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1. Introduction. This article has roughly a threefold aim. The first is
to provide a series of upper and lower bounds for the number of points on
an abelian variety defined over a finite field. A simple typical result is

(¢+1—-m)? <|AF)| < (¢+1+m)?
(Corollaries and. Here A is an abelian variety of dimension g defined
over the field IF, of ¢ elements, and m is the integer part of 2¢'/2. This
inequality improves on
(q+1—2¢"%)7 <|A(Fy)| < (a+1+2¢"7),
which is an immediate consequence of Weil’s inequality. We also provide
bounds for |A(F,)| depending on the trace of A. If, by chance, A is the Ja-

2010 Mathematics Subject Classification: 11G10, 11G20, 11G25, 14G10, 14G15.
Key words and phrases: abelian varieties over finite fields, Jacobians, curves over finite
fields, zeta functions.

DOI: 10.4064/aa160-3-1 [201] © Instytut Matematyczny PAN, 2013



202 Y. Aubry et al.

cobian of a curve or the Prym variety of a covering of curves, the trace is
easily expressed in terms of the number of rational points on the correspond-
ing curves. We obtain two other lower bounds depending on the harmonic
mean 1 = n(A) of the numbers ¢ + 1 + z;, namely

1_129: 1
noogo gt

where
g

fat) = [ + @it +q)
i=1
is the Weil polynomial of A.

Our second aim is to obtain specific lower bounds in the special case
where A = J¢ is the Jacobian of a smooth, projective, absolutely irreducible
algebraic curve C' defined over F,. M. Martin-Deschamps and the third
author proved in [9] that

@ '-1 N+4g-—-1
g q—1
where g is the genus of C' and N = |C(F,)|. This article offers several

improvements to this bound, if ¢ is large enough: for instance,

et (1-2) 12 Do020)

and also, with Stanley’s notation (3.4)),

=) e ()

The third aim is to give exact values for the maximum and the minimum
number of rational points on Jacobian varieties of dimension 2, namely, to
calculate, in the case g = 2, the numbers

[Jo(Fq)| = n

)

Jq(g) = mé}XUC(Fq)‘ and  jq(g) = mgn]JC(Fq)\,
where C' ranges over the set of equivalence classes of smooth curves of genus
g over Fy. These numbers are the analogues for Jacobians of the numbers
Nylg) = max|C(F,)| and  ny(g) = min|C(F,)],
introduced by J.-P. Serre. For g = 2, the bounds
(q+1-m)P<jo(2), J(2) < (q+1+m)

are attained in most cases, with exceptions occurring when ¢ is special. It
is worth pointing out that S. Ballet and R. Rolland [3] recently obtained
asymptotic lower bounds on the number of points on Jacobian varieties;
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these results are distinct from ours. Some of the results presented here come
from the thesis [7] of the second author, and the contents of the present
article are summarized in [IJ.

The contents of this article are as follows. Section 2] is devoted to the
number of points on general abelian varieties. In we first prove an
upper bound (Theorem obtained by H. G. Quebbemann in the case
of Jacobians, and M. Perret in the case of Prym varieties. Then we state
three sharper upper bounds, depending on the defect of A or on a specific
parameter r.

The lower bounds we discuss in §2.2) are based on auxiliary results, pre-
dominantly on inequalities between classical means, and depend on the trace
of A. The first one (Theorem is based on Specht’s inequality (Propo-
sition , and is symmetric to the upper bound of Theorem Another
important result is Theorem [2.13] and Corollary [2.14] gives the unconditional
lower bound stated at the beginning of this introduction.

The bounds stated in Theorem and Proposition [2.16| are expressed
in terms of the harmonic mean 7. In order to compare these bounds, we show
in that if ¢ > 8, then > ¢+ 1 — m (Proposition . The convexity
method of Perret is used in to give two other bounds in Theorem [2:18|
and Proposition [2.19

We discuss Jacobians in Section [3] The previous inequalities apply to
Jacobians, with the number of points on the related curve as a parameter,
and this is stated in The bound for the number of points on Jacobians
given in [9] depends on the identity

g—1 g—2
§ IO(E| =3 Ant 30 " A,
n=0 n=0

where A,, is the number of positive divisors on C' which are rational over [F,.
In this identity is proved in an abstract framework, free of any geo-
metric setting (Theorem [3.5).

By using the combinatorics of the exponential formula, various inequal-
ities for the numbers A,, are obtained in depending on two conditions
and which are satisfied by Jacobians. We discuss these conditions
by giving in Propositions and some results on a certain number B,,,
which, in the case of Jacobians, is the number of rational prime cycles of
degree n on the curve. For instance, for a curve of genus g,

nBn > (¢ +1)2((¢"* = 1)? — 2¢).

This leads to three new lower bounds. All of these are gathered in §3.4]
where we compare them, and discuss their accuracy.
In Section {4} the last one, the complete calculation of J,(2) in Theo-

rem and of j,(2) in Theorem is worked out.
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2. Abelian varieties

2.1. Upper bounds. Let A be an abelian variety of dimension g de-
fined over the finite field [F, of characteristic p, with ¢ = p". The Weil
polynomial fa(t) of A is the characteristic polynomial of its Frobenius en-
domorphism Fj. Let wy,...,wy,@1,...,wy be the complex roots of fa(t),
with |w;| = ¢'/? by Weil’s inequality. For 1 < i < g, we put x; = —(w; + @),
and we say that A is of type [x1,...,xz4]. The type of A only depends on the
isogeny class of A. Let

g g
T=71(4)=— Z(wl +w;) = ZJ:Z
i=1 i=1
The integer 7 is the opposite of the trace of F)4, and we say that A has trace
—7. The number of rational points on A is |A(F,)| = fa(1), and

9

(2.1) [AF)| = [Ta+1+2)
=1
since . ,
fa®) =[]t = wi)(t —wi) = [[(&® + @it + q).
=1 =1

Since |z;| < 2¢*/2, one deduces from (2.1) the classical bounds
(q+1-2¢"2)9 <JA(F))| < (q+1+2¢"2)7.

The arithmetic-geometric inequality states that

1
(c1...cp)F < clent )
if ¢1,.. ., ck are non-negative real numbers, with equality if and only if ¢; =
- = c¢g. Applying this inequality to (2.1)), we obtain the following upper
bound, proved by H. G. Quebbemann [I3] in the case of Jacobians, and M.
Perret [12] in the case of Prym varieties:

THEOREM 2.1. Let A/F, be an abelian variety of dimension g and
trace —t. Then

|A(Fg)| < (¢ +1+7/9)7,
with equality if and only if A is of type [z,...,z]. =

Throughout this article, we shall denote m = [2¢'/?], where [a] denotes
the integer part of the real number «. J.-P. Serre [16] proved that

(2.2) || < gm,
hence, by Theorem
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COROLLARY 2.2. Let A/IF, be an abelian variety of dimension g. Then
A < (g+1+m),
with equality if and only if A is of type [m,...,m|. m
We say that A (or 7) has defect d if 7 = gm — d.
ProposITION 2.3. If A has defect d, with d =1 or d = 2, then
|A(Fy)| < (g+m) (g +1+m)7™"

Proof. J.-P. Serre gives in [I8] the list of types [z1,...,24] such that
d =1 or d = 2, and we prove the proposition by inspection. The various
possibilities are described in Table [1| below. In this table,

Y1 = (_1—1_\/5)/27 Y2 = (_1_\/5)/2a
wi =1—4cos’(jn/7), j=1,2,3.
Moreover, 54 is the right hand side of the inequality and b=q¢+ 1+ m. =

Table 1. Types with defect 1 or 2, withb=¢q¢+ 1+ m

d_[z1,...,2 Ba — |A(F,)|

1 (m,...,mym-—1) 0
(m,...,m,m+ @1,m+ ¢2) p9—2

2 (my,....mm—1m-—1) 0
(m,...,m,m—2) p9~2
(m,....,mm++v2—-1,m—-+v2-1) 20972
(m,....,mm++v3—1,m—+3-1) 3p972
(m,...,m,m—1,m+ 1,m+ p2) b9 3(b—1)
(m,...,m,m+ @1, m+ @2, m+ @1, m+ps) b9~ (20> —2b—1)
(m,...,m,m+ wi,m+ w2, m+ ws) b3 (26 — 1)

Now assume g > 2. The following result extends Proposition some-
what. Let

yi=xi—[r/g] (1<i<g), ?”=Zyz' =7 —g[r/g],

so that r is the remainder of the division of 7 by g¢.
ProPOSITION 2.4. Ifr=1o0orr=g—1, then
[AF)| < (g+1+[r/g)" " (a+2+[r/g])"

Proof. Take an integer k with 1 < k < g — 1. If H belongs to the set By,
of subsets of {1,...,g} with k elements, we define

yr =Y v and fu(T)= [ (T—yn).

i€H HePy
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Observe that f;, € Z[t], since the family (z;) is stable under Gal(Q/Q).
Moreover,

Tryy 1 3 1<g—1> J kr
Tryw LS~ = L0y =R
deg fr (Z) HePy (z) k=1 i=1 9
Now recall that, if y is a totally positive algebraic integer, then the arith-

metic-geometric inequality implies that
Try > degy.

