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Optimal Values of

Multidimensional Mean-Payoff Games*

Romain Brenguier, Jean-Francois Raskin

Université Libre de Bruxelles (U.L.B.), Belgium

Abstract In this paper, we study the set of thresholds that the protag-
onist can force in a zero-sum two-player multidimensional mean-payoff
game. The set of maximal elements of such a set is classically called the
Pareto curve, a classical tool to analyze trade-offs. Indeed, as weights
are given as vectors in multiple dimensions, there can be incomparable
such thresholds, and even an infinite number of incomparable ones. Our
main results are as follow. First, we study the geometry of this set and
show that it can be effectively represented as a finite union of convex sets.
Second, we study the computational complexity of natural associated de-
cision problems. In particular, we show that the we can decide in Ys-P
if this set intersects a convex set of points defined by linear inequations.
We also show that this problem is both NP-hard and coNP-hard. Third,
we show that the Pareto curve can be approximated in polynomial time
for fixed number of dimensions and unary encoding of weights.

1 Introduction

Two-player zero-sum games played on graphs are adequate models for open
reactive systems [I1], i.e systems maintaing a continuous interaction with their
environment. In such model, Eve (the protagonist) models the system, Adam
(the antagonist) models the environment, and a winning strategy for Eve in
this game represents a controller that enforces a good property (modelled as
the winning condition in the game) against any behaviours of the environment.
Recently, there has been a large effort to study quantitative extensions of those
graph games, see e.g. [3]. Those extensions are useful to model quantitive aspects
of reactive systems such as mean energy or peak energy consumption, mean
response time, etc. In practice, a system is most often exhibiting several such
quantitative aspects, and they may be conflicting, e.g. you may need to consume
more energy in order to ensure of a lower mean response time. This is why there
is a clear need to study multi-dimensional quantitative games.

In [13], the threshold problem for multi-dimensional mean-payoff games is
studied, i.e. given a d-dimensional value vector v € Z?, does Eve have a strategy
against all strategies of Adam to enforce values larger or equal to v. As weights
in the game are given as vectors in multiple dimensions, there can be incom-
parable thresholds that Eve is able to enforce, and even an infinite number of
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incomparable ones. The set of maximal thresholds that Eve can enforce is classi-
cally called the Pareto curve, it is a classical tool to analyze trade-offs. Another
application of the Pareto curve is the study of multi-player games. For instance
to compute Nash equilibria, a multiplayer game with mean-payoff objectives
can be transformed into a multidimensional mean-payoff two-player game [2],
and the Pareto curve of this multidimensional game is the most important step
towards the computation of equilibria in the associated multi-player game. In
this paper, we study the Pareto curve of thresholds that Eve can enforce in a
multi-dimensional mean-payoff games. Our main contributions are as follows.

First, we characterize the geometry of this set and we show that this (usually
infinite) set can be effectively represented as a (finite) union of convex sets
defined by linear inequations. We obtain this results both for games where the
mean-payoff is given dimension by dimension using lim inf (Theorem , and for
a mixture of liminf and limsup (Theorem . As an application, because the
Pareto curve is effectively representable as a finite union of convex sets, we can
then optimize linear functions by calls to linear programming.

Second, we study the computational complexity of natural associated decision
problems. In particular, we show how to decide in X5-P if the set of thresholds
that Eve can enforce intersects a convex set of points defined by linear inequa-
tions. To obtain this result, we need to study finely the linear inequations used
to characterise the Pareto curve. We show that, even if there are possibly an
exponential number of convex sets, each of them being defined by potentially
an exponential number of inequations, they are well behaved. Indeed, all the
inequations that are needed to represent the Pareto curve and its downward
closure (the set of thresholds that can be forced by Eve), are polynomial in the
size of the game (Theorem . Additionally, we show that if the set has a non-
empty intersection with a polyhedron defined by linear inequations then there
is a polynomial size witness that can be check in coNP(Theorem . Then, we
show that it is unlikely to improve substantially on this complexity as the non
emptiness problem is both NP-hard and coNP-hard (Theorem .

Third, we show that it is possible to approximate the Pareto curve in pseudo-
polynomial time for fixed number of dimensions both for notions of relative and
absolute approximations (Theorem Those results are of practical relevance
as the number of dimension while multiple is often quite low. For the absolute
approximation, we show that the pseudo-polynomial time algorithm cannot be
turn into a fully polynomial time algorithm without obtaining a polynomial time
solution for 1-dimension mean-payoff games (Theorem , a long standing open
question in the field [T4].

