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■s♦♠❡tr✐❝ ❛♥❞ ✐♥✈❡rt✐❜❧❡ ❝♦♠♣♦s✐t✐♦♥ ♦♣❡r❛t♦rs
♦♥ ✇❡✐❣❤t❡❞ ❇❡r❣♠❛♥ s♣❛❝❡s ♦❢ ❉✐r✐❝❤❧❡t s❡r✐❡s

▼❛①✐♠❡ ❇❛✐❧❧❡✉❧

❆❜str❛❝t

❲❡ s❤♦✇ t❤❛t ❛ ❝♦♠♣♦s✐t✐♦♥ ♦♣❡r❛t♦r ♦♥ ✇❡✐❣❤t❡❞ ❇❡r❣♠❛♥ s♣❛❝❡s Ap

µ

✐s ✐♥✈❡rt✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❋r❡❞❤♦❧♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛♥ ✐s♦♠❡tr②✳

✶ ■♥tr♦❞✉❝t✐♦♥

■♥ ❬✽❪✱ t❤❡ ❛✉t❤♦rs ❞❡✜♥❡❞ t❤❡ ❍❛r❞② s♣❛❝❡H2 ♦❢ ❉✐r✐❝❤❧❡t s❡r✐❡s ✇✐t❤ sq✉❛r❡✲
s✉♠♠❛❜❧❡ ❝♦❡✣❝✐❡♥ts✳ ❚❤❛♥❦s t♦ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✐t ✐s ❡❛s② t♦
s❡❡ t❤❛t H2 ✐s ❛ s♣❛❝❡ ♦❢ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s ♦♥ C 1

2
:= {s ∈ C, ℜ(s) > 1

2}✳

❋✳ ❇❛②❛rt ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✸❪ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ❍❛r❞② s♣❛❝❡s ♦❢ ❉✐r✐❝❤❧❡t
s❡r✐❡s Hp ✭1 ≤ p < +∞✮✳ ■♥ ❛♥♦t❤❡r ❞✐r❡❝t✐♦♥✱ ▼❝❈❛rt❤② ❞❡✜♥❡❞ ✐♥ ❬✶✷❪ s♦♠❡
✇❡✐❣❤t❡❞ ❇❡r❣♠❛♥ ❍✐❧❜❡rt s♣❛❝❡s ♦❢ ❉✐r✐❝❤❧❡t s❡r✐❡s ❛♥❞ t❤❡s❡ s♣❛❝❡s ❤❛✈❡ ❜❡❡♥
❣❡♥❡r❛❧✐③❡❞ ✐♥ ❬✷❪✳

■♥ ♦r❞❡r t♦ r❡❝❛❧❧ ❤♦✇ t❤❡s❡ s♣❛❝❡s ❛r❡ ❞❡✜♥❡❞✱ ✇❡ ♥❡❡❞ t♦ r❡❝❛❧❧ t❤❡ ♣r✐♥❝✐♣❧❡
♦❢ t❤❡ ❇♦❤r✬s ♣♦✐♥t ♦❢ ✈✐❡✇✿ ❧❡t n ≥ 2 ❜❡ ❛♥ ✐♥t❡❣❡r✱ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ ✭✐♥ ❛
✉♥✐q✉❡ ✇❛②✮ ❛s ❛ ♣r♦❞✉❝t ♦❢ ♣r✐♠❡ ♥✉♠❜❡rs n = pα1

1 · · pαk

k ✇❤❡r❡ p1 = 2, p2 = 3
❡t❝ ✳ ✳ ✳ ❋♦r s ∈ C✱ ✇❡ ❝♦♥s✐❞❡r z = (z1, z2, . . . ) = (p−s

1 , p−s
2 , . . . )✳ ❚❤❡♥✱ ✇r✐t✐♥❣

f(s) =

+∞
∑

n=1

ann
−s ✭✶✮

✇❡ ❣❡t

f(s) =

+∞
∑

n=1

an(p
−s
1 )α1 · · (p−s

k )αk =

+∞
∑

n=1

an z
α1

1 · · zαk

k .

❙♦ ✇❡ ❝❛♥ s❡❡ ❛ ❉✐r✐❝❤❧❡t s❡r✐❡s ❛s ❛ ❋♦✉r✐❡r s❡r✐❡s ♦♥ t❤❡ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧
♣♦❧②t♦r✉s T

∞ = {(z1, z2, · · · ), |zi| = 1, ∀i ≥ 1}✳ ❲❡ s❤❛❧❧ ❞❡♥♦t❡ t❤✐s ❋♦✉r✐❡r
s❡r✐❡s D(f)✳

