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ON SOME QUESTIONS RELATED TO THE GAUSS
CONJECTURE FOR FUNCTION FIELDS

YVES AUBRY AND REGIS BLACHE

ABSTRACT. We show that, for any finite field IF,, there exist in-
finitely many real quadratic function fields over I, such that the
numerator of their zeta function is a separable polynomial. As
pointed out by Anglés, this is a necessary condition for the exis-
tence, for any finite field I, of infinitely many real function fields
over [F, with ideal class number one (the so-called Gauss conjec-
ture for function fields). We also show conditionally the existence
of infinitely many real quadratic function fields over F, such that
the numerator of their zeta function is an irreducible polynomial.

1. INTRODUCTION

According to a conjecture of Gauss, there exist infinitely many real
quadratic number fields having a ring of integers which is a principal
ideal domain, i.e. with class number one. We shall study a related
conjecture for functions fields over a finite field.

Let ¢ be a power of a prime p, and F, a finite field with ¢ elements.
A function field over F, is a finite extension K of a field of rational
function F,(z) (where z is transcendental over F,) with full constant
field F,. The extension K/F,(x) is said to be quadratic when we have
[K : Fy(x)] = 2, and real when the infinite prime (1) of Fy(x) splits
in K. Otherwise (i.e. if the prime (i) ramifies or is inert), we say
that K/F,(x) is imaginary. By abuse of language, we will say that the
function field K is real when one can find a transcendental element
z € K such that the extension K/F,(z) is quadratic and real. If S
denotes the set of places in K above the place at infinity, we denote
by Og the ring of regular functions of K outside S. Then the Gauss
conjecture for function fields asserts that, for any finite field F,, there
exist infinitely many real quadratic function fields with full constant
field F, such that Og has ideal class number one. This is the main
conjecture BC discussed by Lachaud and Vladut in [6], among some
weaker ones.
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Using Iwasawa theory, Bruno Angles showed in [1] that if K is a
real quadratic function field over the finite field F, with ¢ > 5 having
a principal ring of integers, then the numerator of its zeta function
(called the zeta polynomial) is a polynomial with only simple roots; in
other words is a separable polynomial. Thus, Angles asks the following
question which is a necessary condition for the Gauss conjecture to hold
true: is there exist infinitely many real quadratic function fields over
[F, with zeta polynomial being separable 7 We give a positive answer
to this question considering the action of the Frobenius on the Fa-
vector space of 2-torsion points of the jacobian of certain hyperelliptic
curves. Note that the separability of this polynomial is equivalent for
the endomorphism ring of the jacobian to be commutative, see [8].

Then we consider if it remains true when we ask the zeta polynomial
to be irreducible. This problem is stronger than the previous one, and
it has been studied by various authors (see [2], [5]) from a different
point of view: it is known that for a family of curves of fixed genus
g having large monodromy, the zeta polynomial is “generically” irre-
ducible. More precisely, if the parameter space is d-dimensional, the
number of curves having a zeta polynomial whose splitting field is not
the biggest possible is O(¢?~7Ingq), where 7 is a positive constant de-
pending on g. Unfortunately, this result is of no use when ¢ is fixed
and ¢ gets large. Thus it can not be used to solve our question. Note
that there are also unpublished results of Katz about irreducibility of
the L-functions of elliptic curves over function fields, providing similar
results in this case.

Here we show that assuming Artin’s primitive root conjecture, then
for any ¢ > 4 there exist infinitely many (real, quadratic) function
fields having an irreducible zeta polynomial. On the other hand, we
remark that the existence of infinitely many real quadratic function
fields with prime divisor class number (i.e. such that the order of the
group of rational divisor classes Pic’(K) of K is prime) implies the
previous ones, as quoted in the following figure

Artin’s conj prime order jacobian
ﬂ / \
irred zeta pol Oy principal

separable zeta pol

The paper is organized as follows: in section 2, we give some nota-
tions and we recall some basic facts about ideal class numbers, divisor
class numbers and regulators of real quadratic function fields. Then, we
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recall the result of Angles (Proposition 4.4 of [1]) which is the starting-
point of the paper. Section 3 is devoted to the main result, namely the
answer to the question of Angles. In section 4, we give a conditional
answer to the related irreducibility problem, and compare this result
with previously known results in the literature.