Structure of the paper Sect. 2 provides the definition of the problems that
we want to solve. Sect. 3 establishes some general results complexity results for
manipulating polyhedra. Sect. 4 solves the liminf case and Sect. 5 the general

! We thank Yaron Velner for pointing out his recent algorithm for solving the threshold
problem [4]. This algorithm is instrumental to the pseudo-polynomial time algorithm
that we describe in section |§|



problem in which liminf and limsup are mixed. Sect. 6 provides results about
the approximation of the Pareto curve.

2 Definitions

We define weighted arenas for players Eve and Adam.
Definition 1 (Arena). An arena A is a tuple (Stats, Staty, Edg), where:

— Stat = StatgWStaty is a finite set of states partitioned between states of Eve
and those of Adam;

— Edg C Stat x Stat is a finite set of edges. W.l.o.g. we assume that for all
s € Stat, there exists s’ € Stat such that Edg(s, s).

A play proceeds as follows. Whenever we arrive at a state s: if s € Statg,
then Eve selects a state s’ such that (s, s’) € Edg; if s € Staty, then Adam selects
a state s’ such that (s,s’) € Edg. The game then continues from s’ and this is
repeated to form an infinite sequence of states. Formally, a play p = pop1 -+ is
an infinite sequence of states such that for all i > 0, (p;, pi+1) € Edg. We write
p<n for the prefix pg - - py.

We write p>,, for the suffix of p after p<p,—1, i.e. pn - ppy1--+ and ppp,  for
(P<n)>m-

A history h of the arena A is a (finite) prefix of a play, i.e. an element of
Stat® - Stat. We write h; the i-th state of h, starting from 0, i.e. h = hg-hy - -+ hy,.
The length |h| of such an history is n + 1. We write last(h) the last state of h,
i.e. h|h\—1-

Let A be an arena, a strategy for Eve maps histories ending in a state of Stats
to a successor of that state. Formally it is a function o3: Stat® - Staty — Stat,
such that for all history h and state s, (s,o3(h - s)) € Edg. Similarly, a strategy
for Adam is a function oy : Stat™ - Staty — Act, such that for all for all history h
and state s, (s,0v(h-s)) € Edg. A strategy oy is memoryless if for every history
h and B/, and all state s, oy(h-s) = oy(h’-s). We write M for the (finite) set of
memoryless strategies of Adam.

Let o3 a strategy for Eve, a play p is compatible with the strategy o3 if, for
all k > 0, if py, € Stats then pr+1 = o3(p<k). We write Out4(s, o3) for the set
of plays in A that are compatible with strategy o3 and have initial state s (i.e.
p such that pg = s). These plays are called outcomes of o3 from s. We simply
write Out(s, o3) when A is clear from context. The set of outcomes Out4(s, ov)
of a strategy of Adam is defined symmetrically.

Definition 2. A weighted game G = (A, w, I, J) is an arena A equipped with a
weight function w: Edg + Z%, and a partition I w J = [1,d].

Given a weight function w, we write w; for the projection to the i-th dimen-
sion of the function w. The mean-payoff inferior and mean-payoff superior over



dimension ¢ of a play p are given by:

.o .1
MP; (p) = liminf = >~ wi(px, prs1)

n—oo nN

0<k<n
_ ) 1
MP;(p) = limsup — Z Wi (Prs Prt1)-
n=oo W o<k<n

The goal of Eve is to maximize the mean-payoff inferior for the dimensions
in I, and the mean-payoff superior for the dimensions in J. Let G be a game, s
a state of G, and v € R?, we say that a strategy o3 ensures thresholds v from
state s if for all outcomes p € Out4(s, 03), for all dimensions ¢ € I, MP,(p) > v;,
and for all dimensions j € J, MP;(p) > v;.

Pareto optimality We are interested in strategies of Eve that ensure thresholds
as high as possible on all dimensions. However, since the weights are multidimen-
sional, there is not a unique maximal threshold in general. We use the concept of
Pareto optimality to identify the most interesting thresholds. A threshold v € R?
is said Pareto optimal from s if there is a strategy o3 that ensures threshold v
from s and all v’ # v which can be ensured by some o4 from s are such that
v; < v; on some dimension i. We write PO(G, s) the set of Pareto optimal thresh-
olds in game G from state s. We refer to this set as the Pareto curve of the game.
Our goal is to compute a representation of this curve. We also consider the set
of feasible thresholds value(G,s) that contains all the thresholds that Eve can
ensure and is in fact the downward closure of PO(G, s).