▲❡t ✉s ✜① ♥♦✇ p ≥ 1✳ ❚❤❡ s♣❛❝❡ Hp(T∞) ✐s t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ s❡t ♦❢ ❛♥❛❧②t✐❝
♣♦❧②♥♦♠✐❛❧s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♥♦r♠ ♦❢ Lp(T∞, m) ✇❤❡r❡ m ✐s t❤❡ ♥♦r♠❛❧✲
✐③❡❞ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ T

∞✳ ▲❡t f ❜❡ ❛ ❉✐r✐❝❤❧❡t ♣♦❧②♥♦♠✐❛❧✱ D(f) ✐s t❤❡♥
❛♥ ❛♥❛❧②t✐❝ ♣♦❧②♥♦♠✐❛❧ ♦♥ T

∞ ❜② t❤❡ ❇♦❤r✬s ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❇② ❞❡✜♥✐t✐♦♥✱
‖f‖Hp := ‖D(f)‖Hp(T∞) ❛♥❞ Hp ✐s t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ s❡t ♦❢ ❉✐r✐❝❤❧❡t ♣♦❧②♥♦♠✐✲
❛❧s ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ♥♦r♠✳ ❚❤❡ s♣❛❝❡sHp ❛♥❞Hp(T∞) ❛r❡ t❤❡♥ ✐s♦♠❡tr✐❝❛❧❧②
✐s♦♠♦r♣❤✐❝✳

❲❡ r❡❝❛❧❧ ♥♦✇ ❤♦✇ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ✇❡✐❣❤t❡❞ ❇❡r❣♠❛♥ s♣❛❝❡s ♦❢ ❉✐r✐❝❤❧❡t
s❡r✐❡s✳ ❋♦r σ > 0✱ fσ ✇✐❧❧ ❜❡ t❤❡ tr❛♥s❧❛t❡ ♦❢ f ❜② σ✱ ✐✳❡✳ fσ(s) := f(σ + s)✳ ❲❡
s❤❛❧❧ ❞❡♥♦t❡ ❜② P t❤❡ s❡t ♦❢ ❉✐r✐❝❤❧❡t ♣♦❧②♥♦♠✐❛❧s✳

▲❡t p ≥ 1✱ P ∈ P ❛♥❞ µ ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ (0,+∞) s✉❝❤ t❤❛t
0 ∈ Supp(µ)✳ ❚❤❡♥

‖P‖Ap
µ
:=

(
∫ +∞

0

‖Pσ‖
p
Hp dµ(σ)

)1/p

·

✶



Ap
µ ✐s t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ P ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ♥♦r♠✳ ❲❤❡♥ dµ(σ) = 2e−2σ dσ✱

t❤❡s❡ s♣❛❝❡s ❛r❡ s✐♠♣❧② ❞❡♥♦t❡❞ ❜② Ap✳ ■t ✐s s❤♦✇♥ ✐♥ ❬✷❪ t❤❛t t❤❡② ❛r❡ s♣❛❝❡s
♦❢ ❝♦♥✈❡r❣❡♥t ❉✐r✐❝❤❧❡t s❡r✐❡s ♦♥ C1/2✳

■♥ ❬✼❪✱ t❤❡ ❜♦✉♥❞❡❞ ❝♦♠♣♦s✐t✐♦♥ ♦♣❡r❛t♦rs ♦♥ H2✱ ✐♥ ♦t❤❡r ✇♦r❞s t❤❡ ❛♥❛❧②t✐❝
❢✉♥❝t✐♦♥s Φ : C 1

2
→ C 1

2
s✉❝❤ t❤❛t ❢♦r ❛♥② f ∈ H2✱ f ◦Φ ∈ H2✱ ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞✳

■♥ ❬✸❪✱ ❋✳ ❇❛②❛rt ❣❡♥❡r❛❧✐③❡❞ t❤✐s r❡s✉❧t t♦ t❤❡ s♣❛❝❡ Hp ✇❤❡♥ p ≥ 1✳
❲❡ ❞❡♥♦t❡ ❜② D t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s f ✇❤✐❝❤ ❛❞♠✐t ❛ r❡♣r❡s❡♥t❛t✐♦♥ ❜② ❛

❝♦♥✈❡r❣❡♥t ❉✐r✐❝❤❧❡t s❡r✐❡s ✐♥ s♦♠❡ ❤❛❧❢✲♣❧❛♥❡ ❛♥❞ ❢♦r θ ∈ R✱ Cθ ✇✐❧❧ ❜❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❤❛❧❢✲♣❧❛♥❡ {s ∈ C, ℜ(s) > θ}✳ ❲❡ s❤❛❧❧ ❞❡♥♦t❡ C+ ✐♥st❡❛❞ ♦❢ C0✳

❖♥ t❤❡ s♣❛❝❡s Ap
µ✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠s ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡❞ ✐♥ ❬✶❪✿

