1 • • p α k k ✇❤❡r❡ p 1 = 2, p 2 = 3 ❡t❝ ✳ ✳ ✳ ❋♦r s ∈ C✱ ✇❡ ❝♦♥s✐❞❡r z = (z 1 , z 2 , . . . ) = (p -s 1 , p -s 2 , . . . )✳ ❚❤❡♥✱ ✇r✐t✐♥❣ f (s) = +∞ n=1 a n n -s ✭✶✮ ✇❡ ❣❡t f (s) = +∞ n=1 a n (p -s 1 ) α1 • • (p -s k ) α k = +∞ n=1 a n z α1 1 • • z α k k . ❙♦ ✇❡ ❝❛♥ s❡❡ ❛ ❉✐r✐❝❤•❡t s❡r✐❡s ❛s ❛ ❋♦✉r✐❡r s❡r✐❡s ♦♥ t❤❡ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛• ♣♦•②t♦r✉s T ∞ = {(z 1 , z 2 , • • • ), |z i | = 1, ∀i ≥ 1}✳ ❲❡ s❤❛•• ❞❡♥♦t❡ t❤✐s ❋♦✉r✐❡r s❡r✐❡s D(f )✳ ▲❡t ✉s ✜① ♥♦✇ p ≥ 1✳ ❚❤❡ s♣❛❝❡ H p (T ∞ ) ✐s t❤❡ ❝•♦s✉r❡ ♦❢ t❤❡ s❡t ♦❢ ❛♥❛•②t✐❝ ♣♦•②♥♦♠✐❛•s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♥♦r♠ ♦❢ L p (T ∞ , m) ✇❤❡r❡ m ✐s t❤❡ ♥♦r♠❛•✲ ✐③❡❞ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ T ∞ ✳ ▲❡t f ❜❡ ❛ ❉✐r✐❝❤•❡t ♣♦•②♥♦♠✐❛•✱ D(f ) ✐s t❤❡♥ ❛♥ ❛♥❛•②t✐❝ ♣♦•②♥♦♠✐❛• ♦♥ T ∞ ❜② t❤❡ ❇♦❤r✬s ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❇② ❞❡✜♥✐t✐♦♥✱ f H p := D(f ) H p (T ∞ ) ❛♥❞ H p ✐s t❤❡ ❝•♦s✉r❡ ♦❢ t❤❡ s❡t ♦❢ ❉✐r✐❝❤•❡t ♣♦•②♥♦♠✐✲ ❛•s ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ♥♦r♠✳ ❚❤❡ s♣❛❝❡s H p ❛♥❞ H p (T ∞ ) ❛r❡ t❤❡♥ ✐s♦♠❡tr✐❝❛••② ✐s♦♠♦r♣❤✐❝✳ ❲❡ r❡❝❛•• ♥♦✇ ❤♦✇ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ✇❡✐❣❤t❡❞ ❇❡r❣♠❛♥ s♣❛❝❡s ♦❢ ❉✐r✐❝❤•❡t s❡r✐❡s✳ ❋♦r σ > 0✱ f σ ✇✐•• ❜❡ t❤❡ tr❛♥s•❛t❡ ♦❢ f ❜② σ✱ ✐✳❡✳ f σ (s) := f (σ + s)✳ ❲❡ s❤❛•• ❞❡♥♦t❡ ❜② P t❤❡ s❡t ♦❢ ❉✐r✐❝❤•❡t ♣♦•②♥♦♠✐❛•s✳ ▲❡t p ≥ 1✱ P ∈ P ❛♥❞ µ ❜❡ ❛ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡ ♦♥ (0, +∞) s✉❝❤ t❤❛t 0 ∈ Supp(µ)✳ ❚❤❡♥ P A p µ := +∞ 0 P σ p H p dµ(σ) 1/p • ✶ A p µ ✐s t❤❡ ❝♦♠♣•❡t✐♦♥ ♦❢ P ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ♥♦r♠✳ ❲❤❡♥ dµ(σ) = 2e -2σ dσ✱ t❤❡s❡ s♣❛❝❡s ❛r❡ s✐♠♣•② ❞❡♥♦t❡❞ ❜② A p ✳ ■t ✐s s❤♦✇♥ ✐♥ ❬✷( t❤❛t t❤❡② ❛r❡ s♣❛❝❡s ♦❢ ❝♦♥✈❡r❣❡♥t ❉✐r✐❝❤•❡t s❡r✐❡s ♦♥ C 