Linear inequations Let a € R? be a vector in d dimensions. The associated linear
function ag: R? — R is the function o, () = Zie[[l,d]] a; - x; that computes the
weighted sum relative to a. A linear inequation is a pair (a, b) where a € R?\ {0}
and b € R. The half-space satisfying (a,b) is the set space(a,b) = {z € R? |
aq(x) > b}. The hyperplane defined by (a,b) is the set hplane(a,b) = {x € R? |
aq(z) = b}. If H = Lspace(a, b) is a half-space, we sometimes write hplane(H)
for the associated hyperplane hplane(a,b). A system of linear inequations is a
tuple A = ((a1,b1),...,(a;,b;)) of linear inequations. The polyhedron generated
by A is the set polyhedron(\) =N _, ispace(ax, by).

A natural problem, is to try to optimize the threshold we can ensure with
respect to a linear function a: R? — R. Given v/ € Ri, we are looking for a
strategy o3 which ensures a threshold v € R? and such that there is no o4
which ensures a threshold v, with «(v') > a(v). To make this into a decision
problem, we fix a real b, and ask if it is possible to ensure threshold v such that
a(v) > b. We consider a generalization of this problem which considers a set of
linear inequations of a single one.

Polyhedron value problem Given a mean-payoff game G, a set of linear inequa-
tions \ over elements of R%, the polyhedron value problem asks whether there is
a strategy o3 and a value v € polyhedron()) such that o3 ensures v. Note that
this is equivalent to ask whether polyhedron(\) intersects value(G, s).



Remark 1. Other works ([I3/4] for instance) focus on the 0-value problem, which
is a special case of the polyhedron value problem (take as polyhedron the set Ri).
This special case is simpler: we will show that the polyhedron value problem is
both NP-hard and coNP-hard while the O-value problem is coNP-complete [13].

An example Assume that we have some resources Ryq,..., R, that are shared
among d agents Aj, ..., Ag. Two agents cannot access the same resource at the
same time and can request one resource at any time. We want to control the
access to the resources in a way that minimizes the time spend during the waiting
period by the different agents. This situation can be seen as a d dimensional
game, in which if A; is waiting then the reward is —1 on the i-th dimension
and 0 otherwise. A situation with two agents and one resource is represented in

Figure

Ay waits Ry

A1 and A2 wait R1

0,0

Ao waits Ry

Figure 1. A two-dimensional mean-payoff game. Rounded states belong to the
controller and rectangles to the environment.

On each dimension the average correspond to the
opposite of the average time spend waiting by the
agents. For limit inferior objectives the controller can-
not ensure a payoff of 0 on all dimensions. How- (—1,0)
ever, it can ensure thresholds like (—1,0), (0,—1), or
(f%, f%), and in fact all the thresholds on the line seg-
ment from point (—1,0) to (0, —1), or below it, this set (0,-1)
is the set of feasible thresholds. We represented in Fig- ’
ure [2| the Pareto curve of the game. To illustrate the
polyhedron value problem, assume we want a strategy  Figure 2. Pareto curve
which gives at least f% on the first dimension, at least  of the game of Figure
—% on the second one: this corresponds to solution of
the problems with A = ((1,0),—%),((0,1),—2). The
frontier of this polyhedron is represented by dotted lines on the figure. This
polyhedron has a non-empty intersection with the set of feasible thresholds.



3 Geometrical Notions

Since our typical reader may not be familiar with all the geometrical notions we
will use, we summarize in this section useful notions and properties related to
convex sets that will be useful to build our characterization of the sets PO(G, s)
and value(G,s). For introduction to discrete geometry we refer the interested
reader to [9]. We were not able to find in the literature on discrete geometry all
the Jrzlesults that we needed for our characterization of the geometry of those two
sets