❚❤❡♦r❡♠ ✶ ✭❬✶❪✱❚❤✶✮✳ ▲❡t Φ : C 1
2
→ C 1

2
❜❡ ❛♥ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠

Φ(s) = c0s+ ϕ(s) ✇❤❡r❡ c0 ≥ 1 ❛♥❞ ϕ ∈ D✳ ❚❤❡♥ CΦ ✐s ❜♦✉♥❞❡❞ ♦♥ Ap
µ ✐❢ ❛♥❞

♦♥❧② ✐❢ ϕ ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② ✐♥ Cε ❢♦r ❡✈❡r② ε > 0 ❛♥❞ ϕ(C+) ⊂ C+✳ ▼♦r❡♦✈❡r
✐♥ t❤✐s ❝❛s❡✱ CΦ ✐s ❛ ❝♦♥tr❛❝t✐♦♥✳

❚❤❡♦r❡♠ ✷ ✭❬✶❪✱❚❤✷✮✳ ▲❡t Φ : C 1
2
→ C 1

2
❜❡ ✐♥ D✳ ❚❤❡♥

✭✐✮ ■❢ CΦ ✐s ❜♦✉♥❞❡❞ ♦♥ Ap
µ t❤❡♥ Φ ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② ✐♥ Cε ❢♦r ❡✈❡r② ε > 0

❛♥❞ Φ(C+) ⊂ C1/2✳

✭✐✐✮ ■❢ Φ ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② ✐♥ Cε ❢♦r ❡✈❡r② ε > 0 ❛♥❞ Φ(C+) ⊂ C1/2+η ✇✐t❤
s♦♠❡ η > 0 t❤❡♥ CΦ ✐s ❜♦✉♥❞❡❞ ♦♥ A2

µ✳

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❛ss✉♠❡ t❤❛t µ ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ (0,+∞) s✉❝❤
t❤❛t dµ(σ) = h(σ)dσ ✇❤❡r❡ h ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳

❊①❛♠♣❧❡✳ ▲❡t α > −1✱ ✇❡ ❞❡♥♦t❡ µα t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ❞❡✜♥❡❞ ♦♥
(0,+∞) ❜②

dµα(σ) =
2α+1

Γ(α+ 1)
σαe−2σ dσ.

❲❡ ❞❡♥♦t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❛❝❡ Ap
α ✐♥st❡❛❞ ♦❢ Ap

µα
✳

▼❛✐♥ ❚❤❡♦r❡♠✳ ▲❡t 1 ≤ p < +∞ ❛♥❞ CΦ ❜❡ ❛ ❜♦✉♥❞❡❞ ❝♦♠♣♦s✐t✐♦♥ ♦♣❡r❛t♦r
♦♥ Ap

µ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ CΦ ✐s ✐♥✈❡rs✐❜❧❡✳

✭✐✐✮ CΦ ✐s ❋r❡❞❤♦❧♠✳

✭✐✐✐✮ CΦ ✐s ❛♥ ✐s♦♠❡tr②✳

✭✐✈✮ Φ ✐s ❛ ✈❡rt✐❝❛❧ tr❛♥s❧❛t✐♦♥✿ t❤❡r❡ ❡①✐sts τ ∈ R s✉❝❤ t❤❛t ❢♦r ❡✈❡r② s ∈ C+✱
Φ(s) = s+ iτ ✳

❲❡ ♣♦✐♥t ♦✉t t❤❛t t❤❡ r❡s✉❧t ✐s ❢❛❧s❡ ♦♥ t❤❡ s♣❛❝❡s Hp✿ ❋✳ ❇❛②❛rt ♣r♦✈❡❞ t❤❛t
(i), (ii), (iii) ❛r❡ st✐❧❧ ❡q✉✐✈❛❧❡♥t ♦♥ Hp ❜✉t ♦❜t❛✐♥❡❞ ❛ ❞✐✛❡r❡♥t ❝❤❛r❛❝t❡r✐③❛t✐♦♥
❢♦r t❤❡ ✐s♦♠❡tr✐❝ ❝♦♠♣♦s✐t✐♦♥ ♦♣❡r❛t♦rs ♦♥ Hp ✭s❡❡ ❬✸❪✮✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ Φ ✐s
❞❡✜♥❡❞ ❢♦r ❡✈❡r② s ∈ C+ ❜② Φ(s) = c0s ✇✐t❤ c0 ≥ 2✱ t❤❡♥ CΦ ✐s ❛♥ ✐s♦♠❡tr②
♦♥ Hp ❜✉t ♥♦t ♦♥ Ap

µ✳ ❚❤❡ s❛♠❡ ♣❤❡♥♦♠❡♥♦♥ ❛♣♣❡❛rs ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢
❝♦♠♣♦s✐t✐♦♥ ♦♣❡r❛t♦rs ♦♥ t❤❡ ✉♥✐t ❞✐s❦ ✭s❡❡ ❬✶✵❪✮✳