2. STRUCTURE OF RINGS OF S-INTEGERS

In this section we recall well-known facts about rings of S-integers in
function fields (see [7] for more details), and we introduce the question
of Angles.

Let F, be a finite field and let us fix F,(x) a one-variable rational
function field over F,. A real quadratic extension K over F, is a degree
2 extension of F,(x) such that the infinite place oo of F,(x) (corre-
sponding to the pole of x) splits in K: there are two places co; and
009 above oo in K.

Recall that for X any (smooth, projective) curve over F, having K
as function field, we can define for any £ > 1 the number Nj(X) of Fyx
rational points of X, and encode these numbers into the zeta function

of K
Tk
Zi(T) = exp (Z Nk<K>7) .
k>1

Weil’s theorem (the Riemann hypothesis over finite fields) says that
this function is actually a rational function, having denominator (1 —
T)(1 — ¢T), and whose numerator is a degree 2g polynomial in Z[T],
where ¢ is the genus of K. We shall denote this polynomial by L,
and call it the zeta polynomial of K.

The ring of S-integers Og of K (with respect to 0o) is the integral
closure of the ring of polynomials Fy[z] in K. It is also the ring of
elements of K whose poles are in S = {o00y,002}. It is a Dedekind
domain; we denote by Cl(Og) the ideal class group of Og and by heog
the order of Cl(Og), called the ideal class number. Then, the ring Og
is a principal ideal domain if and only if hp, = 1. We will say abusively
in this case that K is principal.

Consider the Picard group Pic”(K) of rational divisors of K of degree
zero modulo the principal ones. It is well-known that the Picard group
is isomorphic to the group of rational points over F, of the jacobian Jx
of the non singular projective algebraic curve over F, associated to the
function field K:

Pic’(K) ~ Jg(F,).
The order of this group, called the divisor class number of K, is denoted
by hg and is equal to Lg (1), the evaluation at 1 of the zeta polynomial
of K since it is the number of rational points of the jacobian Jk.

Consider now the group Div(K) of divisors of K of degree zero
with support in S. Since the places of S have degree 1, the divisors of
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Div%(K) are of the form noo, — noo, with n an integer. Thus we have
an isomorphism Div%(K) ~ Z. Furthermore, since a rational function
of K whose support is contained in S lies in the group of units O, it is
clear that the group Pg(K) of principal divisors of K with support in
S is isomorphic to O%/F;. The units theorem of Dirichlet tell us that

* ~ *
O =F,x <e>
where ¢ is a function whose divisor is of the form rp 001 —ro 009 (¢ is

a fundamental unit) and ro, is called the regulator of K (with respect
to oo or S). Thus, we have:

Rs = Divy(K)/Ps(K) ~ Z/ro,Z.
We have the following well-known exact sequence of groups:
0 — Rg — Jx — Cl(Og) — 0.

It implies in particular the Schmidt relation for a real quadratic function
field K:

TOS h@s = h K-
Moreover, if we suppose that the ring Og is a principal ideal domain,
then this implies that Jx (F,) is a cyclic group:

Proposition 1. Let K be a real quadratic function field. We have the
following

(i) K is principal if and only if we have the isomorphism
JK(Fq) ~ Rs.

(1) If K is principal, then Jx(F,) is a cyclic group.
(1) If the group Jk(F,) has prime order then K is principal.

Proof. Assertion (i) follows from the exact sequence above, whereas
assertion (4i) comes from the cyclicity of the group Rg.

