copulas. Journal of Multivariate
Analysis, 100(7):1567-1585, 2009.

A. J. McNeil. Sampling nested archimedean copulas. Journal of Statistical
Computation and Simulation, 78(6):567-581, 2008.

A.J. McNeil, R. Frey, and P. Embrechts. Quantitative risk management:
concepts, techniques, and tools. Princeton university press, 2010.

14



[17] R.B. Nelsen. An introduction to copulas. Springer, New York, 2006.

15