■r ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ♠❛✐♥ t❤❡♦r❡♠✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t (ii) ⇒ (iv) ❛♥❞
(iii) ⇒ (iv)✳ ■♥❞❡❡❞✱ (i) ⇒ (ii)✱ (iv) ⇒ (i) ❛♥❞ (iv) ⇒ (iii) ❛r❡ ❝❧❡❛r✳

✷



✷ ❇❛❝❦❣r♦✉♥❞ ♠❛t❡r✐❛❧

▲❡t f ❜❡ ❛ ❉✐r✐❝❤❧❡t s❡r✐❡s ♦❢ ❢♦r♠ (1)✳ ❲❡ ❞♦ ♥♦t r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
❛❜s❝✐ss❛ ♦❢ s✐♠♣❧❡ ✭r❡s♣✳ ❛❜s♦❧✉t❡✮ ❝♦♥✈❡r❣❡♥❝❡ ❞❡♥♦t❡❞ ❜② σc ✭r❡s♣✳ σa✮✱ s❡❡
❬✶✸❪ ♦r ❬✶✹❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳ ❲❡ s❤❛❧❧ ♥❡❡❞ t❤❡ t✇♦ ♦t❤❡r ❢♦❧❧♦✇✐♥❣ ❛❜s❝✐ss❛s✿

σu(f) = inf{a | ❚❤❡ s❡r✐❡s (1) ✐s ✉♥✐❢♦r♠❧② ❝♦♥✈❡r❣❡♥t ❢♦r ℜ(s) > a}
= ❛❜s❝✐ss❛ ♦❢ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ f.

σb(f) = inf{a | t❤❡ ❢✉♥❝t✐♦♥ f ❤❛s ❛♥ ❛♥❛❧②t✐❝✱ ❜♦✉♥❞❡❞ ❡①t❡♥s✐♦♥ ❢♦r ℜ(s) > a}
= ❛❜s❝✐ss❛ ♦❢ ❜♦✉♥❞❡❞♥❡ss ♦❢ f.

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t σc(f) ≤ σu(f) ≤ σa(f)✳ ❆♥ ✐♠♣♦rt❛♥t r❡s✉❧t ✐s t❤❛t
σu(f) ❛♥❞ σb(f) ❝♦✐♥❝✐❞❡✿ t❤✐s ✐s t❤❡ ❇♦❤r✬s t❤❡♦r❡♠ ✭s❡❡ ❬✺❪✮✳ ❚❤✐s r❡s✉❧t ✐s
r❡❛❧❧② ✉s❡❢✉❧ ❢♦r t❤❡ st✉❞② ♦❢ H∞✱ t❤❡ ❛❧❣❡❜r❛ ♦❢ ❜♦✉♥❞❡❞ ❉✐r✐❝❤❧❡t s❡r✐❡s ♦♥
t❤❡ r✐❣❤t ❤❛❧❢✲♣❧❛♥❡ C+ ✭s❡❡ ❬✶✶❪✮✳ ❲❡ s❤❛❧❧ ❞❡♥♦t❡ ❜② ‖ · ‖∞ t❤❡ ♥♦r♠ ♦♥ t❤✐s
s♣❛❝❡✿

‖f‖∞ := sup
ℜ(s)>0

|f(s)|.

❲❡ s❤❛❧❧ ♠❛❦❡ ❛ ❝r✉❝✐❛❧ ✉s❡ ♦❢ t❤❡ ♣♦✐♥t ❡✈❛❧✉❛t✐♦♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ▼❛✐♥
❚❤❡♦r❡♠✿ ❢♦r ❡✈❡r② p ≥ 1✱ t❤❡ s♣❛❝❡s Hp ❛♥❞ Ap

µ ❛r❡ s♣❛❝❡s ♦❢ ❤♦❧♦♠♦r♣❤✐❝
❢✉♥❝t✐♦♥s ♦♥ C1/2 ❛♥❞ ♠♦r❡ ♣r❡❝✐s❡❧② ✐❢ δs ✐s t❤❡ ♦♣❡r❛t♦r ♦❢ ♣♦✐♥t ❡✈❛❧✉❛t✐♦♥ ❛t
s ∈ C1/2✱ t❤❡♥ ❜② ❬✸❪✱❚❤✸✿

‖δs‖(Hp)∗ = ζ(2ℜ(s))

❛♥❞ ❜② ❬✷❪✱❚❤✶ t❤❡ ♣♦✐♥t ❡✈❛❧✉❛t✐♦♥ ✐s ❛❧s♦ ❜♦✉♥❞❡❞ ♦♥ t❤❡ s♣❛❝❡s Ap
µ✳ ▼♦r❡♦✈❡r

σb(f) ≤ 1/2 ❢♦r ❛♥② f ∈ Ap
µ✳ ❋♦r ❡①❛♠♣❧❡ ✇❤❡♥ µ = µα✱ ✐t ✐s s❤♦✇♥ ✐♥ ❬✷❪✱❈♦r✶

t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t cα,p s✉❝❤ t❤❛t ❢♦r ❡✈❡r② s ∈ C1/2✱

