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Abstract

We determine the generating function of the harmonic oscillator by a new method.
Using this generating function we derive the eigenfunctions of the moment p. We find
that the normalization of these eigenfunctions is a real and not complex number with
phase factor chosen equal one (standard books of quantum mechanics). We prove that the
integral of the delta function is equal to one and we derive the oscillator propagator.

1. Introduction

Despite the success of quantum mechanics many problems remain unsolved or solved
by difficult methods. Among these problems the normalization N, of the eigenfunctions
of the moment which is assumed to be a complex number but « the phase factor is chosen
to be equal to unity » [1.p:330, 2.p:54, 3.p:101]. We need also simple methods to
determine: the generating function of the basis of the oscillator [3], the integration of
delta function and the Feynman propagator of the oscillator [1-3].

We use the generating function method that we develop and that has enough variety
of applications [4] to solve these problems. So we show that normalization is real and not
arbitrary and that N, =V1/2nh and the calculations of other problems occur without
particular difficulty using the Gaussian integral.

In the second part we give a quick review of the wave functions in position and
momentum. The third and the fourth part are devoted to a revision of the linear harmonic
oscillator and the derivation of the generating function of the oscillator. We devote the
sixth part to the derivation of the wave function of the momentum. We treat the
properties of Dirac delta function in part sixth. In part seven, we give the derivation of the
Feynman propagator of the harmonic oscillator without the use of Mehler’s formula [1,2].

2. The wave functions in position and momentum

In quantum mechanics the wave function is expressed in terms of coordinate {x} or
momentum{p}.
A- In the coordinate representation we write:

x,p=zi, and [x,p 1=ih (2.1
i dx ’

Following Dirac the eigenfunctions of the observable x, can be written:
x> = x| x>, and <x' x> = x<x'|| x> = x'<x'|| x>

x() xl

0



Therefore: (x— x')<x'|| x> =0

The normalization of this space is the Dirac delta function which is defined by:

o(x—x")= <x’||x>

B- In moment representation (p, x = ifid / dp ) the wave function is p(x) = <x|| p> ,

and (xlplp)=pp(),  (x |—— p)= ——p(x)
The solution of the equation Edi p(x) = pp(x) is:
i dx

p(x) — Npeixp/h

We will determine the normalization N, in part five.
C- We write the unitary operators in the two representations by:

I= f|x>dx<x

. 1=]|p)ap(p|
3. The linear Harmonic oscillator

We will give only a summary of known results on the harmonic oscillator.
3.1 Schrodinger equation waves functions
A- The Schrodinger equation of the harmonic oscillator in one dimension is:

ht d*w(x) mo’
H\V(X)Z—E d";ﬁ )+ 2 y(x) = Ey(x)

The energies E,= ho (n+1,2) and the waves functions are [1,2,3]:

\Vn('x):Nan(q) e_qZ/z’ q: m7(,0x

The H,;, (q) are the Hermite polynomials of degree n and the normalization is:

1/2
N o[ L [mo
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The parity of the wave function is given by:
v, ) =Dy, ().

B- In momentum space x =i%0/0p the Schrodinger equation becomes:
2
L 4(p)~t'm "’(1’ L~ By(p)
2m

The solution is:

¢0,(p)=a"C,H, (t)e™'> where t = p
moh

With o is the phase factor and
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3.2 The Harmonic oscillator in Dirac notation
The Schrodinger equation for the harmonic oscillator is:

2 2

p m
Hy(x)=|—+
y(x) (2’” 5

J\v(x) = Ey(x) (3.8)

This equation is analogous to the product (z-Zz), z € C, therefore we put:

. moaq+ 1 d . moaq_ 1 d
V2 omon dg’ V2rn ™ 2mon dg

where a , a” are adjoint operators with:

la,a”]=1, [a,a]=0, [a",a"]=0 (3.9)
Comparing [a, a’ ]: land [(d /dz), z] =1 we simply deduct by analogy and using Dirac
notation the orthonormal basis of the harmonic oscillator.

It is well known that the basis of polynomials P(z) is:

1, z,....,2",... and i1=0
ny= a

Z
1,...,
) 7
with a|n>=n|n—1>,a+|n>=\/;|n+l>

and |0> is the vacuum state.

n

therefore | 0 >,

|O>,.. and a|0>= 0.

So aand a” are the ladders operators, (m|n) =5

m,n >

The unitary operator of the harmonic oscillator basis is:

1= ol m)in] (3.10)
Using Dirac transformation [5], the wave function may be written as:

un(4>=<4||n>=<QI35|0> 3.11)

And un(q){nf—mj v, (), o'u,(t)=(moh) e, (p) (3.12)

4. The generating functions of the harmonic oscillator
We will find the expression of the generating function by a new simple method

different from the other methods [1-3] and closely related to Dirac method. This function
is the trace of a product of the base y, (x) and the Fock space of analytic functions.
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4.1 The generating functions
Using Dirac transformation [1-5] and (3.9) we find:

. 1 d
“10) = —— (g +-——)G(z,
(qlae™ |0) \/E(CH dq) (z,9)
Using also (3.9) we find: <q|aez"+ 0> =2zG(z,q)

By comparison of the above expressions we derive:
0G0 = (22960
The solution of this equation is:
G(z,) = cexp{( 2z - %) +0(2)}

To determine ¢(z) we use the creation operator, we find:

1 d 8
{q 0) = ﬁ(q - d—q)G(z, 9)=—G(z9)

WE the help of (4.4) and (4.3) we obtain:

+ za*

a e

¢ (z)=-z
Therefore the generating function of the oscillator is:
2 2
Gz.q)=cexpi2gs =

For z=0, we have G(0,9) = (¢|0) = u,(g) and it follows that:

n
z

Gx (Za Q) = Z::O \/ﬁ

By analogy we find the generating function of the basis { ¢, (p) }

(0z)"
Jn!