To allow computational complexity measure, the size of the representations
of geometrical objects is relevant. We give here the number of bits required to
represent the objects that we manipulate. The size of a rational number r = 2
where p € Z,q € N, p and q are relatively prime, is: ||r|| = 1 + [logs(|p| + 1)] +
[logy(g+1)]. The size of a vector v = (r1,...,7q) is [|[v|| = d+3 e[y 4y [I73ll- The
size of a matrix A = (aj;)1<i<a1<j<n 18 [|All = m-n+ 32 icp apeqing @il
The size of an equation (a,b) is ||(a, b)|| = ||a]| + ||b|| and the size of a system of
equation A = ((a1,b1), ..., (an,by)) i [|Al] = 2o g 11(ais B3)]]-

A bounded polyhedron is called a polytope. A face F of P is a subset of P
of the form F = PN Hp, where Hp is a half-space such that P C Hp. In that
case, say that Hp defines face F' of P. A face of dimension 1 is called a vertex.
If P has dimension d’, then a face of dimension d’ — 1 is called a facet. Given
a polytope P, a complete set of facet-defining half-spaces F contains for each
facet F' a half-space Hp = %space(ap,bp) such that P Nhplane(ap,bp) = F
and P C Hp. We will write F(P) for such a set.

A affine subspace is a set of the form x + L with € R? and L is a linear
subspace of R (i.e. a subset closed under addition of vectors and under multipli-
cation by real numbers). The affine hull of a set X C R? is the intersection of all
affine subspaces of R? containing X, it is written aff(X). It can be described as
the set of linear combinations of points of X [9: aff(X) = {>° .yt -z |Vz €
X. t, € R}. The convex hull of a set of points X C R? is the set conv(X) =
{Siexte x| Vo€ X. t, €[0,1]AY cxta = 1}. The downward closure of a
set of points X C RY, is the set | X = {z | 32’ € X. Vi € [1,n]. z; < 2%}.

3.1 From the point representation to the half-space representation

If X is a finite set of points, the convex hull P = conv(X) can be written
as a finite intersection of half-spaces [9], it is therefore a polytope. It can be
represented either by its extremal points or as the intersection of its facet-defining
half-spaces. We recall that given a polytope P and F(P) be complete set of

2 If some results established in this section are easy consequences of known results in
the literature, we would be happy to get relevant pointers.



facet-defining half-spaces for P, then P is the intersection of aff(P) with all
half-spaces in F(P) [6, Thm. 3.(b)].

Theorem 1 ([6, Thm. 3.(b)]). Let P be a polytope. Let F(P) be complete set
of facet-defining half-spaces for P, then P is the intersection of aff(P) with all
half-spaces in F(P).

For our algorithms, it is important to be able to go from the half-space
representation to the extremal point representation and vice-versa. We need
also to bound the complexity of the objects that we obtain, i.e. we want to
ensure that the half-spaces are defined with inequations of polynomial size and
the extremal points to be representable with polynomial encodings. We show
that it is possible in Theorem [3| its proof (given in appendix) is based on the
following basic property, see e.g. [I2], that states that systems of linear equations
that have solutions, have one of polynomial size.

Theorem 2 ([12, Corollary 3.2b]). There exists a polynomial function P,
such that if the system Ax = b of rational linear equations has a solution, it has
one of size bounded by Py(]|All,]|]b]]).

We also show that the representation in term of half-spaces of the downward
closure of a convex hull is of polynomial size. Proofs can be found in the appendix.

Theorem 3. There are polynomial function Py and Ps such that:

1. given a finite set of points V, there are k < |V|? half-spaces Hy, ..., Hy,
whose inequations have size smaller than Py(max{||v|| | v € V'},d) and such
that Nicp1x Hi = conu(V).

2. given a polytope (i.e a bounded polyhedron) defined by its set of facet-defining
half-spaces F = {%spa,ce(al,bl), ...,%space(ak,bk)}, it can be written as
the convex hull conu(V') of a finite set V' of points which all have size bounded
by Py(maslas, bl| | 1 < i < K}, d).

8. given a finite set of points V , there is a finite collection of half-spaces Hy, . .., Hy,
which are described by inequations of size smaller than Py(max{|[v|| | v €
V'},d), and such that Nicp1 x Hi =) conu(V).

Theorem 4. There is a polynomial function Py such that given a finite set of
points V, there are k < |V|* half-spaces Hy, . .., Hy whose inequations have size
smaller than Py(max{||v|| | v € V'},d) and such that N;ep1 ) Hi = conu(V).

Proof. Facets of conv(V) are given by d’ linearly independent vertices of V where
d' is the dimension of conv(V).