‖δs‖(Ap
α)∗ ≤ cα,p

(

ℜ(s)

2ℜ(s)− 1

)

2+α
p

·

❲❤❡♥ p = 2✱ A2
µ ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❛♥❞ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t

‖f‖A2
µ
=

( +∞
∑

n=1

|an|
2wh(n)

)1/2

✇❤❡r❡ ❢♦r ❡✈❡r② n ≥ 1✱

wh(n) =

∫ +∞

0

n−2σh(σ)dσ.

❚❤❛♥❦s ♦❢ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ♣♦✐♥t ❡✈❛❧✉❛t✐♦♥ ❛t s ∈ C1/2✱ ✇❡ ❝♦♥s✐❞❡r t❤❡
❢♦❧❧♦✇✐♥❣ r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧s ❞❡✜♥❡❞ ❢♦r ❡✈❡r② w ∈ C1/2 ❜②

Kµ(s, w) =

+∞
∑

n=1

n−s−w

wh(n)
·

❋♦r ❡✈❡r② f ∈ A2
µ ❛♥❞ s ∈ C1/2✱ ♦♥❡ ❤❛s

f(s) =< f,Kµ(s, · ) >A2
µ
·

✸



❊①❛♠♣❧❡✳ ❖♥ t❤❡ s♣❛❝❡ A2
α✱ ✇❡ s✐♠♣❧② ❞❡♥♦t❡ (wα

n) t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤t
❛♥❞ t❤❡♥ ❢♦r ❡✈❡r② n ≥ 1✱

wα
n =

1

(log(n) + 1)α+1
·

▲❡t Φ : C 1
2
→ C 1

2
❜❡ ❛♥ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t Φ(s) = c0s+ϕ(s) ✇❤❡r❡

c0 ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡r ❛♥❞ ϕ ∈ D✳ ❲❡ s❤❛❧❧ s❛② t❤❛t Φ ✐s ❛ s②♠❜♦❧ ✐❢ CΦ ✐s
❜♦✉♥❞❡❞ ♦♥ t❤❡ s♣❛❝❡s Ap

µ✳

❋♦r σ > 0✱ ✇❡ ❞❡♥♦t❡ Φσ t❤❡ tr❛♥s❧❛t❡ ♦❢ Φ ❜② σ✿ Φσ(s) := Φ(σ + s)✳

❲❤❡♥ c0 ≥ 1✱ t❤❛♥❦s t♦ t❤❡ ❚❤❡♦r❡♠ 1 ✇❡ ❦♥♦✇ t❤❛t Φ ✐s ❛ s②♠❜♦❧ ✐❢ ❛♥❞
♦♥❧② ϕ ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② ♦♥ Cε ❢♦r ❡✈❡r② ε > 0 ❛♥❞ ϕ(C+) ⊂ C+✳ ■♥ t❤✐s
❝❛s❡✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❢♦r ❡✈❡r② σ > 0✱ Φσ − σ ✐s ❛❧s♦ ❛ s②♠❜♦❧✿ ✐♥❞❡❡❞ ❧❡t
σ > 0 ❛♥❞ s ∈ C+✱ t❤❡♥

ℜ(Φσ(s)− σ) = ℜ(c0(σ + s)) + ℜ(ϕ(σ + s))− σ
> σ(c0 − 1) + ℜ(s) > 0

❜❡❝❛✉s❡ ϕ(C+) ⊂ C+ ❛♥❞ s ∈ C+✳ P♦✐♥t ♦✉t t❤❛t t❤✐s r❡s✉❧t ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡
❙❝❤✇❛r③✬s ❧❡♠♠❛ ✐♥ t❤✐s ❢r❛♠❡✇♦r❦✳

✸ Pr♦♦❢ ♦❢ (ii) ⇒ (iv)

❲✐t❤ ❤❡❧♣ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷ ❢r♦♠ ❬✼❪✱ ❋✳ ❇❛②❛rt ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉s❡❢✉❧
❧❡♠♠❛✳

▲❡♠♠❛ ✶ ✭❬✸❪✱▲❡♠✶✶✮✳ ▲❡t Φ ❜❡ ❛ s②♠❜♦❧✳ ■❢ Φ ✐s ♥♦t ❛ ✈❡rt✐❝❛❧ tr❛♥s❧❛t✐♦♥
t❤❡♥ t❤❡r❡ ❡①✐sts ε ❛♥❞ η > 0 s✉❝❤ t❤❛t

Φ(C1/2−ε) ⊂ C1/2+η.