1/2 ✳ ■♥ ❬✼(✱ t❤❡ ❜♦✉♥❞❡❞ ❝♦♠♣♦s✐t✐♦♥ ♦♣❡r❛t♦rs ♦♥ H 2 ✱ ✐♥ ♦t❤❡r ✇♦r❞s t❤❡ ❛♥❛•②t✐❝ ❢✉♥❝t✐♦♥s Φ : C 1 2 → C 1 2 s✉❝❤ t❤❛t ❢♦r ❛♥② f ∈ H 2 ✱ f • Φ ∈ H 2 ✱ ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞✳ ■♥ ❬✸(✱ ❋✳ ❇❛②❛rt ❣❡♥❡r❛•✐③❡❞ t❤✐s r❡s✉•t t♦ t❤❡ s♣❛❝❡ H p ✇❤❡♥ p ≥ 1✳ ❲❡ ❞❡♥♦t❡ ❜② D t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s f ✇❤✐❝❤ ❛❞♠✐t ❛ r❡♣r❡s❡♥t❛t✐♦♥ ❜② ❛ ❝♦♥✈❡r❣❡♥t ❉✐r✐❝❤•❡t s❡r✐❡s ✐♥ s♦♠❡ ❤❛•❢✲♣•❛♥❡ ❛♥❞ ❢♦r θ ∈ R✱ C θ ✇✐•• ❜❡ t❤❡ ❢♦••♦✇✐♥❣ ❤❛•❢✲♣•❛♥❡ {s ∈ C, ℜ(s) > θ}✳ ❲❡ s❤❛•• ❞❡♥♦t❡ C + ✐♥st❡❛❞ ♦❢ C 0 ✳ ❖♥ t❤❡ s♣❛❝❡s A p µ ✱ t❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠s ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡❞ ✐♥ ❬✶(✿ ❚❤❡♦r❡♠ ✶ ✭❬✶(✱❚❤✶✮✳ ▲❡t Φ : C 1 2 → C 1 2 ❜❡ ❛♥ ❛♥❛•②t✐❝ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠ Φ(s) = c 0 s + ϕ(s) ✇❤❡r❡ c 0 ≥ 1 ❛♥❞ ϕ ∈ D✳ ❚❤❡♥ C Φ ✐s ❜♦✉♥❞❡❞ ♦♥ A p µ ✐❢ ❛♥❞ ♦♥•② ✐❢ ϕ ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠•② ✐♥ C ε ❢♦r ❡✈❡r② ε > 0 ❛♥❞ ϕ(C + ) ⊂ C + ✳ ▼♦r❡♦✈❡r ✐♥ t❤✐s ❝❛s❡✱ C Φ ✐s ❛ ❝♦♥tr❛❝t✐♦♥✳ ❚❤❡♦r❡♠ ✷ ✭❬✶(✱❚❤✷✮✳ ▲❡t Φ : C 1 2 → C 1 2 ❜❡ ✐♥ D✳ ❚❤❡♥ ✭✐✮ ■❢ C Φ ✐s ❜♦✉♥❞❡❞ ♦♥ A p µ t❤❡♥ Φ ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠•② ✐♥ C ε ❢♦r ❡✈❡r② ε > 0 ❛♥❞ Φ(C + ) ⊂ C 1/2 ✳ ✭✐✐✮ ■❢ Φ ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠•② ✐♥ C ε ❢♦r ❡✈❡r② ε > 0 ❛♥❞ Φ(C + ) ⊂ C 1/2+η ✇✐t❤ s♦♠❡ η > 0 t❤❡♥ C Φ ✐s ❜♦✉♥❞❡❞ ♦♥ A 2 µ ✳ ■♥ t❤❡ s❡q✉❡•✱ ✇❡ ❛ss✉♠❡ t❤❛t µ ✐s ❛ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡ ♦♥ (0, +∞) s✉❝❤ t❤❛t dµ(σ) = h(σ)dσ ✇❤❡r❡ h ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ ❊①❛♠♣•❡✳ ▲❡t α > -1✱ ✇❡ ❞❡♥♦t❡ µ α t❤❡ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡ ❞❡✜♥❡❞ ♦♥ (0, +∞) ❜② dµ α (σ) = 2 α+1 Γ(α + 1)
σ α e -2σ dσ. 