We first prove the case d’ = d. Let f be a facet of conv(V') given by vy, ..., v4
which are d linearly independent points. We show how to obtain an equation of
the half-space Hf defining this facet. The equation

=

1
A:

v

<
byt
[t



has a solution and Thm. 2] guarantees that we can find a solution of size bounded
by Pi(d? + >ieqiap llvill,2 - d). The equation (AT 1) defines an hyperplane h.
Moreover, for all v; with 1 < j < k, ATv; = (v]TA)T = 1. This means that
h contains all v; and therefore either ispace(A”,1) or }space(—A”,—1) is
defining the facet given by v1,...,v4. This gives us a description of H/ of size
bounded by Ps(max{||v|| | v € V},d) = Pi(d* + d - max{||v]| | v € V},2-d).
Since a polytope is the intersection of its facet-defining half-spaces, conv(V') is
the intersection of the H/ with f facet of conv (V).

We now assume that d’ < d and that the property holds in a space of dimen-
sion d—1. We look for half-spaces defining the affine subspace A = aff(conv(V))
of dimension d’' containing conv (V). We take d’ + 1 linearly independent points

in V, which we write vy, ...,vg41. Since d’' + 1 < d the equation:
v} 1
. B =
T
Vgriq 1

has a solution, and using Thm. [2] there is a solution B whose size is bounded by
Pi(d”+ > ieqi,aq |vill;2-d'). The equation (BT, 1) defines an affine subspace of
dimension d — 1 containing conv(V;), so we can apply the induction hypothesis
inside it. We obtain H7, ... H}, half-spaces of A whose equations have size smaller
than P (max{|[v|| | v € V'},d') and such that AN (;cpy jq Hi = conv(V). The
equation defining H1, ..., H;, also define half-spaces of R?. The convex hull of
V; is then the intersection of Hj,--- , Hj, and the half-spaces given by (BT, 1)
and (=BT, —1). The sizes of all the corresponding equations are bounded by
Py(max{||v|| | v € V},d).

3.2 From the half-space representation to the point representation

Theorem 5. There is a polynomial function P such that a polytope (i.e a
bounded polyhedron) given by its set of facet-defining half-spaces F = %space(al, b1),
.., 3space(ay, by), can be written as the convex hull conv(V) of a finite set V

of points which all have size bounded by Ps(max{||a;,b;|| | 1 < i <k}, d).

Proof. Let P be the polytope (), ;< %space(ai,bi) and d’ be the dimension
of aff(P). By [0, Prop. 5.3.2 (i)], the extremal points of a polytope are its
vertices (i.e. faces of dimension 0), and a polytope is the convex hull of its
vertices. Vertices are obtained by the intersection of d’ hyperplane corresponding
to facet-defining half-spaces. Therefore, for each vertice v, there is system of
equations of size d’ whose equations are given by a subset of the (a;,b;)1<i<k,
such that v is the unique solution. Thanks to Thm. |2} this solution can be written
with size bounded by P;(d? + d - max{||a;|| | i € [1,k]},d - (1 + max{||b;|| |
i € [1,k]}). Taking V the set of vertices of P and considering the polynomial
function P3(X,d) = Pi(d?> +d- X,d- (1+ X)), we obtain the desired result.



3.3 Downward closure

Lemma 1. Operator | is monotonic, i.e. for any set X andY such that X C Y,
we have that | X ClY.

Proof. Assume X C Y. Let x €] X, there is 2’ € X such that for all ¢, 2} > z;.
As X CY, 2 €Y, and therefore z €] Y.

Lemma 2. Operator | is compatible with union, i.e. for any set X and Y:
L X)UWY) =4 (XUY).

Proof. To show ({ X)U({ Y) C] (X UY) We use the monotonicity property
(Lem. [I)): since X C X UY, | X C| (X UY).

In the other direction, let x €] (X UY), there exists 2’ € X UY such that
z <x'.If 2/ € X then z €] X and otherwise z €] Y.

Equations of the downward closure of a polyhedron Our goal is from the repre-
sentation in term of half-spaces of a polyhedron, to obtain a representation of
its downward closure. We will show that the downward closure of convex hull
can also be represented by relatively small (i.e. polynomial) equations. We will
prove several lemmas to obtain the full characterization of Corollary |1} But we
first introduce some notations.
Let X be a set of points and J C [1,d], we write:
— 7y(X) for the set {2/ | Jx € X. Vi € [1,d] \ J. 2} = z; and Vj € J. 2/, = 0},
— 1y (X) for the set {2/ | Iz € X.Vi € [1,d] \ J. } = z; and Vj € J. ol < x;i},

A i —
/

— 3y (X) for the set {2/ | Iz € X.Vi € [1,d] \ J. 2} = z; and Vj € J. 2 € R};

?