Pr♦♦❢ ♦❢ (ii) ⇒ (iv)✳ ❲❡ ❢♦❧❧♦✇ ✐❞❡❛s ❢r♦♠ ❬✸❪✱❚❤✶✹✳ ❆ss✉♠❡ t❤❛t Φ ✐s ♥♦t ❛
✈❡rt✐❝❛❧ tr❛♥s❧❛t✐♦♥✳ ❇② t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛✱ t❤❡r❡ ❡①✐sts ε ❛♥❞ η > 0 s✉❝❤ t❤❛t

Φ(C1/2−ε) ⊂ C1/2+η.

❲❡ r❡♠❛r❦ t❤❛t ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ ■♠✭CΦ✮ ✐s ❞❡✜♥❡❞ ❛♥❞ ❜♦✉♥❞❡❞ ♦♥ C1/2−ε✿
✐♥❞❡❡❞ Φ(C1/2−ε) ⊂ C1/2+η ❛♥❞ ✐❢ f ∈ Ap

µ✱ f ✐s ❜♦✉♥❞❡❞ ♦♥ C1/2+η ✭❜❡❝❛✉s❡
σb(f) ≤ 1/2✮✳

◆♦✇ ❜② ❧❡♠♠❛ ❬✸❪✱▲❡♠✾ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts f ∈ Hp s✉❝❤ t❤❛t t❤❡
❧✐♥❡ ℜ(s) = 1/2 ✐s ❜♦t❤ ❛❜s❝✐ss❛ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ♥❛t✉r❛❧ ❜♦✉♥❞❛r② ❢♦r f ✳
❇❡❝❛✉s❡ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ Hp ⊂ Ap

µ✱ f ❜❡❧♦♥❣s t♦ Ap
µ✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣

✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ ♦❢ Ap
µ✿

F = s♣❛♥{n−sf, n ≥ 1} = fP.

❲❡ s❤❛❧❧ s❤♦✇ t❤❛t F ∩ Im(CΦ) = {0} ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ❈♦❞✐♠✭■♠✭CΦ✮✮❂+∞
✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ (ii)✳

▲❡t h ∈ F ∩ Im(CΦ)✱ t❤❡r❡ ❡①✐sts P ∈ P s✉❝❤ t❤❛t h = Pf ✳ ■❢ h 6= 0✱ t❤❡r❡
❡①✐sts s0 s✉❝❤ t❤❛t ℜ(s0) = 1/2 ❛♥❞ P (s0) 6= 0✳ ❇✉t ✐♥ t❤✐s ❝❛s❡✱ f ❡①t❡♥❞s
❜❡②♦♥❞ C1/2 ❛♥❞ t❤❡♥ ✇❡ ♦❜t❛✐♥ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❜❡❝❛✉s❡ t❤❡ ❧✐♥❡ ℜ(s) = 1/2 ✐s
❛ ♥❛t✉r❛❧ ❜♦✉♥❞❛r② ❢♦r f ✳ ❋✐♥❛❧❧② F ∩ Im(CΦ) = {0}✳

✹



✹ Pr♦♦❢ ♦❢ (iii) ⇒ (iv)

❋✐rst ✇❡ s❤❛❧❧ s❤♦✇ t❤❛t ✐❢ CΦ ✐s ❛♥ ✐s♦♠❡tr② t❤❡♥ c0 ≥ 1✳ ❲❡ ♥❡❡❞ t❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

▲❡♠♠❛ ✷✳ lim
ℜ(s)→+∞

‖δs‖(A1
µ)

∗ = 1.

Pr♦♦❢✳ ▲❡t s ∈ C1✳ ❇② t❤❡ r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧ ♣r♦♣❡rt② ♦♥ A2
µ ✭♦r ❥✉st ❜② ❛

s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥✮✱ ❢♦r ❛♥② ❉✐r✐❝❤❧❡t ♣♦❧②♥♦♠✐❛❧ ✇❡ ❤❛✈❡

P (s) =

∫ +∞

0

lim
T→+∞

1

2T

∫ T

−T

P (σ + it)Kµ(s, σ + it) dtdµ(σ).

◆♦✇ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♥♦r♠ ♦❢ ❉✐r✐❝❤❧❡t ♣♦❧②♥♦♠✐❛❧s ✐♥ H1 ✭s❡❡ ❞❡✜♥✐t✐♦♥ ✶
❢r♦♠ ❬✸❪✮✱ ✇❡ ❤❛✈❡

‖P‖A1
µ
=

(
∫ +∞

0

lim
T→+∞

1

2T

∫ T

−T

|P (σ + it)|dtdµ(σ)

)

·

❈♦♥s❡q✉❡♥t❧②
|P (s)| ≤ ‖P‖A1

µ
× ‖Kµ(s, · )‖∞.

