◆❆❚❚❆❋ 
  
✱ ❈❤r✐st✐❛♥ ❆|❚■•❯❊❙ 
  
P✐❡rr❡ ▲❖p❊ 
  

t❤❡ r❡s♦✉r❝❡ ❛♠♦✉♥t ❛••♦❝❛t❡❞ t♦ t❤✐s ❛❝t✐✈✐t②✳ ❚❤❡s❡ ✈❛r✐❛❜•❡s ❤❛✈❡ t♦ s❛t✐s❢② t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥str❛✐♥ts✿ 

r i ≤ st i ≤ f t i ≤ di (i ∈ A) ✭✶✮ b min i ≤ b i (t) ≤ b max i (i ∈ A; t ∈ [st i , f t i ]) ✭✷✮ b i (t) = 0 (i ∈ A; i ∈ T \ [st i , f t i ]) ✭✸✮ f ti sti f i (b i (t))dt = W i (i ∈ A) ✭✹✮ i∈A b i (t) ≤ B (t ∈ T ) ✭✺✮ ✇❤❡r❡ f i (b) ✐s ❛ ❝♦♥t✐♥✉♦✉s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ♣♦✇❡r ♣r♦❝❡ss✐♥❣ r❛t❡ ❢✉♥❝t✐♦♥✳ ❲❡ ❞❡✜♥❡ p i = f t i -st i ❛s t❤❡ ❛❝t✐✈✐t② ❞✉r❛t✐♦♥✳ ❲❡ r❡♠❛r❦ t❤❛t ✐❢ b min i = b max i = b i ❛♥❞ f i (b i (t)) = b i (t), ∀i ∈ A✱ t❤❡♥ ✇❡ ❝❛♥ s❡t p i t♦ Wi bi ❛♥❞✱ ✐❢ ❛•• ✐♥♣✉ts ❛r❡ ✐♥t❡❣❡rs✱ ✇❡ ♦❜t❛✐♥ ❛♥ ✐♥st❛♥❝❡ ♦❢ ❈✉❙P✳ ❚❤✉s✱ t❤❡ ❈❊❈❙P ✐s ◆P✲❝♦♠♣•❡t❡✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ ❢✉♥❝t✐♦♥ f i (b) ✐s •✐♥❡❛r ♦r ♣✐❡❝❡✇✐s❡ •✐♥❡❛r✳ ■♥ t❤❡s❡ ❝❛s❡s✱ ✇❡ ❤❛✈❡ ❛❞❛♣t❡❞ ❛ s❛t✐s✜❛❜✐•✐t② t❡st ❢♦r t❤❡ ❈❊❈❙P✱ ✇❤❡r❡ f i (b i (t)) = b i (t), ∀i ∈ A ✭❆rt✐❣✉❡s ❡t✳ ❛•✳ ✷✵✵✾✮✱ t♦ t❤✐s ♠♦r❡ ❝♦♠♣•❡① ❝❛s❡✳ ✸ ❊♥❡r❣❡t✐❝ r❡❛s♦♥✐♥❣ ❢♦r •✐♥❡❛r ❢✉♥❝t✐♦♥ ❲❡ ✜rst ♣r❡s❡♥t t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ f i (b) ❤❛s t❤❡ ❢♦r♠ a i b + c i ✇✐t❤ a i > 0 ❛♥❞ c i > 0✳ ❇❡❢♦r❡ ❡①♣•❛✐♥✐♥❣ ❤♦✇ ❡♥❡r❣❡t✐❝ r❡❛s♦♥✐♥❣ ②✐❡•❞s ❛ ♣♦•②♥♦♠✐❛• s❛t✐s✜❛❜✐•✐t② t❡st ❢♦r ❈❊❈❙P✱ ✇❡ ♣r❡s❡♥t ❛♥ ❡•❡♠❡♥t❛r② s❛t✐s✜❛❜✐•✐t② ❝♦♥❞✐t✐♦♥ t♦ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡ ❛❝t✐✈✐t② ❞❛t❛ ✐s ❝♦♥s✐st❡♥t✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s t❤❡ ❢♦••♦✇✐♥❣✿ ✐❢ ✇❡ ❝❛♥ ✜♥❞ ❛♥ ❛❝t✐✈✐t② i ∈ A s✉❝❤ t❤❛t f i (b max i )( di -r i ) < W i