To show assertion (%ii), first remark that we must have ro, > 1.
Indeed if ro, = 1, the divisor co; — 0oy is principal: thus it is the
divisor of a rational function ¢ and since [K : F,(¢)] = dege = 1, K
must be a rational function field. Hence the Picard group Pic’(K) is
trivial and Jk(F,) cannot have prime order. By the previous Schmidt
relation, we obtain hp, = 1. g

Bruno Angles proved in [1] (proposition 4.4) the following result:

Proposition 2. Let K be a real quadratic extension of Fy(x) with q¢ >
4. If K has ideal class number one, then the zeta polynomial of K is
separable.

Remark. The hypothesis ¢ > 4 of the previous proposition is nec-
essary. Indeed, we can provide counter-examples for each field Fy, 3
and Fy.
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For instance, let us consider the example of the hyperelliptic curve
X of genus 5 defined by the equation

y2:$12+2$11+2l‘6+$5+2

over F3. The curve X has two rational points over F3, corresponding
to the places above infinity, thus the function field k(X) of X is a real
quadratic function field. Moreover, the group of rational points over
5 of its jacobian is cyclic of prime order (isomorphic to Z/139Z) and
thus k(X)) has class number one by (i) of proposition 1. However the
zeta polynomial Ly (T) of X has multiple roots since we have:

Lx(T) = (T? — 3T + 3)*(T° + 4T° + 12T + 23T + 36T + 36T + 27).

3. CONSTRUCTION OF REAL QUADRATIC FUNCTION FIELDS

In this section we shall construct infinitely many hyperelliptic curves
in any odd characteristic, having a separable zeta polynomial. Then
we show that, up to twisting, the function field of any of these curves
can be considered as a real quadratic function field.

It is well-known that the zeta polynomial Lx(T") of a function field
K over F, can be seen as the reciprocal polynomial of the characteristic
polynomial of the Frobenius endomorphism acting on any of the Tate
modules of the jacobian of K. Let ¢ > 4 be the power of an odd prime;
the reduction modulo 2 of Lx(T) can then be read by looking at the
action of the Frobenius on the Fs-vector space of 2-torsion points of
the jacobian. We begin by showing that for a wide family of curves,
the reduction modulo 2 of L (T") has only simple roots in an algebraic
closure Fy of Fs.

Lemma 3. Let g be a positive integer, and f(x) be an irreducible poly-
nomial in Fylx] of degree 29 + 1. Consider the quadratic extension K
of F,(x) defined by the equation y*> = f(z). Then the zeta polynomial
of K is separable.

Proof. Let us remark that since f is irreducible, all its roots are simple
and the function field K has genus g; hence the zeta polynomial Lg of
K has degree 2g. It is well-known that if ¢ is a prime number distinct
from the characteristic of K, the Tate module T;(J;) of the jacobian
of K is a free Z,-module of rank 2¢g, on which the Frobenius endomor-
phism F" acts. We have the following relation between the characteristic
polynomial y of this endomorphism and the zeta polynomial Ly:

1
7
In order to prove the lemma, it suffices to prove that the polynomial y

has only simple roots.
Let us fix £ = 2. Then we have:

T5(J5)/2To(Jy) = J¢[2],

X(T) = T* Li(
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the group of 2-torsion points of J¢. If ay,..., age41 are the roots of f
in an algebraic closure F, of F,, it is easy to show that a basis of the
Fy-vector space J¢[2] is given by the divisor classes