◆♦✇

‖Kµ(s, ·)‖∞ = sup
w∈C+

∣

∣

∣

∣

+∞
∑

n=1

n−s+w

wh(n)

∣

∣

∣

∣

≤
+∞
∑

n=1

n−ℜ(s)

wh(n)

❛♥❞ ✇❡ ♣♦✐♥t ♦✉t t❤❛t wh(1) = 1 s♦

lim sup
ℜ(s)→+∞

‖δs‖(A1
µ)

∗ ≤ lim
ℜ(s)→+∞

+∞
∑

n=1

n−ℜ(s)

wh(n)
= 1.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ✐s ❝❧❡❛r t❤❛t ‖δs‖(A1
µ)

∗ ≥ 1 ❛♥❞ t❤❡♥ ✇❡ ♦❜t❛✐♥ t❤❡ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ▲❡t Φ ❜❡ ❛ s②♠❜♦❧✳ ■❢ CΦ ✐s ❛ ❝♦♥tr❛❝t✐♦♥ t❤❡♥ c0 ≥ 1✳

Pr♦♦❢✳ ▲❡t s ∈ C1/2✳ ❋♦r ❡✈❡r② f ∈ Ap
µ ✇❡ ❤❛✈❡

|f ◦ Φ(s)| ≤ ‖δs‖(Ap
µ)∗‖f ◦ Φ‖ ≤ ‖δs‖(Ap

µ)∗‖CΦ‖‖f‖

❛♥❞ t❤❡♥
‖δΦ(s)‖(Ap

µ)∗

‖δs‖(Ap
µ)∗

≤ ‖CΦ‖.

❇② ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ s♣❛❝❡s Ap
µ ❛♥❞ t❤❡ ❢❛❝t t❤❛t Hp ⊂ Ap

µ ✇✐t❤ ‖ · ‖Ap
µ
≤ ‖ · ‖Hp

✇❡ ♦❜t❛✐♥✿
‖δΦ(s)‖(Hp)∗

‖δs‖(A1
µ)

∗

≤ ‖CΦ‖.

❇② ❚❤❡♦r❡♠ ✸ ❢r♦♠ ❬✸❪✱ ✇❡ ♦❜t❛✐♥

ζ(2ℜ(Φ(s)))1/p × ‖δs‖
−1
(A1

µ)
∗
≤ ‖CΦ‖.

✺



◆♦✇ ❛ss✉♠❡ c0 = 0✱ t❤❡♥ Φ(s) = ϕ(s) =

+∞
∑

n=1

cnn
−s ❛♥❞ ℜ(c1) > 1/2 ✭s❡❡ ♣r♦♦❢

♦❢ ▲❡♠♠❛ 3.3 ❢r♦♠ ❬✼❪✮✳ ❋✐♥❛❧❧② t❤❛♥❦s t♦ t❤❡ ▲❡♠♠❛ 2✱ ✇❤❡♥ ℜ(s) ❣♦❡s t♦
✐♥✜♥✐t② ✇❡ ❣❡t

‖CΦ‖ ≥ ζ(2ℜ(c1))
1/p > 1

❛♥❞ ❝♦♥s❡q✉❡♥t❧② CΦ ✐s ♥♦t ❛ ❝♦♥tr❛❝t✐♦♥✳

❘❡♠❛r❦✳ ■♥ t❤❡ ♣r❡✈✐♦✉s ▲❡♠♠❛ ✇❡ ❛❝t✉❛❧❧② ✉s❡❞ t❤❛t ❢♦r ❡✈❡r② s ∈ C1/2✱
δs ◦ CΦ = δΦ(s)✳

Pr♦♦❢ ♦❢ (iii) ⇒ (iv)✳ ❆ss✉♠❡ t❤❛t CΦ ✐s ❛♥ ✐s♦♠❡tr②✳ ❇② t❤❡ ❧❛st ❧❡♠♠❛✱ c0 ≥ 1
❛♥❞ t❤❡♥ ✇❡ ❦♥♦✇ t❤❛t Φ : C+ → C+ t❤❛♥❦s t♦ t❤❡ ❚❤❡♦r❡♠ 1✳ ❖♥❡ ❤❛s

‖2−s‖Ap
µ
= ‖2−Φ‖Ap

µ
.

◆♦✇ ❜② ❬✷❪✱❚❤✻✱

∫ +∞

0

‖2−σ−•‖p
Hp − ‖2−Φ(σ+•)‖p

Hp dµ(σ) = 0.

❇✉t
‖2−Φ(σ+•)‖Hp = ‖2−σ−(Φ(σ+•)−σ)‖Hp = ‖CΦσ−σ(2

−σ−•)‖Hp .