Hence, if yg > 0 for every H € By, then kr > g. This shows that if kr < g,
then, after renumbering the numbers x; if necessary, we have

k k
Yui<0, ie > ai<klr/g).
=1 =1

Now choose k = g — r, which implies > 0. Then
g

Z z; > r([r/g] +1).

i=g—r+1
Hence, according to the arithmetic-geometric inequality,
g

[AF) = []a+1+m)

=1
1 g—r g—r 1 g r
<<Q+1+g_rz$i> <q+1+r'2 :v)
i=1 i=g—r+1
<(g+1+1[r/9])? (g +2+1[7/9])"

where the second inequality follows from Lemma [2.5] below. To complete the
proof of Proposition it remains to establish that (g —r) < ¢ if and only
if r =1 orr = g—1. Observe that the inequality (g —r) < g holds in every
case if ¢ < 3. Now assume that g > 4 and let

re(9) = 3(9 = (¢° — 49)'?).
The inequality holds if and only if » < r_(g) or > r4(g). If g = 4, then
r—(4)=ry(4)=2.1fg>5,thenl <r_(g9) <2andg—2<74(9) <g—1. =

LEMMA 2.5. Let 0 <a<ec¢<d<b. If(g—r)a+rb=(9—7r)c+rd, then
ad7TY <IN
Proof. The barycenter of (a,loga) and (b,logb) with weights g — r and

ris
((gr)a+rb (gr)loga+rlogb>
9 ’ 9
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and that of (¢,logc) and (d,logd) with the same weights is

<(g—r)c+rd (g—r)logc—i—rlogd)

g g
B ((g—r)a—i—rb (g—r)logc+7’logd>

9

g g
and the result follows from the concavity of the logarithm. =

If 7 has defect 1, then
T/g=m—1/g, [t/gl=m—1, r=(gm—1)—(gm—g)=g—1,

and Proposition reduces to Proposition [2.3

COROLLARY 2.6. If 7 =gm — g+ 1 (defect g — 1), then

[A(F)| < (g +m)? " g+ 1+m).
Proof. Here
T/g=m—1+1/g, [r/gl=m—1, r=gm—g+1—(gm—g)=1,

and the result follows. =

REMARK. Smyth’s Theorem [20}, p. 2] asserts that if x is a totally posi-
tive algebraic integer, then, with finitely many exceptions, explicitly listed,

Trax > 1.7719deg x.

From this, one deduces that the conclusion of Proposition holds true
for every r if ¢ < 7 and if the polynomials z — 1 and z? — 3z + 1 do not
divide fy_,.

2.2. Specht’s inequality. The first lower bound for |A(FF,)| that we
obtain is symmetrical to the upper bound given in Theorem 2.1} and depends
on Specht’s ratio, defined for h > 1 as

. B/ (h=1)
(h) = elog ht/(h=1)’
This is the least upper bound of the ratio of the arithmetic mean to the

geometric mean, as a reverse of the arithmetic-geometric inequality (see [21]
and [6]).

S(1) = 1.

PROPOSITION 2.7 (Specht’s inequality). Let a and b be two numbers with
0<a<b, and h=>b/a. Let ¢ = (c1,...,¢,) be a sequence in [a,b]. Then

a(c) < S(h)y(c),

where ac) = (c1 + -+ ¢n)/n and y(c) = (¢ ...cn)V/™.
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Proof. Let

b—a alogb —bloga Y
— — S = NelH=A)/A
logb —loga’ K logb —loga ’ 0 ¢ ’
so that A is the logarithmic mean of a and b.

(a) We first prove that Sop = S(h). Indeed,

B alogbh —bloga _ log(ah) — log a” _ log(ha'=") _ log(aflhl/(hfl)),
A b—a h—1 h—1
and
~ b—a  a(h-1)
~ logb—1loga  logh
hence,

et/ Aol — a(h — 1)a71h1/(h71)671
log h ’
(b) We now prove that

a(c) < Spy(c).
If t € [loga,logd], the line D of equation y = At + u lies above the graph
of the function y = e, hence, in this interval, e/ < M\t + u. If t; = log ¢; and
loge = (logey,...,loge,), we get

L2 R tn t oot
a(c)ze toore S)\<1+n+n>+u:)\a(logc)+u.

n

On the other hand, the function ¢ — Spe! — A\t — p is convex on the whole
line R, with minimum 0 for ¢ = (A — u)/\, hence A\t + u < Spel. Since
exp a(log c) = 7y(c), this implies

Aa(loge) + pu < Spexp a(loge) = Spy(c).
The two preceding displays imply the required bound, and the proof of
Specht’s inequality is complete.

For the proof of Theorem [2.11] below, we need some preliminary results.

LEMMA 2.8. We have S(h) — 1 if h — 1, and S(h) is an increasing
map from I = |1, 400 onto itself. Moreover
log S(e*') <t?/2  if t > 0.
Proof. If t > 0,
2t 2t

62t—1_10g62t—1_17

log S(e*) =

that is,
sinh ¢

log S(e?") = tcotht — 1 + log ra
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The Taylor series

o0

22" B
tcotht — 1= Z @ )Q'nt%,
n).:

n=1

where B,, is the nth Bernoulli number, is convergent if 0 < ¢t < 7. From this
one sees that log S(e?) is an increasing map from 0, +oo[ onto itself, with
limit O if ¢ — 0. This proves the first statement. Since this Taylor series is
alternating, we have
(2.3) tcotht —1 < #%/3
if 0 <t < 7, and this is obvious if t > 7. Now

d sinh ¢ 1

—1 = cotht — —.

at ® ¢ ¢
By integrating, and with the help of (2.3), we get

inht  t2
s <= ift>0.

log

LEMMA 2.9. Let tg = 2log(1 ++/2). If 0 <t < tg, define
f(t) = —log(1 — 2tanh?(t/2)).
Then f(t) > t2/2.
Proof. The function f(t) is well defined, since tanh(tg/2) = 1/v/2, and
f(t) is increasing from ]0,¢o[ to I. We have
4 tanh(t/2)
!
)= — 12
Y 3 —cosht ’
and coshty = 3. The Taylor series of tanht is convergent if 0 < ¢ < 7/2,
and alternating. This implies
tanht >t —t3/3,
and
4tanh(t/2) > t(2 — t2/2) > t(3 — cosht),
which means that f’(¢) > t, and implies the result by integrating. m

PROPOSITION 2.10. The function S(H(q)) is a decreasing map from I
onto itself. If ¢ > 2, then

2
(2.4) S(H(q)) <1+ -2
Moreover S(H(2)) = 3.828....
Proof. The first statement comes from Lemma since H(q) is a de-

creasing map of I onto itself. If 0 < t < tg, then H(e?) > H(e?0) = 2

and
H(e%) B (elt—i-l)2

H(e2) —2  6et —e2t —1

= f(®).
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Hence, Lemma [2.9] implies
H(e*) _t
1 > —.
CH() 272
Combining this with Lemma we get
t2 H(€2t)
log S(e?) < — < log ————>—.
ogS(e) = 5 slos an T

Let 9 = e?0 = (1 + +/2)*. From the above relation we deduce that if
1 <x<xg,
H{(x)
H(z) -2
Now H(z) is a strictly decreasing map of I onto itself, and H(H (z)) = x.

Since H maps |2, +oo[ onto |1, zg[, we get the required inequality by letting
r=H(q). m

S(x) <

THEOREM 2.11. Ifq > 2, let M(q) = 1/S(h(q)), where S(h) is Specht’s

ratio and
1/2 2
(g7 +1
Let A/F, be an abelian variety of dimension g and trace —t over F,.

(i) We have
|A(Fg)| = M(q)*(q+1+7/9)%.
(ii) In particular,
[A(Fg)l = (1 =2/9)(q+1+7/9)%,
where 1 — 2/q has to be replaced by 0.261 if ¢ = 2.

Proof. According to (2.1)), we apply Proposition with ¢; = ¢+ 1+ x;,
1 <¢<g. Then

crt ot

ci...cqg = |A(Fy)], =q+1+7/g,

and this gives (if). By Proposition the function M (q) is increasing, and
M(qg) >1-2/q ifg>2.
Moreover M (2) = 0.261.... Hence, follows from (f]). =
Theorems and are summarized in the relation
(2.5) (1-2/q)(q+1+7/9) < |A(F )V < q+1+7/g.
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2.3. A general lower bound. It is natural to wonder whether |A(F,)]
has a lower bound symmetrical to Corollary and the answer turns out
to be in the affirmative.

LEMMA 2.12. Let c1,...,c, be non-negative real numbers, and

n
F(T) =][(T + @) e RIT).
i=1
Let
a=(c1+ - +cp)/n, 'y:(cl...cn)l/”,
and assume thatt >0 and 0 < c < 7.
(i) We have
F(t)> (t+¢)" +nla —c)t" !,
and in particular F(t) > (t 4+ ¢)".
(ii) Moreover
F'(t) >n(t+¢)" P +n(n—1)(a—c)t" 2
and in particular F'(t) > n(t + c)" L.
These inequalities are strict unless c; = --- = ¢, and c = 7.