D1 = [((1/1,0) — Poo]a e ,Dgg = [(0129,0) — Poo]
where P, is the unique point over the infinite place co corresponding
to the prime ideal L of F,(z) (note that oo ramifies in the extension
K/F,(x) since deg f is odd).
But, since f is irreducible over F,, we can reorder its roots such that
as=af,...,ap = aggﬂ. Hence for 1 <7 < 2g — 1, we have
F(D;) = [(e7,0) = Pxc] = [(@i41,0) = Poc] = Dis1.
For ¢ = 2g, since the principal divisor of the function y is
(y) = (06170) + o+ (a2g+170> - (2g + 1)POO7
we have
F(Dyg) = [(a3,,0) — Po] = [(a2g41,0) — Puc]
and thus
F(Dsg) = [(01,0) = Poo] 4+ 4 [(a29,0) = Poc] = Dy + -+ + Do

in J¢[2]. Thus the matrix of the action of F' on J¢[2] in the basis
Dl,...,Dgg is

0 0 01
1 0 01
0

: 1 01
0O ... 0 11

The characteristic polynomial of this matrix is 729 +---+ T + 1 in
Fo[T'] and this is the reduction modulo 2 of x (7).

Since the roots of T + - - + T + 1 are pairwise distinct in Fy (they
are the (2¢g + 1)-th non trivial roots of unity), the polynomial P has
only simple roots, and the lemma is proved. U

Unfortunately, the functions fields that appear in the previous lemma
are not real extensions of F,(z) since the infinite place of this last field
is ramified. We have just obtained that there exist infinitely many
imaginary quadratic function fields with separable zeta polynomial.

We now show that infinitely many of the function fields constructed
above can be seen as real function fields.

Lemma 4. Let X be the hyperelliptic curve over F, defined by
y* = f(x)

where f(x) is an irreducible polynomial of Fylx]. If 4X(F,) > 1 then the
function field of X can be viewed as a real quadratic function field, i.e.
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there exists a transcendental element z in K such that the extension
K/F,(z) is quadratic, and real.

Proof. The function field K of X can be viewed as a real quadratic
extension of a rational function field F,(z) if there exists a place of F,(x)
which splits in K; actually taking z as the inverse of a uniformizing
parameter at this place, we see that F,(z) = F,(z) (and thus that
[K :F,(2)] = 2), and that the pole of z splits in this extension.

We are reduced to show that there is a place of F,(z) which splits
in K; since f(x) is supposed to be irreducible, the Weierstrass points
are not rational except the infinite place if f(x) has odd degree. Thus,
there is at most one rational ramified place and then if §X(F,) > 1
there exists at least one place which splits totally. U

In view of the previous results, it remains to show that there exist
infinitely many hyperelliptic curves X defined by y* = f(x) where f(z)
is an irreducible polynomial of F,[z] of odd degree such that $X (F,) >
1.

If X is the hyperelliptic curve defined by y*> = f(x) where f(z) is
an irreducible polynomial of F,[z] of degree 2¢g + 1, and if v is a non
quadratic residue in F,, we defined the twist X of X (with respect to v)
to be the hyperelliptic curve defined by y* = f,(x) with f,(z) = v f(%).
We have the following

Lemma 5. (i) The polynomial f(x) is irreducible if and only if f,(z)
15 1rreducible. ~
(i1) If n is odd the numbers of Fyn-rational points of X and X are
related by
EX (Fgn) + 8 X (Fgn) = 2¢" + 2,
and if n is even the relation becomes

31X (Fpn) = X (Fgr).-

Proof. The first part of the proof is trivial. We come to the second
part. It is well-known that if X is a complete smooth model of the
curve with affine equation y? = f(z), with f separable, and F» is any
extension of F,, then the cardinality of X (F,.) is given by

EX(Fp) =q"+1+ > xan(f(2)),

$6Fqn
where X2, is the multiplicative character of order 2 of ]F;n extended to
Fyn by setting x2.,(0) = 0.
Applying this result to X, we get

IX(Fp) = ¢+ 1+ Yo, Xon(fu(®))