❲❡ ❞❡♥♦t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❛❝❡ A p α ✐♥st❡❛❞ ♦❢ A p µα ✳ ▼❛✐♥ ❚❤❡♦r❡♠✳ ▲❡t 1 ≤ p < +∞ ❛♥❞ C Φ ❜❡ ❛ ❜♦✉♥❞❡❞ ❝♦♠♣♦s✐t✐♦♥ ♦♣❡r❛t♦r ♦♥ A p µ ✳ ❚❤❡ ❢♦••♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛•❡♥t✿ ✭✐✮ C Φ ✐s ✐♥✈❡rs✐❜•❡✳ ✭✐✐✮ C Φ ✐s ❋r❡❞❤♦•♠✳ ✭✐✐✐✮ C Φ ✐s ❛♥ ✐s♦♠❡tr②✳ ✭✐✈✮ Φ ✐s ❛ ✈❡rt✐❝❛• tr❛♥s•❛t✐♦♥✿ t❤❡r❡ ❡①✐sts τ ∈ R s✉❝❤ t❤❛t ❢♦r ❡✈❡r② s ∈ C + ✱ Φ(s) = s + iτ ✳ ❲❡ ♣♦✐♥t ♦✉t t❤❛t t❤❡ r❡s✉•t ✐s ❢❛•s❡ ♦♥ t❤❡ s♣❛❝❡s H p ✿ ❋✳ ❇❛②❛rt ♣r♦✈❡❞ t❤❛t (i), (ii), (iii) ❛r❡ st✐•• ❡q✉✐✈❛•❡♥t ♦♥ H p ❜✉t ♦❜t❛✐♥❡❞ ❛ ❞✐✛❡r❡♥t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r t❤❡ ✐s♦♠❡tr✐❝ ❝♦♠♣♦s✐t✐♦♥ ♦♣❡r❛t♦rs ♦♥ H p ✭s❡❡ ❬✸(✮✳ ❋♦r ❡①❛♠♣•❡✱ ✐❢ Φ ✐s ❞❡✜♥❡❞ ❢♦r ❡✈❡r② s ∈ C + ❜② Φ(s) = c 0 s ✇✐t❤ c 0 ≥ 2✱ t❤❡♥ C Φ ✐s ❛♥ ✐s♦♠❡tr② ♦♥ H p ❜✉t ♥♦t ♦♥ A p µ ✳ ❚❤❡ s❛♠❡ ♣❤❡♥♦♠❡♥♦♥ ❛♣♣❡❛rs ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❝♦♠♣♦s✐t✐♦♥ ♦♣❡r❛t♦rs ♦♥ t❤❡ ✉♥✐t ❞✐s❦ ✭s❡❡ ❬✶✵(✮✳ ■r ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ♠❛✐♥ t❤❡♦r❡♠✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t (ii) ⇒ (iv) ❛♥❞ (iii) ⇒ (iv)✳ ■♥❞❡❡❞✱ (i) ⇒ (ii)✱ (iv) ⇒ (i) ❛♥❞ (iv) ⇒ (iii) ❛r❡ ❝•❡❛r✳ ✷ ✷ ❇❛❝❦❣r♦✉♥❞ ♠❛t❡r✐❛• ▲❡t f ❜❡ ❛ ❉✐r✐❝❤•❡t s❡r✐❡s ♦❢ ❢♦r♠ (1)✳ ❲❡ ❞♦ ♥♦t r❡❝❛•• t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛❜s❝✐ss❛ ♦❢ s✐♠♣•❡ ✭r❡s♣✳ ❛❜s♦•✉t❡✮ ❝♦♥✈❡r❣❡♥❝❡ ❞❡♥♦t❡❞ ❜② σ c ✭r❡s♣✳ σ a ✮✱ s❡❡ ❬✶✸( ♦r ❬✶✹( ❢♦r ♠♦r❡ ❞❡t❛✐•s✳ ❲❡ s❤❛•• ♥❡❡❞ t❤❡ t✇♦ ♦t❤❡r ❢♦••♦✇✐♥❣ ❛❜s❝✐ss❛s✿ σ u (f ) = inf{a | ❚❤❡ s❡r✐❡s (1) ✐s ✉♥✐❢♦r♠•② ❝♦♥✈❡r❣❡♥t ❢♦r ℜ(s) > a} = ❛❜s❝✐ss❛ ♦❢ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ f. σ b (f ) = inf{a | t❤❡ ❢✉♥❝t✐♦♥ f ❤❛s ❛♥ ❛♥❛•②t✐❝✱ ❜♦✉♥❞❡❞ ❡①t❡♥s✐♦♥ ❢♦r ℜ(s) > a} = ❛❜s❝✐ss❛ ♦❢ ❜♦✉♥❞❡❞♥❡ss ♦❢ f. ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t σ c (f ) ≤ σ u (f ) ≤ σ a (f )✳ ❆♥ ✐♠♣♦rt❛♥t r❡s✉•t ✐s t❤❛t σ u (f ) ❛♥❞ σ b (f ) ❝♦✐♥❝✐❞❡✿ t❤✐s ✐s t❤❡ ❇♦❤r✬s t❤❡♦r❡♠ ✭s❡❡ ❬✺(✮✳ ❚❤✐s r❡s✉•t ✐s r❡❛••② ✉s❡❢✉• ❢♦r t❤❡ st✉❞② ♦❢ H ∞ ✱ t❤❡ ❛•❣❡❜r❛ ♦❢ ❜♦✉♥❞❡❞ ❉✐r✐❝❤•❡t s❡r✐❡s ♦♥ t❤❡ r✐❣❤t ❤❛•❢✲♣•❛♥❡ C + ✭s❡❡ ❬✶✶(✮✳ ❲❡ s❤❛•• ❞❡♥♦t❡ ❜② • ∞ t❤❡ ♥♦r♠ ♦♥ t❤✐s s♣❛❝❡✿ f ∞ := sup ℜ(s)>0 |f (s)|. ❲❡ s❤❛•• ♠❛❦❡ ❛ ❝r✉❝✐❛• ✉s❡ ♦❢ t❤❡ ♣♦✐♥t ❡✈❛•✉❛t✐♦♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ▼❛✐♥ ❚❤❡♦r❡♠✿ ❢♦r ❡✈❡r② p ≥ 1✱ t❤❡ s♣❛❝❡s H p ❛♥❞ A p µ ❛r❡ s♣❛❝❡s ♦❢ ❤♦•♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s ♦♥ C 1/2 ❛♥❞ ♠♦r❡ ♣r❡❝✐s❡•② ✐❢ δ s ✐s t❤❡ ♦♣❡r❛t♦r ♦❢ ♣♦✐♥t ❡✈❛•✉❛t✐♦♥ ❛t s ∈ C 1/2 ✱ t❤❡♥ ❜② ❬✸(✱❚❤✸✿ δ s (H p ) * = ζ(2ℜ(s)) ❛♥❞ ❜② ❬✷(✱❚❤✶ t❤❡ ♣♦✐♥t ❡✈❛•✉❛t✐♦♥ ✐s ❛•s♦ ❜♦✉♥❞❡❞ ♦♥ t❤❡ s♣❛❝❡s A p µ ✳ ▼♦r❡♦✈❡r σ b (f ) ≤ 1/2 ❢♦r ❛♥② f ∈ A p µ ✳ ❋♦r ❡①❛♠♣•❡ ✇❤❡♥ µ = µ α ✱ ✐t ✐s s❤♦✇♥ ✐♥ ❬✷(✱❈♦r✶ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t c α,p s✉❝❤ t❤❛t ❢♦r ❡✈❡r② s ∈ C 1/2 ✱ δ s (A p α ) * ≤ c α,p ℜ(s) 2ℜ(s) -1 2+α p • ❲❤❡♥ p = 2✱ A 2 µ ✐s ❛ ❍✐•❜❡rt s♣❛❝❡ ❛♥❞ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t f A 2 µ = +∞ n=1 |a n | 2 w h (n) 1/2 ✇❤❡r❡ ❢♦r ❡✈❡r② n ≥ 1✱ w h (n) = +∞ 0 n -2σ h(σ)dσ. ❚❤❛♥❦s ♦❢ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ♣♦✐♥t ❡✈❛•✉❛t✐♦♥ ❛t s ∈ C 1/2 ✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡•s ❞❡✜♥❡❞ ❢♦r ❡✈❡r② w ∈ C 1/2 ❜② K µ (s, w) = +∞ n=1 n -s-w w h (n) • ❋♦r ❡✈❡r② f ∈ A 2 µ ❛♥❞ s ∈ C 1/2 ✱ ♦♥❡ ❤❛s f (s) =< f, K µ (s, • ) > A 