Proof. We exclude the case where ¢; = --- = ¢,. Let By be the set of
subsets of {1,...,n} with k elements. For 0 < k < n, let

se= > ]«
HeBy ieH

be the elementary symmetric polynomial of degree k in c1, . .., ¢,. According
to Newton and Maclaurin, the sequence

e (1) )"

is strictly decreasing, in particular

-1
n
’yk < <k:) Sk < ak,

(Z) Ck < Sk.

Putting sp = 1, and since s; = na, we obtain

P(t) = kznzoskt"’“ = Zn: (Z) ik zn: <sk - (Z) ck>t”k

k=0 k=0
> (t+o)" +nla —c)t"

and since ¢ < v,
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which proves the first inequality of , and of course the second, since
a—c>0. Also,

n—1

F'(t) =) (n—k)spt" ' 7F,

k=0
and is proved along the lines of the proof of . "
REMARK. With the notation of Lemma [2.12] the basic inequality
F(t) > (t+ )"

is just a consequence of the following Holder inequality, where z1,..., T,
and y1,...,y, are non-negative real numbers:

n n n n

H(xi + yi) > (Hazi/n+Hyil/n) ,

i=1 i=1 i=1
unless x1 =+ - =x, and y; = -+ = Yp.

The real Weil polynomial of A is

g
ha(T) = (T + ).
i=1

Then fa(t) = t9ha(t +qt™') and |A(Fy)| = ha(q +1).
THEOREM 2.13. Let A/F, be an abelian variety of dimension g and
trace —7. Then
[AF)| > (¢+1—m)? + (g —m)? (gm + 7).

Proof. We apply Lemma to the polynomial
g
F(T)=ha(T+m+1)=[[(T+m+1+a).
i=1
Here ¢; = m + 1 4+ z;, and

9
7:H(m+1+x¢)1/9 > 0.

i=1
Then v9 € Z, since this algebraic integer is left invariant by Gal(Q/Q),
hence v > 1. Now apply Lemma with ¢ =1 and t = ¢ — m. We get

halg+1) = F(g—m) > (¢ —m+1)7 +g(g —m)? '(a - 1),
and the result follows by observing that g(a — 1) =gm+ 7. »

REMARK. For g = 1, the inequality of Theorem is an equality (if
q < 4 then ¢ — m = 0 and we use the convention 0" = 1).
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Serre’s inequality (2.2) implies gm + 7 > 0, hence:
COROLLARY 2.14. Let A/F, be an abelian variety of dimension g. Then
AF,)| > (g +1—m),
with equality if and only if A is of type [-m,...,—m]. m

2.4. Harmonic mean. The harmonic mean n = n(A) of the family of
numbers ¢ + 1+ z; (1 < i < g) is defined by

1_1Zg: 1
9= q+ 1+

U
hence

1_1Zg: 1

g L-wil

The classical inequality between harmonic and geometric means leads to:
THEOREM 2.15. Let A/F, be an abelian variety of dimension g. Then
[A(Fg)| =77 =
The next proposition is similar to Theorem [2.13]

PROPOSITION 2.16. Let A/F, be an abelian variety of dimension g. Then

A = nla+1=m)! 4 (= m)?(gm -+ 7).

Proof. Since

Walt)
ha(t) 4

(]

1
:lt—Fl‘i’

we have

rA@wr:ghz@+1»

By applying Lemma with F(T') as in the proof of Theorem we
obtain
Walg+1) 2 g(g+1—m)?"! + (g — 1) (g — m)P>(gm + 7).
leading to the second inequality. =
In order to compare the results of the previous section, a lower bound

for 7 is needed. The proof of the forthcoming proposition makes use of a
simple observation, following C. Smyth [20] and J.-P. Serre [19]: Let

Py =[] - ) € 2017
=1
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and F € Z[T]. The resultant res(P, F') is an integer, and if res(P, F') # 0,
then

g
(2.6) > log|F(a;)| = log|res(P, F)| > 0.
i=1
PROPOSITION 2.17. If ¢ > 8, then
n(A) >q¢+1-m
Proof. (a) Assume ¢ > 2. If =1 <t < c(c—2), then

ct
log(l+1t) < ——.
og( + )_c+t

Indeed,

t(c? — 2c —
it f() = CTft—log(Ht) then f'(t) = (1(+t)(20+tt>)2

Thus f'(t) <0if =1 <t < 0and f'(t) > 0if 0 <t < ¢(c— 2). This proves
our statement, since f(—1) = oo and f(0) = 0.
(b) If ¢ > 8, and if |x| < m+ 1, then

qg+1—m
log(z +m + 1 +1-m)(1-2——").
og(z +m+1) <(q )< q+1+x>

Letc=q+1—m.If ¢ > 5, then ¢+ 1—m > 2, and if ¢ > 11, then
2m+1<(¢g+1—m)(¢g—1—m).
Putting t = x + m, the hypotheses of (a) are satisfied, and

(g+1—m)(z+m) < q+1—m>
og(x +m+1) < P (q m) P
Finally, the concl 'on may be Veriﬁed by brute force for ¢ = 8, 9.
) Now use with FI(t) = t + m+ 1 and P(t) = (—1)%ha(—t).

Obv1ously res(P, F ) 7é 0, hence

g
Zlog(azi +m+1)>0.
i=1

One deduces from (b) that

J qg+1—m J 1
1—-——— ] >0, hence +1—m — <g.
;;( q+1+x)'_ (4 );;q+1+xi g "

REMARKS. (i) Proposition shows that Theorem is stronger
than Corollary if ¢ > 8.
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(ii) It can happen that n < ¢ +1 — m. Take ¢ = 2 for instance. As

explained in Section {4} there is an abelian surface A/Fo with

fat) =t* —t3—2t4+4 and |A(F,|=2.
Hence, A is of type [x4,z_], with x4 = (=1 £+/17)/2, and n = 4/5, but
g+1—m=1.

(iii) It is easy to deduce an upper bound for |A(F,)| from the har-
monic mean combined with Specht’s inequality. First, observe that if ¢ =
(c1,...,cpn) is a sequence in [a, b] as in Proposition and if h =b/a > 1,
then
(2.7) v(c) < S(h)n(c)
as one sees by applying Specht’s inequality to ¢’ = (1/¢1,...,1/c,). Now
take ¢; = ¢ + 1 4+ x; as above; we get

|A(F,)| < S(H(q))? n(A)?,
and by Proposition

a1 < (L5 ) oy,

2.5. Convexity. Another way to obtain lower bounds for |A(F,)| is to
use convexity methods as performed by M. Perret. We give the statement
of [12, Th. 3], slightly rectified.

THEOREM 2.18. Let A/F, be an abelian variety of dimension g and
trace —7. Then

1/2 w—28
g’ +1 T

AF)| > (g— 1) ——— , h = —,
4@ -1 (L) e w= o
and where 6 = 0 if g+ w is an even integer, and § = 1 otherwise.

Proof. The idea is to find the minimum of the function

g
(x1,...,2q4) — H(q+1+xi)
i=1
on the set

{(xlv'” 7xg) € [_2(]1/2,2(]1/2]9 | T —+ .- +xg — T}.

Yi = 2q1/2’ €= 2q1/2"

The problem reduces to minimizing the function

g
F(yi,...,yq) = Z log(c + ;)
i=1

on the polytope
P:{(yla'-'ayg) S [—1,1]9 ‘ y1++yg:w}
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The set of points in P where F' is minimal is invariant under permutations.
Since F' is strictly concave, the points in this set are vertices of P. But at
most one of the coordinates of a vertex of P is different from +1. Hence the
minimum of F is attained at a vertex

v=(1,...,1,-1,...,—-1,8) with 8 € [-1,1].

Denote by u and v the respective numbers of occurrences of 1 and of —1
in v, and set § = 1 if 8 is in the open interval (—1,1) and 0 otherwise. Then

ut+v+d=g9, u—v+Iip=uw,

and adding these equations, it follows that if 6 = 0 then g + w is an even
integer. The converse is true: if § = 1 then f is in the open interval (—1, 1),
and either 8 # 0 and g + w is not an integer, or 5 =0 and g + w = 2u + 1.
Hence,

min__exp Py, ..., yy) = e+ B)(c+ 1)"(c —1)"
(Y1,-y9)EP

et 1)\ )2
c— 1)
c+ 1\ w9P)/2
=

— e+ 8)°( — e

)

— (c+ B2 — 1)(96)/2<
andc+f>c—landw—60>w—04. m

One could improve Theorem by computing more explicitly the co-
ordinates of the extremal points of P in the above proof.

PROPOSITION 2.19. Let

- _ e

2 2

h T
, where w-rql/z.

Then
[AF,)| = (g+1+7—2(r = 5)¢"*) (g + 1+ 2¢"/*)" (¢ + 1 — 2¢'/2)".