We also write 1; for the point that has coordinate 1 on dimension ¢ and 0 on the
other dimensions. We write C'; for the cone ZjeJ Ry -1;. If P is a polyhedron
and F(P) a set of facet-defining half-spaces of P in the subspace aff(P), we
write F7(P) C F(P) the half-spaces H of F(P) that contain the direction —Cy,
ie. H—Cy=H.

Lemma 3. Let P be a polyhedron, J C [1,d], and F(m;(P)) be a set of half-
spaces of aff(mwy(P)). We have that:

s P= ﬂ H+R’
HeF(m;(P))
where R? denotes the subspace > jesR-1;

Proof.
x€ly P& 32 € P.wy(x) =m;(a)
< my(x) € m H

HeF(my(P))
emn@+Y R1,;C (| H+Y R-1
jeJ HeF(r;(P)) jeJ

szre ﬂ H+R’
HeF () (P))



O

We show how to obtain facet-defining half-spaces of the downward closure of
P with respect to one dimension.

Lemma 4. Let P be a polyhedron, F(P) be a set of facet-defining half-spaces of
P and j € [1,d]. We have:

L P=y,Pn (| H

HeFi (P)

Proof. Let x €|; P. We have that = €]; P. There is 2’ € P such that
z=a' —\-1; with A > 0. Let f € F/, since 2/ € Hy we have that z €
Hf —R*. ].j = Hf. Therefore © Eij PN mfe]_-j Hf.

Let © €]; PN (\;cr Hy. There exists 2’ € P such that m;(z) =
mg;3(2"). Consider the line segment [z, z'], it does not intersect any hplane(Hy)
with f € F7 since both z and 2’ are inside these half-spaces.

If [z, '] does not intersect any hplane(H;) where f is a facet of P then x
is in the intersection of these half-spaces, and using Thm. [I} this means that
x € P.

Otherwise [z, 2'] intersects some hplane(Hy) with f facet of P which is not

in F7. Since H ¢ contains 2’ but not x, and these two only differs by their j
coordinates, this means that x; < x; and therefore x €|, P. a

We now generalize the previous lemma to the downward closure with respect
to several dimensions.

Lemma 5.
lkP= ) N H+R/

TEK e FIN (m(P))
with the convention that ny(P) = P, F2(P) = F(P) and By = 0.

Proof. We prove the result by induction over the size of K. The case where
|K| =1 is a direct consequence of Lem. [3[ and
Assume the equality holds for some set K. Consider a dimension j ¢ K.

miy (b P) =Lk 73 (P) = ) N H+ By
TEK HeFMN (m0054(P)
So we can chose:

Flag (b P) = |J (H+RT| H € FEVY (m005(P))} M)
JCK

We also have by induction hypothesis:

F(lx P) = U {H+RJ | H € ff\J(W{j}(P))}
JCK



Flx P)= (J{H+R | H e FEUN (r(P)) (2)
JCK

Using Lem. [3] and [}

Irkogy P = N H+B;in (| H
HeF (w3 Lk P)) HeF! (LxP)
=N N H+R'+B;n (| H By (1)
JCK HeFEN (x50 (P) HeF! (L P)
=N N H+Brogyn () M H+R
TEK HeFIN (m50451(P)) TER HeFEVUN (5 (P))

ﬂ ﬂ H+ By

JCKU{j} HE]:fU{j}\J(ﬂ_J(P))
Which proves the property for K U {j} and concludes the induction. a

From this lemma we deduce a representation of the downward closure of a
polyhedron in term of half-spaces.

Corollary 1. If P is a polyhedron, then:

P= N H+R’

JE[Ld]l ge 71V (2, (P))

Theorem 6. There is a polynomial function P> such that given a finite set of
points V', there is a finite collection of half-spaces Hy, ..., Hy which are de-
scribed by equations of size smaller than Py(max{||v|| | v € V'},d), and such that
NieqrkpHi =1 conu(V).

Proof. We will in fact use the same polynomial function P, than for Thm.