= q” + 1+ X2,n(v> Zze]Fqn X2,n(f(%))
= ¢"+ 1+ X20(V) Xer, Xom(f(2)).
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Now we have 2, = X2 © NFqn /F, Where N]Fqn /F, is the norm. Since
v € Fy, we get Nr_,/r,(v) = 0", and X2, (v) = x2(v)" = (=1)" since v
is not a quadratic residue. This ends the proof. O
Corollary 6. (i) If 1X (F,) < 1 then §X(F,) > 2q + 1.
(ii) We have:
Lg(T) = Lx(=T).
In particular, L(T) has only simple roots if and only if it is the case

for Lx(T') (and L (T) is irreducible if and only if Lx(T) is).
Proof. (i) is trivial. To show (ii), let us look at the zeta function of X:

Z3(T) = exp (Z ﬁX(Fq”)%> :

Using the formulas in the proof of the previous lemma, and setting
14n:::§:xer1X2m(f(x>% “Kiget

exp (ZnZI An(*z)n>
) T a-D-g)

Z3(T) = exp (Z(q” +1+ (—1)”An)%

n>1

n

Lx(T) =exp (anl A, L5), that is Lg(T) = Lx(=T). O

Hence, we have proved the following theorem.

Thus L(T) = exp (anl A, (7T)n>. A similar calculation for X gives

Theorem 7. For any finite field F,, there exist infinitely many real
quadratic function fields over F, with separable zeta polynomial.

4. IRREDUCIBILITY OF THE ZETA POLYNOMIAL

We now consider the related question of the existence, for any finite
field F,, of infinitely many real quadratic function fields over F, with
irreducible zeta polynomial. We prove a conditional result, and then
we briefly survey the known results about this question.

Lemma 8. Let ¢ > 4, and X be a projective algebraic curve over F,
such that the group of rational points Jx(F,) of the jacobian of X has
prime order. Then the zeta polynomial of X is irreducible over Q (and
thus has simple roots).

Proof. The value Lx(1), which is exactely §.Jx(F,), is prime by hypoth-
esis and any factor
Q(T) = H(l - wiT)v
icl
with I C {1,...,2¢}, of Lx(T') in Z[T] would have a value at 1 strictly
greater than 1 since

Q=J]It-w>][(va-1>1

i€l il
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by the Riemann Hypothesis and because ¢ > 4. O
Thus we have the following conditional result:

Theorem 9. Let ¢ > 4. Assuming that there exist infinitely many real
quadratic function fields over F, with prime divisor class number, then
there exist infinitely many real quadratic function fields over F, with
wrreducible zeta polynomial. Furthermore in this case Gauss conjecture
for function fields over F, holds true.

Proof. The first assertion follows directly from lemma 8, and the second
one from proposition 1 (7). 0

Using the previous section, we have another way to consider our
problem. Indeed, assume Artin’s conjecture on primitive root for the
integer 2, i.e. there exist infinitely many primes ¢ such that 2 generates
the multiplicative group (Z/¢Z)*. Hence the polynomial

(' —D)/(x—1) =2+t +1

is irreducible over Fy. From the proof of lemma 3, this polynomial
is the reduction modulo 2 of the zeta polynomial of any hyperelliptic
curve of the form y* = f(z), f irreducible of degree ¢. Thus we obtain
the following other conditional result:

Theorem 10. Assuming Artin’s primitive root conjecture, there ex-
st infinitely many real quadratic function fields with irreducible zeta
polynomial.

Note that, in another direction, namely when the characteristic of
the function field is not fixed, Koblitz in [4] found conditions under
which the zeta polynomial of the curve y? +y = z? over F,, where
d =2g+1is a prime, d # p, is irreducible over Q. As a corollary, he
states the following result:

Theorem 11. For any fized prime d > 3 there are infinitely many
primes p such that the zeta polynomial of y* +y = x over F, is irre-

ducible over Q.

For a fixed characteristic, the question is still open for this class of
curves, as its following conjecture states:

Conjecture 1. For any prime p there are infinitely many primes d
such that the zeta polynomial of y* +vy = x% over F, is irreducible over

Q.