Proof. We keep the notation and results from the proof of Theorem [2.18
If v # (1,...,1), we denote by r and s the number of occurrences of 1
and of —1 respectively in v but now, without possibly counting 8. Then
r—s = w— f, thus § must be equal to {w} = w — [w] or {w} — 1 (after
perhaps a permutation of 8 with one of the coordinates equal to —1 in the
case where 5 = 1). Thus,

r+s=9g—-1, r—s=w]l+e p={w}—c¢,

where € € {0,1}. If v = (1,...,1), the previous identities remain true if
r =g and s = —1. The equations 2r = g—1+[w|+eand 2s = g—1—[w] —¢
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show that e = 1 if and only if g + [w] is even, and that
r:[g—{_[wq and S:[g—l—[w]].
2 2

Proceeding as in the proof of Theorem [2.18] we obtain

- 1><[w1+e>/2

min  exp F(y1,...,y,) = (c+{w} —€)(? - 1)(9—1)/2(c —

(y1,...,yg)€P
Then

¢\2 41 ([wl+e)/2
g2 — 1>

AE)| > (g 17" (q+ 1+ 2¢2({u} — ©) <

where € = 1 if g+ [w] is even and 0 otherwise, from which the result follows. m

REMARK. If ¢ is not a square, the bound of Proposition [2.19|is reached
only if » = s (which implies that |7| < 2¢'/2?) and 7 is the trace of some
elliptic curve. If ¢ is a square, this bound is not reached only if 7—2(r—s)q'/?
is not the trace of an elliptic curve (in particular, it is reached if 7 is coprime

to p).

3. Jacobians

3.1. Jacobians as abelian varieties. Let C' denote a nonsingular,
projective, absolutely irreducible curve defined over F,, with Jacobian Jc.
We define

Tolg) = max|Jo(Fy)| and jy(g) = min|Jo(Fy)],

where C' ranges over the set of curves of genus g. Corollaries and
imply

(¢ +1-=m)? <jg(g) < |Jo(Fy)| < Jy(9) < (g +1+m)7.
Let N = |C(F,)| be the number of F,-rational points on C. If Jo has trace
—7, then N =g+ 1+ 7, and (2.5) implies

<1 - z>g<q+1+N_(;+1))g < |Jo(Fy)| < <q+1+N_(;+1)>g.

Hence,

(12) (a1 WDV (Nl =Y

where N, (g) stands for the maximum number of rational points on a curve
defined over F, of genus g. The quantity J,(g) has the following asymptotic
behaviour. Define, as usual,

A(q) = lim sup M.

g—o0 g



218 Y. Aubry et al.

The preceding inequalities imply
(1—2/g)(g+ 1+ A(q)) < limsup Jy(9)"/? < g+ 1+ A(g).
On the one hand, the Drinfeld-V1adut upper bound [26, p. 146]
Alg) <q'/?-1
implies
limsup Jy()"/9 < g+ ¢'/?
g—0o0

(the Weil bound would only give the upper bound ¢ + 1 + 2q1/2). On the
other hand, S. Vladut [27] has proved that if ¢ is a square, then

q1/271
q(q) < limsup J,(g) /9.

q_]- g—0o0

Observe that, when ¢ — o0,

q1/2_1
_9 — 1/2_1 9] L
q<q—1> ata 2 PO\ )

REMARK. Some observations on the relationship between Ny(g) and
Jq(g) are in order. The number of points on the Jacobian of a maximal
curve, that is, with N,(g) points, does not necessarily reach J,(g). For in-
stance, J.-P. Serre showed in [I8 p. Se47] that there exist two curves of
genus 2 over 3 with N3(2) = 8 points whose Jacobians have 35 points
and 36 points respectively.

We shall see in Section [4] that a maximal Jacobian surface, that is, with
Jq(2) points, is always the Jacobian of a maximal curve (but there is no
reason that this could remain true if g > 2).

A curve reaching the Serre—Weil bound (i.e. with ¢ + 1 + m points) has
type [m,...,m] by , hence, in the case where the Serre-Weil bound is
reached for curves of genus g, a curve of genus ¢ is maximal if and only if
its Jacobian is maximal.

We record the consequences for Jacobians of the results of Section [2]
Theorem implies, with M(q) as defined there:

ProrosiTION 3.1. If C is a curve of genus g over Fy as above, then
N —(q¢g+1)\’
0 o) 2 () (g +1+ I
Theorem [2.13| implies
[Jo(F)| > (g +1—=m)? + (gm + N — g —1)(g —m)?",
and Proposition leads to:
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PROPOSITION 3.2. If C is a curve of genus g over Fy as above, then
(1) [Jo(F)| = (N —2(r — )¢ *) (g + 1 +2¢"*) (¢ + 1 — 2¢'/2),
with

o[9[ P e et O N—-qg-1
2 ’ 2 2q1/2

3.2. Virtual zeta functions. The usual numerical sequences associ-
ated to a curve over F, (number of points, number of effective and prime
divisors) occur in expressions involving the numerator of its zeta func-
tion. These sequences are defined and their main properties are obtained
here by taking as starting point a polynomial satisfying suitable conditions,
without any geometric reference. If A is an abelian variety of dimension g
over Fy, with characteristic polynomial f4(¢), the reciprocal Weil polynomial
P(t) = Pa(t) = t29 f4(t1) fulfills the following conditions:

(i) P(t) satisfies the functional equation
1
P(t) = ¢%t¥P <> :
qt

(i) P(0) =1 and P(1) # 0.

The inverse roots of P have modulus ¢
now. Condition (i) means that if

], where w = . m

1/2 but we do not need this condition

29
P(t) = ant"

n=0
then agg—, = ¢ "a, for 0 < n < 2g, in other words the sequence g "?a, is
palindromic. This condition implies that the possible multiplicity of +¢'/2 as
a root is even, as shown by H. Stichtenoth in the proof of [24, Th. 5.1.15(e)].
Now, let ¢ € N with ¢ > 2, and denote by Py(q) the set of polynomials
of degree 2¢g in Z[t] satisfying and (i). If P € Py(q), the virtual zeta
function with numerator P is the power series

P(t)

(1—=1)(1—qt)
which is convergent if [t| < ¢~ !. For n > 0, define A,, = A,(P) € Z and
N,, = N, (P) € Q as the coefficients of the power series

(3.2) Z(t) =) Ant", logZ(t)=> Np—,
n=0 n=1

(3.1) Z(t) = Zp(t) = € Z[[t]],

and put
1 n
B, =B,(P)=— —u | N, ,
(P = Su(Gu)Nic o

din
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where p is the Mdobius function. The Mo6bius inversion formula implies
(3.3) N, =) dBy.
dn

We use R. P. Stanley’s notation [22, p. 15]: if S is a set with n elements,
recall that a combination with repetition of k elements (or a k-multiset) in
S is a function f : S — N such that

> flx) =k

TES
The number of all k-multisets in S is denoted by

N G Ry

and these numbers have generating function

(3.5) 1-t)" = i <<Z>)tk

k=0
We now recall a result of Schur [15]:

LEMMA 3.3. Let P € Py(q). With the previous notation:
(i) We have

Z(t) = ﬁ(l — ")~ Bn,
n=1

(ii) The numbers B,, and N, are in Z for any n > 1.
(iii) Ifn > 1, then

()

bePy i=1
with P, = {b=(b1,...,by) € N" | by +2by+ -+ + nb, = n}.
Proof. First, ({i) is a consequence of (3.3)). By using the negative binomial
formula (3.5]), we get from (fil) by comparison of the coefficients of these

power series.
We prove by induction. First, implies A1 = By, and also

n—l o0
Z(t) [T )% = ] = )7% =1+ But™ (mod £™+1).
=1 i=n

If B; € Z for 1 < i < n—1, the left hand side is a power series with coefficients
in Z, and in particular the coefficient of ¢". Then N,, € Z by (3.3)). »
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For n € Z we define 7, = (¢"*' —1)/(¢—1), so that 7_; = 0 and

tn
(1— %) 1—qt ZW"

The definition of Z(t) implies
(3.7) A, = ATk, 1 >0.

LEMMA 3.4. Let P € Py(q), and assume g > 2. If n € Z, then
(3.8) Ay = "1 Ag, 0+ Py,
assuming that A, =0 if n < 0. In particular,
(3.9) A, =P(1)mp—g, n>2g9-—1.

Proof. The proof has three steps.
(a) If n € Z, then

29 29 29 29
(@= DY axmnp = ap(@" =1 =" arg "= ax
k=0 k=0 k=0 k=0

=¢""'P(¢h) ~ P(1) = (¢"T = 1)P(1) = (¢ — 1)P(1)7n—yg,
since P(¢~!') = ¢ 9P(1). Hence

29
Z ATk = P(l)ﬂ'n_g.
k=0

This proves (3.9)), since the left hand side is equal to A,, (if n = 2g — 1,
notice that the term with subscript k = 2g is zero).

(b) If 0 <n < 2g — 2, then
ntl—g 2g—n—2
anrligAQg—n—Q — q — Z ak(ngfnflfk . 1)
k=0
1 2g—n—2

_ q_l Z akqg k(qn 2g+k+1 _ 1)
k=0

2g—n—2

29
Z a2g—kTn—2g+k = — Z aTp—k-

k=0 k=n+2
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(c) If n > 2g — 1, then Ayy 5, = 0 and (3.8)) is equivalent to (3.9)),
which has already been proved in (a). If 0 < n < 2g — 2, we deduce from (a)

that

n 29 2g
Ap = E apTp— = § ApTp—f — Qpy1T—1 — E apTp—k-
k=0 k=0 k=n+2

The first term is equal to P(1)m,—, by (a), the second is zero, and the third
is equal to ¢" 17949, 5 by (b).