❚❤❛♥❦s t♦ t❤❡ ❙❝❤✇❛r③✬s ❧❡♠♠❛ ✐♥ t❤✐s ❢r❛♠❡✇♦r❦ ✭r❡❝❛❧❧ t❤❛t c0 ≥ 1✮ ✇❡ ❦♥♦✇
t❤❛t Φσ−σ : C+ → C+✳ ❙♦ ❜② t❤❡ ❚❤❡♦r❡♠ ✶✱ CΦσ−σ ✐s ❛ ❜♦✉♥❞❡❞ ❝♦♠♣♦s✐t✐♦♥
♦♣❡r❛t♦r ♦♥ Hp ❛♥❞ ‖CΦσ−σ‖ ≤ 1✳ ❚❤❡♥

‖2−Φ(σ+•)‖Hp ≤ ‖2−σ−•‖Hp .

❈♦♥s❡q✉❡♥t❧② 2−σ = ‖2−σ−•‖Hp = ‖2−Φ(σ+•)‖Hp ❢♦r ❡✈❡r② σ > 0 ✭r❡❝❛❧❧ t❤❛t
h ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✮✳ ◆♦✇ ❜② ▲❡♠♠❛ 1✱ ✐❢ Φ ✐s ♥♦t ❛ ✈❡rt✐❝❛❧
tr❛♥s❧❛t✐♦♥✱ t❤❡r❡ ❡①✐sts ε ❛♥❞ η > 0 s✉❝❤ t❤❛t Φ(C1/2−ε) ⊂ C1/2+η ❛♥❞ t❤❡♥
❢♦r ❡✈❡r② σ > 1/2− ε✱

2−σ = ‖2−Φ(σ+•)‖Hp ≤ ‖2−Φ(σ+•)‖H∞ ≤ 2−1/2−η

❛♥❞ t❤✐s ✐s ♦❜✈✐♦✉s❧② ❢❛❧s❡✳

❘❡♠❛r❦✳ ▲❡t µ ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ (0,+∞) s✉❝❤ t❤❛t 0 ∈ Supp(µ)
❛♥❞ dµ = hdσ ✇❤❡r❡ h ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥✳ ■❢ t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡♥ ✐♥t❡r✈❛❧
I s✉❝❤ t❤❛t h ✐s ♣♦s✐t✐✈❡ ♦♥ I t❤❡♥ t❤❡ t❤❡♦r❡♠ st✐❧❧ ❤♦❧❞s✳ ■t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡
♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❛♥❞ s♦♠❡ ❡❛s② ❛❞❛♣t❛t✐♦♥s ♦❢ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢✳

▲❡♠♠❛ ✸✳ ▲❡t Φ ❜❡ ❛ s②♠❜♦❧ ✇✐t❤ c0 ≥ 1✳ ■❢ Φ ✐s ♥♦t ❛ ✈❡rt✐❝❛❧ tr❛♥s❧❛t✐♦♥
t❤❡♥ ❢♦r ❡✈❡r② ε > 0✱ t❤❡r❡ ❡①✐sts η = ηε > 0 s✉❝❤ t❤❛t Φ(Cε) ⊂ Cε+η✳

Pr♦♦❢✳ ❋✐rst ✇❡ ❛ss✉♠❡ t❤❛t ϕ ✐s ♥♦♥ ❝♦♥st❛♥t t❤❡♥ ϕ : C+ → C+ ❛♥❞ ❜② Pr♦♣♦✲
s✐t✐♦♥ ✹✳✷ ❢r♦♠ ❬✼❪✱ t❤❡r❡ ❡①✐sts ϑ > 0 s✉❝❤ t❤❛t ϕ(Cε) ⊂ Cϑ ❛♥❞ ❝♦♥s❡q✉❡♥t❧②
Φ(Cε) ⊂ Cc0ε+ϑ✳ ■♥ t❤✐s ❝❛s❡✱ ✐t s✉✣❝❡s t♦ ❝❤♦♦s❡ η = (c0 − 1)ε + ϑ ✇❤✐❝❤ ✐s
♣♦s✐t✐✈❡ ❜❡❝❛✉s❡ c0 ≥ 1✳

■❢ ϕ ✐s ❝♦♥st❛♥t ❡q✉❛❧s t♦ iτ ✭τ ∈ R) ❛♥❞ c0 > 1 t❤❡♥ Φ(Cε) ⊂ Cc0ε ❛♥❞ ✐t
s✉✣❝❡s t♦ ❝❤♦♦s❡ η = (c0 − 1)ε✳

■❢ ϕ ✐s ❝♦♥st❛♥t ❛♥❞ ❡q✉❛❧s t♦ c1 ∈ C+ ❛♥❞ c0 ≥ 1✱ Φ(Cε) ⊂ Cc0ε+ℜ(c1) ❛♥❞
✐t s✉✣❝❡s t♦ ❝❤♦♦s❡ η = (c0 − 1)ε+ ℜ(c1)✳

✻
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