2 µ • ✸ ❊①❛♠♣•❡✳ ❖♥ t❤❡ s♣❛❝❡ A 2 α ✱ ✇❡ s✐♠♣•② ❞❡♥♦t❡ (w α n ) t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤t ❛♥❞ t❤❡♥ ❢♦r ❡✈❡r② n ≥ 1✱ w α n = 1 (log(n) + 1) α+1 • ▲❡t Φ : C 1 2 → C 1 2 ❜❡ ❛♥ ❛♥❛•②t✐❝ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t Φ(s) = c 0 s + ϕ(s) ✇❤❡r❡ c 0 ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡r ❛♥❞ ϕ ∈ D✳ ❲❡ s❤❛•• s❛② t❤❛t Φ ✐s ❛ s②♠❜♦• ✐❢ C Φ ✐s ❜♦✉♥❞❡❞ ♦♥ t❤❡ s♣❛❝❡s A p µ ✳ ❋♦r σ > 0✱ ✇❡ ❞❡♥♦t❡ Φ σ t❤❡ tr❛♥s•❛t❡ ♦❢ Φ ❜② σ✿ Φ σ (s) := Φ(σ + s)✳ ❲❤❡♥ c 0 ≥ 1✱ t❤❛♥❦s t♦ t❤❡ ❚❤❡♦r❡♠ 1 ✇❡ ❦♥♦✇ t❤❛t Φ ✐s ❛ s②♠❜♦• ✐❢ ❛♥❞ ♦♥•② ϕ ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠•② ♦♥ C ε ❢♦r ❡✈❡r② ε > 0 ❛♥❞ ϕ(C + ) ⊂ C + ✳ ■♥ t❤✐s ❝❛s❡✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❢♦r ❡✈❡r② σ > 0✱ Φ σ -σ ✐s ❛•s♦ ❛ s②♠❜♦•✿ ✐♥❞❡❡❞ •❡t σ > 0 ❛♥❞ s ∈ C + ✱ t❤❡♥ ℜ(Φ σ (s) -σ) = ℜ(c 0 (σ + s)) + ℜ(ϕ(σ + s)) -σ > σ(c 0 -1) + ℜ(s) > 0 ❜❡❝❛✉s❡ ϕ(C + ) ⊂ C + ❛♥❞ s ∈ C + ✳ P♦✐♥t ♦✉t t❤❛t t❤✐s r❡s✉•t ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ❙❝❤✇❛r③✬s •❡♠♠❛ ✐♥ t❤✐s ❢r❛♠❡✇♦r❦✳ ✸ Pr♦♦❢ ♦❢ (ii) ⇒ (iv) ❲✐t❤ ❤❡•♣ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷ ❢r♦♠ ❬✼(✱ ❋✳ ❇❛②❛rt ♣r♦✈❡❞ t❤❡ ❢♦••♦✇✐♥❣ ✉s❡❢✉• •❡♠♠❛✳ ▲❡♠♠❛ ✶ ✭❬✸(✱▲❡♠✶✶✮✳ ▲❡t Φ ❜❡ ❛ s②♠❜♦•✳ ■❢ Φ ✐s ♥♦t ❛ ✈❡rt✐❝❛• tr❛♥s•❛t✐♦♥ t❤❡♥ t❤❡r❡ ❡①✐sts ε ❛♥❞ η > 0 s✉❝❤ t❤❛t Φ(C 1/2-ε ) ⊂ C 1/2+η . Pr♦♦❢ ♦❢ (ii) ⇒ (iv)✳ ❲❡ ❢♦••♦✇ ✐❞❡❛s ❢r♦♠ ❬✸(✱❚❤✶✹✳ ❆ss✉♠❡ t❤❛t Φ ✐s ♥♦t ❛ ✈❡rt✐❝❛• tr❛♥s•❛t✐♦♥✳ ❇② t❤❡ ♣r❡✈✐♦✉s •❡♠♠❛✱ t❤❡r❡ ❡①✐sts ε ❛♥❞ η > 0 s✉❝❤ t❤❛t Φ(C 1/2-ε ) ⊂ C 1/2+η . ❲❡ r❡♠❛r❦ t❤❛t ❡❛❝❤ ❡•❡♠❡♥t ♦❢ ■♠✭C Φ ✮ ✐s ❞❡✜♥❡❞ ❛♥❞ ❜♦✉♥❞❡❞ ♦♥ C 1/2-ε ✿ ✐♥❞❡❡❞ Φ(C 1/2-ε ) ⊂ C 1/2+η ❛♥❞ ✐❢ f ∈ A p µ ✱ f ✐s ❜♦✉♥❞❡❞ ♦♥ C 1/2+η ✭❜❡❝❛✉s❡ σ b (f ) ≤ 1/2✮✳ ◆♦✇ ❜② •❡♠♠❛ ❬✸(✱▲❡♠✾ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts f ∈ H p s✉❝❤ t❤❛t t❤❡ •✐♥❡ ℜ(s) = 1/2 ✐s ❜♦t❤ ❛❜s❝✐ss❛ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ♥❛t✉r❛• ❜♦✉♥❞❛r② ❢♦r f ✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ✐♥❝•✉s✐♦♥ H p ⊂ A p µ ✱ f ❜❡•♦♥❣s t♦ A p µ ✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛• s✉❜s♣❛❝❡ ♦❢ A p µ ✿ F = s♣❛♥{n -s f, n ≥ 1} = f P. ❲❡ s❤❛•• s❤♦✇ t❤❛t F ∩ Im(C Φ ) = {0} ❛♥❞ ❝♦♥s❡q✉❡♥t•② ❈♦❞✐♠✭■♠✭C Φ ✮✮❂+∞ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ (ii)✳ ▲❡t h ∈ F ∩ Im(C Φ )✱ t❤❡r❡ ❡①✐sts P ∈ P s✉❝❤ t❤❛t h = P f ✳ ■❢ h = 0✱ t❤❡r❡ ❡①✐sts s 0 s✉❝❤ t❤❛t ℜ(s 0 ) = 1/2 ❛♥❞ P (s 0 ) = 0✳ ❇✉t ✐♥ t❤✐s ❝❛s❡✱ f ❡①t❡♥❞s ❜❡②♦♥❞ C 1/2 ❛♥❞ t❤❡♥ ✇❡ ♦❜t❛✐♥ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❜❡❝❛✉s❡ t❤❡ •✐♥❡ ℜ(s) = 1/2 ✐s ❛ ♥❛t✉r❛• ❜♦✉♥❞❛r② ❢♦r f ✳ ❋✐♥❛••② F ∩ Im(C Φ ) = {0}✳ ✹ ✹ Pr♦♦❢ ♦❢ (iii) ⇒ (iv) ❋✐rst ✇❡ s❤❛•• s❤♦✇ t❤❛t ✐❢ C Φ ✐s ❛♥ ✐s♦♠❡tr② t❤❡♥ c 0 ≥ 1✳ ❲❡ ♥❡❡❞ t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t✳ ▲❡♠♠❛ ✷✳ lim ℜ(s)→+∞ δ s (A 1 µ ) * = 1. Pr♦♦❢✳ ▲❡t s ∈ C 1 ✳ ❇② t❤❡ r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡• ♣r♦♣❡rt② ♦♥ A 2 µ ✭♦r •✉st ❜② ❛ s✐♠♣•❡ ❝♦♠♣✉t❛t✐♦♥✮✱ ❢♦r ❛♥② ❉✐r✐❝❤•❡t ♣♦•②♥♦♠✐❛• ✇❡ ❤❛✈❡ P (s) = +∞ 0 lim T →+∞ 1 2T T -T P (σ + it)K µ (s, σ + it) dtdµ(σ). ◆♦✇ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♥♦r♠ ♦❢ ❉✐r✐❝❤•❡t ♣♦•②♥♦♠✐❛•s ✐♥ H 1 ✭s❡❡ ❞❡✜♥✐t✐♦♥ ✶ ❢r♦♠ ❬✸(✮✱ ✇❡ ❤❛✈❡ P A 1 µ = +∞ 0 lim T →+∞ 1 2T T -T |P (σ + it)|dtdµ(σ) • ❈♦♥s❡q✉❡♥t•② |P (s)| ≤ P A 1 µ × K µ (s, • ) ∞ . ◆♦✇ K µ (s, •) ∞ = sup w∈C+ +∞ n=1 n -s+w w h (n) ≤ +∞ n=1 n -ℜ(s) w h (n) ❛♥❞ ✇❡ ♣♦✐♥t ♦✉t t❤❛t w h (1) = 1 s♦ lim sup ℜ(s)→+∞ δ s (A 1 µ ) * ≤ lim ℜ(s)→+∞ +∞ n=1 n -ℜ(s) w h (n) = 1. ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ✐s ❝•❡❛r t❤❛t δ s (A 1 µ ) * ≥ 1 ❛♥❞ t❤❡♥ ✇❡ ♦❜t❛✐♥ t❤❡ r❡s✉•t✳ Pr♦♣♦s✐t✐♦♥ ✶✳ ▲❡t Φ ❜❡ ❛ s②♠❜♦•✳ ■❢ C Φ ✐s ❛ ❝♦♥tr❛❝t✐♦♥ t❤❡♥ c 0 ≥ 1✳ Pr♦♦❢✳ ▲❡t s ∈ C 1/2 ✳ ❋♦r ❡✈❡r② f ∈ A p µ ✇❡ ❤❛✈❡ |f • Φ(s)| ≤ δ s (A p µ ) * f • Φ ≤ δ s (A p µ ) * C Φ f ❛♥❞ t❤❡♥ δ Φ(s) (A p µ ) * δ s (A p µ ) * ≤ C Φ . ❇② ✐♥❝•✉s✐♦♥ ♦❢ t❤❡ s♣❛❝❡s A p µ ❛♥❞ t❤❡ ❢❛❝t t❤❛t H p ⊂ A p µ ✇✐t❤ • A p µ ≤ • H p ✇❡ ♦❜t❛✐♥✿ δ Φ(s) (H p ) * δ s (A 1 µ ) * ≤ C Φ . ❇② ❚❤❡♦r❡♠ ✸ ❢r♦♠ ❬✸(✱ ✇❡ ♦❜t❛✐♥ ζ(2ℜ(Φ(s))) 1/p × δ s -1 (A 1 µ ) * ≤ C Φ . ✺ ◆♦✇ ❛ss✉♠❡ c 0 =

  0✱ t❤❡♥ Φ(s) = ϕ(s) = +∞ n=1 c n n -s ❛♥❞ ℜ(c 1 ) > 1/2 ✭s❡❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ 3.3 ❢r♦♠ ❬✼(✮✳ ❋✐♥❛••② t❤❛♥❦s t♦ t❤❡ ▲❡♠♠❛ 2✱ ✇❤❡♥ ℜ(s) ❣♦❡s t♦ ✐♥✜♥✐t② ✇❡ ❣❡t C Φ ≥ ζ(2ℜ(c 1 )) 1/p > 1 ❛♥❞ ❝♦♥s❡q✉❡♥t•② C Φ ✐s ♥♦t ❛ ❝♦♥tr❛❝t✐♦♥✳ |❡♠❛r❦✳ ■♥ t❤❡ ♣r❡✈✐♦✉s ▲❡♠♠❛ ✇❡ ❛❝t✉❛••② ✉s❡❞ t❤❛t ❢♦r ❡✈❡r② s ∈ C 1/2 ✱ δ s • C Φ = δ Φ(s) ✳ Pr♦♦❢ ♦❢ (iii) ⇒ (iv)✳ ❆ss✉♠❡ t❤❛t C Φ ✐s ❛♥ ✐s♦♠❡tr②✳ ❇② t❤❡ •❛st •❡♠♠❛✱ c 0 ≥ 1 ❛♥❞ t❤❡♥ ✇❡ ❦♥♦✇ t❤❛t Φ : C + → C + t❤❛♥❦s t♦ t❤❡ ❚❤❡♦r❡♠ 1✳ ❖♥❡ ❤❛s -• p H p -2 -Φ(σ+•) p H p dµ(σ) = 0.

❇✉t 2 -

 2 Φ(σ+•) H p = 2 -σ-(Φ(σ+•)-σ) H p = C Φσ-σ (2 -σ-• ) H p . ❚❤❛♥❦s t♦ t❤❡ ❙❝❤✇❛r③✬s •❡♠♠❛ ✐♥ t❤✐s ❢r❛♠❡✇♦r❦ ✭r❡❝❛•• t❤❛t c 0 ≥ 1✮ ✇❡ ❦♥♦✇ t❤❛t Φ σ -σ : C + → C + ✳ ❙♦ ❜② t❤❡ ❚❤❡♦r❡♠ ✶✱ C Φσ-σ ✐s ❛ ❜♦✉♥❞❡❞ ❝♦♠♣♦s✐t✐♦♥ ♦♣❡r❛t♦r ♦♥ H p ❛♥❞ C Φσ-σ ≤ 1✳ ❚❤❡♥

-Φ(σ+•) H p ≤ 2 -σ-• H p .