We have thus proved if n>0. If n <0, then reduces to
by puttingm=2g—1—n. =

As in the case of the zeta function of a curve [9], we deduce from
Lemma [3.4] that if g > 2, then

g1 92
e o Pt
(3.10) At + ) ¢TI AT = Zp(t) =
> 2 1— 00 —a)
In particular, if t = ¢~1/2,
o2 P(1)
(3.11) Ay1+ 92¢(9-1)/2 ZAann/Q = ¢ D27 + m
n=0

If P € Py(q), the map w + ¢/w is a permutation of the inverse roots
of P, and we order them in a sequence (w;)i<i<2q4 such that wy; = q/w; for
1 <¢<g. We put

v =—(wi+q/w), 1<i<yg.
As in we define n = n(P) € Q by
1 1 Zg: 1
noogS g+t
Since P(1) # 0, we kmow that ¢ + 1+ z; # 0. As in the case of the zeta
function of a curve [9], the evaluation at ¢t = 1 of (3.10) leads to

THEOREM 3.5. Assume g > 2. With notation as above, if P € Py(q),
then

g—1 g—2
TPy = Au+Y ¢4y
N n=0 n=0

We now recall the exponential formula (see R. P. Stanley [23]), which
goes back to Euler. Let y = (y,)nen be a sequence of indeterminates. To an
element b = (by,...,b,) € N one associates the monomial y® = yi’l oyl
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in the ring Q[[y]]. Then

0 £ 00 mn oo 0 1 m bn
eXP(Z ynn> = Hexp<ynn> =11 > b,<ynn>
n=1 n=1 n=1b,=0 n
b th1+2ba+--+kby

_ Z y
N bil... byl 2b2 .. kb

bi,...,bx €N

Let Cyo(y) =1 and for n € N, n > 1,

bePn

where P, is as above. We put

n!
The previous computations show that the following classical identity, called
the exponential formula, holds in the ring Q[[y]][[¢]]:

[e.e]

tn >
ow(Lny) =S ewr
n=1 n=0
The coefficients of C),(y) are natural numbers, since

Culy) = Y 7,
0’6671
where the summation extends over the symmetric group &,,, where
Blo) = (bi(0), ..., bn(0)),

and by (o) is the number of cycles of length & in the cycle decomposition of
o as a product of disjoint cycles. Now come back to the zeta function Zp(t)
of a polynomial P € P4(q). From (3.2), we deduce

(3.12) Ay = Co(Ny,..., Ny).

3.3. Specific bounds for Jacobians. All the results of apply if
we take for P the reciprocal Weil polynomial P4 of an abelian variety A
over Fy, and |A(F,)| = Pa(1). We put

ZA(t) - ZP(t)v An(A) = An(P)v Bn(A) = Bn(P)7 Nn(A) = Nn(P)

(Nn(A) should not be confused with |A(Fgn)|). If A is of dimension g and
trace —7, then

2g
2
Pa(t) = g ant™,  an| < <ng>qn/2, a; =T.
n=0
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We deduce from (3.7 that, roughly speaking, if ¢ is large with respect to g,
then
(3.13) Ap=7p + T am +0(@" ) ="+ "I+ O(¢" Y,

where the implied constant depends only on n and g. Now consider a curve
C over F, with Jacobian J as above, and take P = Pj. Then Z;(t) = Zc(t)
is the zeta function of C'. Moreover, A, and B,, are respectively the number

of effective and prime rational divisors of degree n of C, and N,, = |C(Fgn)|.
We record for future use that in this case the following conditions hold:
(B) B, >0 for 1 <n < 2g,

(N) N,>N; >0 forl<n<2g.

Actually, these conditions hold for any n > 1, and more precisely N,, > Ny
if d | n. The Jacobian of a curve satisfies and , unlike a general abelian
variety. Notice that is stronger than (IN]), since if holds, one deduces

from (3.3)) that
nB, <N, — Ny forn>2.

We discuss below some lower bounds for N,, and B,, which are valid for
any abelian variety. The results show that and can be peculiar to
Jacobians only if g is sufficiently large with respect to q.

LEMMA 3.6. Let A be an abelian variety of dimension g > 1 over Fy. If
g < q/m, then Ny = By > 1. If

q—q'/?
2 b}
and hence B, > 0 if n is prime.

g < then N, > Ny forn>1,

Proof. The first statement comes from Serre’s inequality. By Weil’s in-
equality, N, — N1 > f,(g) with

falg) = " —a —29(¢""* + ¢'/?),
and g +— f,(g) is decreasing. If g < go = (q — ¢*/?)/2, then
Fal9) = falgo) = (4" + ¢'/*)(¢"* — q),
hence fy(g) >0ifn>2. =

The following two propositions improve some results of N. Elkies et al.
[0, Lem. 2.1(i)].

PROPOSITION 3.7. Let A be an abelian variety of dimension g > 1
over Fy. If n > 2, then

InB, — ¢"| < (29 + 2)¢"? + 4gq™* — (4g + 2),
and
nB, > (¢ + 1)%((¢"* = 1)% — 29).
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Proof. Since
g
N,=q¢"+1+ 71,  where 7,=-— Z(wf + ),

i=1
we find
nBn =Y p(n/d)(q"+1+72) =Y p(n/d)g® +0+ > pu(n/d)r,
dn din din
Ba—q'l < S [u(n/dlg + 3 lutn/d)] 74
dln,d<n dn
< > un/d)gt+29) ¢ <2947+ Y (q'+299").
dln,d<n dln d|n, d<n
Since ¢/(q — 1) < 2, we have
[n/21+1 _
Yo <t =T 1< () < 29?2,
q—1 q—1
dln,d<n
and

D (q%+29q"?) < 2" + 4gq"* — (49 + 2).
dln,d<n

This implies the first statement, and hence nB,, > F(q”/ 1), where
F(z) =2 — (29 + 2)2® —4gx + 49 + 2 = G(x) + 69 + 1,
Glx) = (w + 1)*((z — 1)* - 2).
Since F(x) > G(x) for any real number x, the second statement follows. =

REMARK. Notice that if ¢ = 0, then B, is equal to the number I,(n)
of irreducible monic polynomials in F,[z] of degree n. The proof of Propo-
sition 3.7 holds in this case, and if n > 1, we get the tight inequalities

Inly(n) —q"| < 2¢"/% — 2, nly(n) > (¢"? —1)? +1.

PropPoOsITION 3.8. Let A be an abelian variety of dimension g > 2

over Fy, and let n > 2.

(i) If n > 4log,(1+ (29)'/?), that is, if

n/4 _ 1)2
g<(qz), then B, > 1.
(i) If
12
g< 179 2q . then B, >0.

(i) If n > g, then B, > 1, unless 2 < g <9 and g <5.
(iv) If n > 2g, then B, > 1, unless 2 < g < 3 and q = 2, in which case
B,, > 1 whenever n > 2g + 1.
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Proof. The second statement of Propositionimplies (i), since B, € Z.
In the proof of , we can assume n > 4, since Lemma implies Bs > 0
and B3 > 0. But ¢ — ¢*/? < (¢/* —1)? if n. > 4, and (f]) implies (). Let

falg) = 4logy(1+ (29)'/?).

Then g — f;(g) is decreasing, and g — f,(g) is increasing. If g > 10, then
g > fa(g) and implies B, > 1 for every n > g. On the other hand, if
g >3 and ¢ > 7, then g > f7(g) as well. It is easy to see that a “strict”
version of holds, namely, if 29 < ¢ — ¢'/2, and in particular if g = 2 and
q > 7, then B,, > 0 for every n > 2. This proves .

Now observe that:

g=4 = 29> folg);y 923 = 29> fs(g); 922 = 29> fulg).
This implies by (i) that B,, > 1 for every n > 2g if
g>4andg>2; g>3andgq>3; g¢g=>2andgq>4.
The values excluded in the above relations are (g,q) = (2,2),(2,3),(3,2).
Let F(z) be as in the proof of Proposition 3.7. We know that B, > 1 as
soon as F(q"/*) > 0. If g = 2, then F(¢"”/*) > 0 if ¢" > 59, hence,
(9,9) =(2,3) = Bp>1 ifn>2g=4,
and this proves the first statement of (iv). In the same way,
(9,9) =(2,2) = B,>1 ifn>29+2=6.
Moreover, if (g,q) = (2,2) and n = 2g + 1 = 5, then Bs > 4 by Serre’s
inequality. If g = 3 and n > 7, then F(2"/*) > F(27/%) > 0, hence,
(97Q):(372) = B,>1ifn>29+1=7,

and this proves the second statement of (iv). =

EXAMPLE. Here are two instances of the exceptional cases appearing
in . Consider the elliptic curves over Fo:

Ei:y*+y=2  Ey:y*+ay=2>+2>+1.

Then fg, (t) = t?+2 and fg,(t) = t?—t+2.If A = By x B, then B4(A) = —1
and N4(A) — Nl(A) =6.1If A = E2 X EQ X EQ, then B6(A) = 0 and
Ng(A) — N1(A) = 38.

We shall use the results of in order to obtain lower bounds for
the number of rational points on the Jacobian of a curve. To do that, we

consider an abelian variety, and assume that Condition or Condition (INJ)
is satisfied.