We use Corollary (1} the collection Hy, ..., Hy is given by the half-spaces of
the form H + R’ with J C [1,d], and H € FN (7 (conv(V))). We show
that these half-spaces are described by small equations.

We fix such J and H € JT"ELd]]\J(TFJ(CODV(V))). The polytope 7 ;(conv(V))
can be obtained as the convex hull of 7 ;(V'). The set 7 ;(V) is a finite set of points
whose sizes are smaller than max{||v|| | v € V'}. Using Thm. half-spaces of
F(mj(conv(V))) can be described with size smaller than Ps(max{||v|]| | v €
7;(V)},d —|J|) and thus with size smaller than Ps(max{||v|| | v € V'},d). The
set of facet ]:P’dH\J(WJ(conV(V))) is include in F(7;(conv(V))) and therefore
the size of the equation of H is also bounded by Pa(max{||v|| | v € V},d).

Now let (A, b) be such an equation of H, it also defines a half-space H' of R¢
which obviously contains H. We define A’ to be such that for all i € [1,d] \ J,
A} = A; and for all j € J, A’ = 0. Note that the size of A’ is bounded by that
of A and therefore the size of the equation is bounded by Py(max{|[v|| | v €
V},d). If A" =(0,...,0) this contradicts the fact that H is defining a facet of

By (2)



aff(m(conv(V))). Otherwise the equation (A’,b) defines a half-space which we
write H' = 1space(A’,b). We have that H' N7 ;(R%) = H since all points of 7,
have coordinate on J equal to 0 and only coefficient on these dimensions differ
between A and A’. Moreover it contains the direction R’ since for all j € J,
A’-1; = 0. Therefore H' is equal to H + R”. This shows that conv(V) can be
described by equation that have size smaller than Ps(max{||v|| | v € V'},d).

Small witnesses of large systems of
inequations Our algorithm to decide the
polyhedron value problem needs to guess
solutions of large systems of inequations.
We need to ensure that the solution that
it guesses is of polynomial size. Intuitively,
our result (Theorem says that if a sys-

tem of inequations as a solution, then there
is one at the intersections of at most d of the \%
hyperplanes defined by the associated equa-

tions. This is illustrated in Figure 3} in two .

dimensions, if a collection of half-spaces (i.e. Figure 3. Illustration of Lem. [f]
half-planes here) intersect (green area in the 11 the case of two dimensions:
picture), then either there is a point at the 1 this example, the possible wit-
intersection of two boundary lines which js 1esses of the property are circled.
in the intersection, or one of these lines is

included in the intersection.

Lemma 6. Let Hy,...,H, be n inequations of R. If (\!_, 3space(H;) # @
then there are k < d indexes i1,...,1q such that: ﬂ§=1 hplane(H;,) # @ and
ﬂ?zl hplane(H;,) C (i, 3space(H;).

Proof. We will prove by induction a slightly stronger version of the lemma as
follows: let S be an affine subspace of R? of dimension k, with 1 < k < d. If
SN, sspace(H;) # @ then there are &’ < k indexes i1,...,ix such that:

k' k n
1
SN thlane(Hij) #@ and SN thlane(Hij) csn Q ispace(Hi).
J= Jj= =

The lemma correspond to the case where S = R%.

We show this property by induction other k. If k = 0, then if SN, 4space(H;) #
& then every %space(Hi) contains S since it is reduced to one point. Therefore
SN, sspace(H;) = S = SN, ispace(H,).

Assume now k > 0 and that the property holds for all affine subspace of
dimension k' < k. We show the property for k by induction over n. If n = 0 the
property obviously holds.

We now assume that the property holds for n > 0 and prove it for n 4+ 1. We
consider a half-space Hy41.