(a)" is the phase factor of the momentum basis.

G,(z,at) =2,

4.2. The Fock space

In the expression (4.5) the function f, (z) =z" / J/n! constitutes a basis of

analytic Hilbert space known by Fock space and defined by:

= z 2)du(z) = 1id z)=90
(ol £y =11 fu @S, (2)du(z) Hmmu()

du(z)is the cylindrical measure or Gaussian measure:

du(z) = (l/n)e_(”2+vz) dudv, z =u+iv

il 2 2
u,(q)=m * exp{ﬁqz—%—%}

u, () =1 ¢ exp2i(az) —% —%}
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5. The wave function of momentum

We want to determine the expression p(x) = <x|| p>using the generating function of the

harmonic oscillator and the orthogonality of Fock space (4.7).
We write:

(x| p) = (x1| ) = Zo(x[| n)n] ) = 2, w, (09, (p) =

2" (@z)"

1 R " _ Z
Zn,mﬁun(q)X(Sn,m)xot um(t)—\/%fzn,mu,,(q)m Tl i, (dp(z)

_ %J‘Gx(q,z)Gp(t,_ F)du(z) (5.1)

Using the Gaussian integral

n/2
(%) JTIL dx, exp(—x'Xx + Jx) =
n

We find

exp(%JtXlJ) (5.2)

1
A/ (det(X)
-2 . —32
X 3+a 2 i loc2 ’
i—ia” 1-a
We obtain using (5.2), (3.2) and (3,6):

2

2—=2 252 = 2tga 2
qg o+t a tqa_q__t_} (5.3)

1
X)= €X
P V2mh p{ ~1+a’ 2 2

if 2a’> =-1+a’, a=*i wefind o =iif:

p(x) = J;Eexpw%xp) (5.4)

A simple calculation gives:

leﬁ fexp(— pq)G., (z.)dg =G, (2, )

We derive after the development of the above expression:

b, (p) = leﬁj XD )V, (Vs (5.5)

We proved that N,, is real and not complex [1,2,3] and we find the same the phase factor
of the momentum-space wave function (-i)" of ref.[1.p:144].



6. The Dirac delta function
A- With the help of (2,6) we find the expression of the delta function.

(q']q)=3(a"-9)=(q'|l|q)

= [{g'| pdp (p ) = ;—nfexp( Vik (g'-q)) dk 6.1)

B- Using the basis of the oscillator (3.10) and its generating function (4.5) we find
a very useful expression of delta function:

(q'|q) = ;(q'||n><n||q> = Zu,(¢)4,(9) (6.2)

We deduce also from (3.4) that the delta function is an even function.
Repeating the same method above (5.1), we find

(¢9)=1G, (z.q) G.(z,9) du(2)

Replacing G (z,q9)and G, (z,q') by the expression (4.5) we obtain

<q'|q>=ﬁfexp[—q' (g N G) 63)

The arrangement of this expression gives
' 1 1 12 2 1Y) 2 D '
(q'|q) = —=exp(—— (g —q")* Jexp([—2(u ———(q + ¢"))* 1+~ 2iv(q — ¢"))dudv
T 4 4

Using the change of variables and performing the integration we find that

' _L _l N2 . o
(q ||q>—2neXp( 5 (4= d))]exp(rik(q—g))dk (6.4)

Comparing (6.4) and (6.1) and with the help of (2.3) we find:
1 ' 1 1 '
exp(+ (-4 )’ )q'|9) =(q'|q) = 8(q'-q)
C- With the help of the Gauss integral we find that

+oc ] +oe+= 1 ) \ .
[8(q'~q)Mq'=—— | | expl~-(q~q")" +ik(q~q"Wg'dk =1 (6.5)
Therefore we find that the integral of the Dirac delta function is equal to one.
+oc 1 +oc ) . .
J8(q'=q)q'= -~ Jexp[+ik(q —q")dq'dk =1 (6.6)

Finally, we write:



1 o« _i(qg—q' +oc
(q'q)=8(q-q")= S Le “WDdk and  [778(g—q')dg'=1 (6.7)

So, there is no need to impose (6.6) as constraint [6].

7. The Harmonic oscillator propagator

Finally, we note that we obtain by the same simple calculation as above (5.1) the
Feynman propagator, [1.p:164, 2.p:119], of the harmonic oscillator:

K(( 0, (', 0) = (5,0 expl= iH (1~ 1,) /]| (3", t,) (7.1)

We write the propagator in term of the generating function:
Mo 2 . '
K((X, t), (X"to)) = (7j e-lw(t-lo)/ZJ‘Gx (e-lw(t-tg)/Zz,q)Gx (e-lm(t-to)/ZE,q,)d“(z) (7.2)

with ¢ = \/(mw)/h x ,q'= \(m®)/h x' and a=o(t—-1¢,).

The calculations of (7.2) are carried out quickly by using:

(I+e™)=2e""?cos(a/2), (1—e™)=2e""? sin(a / 2)
o™ dz =In/a, with Re(a) > 0. and e > =1//e ™

—oC

We obtain the propagator:

mm i
K((@,0,(q'sto)) =5 ———expl-——I[(q” +¢" )coso. — 24q']] (7.3)
2mhisin o 2sino

Consequently we do not encounter the difficulties of the method proposed by many
others [1,2,7]. Therefore our method [4] can be used to calculate the Feynman propagator
of charged harmonic oscillator in uniform magnetic field and many other problems.
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