LEMMA 3.9. Assume that holds. If n > 2, then

nz ()5 o ()
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Proof. All the terms on the right hand side of (3.6)) are > 0. In order to
get a lower bound, we sum over the subset of P,, consisting of

(n,0,...,0),(n—2,1,0,...,0),...,(1,0,...,0,1,0),(0,...,0,1). m
From (3.9) we deduce
qg—1
(3.14) |A(F,)| = ﬁA2g—1-

From now on, for any abelian variety A over F,, we put N = N;(A4),
which should not be confused with |A(F,)|. From (3.14) and Lemma 3.9 we
deduce:

PROPOSITION 3.10. Let A be an abelian variety, and assume that
holds. Then
2g—1

(I1I) |A(F,)| > qqg__ll [((2;\1 1)) + ; B ((29 —A; - z))]

In particular,

(3.15) A(F,)| > ;g_ll <<29N_ 1)) .

REMARKS. (i) Notice that the bound (III) can be made more explicit,
using Proposition [3.7]

(ii) The bound (3.15) is not optimal for g > 10 or ¢ > 7, by Proposi-
tion .

LEMMA 3.11. Let A be an abelian variety, and assume that holds.

Then
N
n

Proof. We recall two classical results. Let y = (yn)nen and z = (2, )nen
be two sequences of indeterminates, and take n € N. Firstly, by applying
the exponential formula to

oo tn oo tn oo tn
exp (S + 200 ) = (Sl ) ep(E ).
n=1 n=1 n=1

and expanding the right hand side, we obtain
(3.16) Caly +2) = 3 Culy)Cai(2).
k=0

Secondly, if M € N, then

exp(iMi) - exp<i Z)M =(1-t)M= i ((Aj»t"

n=1 n=0



228 Y. Aubry et al.
hence

o et~ (M)

We define
n=(N,N,...), d=(0,Ny;—N,N3—N,...).
Then, by (3.12)), (3.16)) and (3.17)),

A, =Cy(n+d) = ch > Cp(n) = ((N» .

We put, if £ > 2,

w= () o)
()G )

LEMMA 3.12. Let A be an abelian variety, and assume that holds.
If k >0, then Cx(n) > 0, Cr(d) > 0, and

[A(Fq)| = Cg(d) + (N = 1)Cq-1(d) + Y Xu(N)Cy—

Proof. By , the coordinates of n and d are > 0, and this implies our
first assertion. Let y and z be two sequences of indeterminates. By (3.16 m,

Cr( —qzck; Cy—2—1(2)

Ci(y)Cy—1(2z) — q Z Ci—2(y)Cg—r(2)
0 k=2

0(¥)Cy(z) + C1(y)Cy—1(2)
g

+ ) (Cr(y) — ¢Ch—2(y))Cq—r(2).
o

Co(y +2) —qCy2(y +2) =

- 1

I
=
l

)

Now, by applying (3.8) with n = g, we get
(3.18) A, = A, — qAgos,
and using (3.12]),
A(F,)| = Cy(n +d) — gCyo(n+d).
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Replacing y by n and z by d, and since (3.17)) implies

()

we get the required expression for |A(F;)|. m

PrOPOSITION 3.13. Assume g > 2. Let A be an abelian variety. Assume
that holds and

(3.19) <Ng_1+1) <JZ__11+1> —q>0.

Then

e ()%

Proof. The right hand side of (V) is equal to Xy(NV), and X3(N) > 0
if and only if (3.19) holds, in which case N > 1. For k = 2,...,g, we have

ooz (D)5 ) (G 0) ) =0

where the second inequality comes from . Applying Lemma we
deduce
[A(Fq)| = Co(n)Cy(d) + C1(n)Cy-1(d) + Xy Co(d) = &, Co(d),
and the result follows, since Cop(d) = 1. =
REMARKS. (i) The condition is satisfied if N > g(¢*/? — 1) + 1.

This inequality has to be compared with the Drinfeld—Vl1adut upper bound.
(ii) Notice that Proposition can be improved: Since
N, — N
Co(d) = ) ¢(b)d” > == :

n
bePn

because the right hand side is the term of the sum corresponding to b =
(0,...,0,1), we get

N,— N Ny_i—N
g and  C1(n)Cy_1(d) > N%.

Co(n)Cy(d) >

Therefore if (3.19)) holds, then

vete) = 2 e S ()=o)

and the numbers N, and N,_1 can be replaced by their standard lower
bounds in order to get a bound improving (IV]).
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(iii) Lemma provides some other identities than (3.14) and (3.18)),
for instance

Agg o = |A(F,)|mg—2 + qg_l-

On the other hand, Z4(t) < 0 if ¢* < t < 1, because fa(t) > 0 for any
t € R, and one deduces from ([3.11)) the inequality

A(F _
Ag1 < (q’1/2( j)1’)2 o Qq(g 1)/2’

as established by S. Ballet, C. Ritzenthaler and R. Rolland [2]. These rela-
tions lead to lower bounds similar to and .

Assume g > 2. From Theorem [3.5] . we know that

g—1 g—2
(3.20) % AF) =3 4+ ¢4,
n=0 n=0

where 7 = n(A) is the harmonic mean of the numbers ¢+ 1 + z;, as in
We recall from [9] that

(3.21) n>(¢"? = 1)
glg —1)°
(3.22) "G D@ )N

and (3.22)) is always tighter than (3.21]) though the latter does not depend
on N. Moreover, if ¢ > 8, by Proposition [2.17] we know that

n=q+l-—m
This lower bound is better than the uniform lower bound deduced from (3.22)),

namely

g(g—1)? o (g=1)° Cgtlomo 4q — m?
(g+)(g+1)=N ~q+1+m g+14+m’

THEOREM 3.14. If g > 2, and if (N|) holds, then

V) A > [((N“>)+g§ ()]

Proof. Since holds, we apply the inequality of Lemma in (3.20)).

S)-D)

n=

we obtain the result.
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REMARK. The expression in brackets in is > ¢971. Since N > 0, we
recover as a corollary the bound [9, Th. 2(1)], which does not depend on N:

(q—1)?
(¢+1)(g+1)

The right hand side of is cumbersome. Here is a simpler lower bound
using the partial sums of the exponential series. Let

|[Je(Fg)| > ¢~

"oyl

en(x)zsz', neN, z>0.
— j!
J_
Then
L I(n+1,z) T

en(x) =e , where I'(n,z)= S t" e tdt

n!

is the incomplete Gamma function. Since

we get from Theorem [3.14]

COROLLARY 3.15. If g > 2, then

P () e T

3.4. Discussing the bounds. Let C be a curve of genus g > 2 over [F,
with N = |C(F,)|. We recall the lower bounds for the number of rational
points on J = Jg, respectively obtained from Proposition (with M (q)
as defined there), Proposition (with 7 and s as defined there), Proposi-

tion B-10} Proposition B-T3, and Theorem [3.14}
N—(qg+1)\’
® WE) > My (14 20

@) [J(Fy)| > (N —2(r —5)g"/?) (g + 1 +2¢"%)"(q + 1 — 2¢"/?)*,
2g9—1

@ 1JF) > 45— K(zg]i 1>) +2 B <(29— 1 —z))]
w9 ez () ~o(,%)

-1

@ e =3[ 7) 5 ()

n—=

Y
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The following points are worth noticing.
(i) When g is large with respect to g, we have, for any abelian variety of
dimension g,

|A(Fy)| = ¢¢ + O(¢7 /%),

and and are the only bounds consistent with this estimate. More
precisely, since is usually reached for abelian varieties when ¢ is a square,
this bound is probably the best one as soon as g < (¢ — ¢'/2)/2.
(ii) Assume that holds. Then (3.20)), together with the inequality
A, > N forn > 1, gives
94wy > (@ - Il
n q—1

Using ([3.21)), we recover [9, Th. 2(2)]:
2 ' -1 N+q-1
g q—-1 =
But if n > 1 and N > 1, the inequality in Lemma [3.11] is better than

A, > N, since
(( >>
> N.
n

Hence, is always better than (3.23)).

(iii) The tables in [9] provide numerical evidence that these bounds can
be better than those which hold for general abelian varieties, at least when
q is not too large.

(iv) Assume ¢ > 4, and let A be any abelian variety of dimension g <
(¢ — ¢"/?)/2 with Ny > 0. Then the bounds and hold for A, by
Lemma Likewise, the bound holds for A, by Proposition .

(v) The numerical experiments that we performed lead to the following
observations. The bound can be good even if g > 9. However, when

g is large, seems to be better than (III) and (I'V]), and probably
becomes better than when g is very large.

(3.23) [A(F)] = (¢ = 1)

4. Jacobian surfaces. The characteristic polynomial of an elliptic curve
determines the number of its rational points, and vice versa. Therefore, the
values of Jy(1) and j,(1) are given by the Deuring-Waterhouse Theorem
(see [M], [28]): if ¢ = p", then

-

_ g+1—m ifn=1,niseven, or ptm,
q(1>:

g+1+m ifn=1,niseven, or ptm,

qg+m otherwise,

q+2—m otherwise.
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The description of the set of characteristic polynomials of abelian surfaces
has been given by H.-G. Riick [I4]. The question of describing the set of
isogeny classes of abelian surfaces which contain a Jacobian has been widely
studied, especially by J.-P. Serre [16], [17], [L8], whose aim was to determine
Ny(2). A complete answer to this question was finally given by E. Howe,
E. Nart, and C. Ritzenthaler [§]. In the remainder of this section, we explain
how to deduce from these results the value of J,(2) and j,(2).