t❤❡♥ t❤❡ ❈❊❈❙P ❝❛♥ ♥♦t ❤❛✈❡ ❛ s♦•✉t✐♦♥✳ ❚❤✐s ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t✱ s✐♥❝❡ f i (b) ✐s ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✱ s❝❤❡❞✉•✐♥❣ i ❛t ✐ts ♠❛①✐♠✉♠ r❡s♦✉r❝❡ r❡q✉✐r❡♠❡♥t b max i ✐♥s✐❞❡ [r i , di ] ❣✐✈❡s t❤❡ •❛r❣❡st ❛♠♦✉♥t ♦❢ ❡♥❡r❣②✳ ■♥ ♦r❞❡r t♦ ❛♣♣•② ❡♥❡r❣❡t✐❝ r❡❛s♦♥✐♥❣ t♦ ♦✉r ♣r♦❜•❡♠✱ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ t❤❡ ♠✐♥✐♠✉♠ ❡♥❡r❣② r❡q✉✐r❡♠❡♥t ❛♥❞ r❡s♦✉r❝❡ ❝♦♥s✉♠♣t✐♦♥ ♦❢ ❛♥ ❛❝t✐✈✐t② i ♦✈❡r ❛♥ ✐♥t❡r✈❛• [t 1 , t 2 ]✳ ❚❤❡s❡ ✈❛•✉❡s ❛r❡ ❞❡♥♦t❡❞ ❜② w(i, t 1 , t 2 ) ❛♥❞ b(i, t 1 , t 2 ) r❡s♣❡❝t✐✈❡•② ❛♥❞ ❞❡✜♥❡❞ ❜②✿ w(i, t 1 , t 2 ) = min t2 t1 f i (b i (t))dt s✉❜•❡❝t t♦ ✭✶✮✕✭✹✮ b(i, t 1 , t 2 ) = min t2 t1 b i (t)dt s✉❜•❡❝t t♦ ✭✶✮✕✭✹✮ ❲❡ ❤❛✈❡ ✉s❡❞ t❤❡s❡ ✈❛•✉❡s t♦ ❝♦♠♣✉t❡ t❤❡ s•❛❝❦ ♦❢ ✐♥t❡r✈❛• [t 1 , t 2 ] ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜②✿ SL(t 1 , t 2 ) = B(t 2 -t 1 ) -i∈A b(i, t 1 , t 2 )✳ ❚❤❡ s❛t✐s✜❛❜✐•✐t② t❡st ❝♦♥s✐sts ♦❢ ❞❡t❡r♠✐♥✐♥❣ ✇❤❡t❤❡r t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡r✈❛• [t 1 , t 2 ]✱ ✇✐t❤ t 1 < t 2 ✱ s✉❝❤ t❤❛t SL(t 1 , t 2 ) < 0✳ ■❢ s✉❝❤ ❛♥ ✐♥t❡r✈❛• ❡①✐sts t❤❡♥ t❤❡ ❈❊❈❙P ❤❛s ♥♦ s♦•✉t✐♦♥✳ ❚❤✐s ♣r♦♣♦s✐t✐♦♥ ✐s ❛t t❤❡ ❝♦r❡ ♦❢ t❤❡ ✧•❡❢t✲s❤✐❢t✴r✐❣❤t✲s❤✐❢t✧ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥✳ ■♥ ✭❇❛♣t✐st❡ ❡t✳ ❛•✳ ✶✾✾✾✮✱ ✐t ✇❛s s❤♦✇♥ t❤❛t t❤✐s t❡st ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ♦♥•② ♦♥ ❛ ♣♦•②♥♦♠✐❛• ♥✉♠❜❡r ♦❢ ✐♥t❡r✈❛•s ❢♦r ❈✉❙P✳ ❋♦r ❈❊❈❙P✱ ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ ✇❤❡t❤❡r ❛ ♣♦•②♥♦♠✐❛• ♥✉♠❜❡r ♦❢ ✐♥t❡r✈❛•s ✐s s✉✣❝✐❡♥t t♦ ♣❡r❢♦r♠ t❤❡ s❛t✐s✜❛❜✐•✐t② t❡st✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s✱ ✇❡ ❤❛✈❡ ❛♥❛•②③❡❞ ♣♦ss✐❜•❡ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ t❤❡ ♠✐♥✐♠✉♠ r❡s♦✉r❝❡ ❝♦♥✲ s✉♠♣t✐♦♥✳ ❋✐rst✱ s✐♥❝❡ f i (b) ✐s ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✱ ✇❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t✱ ❣✐✈❡♥ ❛♥ ✐♥t❡r✲ ✈❛• [t 1 , t 2 ] ✱ t❤❡ ♠✐♥✐♠✉♠ ❝♦♥s✉♠♣t✐♦♥ ❛•✇❛②s ❝♦rr❡s♣♦♥❞s t♦ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ✇❤❡r❡ ❛❝t✐✈✐t② i ✐s ❡✐t❤❡r •❡❢t✲s❤✐❢t❡❞ ✭t❤❡ ❛❝t✐✈✐t② st❛rts ❛t r i ❛♥❞ ✐s s❝❤❡❞✉•❡❞ ❛t ✐ts ♠❛①✐♠✉♠ r❡q✉✐r❡♠❡♥t ✸ ❜❡t✇❡❡♥ r i ❛♥❞ t 1 ✮ ♦r r✐❣❤t✲s❤✐❢t❡❞ ✭t❤❡ ❛❝t✐✈✐t② ❡♥❞s ❛t di ❛♥❞ ✐s s❝❤❡❞✉•❡❞ ❛t ✐ts ♠❛①✐♠✉♠ r❡q✉✐r❡♠❡♥t ❜❡t✇❡❡♥ t 2 ❛♥❞ di ✮ ♦r ❜♦t❤✱ ♦r s❝❤❡❞✉•❡❞ ❛t b min i ❞✉r✐♥❣ [t 1 , t 2 ]✳ ❲❡ ✇✐•• ❞❡♥♦t❡ ❜② I t❤❡ ✐♥t❡r✈❛• ♦✈❡r ✇❤✐❝❤ t❤❡ ❛❝t✐✈✐t② ✐s s❝❤❡❞✉•❡❞ ❛t b max i ♦✉ts✐❞❡ ✐♥t❡r✈❛• [t 1 , t 2 ]✳ ❋♦r ❡①❛♠♣•❡✱ ✐❢ t❤❡ ❛❝t✐✈✐t② i ✐s •❡❢t✲s❤✐❢t❡❞✱ t❤❡♥ I ✐s ♦❢ t❤❡ ❢♦r♠ [r i , t] ✇✐t❤ t ≤ t 1 ✳ ❙♦ t❤❡ ♠✐♥✲ ✐♠✉♠ ❡♥❡r❣② r❡q✉✐r❡♠❡♥t ✐♥ [t 1 , t 2 ] ✐s✿ w(i, t 1 , t 2 ) = min(b min i (t 2 -t 1 ), W i -|I| * f i (b max i ))✳ ❲❡ st✐•• ❤❛✈❡ t♦ ❝♦♠♣✉t❡ t❤❡ ♠✐♥✐♠✉♠ r❡q✉✐r❡❞ r❡s♦✉r❝❡ ❝♦♥s✉♠♣t✐♦♥✳ ❋♦r t❤✐s✱ •❡t J ❜❡ t❤❡ ✐♥t❡r✈❛• ♦✈❡r ✇❤✐❝❤ ✇❡ ❤❛✈❡ t♦ ❜r✐♥❣ ❛♥ ❡♥❡r❣② w(i, t 1 , t 2 ) t♦ t❤❡ ❛❝t✐✈✐t② i✳ ❖❜✈✐♦✉s•②✱ J ✐s ❡✐t❤❡r [r i , d i ] ♦r [r i , t 2 ] ♦r [t 1 , t 2 ]✱ ♦r [t 1 , d i ]✳❲❡ ❤❛✈❡ t✇♦ ❝❛s❡s t♦ ❝♦♥s✐❞❡r ✿ ✕ t❤❡ r❡♠❛✐♥✐♥❣ ✐♥t❡r✈❛• ✐s s✉✣❝✐❡♥t•② •❛r❣❡ t♦ s❝❤❡❞✉•❡ t❤❡ ❛❝t✐✈✐t② ❛t ✐ts ♠✐♥✐♠✉♠ r❡q✉✐r❡♠❡♥t✱ ✐✳❡✳ |J| ≥ w(i,t1,t2) fi(b min i ) ✱ ❛♥❞ t❤❡♥ b(i, t 1 , t 2 ) = b min i ( w(i,t1,t2) fi(b min i ) ) ✕ t❤❡ r❡♠❛✐♥✐♥❣ ✐♥t❡r✈❛• ✐s ♥♦t •❛r❣❡ ❡♥♦✉❣❤ t♦ s❝❤❡❞✉•❡ t❤❡ ❛❝t✐✈✐t② ❛t ✐ts ♠✐♥✐♠✉♠ r❡q✉✐r❡♠❡♥t ❛♥❞ ✜♥❞✐♥❣ b(i, t 1 , t 2 ) ✐s ❡q✉✐✈❛•❡♥t t♦ s♦•✈✐♥❣✿ ♠✐♥✐♠✐③❡ J b i (t)dt s✉❜•❡❝t t♦ J f i (b i (t))dt ≥ w(i, t 1 , t 2 ) ❚❤❡♥ b(i, t 1 , t 2 ) = 1 ai (w(i, t 1 , t 2 ) -|J|c i )✳ ❚❤❡ ❢✉♥❝t✐♦♥ b(i, t 1 , t 2 ) ❞❡✜♥❡❞ ✐♥ t❤✐s ✇❛② ✐s ❛ ❜✐✈❛r✐❛t❡ ❝♦♥t✐♥✉♦✉s ♣✐❡❝❡✇✐s❡ •✐♥❡❛r ❢✉♥❝✲ t✐♦♥✳ ❚❤✐s r❡♠❛r❦ ❛••♦✇s ✉s t♦ ❡st❛❜•✐s❤ ❛ t❤❡♦r❡♠ ✇❤✐❝❤ st❛t❡s t❤❛t ✇❡ ❝❛♥ ♣❡r❢♦r♠ t❤❡ s❛t✐s✜❛❜✐•✐t② t❡st ♦♥•② ♦♥ ❛ ♣♦•②♥♦♠✐❛• ♥✉♠❜❡r ♦❢ ✐♥t❡r✈❛•s✳ ■♥❞❡❡❞✱ ✇❡ ✇❛♥t t♦ ❝❤❡❝❦ ✇❤❡t❤❡r ❛♥ ✐♥t❡r✈❛• [t 1 , t 2 ] ♦✈❡r ✇❤✐❝❤ t❤❡ s•❛❝❦ ❢✉♥❝t✐♦♥ ✐s ♥❡❣❛t✐✈❡ ❡①✐sts✳ ❙✐♥❝❡ t❤❡ s•❛❝❦ ❢✉♥❝t✐♦♥ ✐s ❛ t✇♦ ❞✐♠❡♥s✐♦♥❛• ♣✐❡❝❡✇✐s❡ •✐♥❡❛r ❢✉♥❝t✐♦♥✱ ✇❡ ♦♥•② ❤❛✈❡ t♦ ❝❤❡❝❦ ✇❤❡t❤❡r t❤✐s ♦❝❝✉r ❛t t❤❡ ❡①tr❡♠❡ ♣♦✐♥t ♦❢ ♦♥❡ ♦❢ t❤❡ ❝♦♥✈❡① ♣♦•②❣♦♥ ♦♥ ✇❤✐❝❤ ✐t ✐s •✐♥❡❛r✳ ❚❤❡ ❜r❡❛❦ •✐♥❡ s❡❣♠❡♥ts ♦❢ t❤❡ s•❛❝❦ ❢✉♥❝t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡s ♦❢ t❤❡ s✉♠ ♦❢ t❤❡ ♠✐♥✐♠✉♠ ❝♦♥s✉♠♣t✐♦♥ ❢♦r ❡❛❝❤ ❛❝t✐✈✐t②✳ ❚❤✉s✱ ❡❛❝❤ ❡①tr❡♠❡ ♣♦✐♥t ♦❢ t❤❡ s•❛❝❦ ❢✉♥❝t✐♦♥ ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t✇♦ s❡❣♠❡♥ts✱ ❡❛❝❤ s❡❣♠❡♥t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❜r❡❛❦ •✐♥❡ s❡❣♠❡♥t ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛• ♠✐♥✐♠✉♠ ❝♦♥s✉♠♣t✐♦♥ ❢✉♥❝t✐♦♥✳ ❚❤✉s✱ ✇❡ ♦♥•② ❤❛✈❡ t♦ ♣❡r❢♦r♠ t❤❡ s❛t✲ ✐s✜❛❜✐•✐t② t❡st ♦♥ t❤❡s❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts ✇❤♦s❡ ♥✉♠❜❡r ✐s q✉❛❞r❛t✐❝ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❛❝t✐✈✐t✐❡s✳ ✹ P✐❡❝❡✇✐s❡ •✐♥❡❛r ❢✉♥❝t✐♦♥ ❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❝❛s❡ ✇❤❡r❡ f i (b) ✐s ❛ ❝♦♥t✐♥✉♦✉s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ♣✐❡❝❡✇✐s❡ •✐♥❡❛r ❢✉♥❝✲ t✐♦♥✳ ❆s t❤❡ ❢✉♥❝t✐♦♥ ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ✇❡ ❝❛♥ ♣❡r❢♦r♠ t❤❡ s❛♠❡ t❡st ❛s t❤❡ ♦♥❡ ❢♦r •✐♥❡❛r ❢✉♥❝t✐♦♥s t♦ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡ ❛❝t✐✈✐t② ❞❛t❛ ✐s ❝♦♥s✐st❡♥t✳ ❚❤❡ ♠✐♥✐♠✉♠ r❡q✉✐r❡❞ ❡♥❡r❣② ❛♥❞ r❡s♦✉r❝❡ ❝♦♥s✉♠♣t✐♦♥ w(i, t 1 , t 2 ) ❛♥❞ b(i, t 1 , t 2 ) ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✳ ❚♦ ❝♦♠♣✉t❡ t❤❡ s•❛❝❦ ❢✉♥❝t✐♦♥ ♦❢ ❛♥ ✐♥t❡r✈❛• [t 1 , t 2 ]✱ ✇❡ ♥❡❡❞ ❛♥ ❛♥❛•②t✐❝❛• ❡①♣r❡ss✐♦♥ ♦❢ ❢✉♥❝t✐♦♥ b(i, t 1 , t 2 )✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s✱ t❤❡ ❢✉♥❝t✐♦♥ w(i, t 1 , t 2 ) ✐s ❝♦♠♣✉t❡❞✳ ❆❝t✉❛••②✱ ♣♦ss✐❜•❡ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ t❤❡ ♠✐♥✐♠✉♠ r❡s♦✉r❝❡ ❝♦♥s✉♠♣t✐♦♥ ❛r❡ t❤❡ s❛♠❡ ❛s ❢♦r t❤❡ ❝❛s❡ ♦❢ •✐♥❡❛r ❢✉♥❝t✐♦♥s ✭•❡❢t✲s❤✐❢t❡❞ ❛❝t✐✈✐t②✱ r✐❣❤t✲s❤✐❢t❡❞ ♦r ❜♦t❤✮✳ ❚❤✉s✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ w(i, t 1 , t 2 ) ✐♥ t❤❡ s❛♠❡ ✇❛②✳ ❋♦

  r ❛ ♣✐❡❝❡✇✐s❡ •✐♥❡❛r ❢✉♥❝t✐♦♥✱ t❤❡ ❞✐✣❝✉•t② •✐❡s ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ b(i, t 1 , t 2 )✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❛r❡ ♥♦t ❛❜•❡ t♦ ❞❡r✐✈❡ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ♠✐♥✐♠✉♠ r❡s♦✉r❝❡ ❝♦♥s✉♠♣t✐♦♥ ❢r♦♠ ❛ •✐♥❡❛r ♣r♦❣r❛♠✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ❛♥❛•②③❡ t❤❡ ❢✉♥❝t✐♦♥ f i (b) t♦ ✜♥❞ t❤❡ ♣♦✐♥t ♦❢ ❜❡st ❡♥❡r❣❡t✐❝ ❡✣❝✐❡♥❝②✱ ✐✳❡✳ t❤❡ ♣♦✐♥t ❢♦r ✇❤✐❝❤ fi(b) b ✐s ♠❛①✐♠❛• ❢♦r b min i ≤ b ≤ b max i ✳ ▲❡t γ ❜❡ t❤✐s ♣♦✐♥t✳ ❖♥❝❡ γ ✐s ❝❛•❝✉•❛t❡❞✱ ✇❡ ❝❛♥ ✉s❡ ✐t t♦ ❡①❤✐❜✐t ❛ •♦✇❡r ❜♦✉♥❞ ❢♦r b(i, t 1 , t 2 )✳ ■♥❞❡❡❞✱ ✇❡ ❦♥♦✇ t❤❛t t♦ ♣r♦✈✐❞❡ t❤❡ r❡q✉✐r❡❞ ❡♥❡r❣② t♦ t❤❡ ❛❝t✐✈✐t②✱ t❤❡ ♠✐♥✐♠✉♠ r❡s♦✉r❝❡