On the other hand, the question of the irreducibility of the zeta
polynomial of smooth projective curves varying in a family is considered
in [2], [5]. Precisely, let U be a geometrically irreducible smooth affine
scheme of dimension d > 1, and 7 : C' — U be an algebraic family of
smooth projective curves of genus g over U, such that the geometric
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monodromy group of the integral sheaves R'mZ, is the full symplectic
group Sp(2g) for any prime ¢ large enough. Then the number N, (U/F,)
of u € U(F,) such that the curve 7*({u}) has its zeta polynomial
reducible or having splitting field with degree strictly less than 29¢!
(which is the maximal degree imposed by the pairing on its roots),
satisfies N (U/F,) = O(¢* 7 Inq), where 7 is some constant depending
on g, generally v = O(g%). There is an other similar estimate for

families of hyperelliptic curves of the form y* = f(z)(z — u), where the
parameter space U is A! with the zeroes of f removed: here Kowalski
gets N, (U/F,) = O(¢* "7 1nq) for some v as above.

From Lang-WEeil estimates on the number of points of varieties over
finite fields, we have §U(F,) = O(q?), and we see that the bound above
is non trivial only when ¢~7Ing = o(1), for instance when ¢ is large
with respect to g. Thus if we fix ¢ and vary g, this estimate is trivial
for g large enough, and cannot be used to answer our question.

More generally, we can ask for any fixed finite field F,, is there exist
infinitely many jacobians of hyperelliptic curves with irreducible zeta
polynomial. Since an ordinary abelian variety over F, is simple if and
only if its Weil polynomial is irreducible, we can look for the existence
of simple ordinary jacobian varieties of every dimension. However,
Howe and Zhu in [3] proved that for any finite prime fields there exist
absolutely simple ordinary abelian varieties of every dimension. But
the question of whether there exist absolutely simple jacobians of every
dimension over a given finite field is still open (whereas the answer is yes
if the field is the algebraic closure of a finite field, if it has characteristic
p but is not algebraic over F,, or if it has characteristic zero), see [3].

Acknowledgments.

The authors thank Everett Howe for the idea of Lemma 3, Christophe
Ritzenthaler for the numerical example of the remark of section 2 and
Marc Perret for a lightning discussion.

REFERENCES

[1] B. Angles, On L-functions of cyclotomic function fields, J. Number Theory 1186,
(2006), no. 2, 247-269.

[2] N. Chavdarov, The generic irreducibility of the numerator of the zeta function
in a family of curves with large monodromy, Duke Math. J. Vol. 87 (1), 1997,
151-180.

[3] E. W. Howe and H. J. Zhu, On the existence of absolutely simple abelian vari-
eties of a given dimension over an arbitrary field, J. Number Theory 92, (2002),
no. 1, pp. 139-163.

[4] N. Koblitz, Jacobi sums, irreducible zeta-polynomials, and cryptography,
Canad. Math. Bull. Vol 34 (2), 1991 pp. 229-235.

[5] E. Kowalski, The large sieve, monodromy, and the zeta function of curves, Jour.
Reine Angew. Math. 601, (2006) pp. 29-69.



AROUND A CONJECTURE OF GAUSS 11

[6] G. Lachaud, S. Vladut, Gauss problem for function fields, J. Number Theory
85 (2), 2000 pp. 109-129.

[7] M. Rosen, Number theory in function fields, Graduate Texts in Mathematics,
210. Springer-Verlag, New York, 2002.

[8] J. Tate, Endomorphisms of abelian varieties over finite fields, Invent. Math. 2
(1966), pp 134-144.

INSTITUT DE MATHEMATIQUES DE TOULON - G.R.I.M., UNIVERSITE DU SUD
ToULON-VAR, FRANCE, AND, EQUIPE AOC, IUFM DE GUADELOUPE
E-mail address: yaubry@univ-tln.fr and rblache@iufm.univ-ag.fr