Let A be an abelian surface over F, of type [x1,z2]. Its characteristic
polynomial has the form

fa(t) =t* + a1t® + aot® + qast + ¢,
with
a1 =x1+x2 and a9 = x1T9 + 24.

By elementary computations, H. G. Riick [I4] showed that the fact that
the roots of f4(t) are ¢-Weil numbers (i.e. algebraic integers whose images
under every complex embedding have absolute value ¢'/?) is equivalent to

(4.1) la1| <2m and 2\@1]q1/2 —2¢g<as < a%/él + 2q.
We have
(4.2) |A(Fy)| = fa(l) = ¢ + 1+ (¢4 Das + az.

Table [2] gives all the possibilities for (aj,as) such that a; > 2m — 2. Here

p1=(-1+V5)/2, ¢2=(-1-V5)/2

Table 2. Couples (a1, a2) maximizing |A(Fg)| (b=qg+ 14+ m)

—1+vV2,m—-1-v2] (b-12-2
—14+vV3,m—-1-+v3] (b-1?2-3

m2—2m—1+2q

a1 az Type |A(Fq)]
2m m? + 2q [m, m] b?
2m—1 m?—m+2q [mmfl] b(b—1)
m?>—m—1+4+2¢  [m+p1,m+ @] b —b—1
2m—2 m’—2m+1+2¢ [m—1,m—1] (b—1)°
m? — 2m + 2q [m, m — 2] b(b—2)
[m
[m

m? —2m — 2+ 2q

The numbers of points are classified in decreasing order and an abelian
variety with (aj,a2) not in the table has fewer points than any value in the
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table. Indeed, if —2m < a; < 2m — 2, then
(¢+ Dar + az < [(g + a1 + af /4 + 24|
< (g +1)(2m —3) + (2m — 3)?/4 + 2¢]
=(g+1)(2m—2)+ (m? —2m —2+42q¢) + (3 — (¢ +m))
< (g+1)(2m —2) + (m* — 2m — 2 + 2q)

(notice that the function x — (q+ 1)x + (22 /4) is increasing on the interval
[—2m, 2m — 3]). And therefore, for any couple (af, a}) in Table [2| we have

@ +1+(g+1Da+ar <+ 1+ (qg+1)d) + db.

In the same way, we build the table of couples (a1, az) with a; < —2m—+2.
Notice that the ends of the interval containing ag given by depend only
on the absolute value of a1, hence the possible entries for as are the same
as in the previous table. If ¢ > 4, the numbers of points are classified in
increasing order. Moreover, if ¢ > 5, and an abelian variety with (a1, as2)
not in the next table has more points than any value in the table. Indeed,
if ¢ >5and —2m + 2 < a1 < 2m, then

(¢ + Dar +az > (¢ + Day + 2|a1]¢"? — 2¢
> (q+1)(=2m + 3) +2(2m — 3)¢"/? — 2¢
=(g+1)(—=2m+2) + (m? —2m + 1+ 2q)
—(2¢"? = m+1)*+ (¢"* - 1)?
> (q+ 1)(=2m +2) + (m? — 2m + 1 + 2q)

(notice that x +— (g + 1)z + 2|x|¢"/? is increasing on [—2m + 3,2m]). And
therefore, for any couple (a},a’) in Table [3| we have

¢+ 1+ (g+Dar+az > ¢ + 1+ (q+ 1)) +db.

Table 3. Couples (a1, a2) minimizing |A(F,)|, with ¢ > 5, and ' =g+ 1—m

ay a2 Type A(Fq)

—2m m? 4 2q m] b’

—2m+1 mP—m—1+2¢ m— @1, —m — 2] v24+b —1
m? —m+2q m, —m + 1] b'(b +1)

m? —2m — 1+ 2¢q m+1+v2,—m+1—-+2] ¥ +1)> -2

m, —m + 2] b'(b +2)

[-m

[

[-
—2m+4+2 m?P-2m—-2+2¢ [-m+1+vV3,-m+1-+3 @ +1)?-3

[-

m? — 2m + 2q [—

[-

m? —2m+142¢ m+1,—m+1] (b +1)?
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Most of the cases of Theorems [£.1] and [:2] will be proved in the following
way:

(i) Look at the highest row of Table [2| or |3| (depending on the propo-
sition being proved).
(ii) Check if the corresponding polynomial is the characteristic polyno-
mial of an abelian variety.
(iii) If yes, check if this abelian variety is isogenous to a Jacobian variety.
(iv) Otherwise, look at the following row and come back to the second
step.

For the second step, we use the results of H.-G. Riick [14] who solved
the problem of describing characteristic polynomials of abelian surfaces, in
particular we use the fact that if (a;, as) satisfy and p does not divide
as then the corresponding polynomial is the characteristic polynomial of an
abelian surface.

For the third step, we use [§] where we can find a characterization of
isogeny classes of abelian surfaces containing a Jacobian.

For ¢ = 4, it turns out that none of the entries in Tables 2| and |3 corre-
spond to a Jacobian; therefore the general method does not apply and the
computation of J,(2) and j,(2) needs to be done “by hand”. Moreover, for
q = 2,3,5, the couples (a1, az) in Table [3] might not minimize |A(F,)| and
also, for ¢ < 5, the numbers of points in Table 3| are not classified in increas-
ing order. To remedy this, we will prove that for ¢ = 2, 3,5, the Jacobian
surfaces arising from the third step of the proof of Theorem [.2] are actually
minimal.

The determination of J,(2) in Theorem is closely related to that
of Ny(2), as done by J.-P. Serre [1§]. In order to simplify the proof of The-
orem we use the fact that, given a curve of genus 2, if we denote by
(a1,a2) the coefficients associated to its characteristic polynomial, there ex-
ists a curve (its quadratic twist) whose coefficients are (—ay, az). This allows
us to adapt the proof of Theorem

Let us recall the definition of special numbers introduced by J.-P. Serre.
An odd power g of a prime number p is special if one of the following
conditions is satisfied (recall that m = [2¢'/2]):

(i) m is divisible by p,

(ii) there exists z € Z such that ¢ = 22 + 1,
(iii) there exists x € Z such that ¢ = 2% + 2 + 1,
(iv) there exists x € Z such that ¢ = 2% + x + 2.

REMARK. In [I7], J.-P. Serre asserts that if ¢ is prime then the only
possible conditions are and . When ¢ is not prime, then is im-
possible, is possible only if ¢ = 73, and is possible only if ¢ = 23, 2°
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or 23, Moreover, using basic arithmetic, it can be shown (see [I0] for more
details) that , and are respectively equivalent to m? — 4q = —4,
—3 and —7.

THEOREM 4.1. We have
Jq(2) = (q + 1 + m)Qa

except in the following cases:

q Jq(2)

4 55

9 225

q special:

{2¢'%} 2 1 (@+1+m+e1)(g+1+m+ep2)
(20"} <pr,p#20rp|m (q+m)®

otherwise (g+1+m)(g—1+m)

Here o1 = (=1 ++/5)/2, p2 = (—1 —/5)/2, and {x} is the fractional part
of a real number x.

Proof. (a) Assume that ¢ is a square.

If ¢ # 4,9, Ny(2) is the Serre-Weil bound [I7], thus there exists a curve
of type [m, m].

If ¢ = 4, then m = 4. First we prove that J4(2) < 55. Every curve of
genus 2 over I, is hyperelliptic, so the number of rational points is at most
2(¢+1) = 10. We deduce that a Jacobian of dimension 2 over [F4 must have
ay < 10— (q+1) =5.

If a; = 5then as < 14 by . An abelian surface over Fy with (a1, a2) =
(5,14) is of type [3,2] and is never a Jacobian (because 1 —z2 =3 -2 =1,
see [§]). Thus we have as < 13 and a Jacobian surface over Fy with a1 =5
has at most ¢ + 1+ 5(q + 1) + 13 = 55 points. If a; < 5, then

CH1+(g+ay+az < ¢ +1+(¢+1)ap +a?/4+2q <49

(notice that the function # ~— 5x + 2%/4 is increasing on [—8,4], and
ay > —8). Thus an abelian surface over Fy with a; < 5 has less than 55
points, hence Jy(2) < 55.

It remains to prove that J4(2) > 55. An abelian surface over Fy with
(a1,a2) = (5,13) is of type [3 + 1,3 + p2]. Such an abelian surface exists
(because p = 2 does not divide 13) and by [§] it is isogenous to a Jacobian.
This Jacobian has ¢> + 1 + 5(q + 1) + 13 = 55 points.

If ¢ = 9, then m = 6. Since 2(¢+1) = 20, we must have a; < 20— (¢g+1) =
10 = 2m — 2. The highest row of Table 2] such that a; = 2m — 2 is that with
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type [m—1,m—1], and this is the type of some Jacobian with (g+m)? = 225
points.

(b) Assume that ¢ is not a square. This part of the proof follows easily
from Serre’s results. He proved in [I8] the following facts:

e There exists a Jacobian of type [m,m] if and only if ¢ is not special.

e An abelian surface of type [m, m — 1] is never a Jacobian.

o If ¢ is special, then there exists a Jacobian of type [m+¢1, m+2] if and
only if {2¢'/?} > ;. Note that {2¢'/2} > 1 is equivalent to m+p; < 2¢*/2,
thus it is obvious that this condition is necessary.

o If ¢ is special, {2¢'/2} < 1, p # 2 or p|m, then there exists a Jacobian
of type [m — 1,m — 1].

e If ¢ is special, {2¢'/?} < o1, p = 2 and p { m, that is, ¢ = 2° or
213 (if ¢ = 23, then {2¢"/?} > 1), then there exists a Jacobian of type
[m, m — 2].

It remains to prove that for ¢ = 2° and 2'3, there does not exist a
Jacobian of type [m — 1,m — 1]. In fact, when ¢ = 25 and 2!3, an abelian
variety with all ; equal to m—1 must have dimension respectively a multiple
of 5 and 13 (see [LI, Prop. 2.5]). m

THEOREM 4.2. We have
jQ(z) = (q +1- m)27

except in the following cases:

q Ja(2)

4 5

9 25

q special:

(2¢"%} > ¢ (@+1=m—p)(g+1—m=—gp2)
V2-1<{2¢"*} < (@+2-m+V2)(g+2-m—+2)
{2¢'?} <V2-1,ptmandq#7  (¢+1-m)(g+3—m)

otherwise (g+2—-m)?

Proof. (a) Assume that ¢ is a square.

o If ¢ # 4,9, we saw that there exists a curve of type [m,m], and its
quadratic twist is of type [—m, —m)].

o If ¢ = 4, then m = 4. First we prove that j4(2) > 5. We have a1 > —5
since the quadratic twist of a curve with a; < —5 would have a; > 5 and
we saw that it is not possible.

If ay = —5 then ao > 12 by . An abelian surface over Fy with
(a1,a2) = (—5,12) is of type [—4, 1] and is never a Jacobian. Thus ay > 13
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and a Jacobian surface over Fy with a; = —5 has at least ¢ +1—5(qg+1) +
13 = 5 points. If a; > —5, then

@ +1+(g+1)ar+az > ¢ +1+(g+1)ar +2la1|g"/? —2¢ = 9+5a1 +4|a| > 5

(note that x — 5z + 4|z| is increasing on [—4, 8]). Thus an abelian surface
over Fy with a; > —5 has more than five points, hence j;(2) > 5.

It remains to prove that j4(2) < 5. There exists a curve with (aq,a2) =
(—5, 13): the quadratic twist of the curve with (a1, a2) = (5, 13) in the proof
of Theorem The number of points on its Jacobian is

¢ +1-5(g+1)+13=5,

o If g =9, then m = 6. Using the same argument as in the last step, we
must have a; > —2m + 2. We look at the rows of Table [3] starting with the
rows on the top for which a; = —2m + 2. The first two can be ignored since
{2¢'/?} = 0 is less than v/3 — 1 and less than v/2 — 1. An abelian surface
of type [—m, —m + 2] is not a Jacobian (this is an almost ordinary abelian
surface, m? = 4q and m — (m — 2) is squarefree, see [§]). The product of two
copies of an elliptic curve of trace (m — 1) is isogenous to a Jacobian (such
a curve exists since 31 (m — 1)).

(b) Assume that ¢ is not a square. Using twisting arguments and the
proof of Theorem we see that:

e There exists a Jacobian of type [—m, —m] if and only if ¢ is not special.

e If ¢ is special, there exists a Jacobian of type [—m — @1, —m — 9]
if and only if {2¢'/?} > 1. Notice that this last condition is satisfied for
q = 2 but not for ¢ = 3 or 5. If ¢ = 2, then m = 2 and a Jacobian of type
[—2—p1,—2—¢@o] has (24+1—2—¢1)(24+1—2— p2) =1 point, so it has
to be minimal.

e An abelian surface of type [—m, —m + 1] is never a Jacobian.

In the remainder of the proof, we suppose that ¢ is special and
{2¢'?} < 1.

e In order to ensure the existence of an abelian surface of type
[—m + 1+ V3,—m + 1 — /3], it is necessary to have {2¢'/?} > /3 — 1.
When {2¢'/?} < 1, this condition is never satisfied (since p; < v/3 — 1).

e In order to ensure the existence of an abelian surface of type
[—mA414+v/2, —m+1—+/2], it is necessary to have {2¢'/?} > v/2—1. Suppose
that this condition holds. We shall show that there exists an abelian surface
of type [-m+1++/2, —=m+1—+/2]. We use the same kind of argument that
J.-P. Serre used in [I8]. If p | m, we are done since pfas = m? —2m —1+2q.
Otherwise, (m — 2¢"/?)(m + 2¢'/?) = m? — 4q € {—3, —4, =7}, hence

4q — m? 7

ogl/2V — 9 /2 _ = 24T O
{2477} =24 " m+2q¢/2 = 2m’
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and if m > 9, then % < v/2 — 1. It remains to consider by hand the
non-square prime powers of the form z? 4+ 1, 22 + z + 1 and z? + z + 2
with m < 9 (i.e. ¢ < 21). These prime powers are precisely 2, 3, 5, 7, 8, 13
and 17. If ¢ = 2,8, then {2q1/2} > 1. If ¢ =3, then p|m. If ¢ = 7,13, 17,
then {2¢'/?} < V2 —1.1If ¢ = 5, then m = 4 and p = 5 do not divide
as = m? —2m—1+2q = 17, and we are done. Finally, using [8], we conclude
that this abelian surface is isogenous to a Jacobian.

If ¢ = 3, then m = 3 and a Jacobian of type [-3 +1+ /2, -3+ 1 — /2]
has (a1, a2) = (—4,8) and ¢ +1—4(q+1)+8 = 2 points. We shall show that
such a Jacobian is minimal. We just proved that the entries in Table [3|above
[-m+ 1+ V2, —m+1— ﬁ] do not correspond to a Jacobian. Moreover,
the entries below [—m + 1 4+ v/2, —m + 1 — v/2] would obviously give more
than two points. Therefore, it is sufficient to prove that a Jacobian whose
(a1, az) is not in Table 3| (i.e. with a; > —2m + 2 = —4) has more than two
points. If a; > —4, then

(q+1)ay+ a2 > (g4 1)a1 +2|a|¢*? — 2¢ = 4ay +2]a;1|V3—6 > —18 +6/3

(the function z + 4x + 2|z|v/3 is increasing on [—3,6]). Thus an abelian
surface over F3 with a; > —4 has more than ¢® + 14 ([-18 +6/3] + 1) =
10 — 7 = 3 points, and the result is proved.

If ¢ = 5, then m = 4 and a Jacobian of type [—4 +1++/2, —4+1 — /2]
has (a1,a) = (—=6,17) and ¢*> +1 — 6(¢ + 1) + 17 = 7 points. Again, we
shall show that such a Jacobian is minimal. Arguing as for ¢ = 3, we see
that a Jacobian with a; < —6 must have at least seven points. If a1 > —6,
then

(¢+1)ar+az > (¢+1)a1 +2|a1|g"/? —2¢ = 6a1 +2[ar|v5—10 > —40+10v5

(the function z + 6x + 2|z|v/5 is increasing on [—5,8]). Thus an abelian
surface over F5 with a; > —6 has more than ¢ + 1+ ([—40 + 10v/5] +1) =
26 — 17 = 9 points, and the result is proved.

o If {2¢'/?} < /2 -1, ptm and q # 73, then p{ (m — 2). To see this,
take p # 2 (if p = 2, this is obvious) and use the remark about special
numbers in this section. Suppose that p divides m — 2; then p also divides
m? — 4 —4q = (m + 2)(m — 2) — 4q. Since p # 2, we must have m? — 4q €
{-3,—4}. If m? — 4q = -3, p divides —3 — 4 = —7 thus p = 7. But ¢ is not
prime (since for ¢ = 7, pf(m — 2) = 5), therefore we must have ¢ = 7% and
this case is excluded. If m? — 4qg = —4, p divides —4 — 4 = —8, thus p = 2,
which contradicts our assumption. This proves our assertion, and therefore
there exist elliptic curves of trace m and m — 2 and by [8] their product is
isogenous to a Jacobian.

e Suppose that {2¢'/?} < v/2—1 and p|m, or ¢ = 7°. By [28], if p|m,
there does not exist an elliptic curve of trace m (¢ = 2 and 3 are excluded
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since in those cases, {2¢"/2} > /2 —1). If ¢ = 73 (thus m — 2 = 35) there
does not exist an elliptic curve of trace m — 2. Therefore, in both cases, an
abelian surface of type [—m, —m + 2] cannot exist.

o If {2q1/2} < V2 —1and p|m, or ¢ = 73, there exists a curve of type

[—m + 1, —m + 1]: the quadratic twist of the curve of type [m —1,m — 1] in
the proof of Theorem [£.1] =
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