— If S C hplane(H,,+1) then we use the induction hypothesis for n: there are
k' <k indexes i1, - , i) such that ﬂle (hplane(H;,) N S) # @ and:

k' n
ﬂ (hplane(H;,)NS) €SN ﬂ %space(Hi)

1
C SNhplane(Hy41) N ﬂ ispace(Hi)
i=1
n+1
csn = H)).
C ﬂ 2space( )
i=1
Thus the property holds for n + 1 in that case.
— Otherwise hplane(H,11) NS forms a affine subspace of dimension k — 1, to

which we can apply the induction hypothesis.
e If SNhplane(H, 1) N(;_, 2space(H;) # @ then there are k' < k — 1

indexes i1, ...,k such that (hplane(H,y1)NS)N ﬂf/zl hplane(H;;) #

@ and :
k/
(hplane(Hn+1) ﬂ hplane(H ) C SN hp]_ane(Hn+1 ﬂ m fspace(H)
j=1 i=1
K n+1
SN jrjl hplane(H;;) Nhplane(H,4+1) €SN Q ispace(Hi)

Which shows the property.

e Otherwise ()}, 2space( H;)N S)Nhplane(H, 1) = @.Let S’ =, 3
S, we show that it is either included in %space(HnH) or it does not in-
tersect it: assume there is one point x € S’ inside %space(HnH) and one
point 2’ € S’ outside of it, then o, () > b and a,(z') < b. By continuity
of linear functions, there would be z” € [z,2'] such that a,(z”) = b.
Since S’ is convex z” € S’ and therefore 2’/ € S’ Nhplane(H,+1) which
contradicts the hypothesis.

If 5’ is outside {space(H,1) then the intersection Sﬂﬂ"+1 Lspace(H,;)
is empty, so we have nothing to prove.

Otherwise, (), space(H;)NS C Lspace(H,1). We apply the induc-
tion hypothesis over n: there are k¥’ < k indexes 41,...,7; such that

ﬂf 1hplane(H;;) NS # @ and :

k' n n+1
1
m hplane(H;;) NS C ﬂ ispace(Hi) NScsSn ﬂ ispace(Hi)
j=1 i=1 i=1
Which proves the result. a

Thanks to this property we can deduce that we can find small solutions for
system of inequations, independently of the number of inequations.

lspace(H;)N



Theorem 7. There is a polynomial function Py such that if the system of in-
equations A = ((a1,b1),...,(an,by)) has a solution then there is a point x such
that ||z|| < Py(max{||(a;,b;)|| | ¢ € [1,n]},d) and x € polyhedron(N).

Proof. Let A = ((a1,b1),...,(an, b)) be a system of inequations defining a non

empty polyhedron. By Lem. [6], there is a set Hq, ..., Hj subset of {%space(ai, bi) |
i € [1,n]} with & < d and such that: ﬂ§:1 hplane(H;;) # @ and ﬂ?:l hplane(H;;) C
N:_, 3space(H;). We can renumber the inequations such (ai,b1),..., (ax, bx)
are the equation associated with Hy, ..., H respectively. Since ﬂ?zl hplane(H;;) #
@ the system of equation ((a1,b1) ... (ay,bx)) has a solution. Using Thm. 2] there
is a solution x whose size is bounded by Py (k-d+3>_;cpq g llaslls k321,47 110:]])
where P; is a polynomial function. Since k& < d, the size of x can be bounded by
Py(max{||(a;,b;)|| | i € [1,n]},d) = Pi(d?® + d - max{||(a;, b;)|| | i € [1,n]},d +

. . k n
d - max{||(as, b;)|| | i € [1,n]}). Since ﬂj:1 hplane(Hij) C Ny %space(Hi),
the solution z is also inside the intersection of (!, $space(H;), and thus
x € polyhedron(\).

4 The limit inferior case

We first solve the case where the average of the weights are defined using limit
inferior in all dimensions (i.e. I = [1,d] and J = &). In this case, the set of
thresholds that can be ensured by Eve is:

value(s) = {v € R? | Jo3. Vp € Out(s,03). Vi € [1,d]. MP;(p) > v;} .

To obtain a geometrical characterization of this set, we first show that the set
of relevant thresholds when Adam plays according to a fixed memoryless strategy
is a finite union of convex sets. Then, we show that the set value(s) can be ob-
tained as the intersection of those sets for all the memoryless strategies of Adam,
as stated in Thm. [§] From this characterization, using the results of previous
section, we deduce that if there is a solution to the polyhedron value problem,
then there is one of small size. In turn, this allows us to define a X5P-algorithm
for the polyhedron value problem. Finally, we show that this problem is both
NP-hard and coNP-hard, so its complexity is unlikely to be substantially lower.

Adam plays optimally with memoryless strategies Memoryless strategies
for Adam are important as we know that Adam can always play optimally with
a memoryless strategy in the threshold problem as proved in [13], i.e. if he has
strategy to prevent Eve from ensuring some threshold then he has a memoryless
one. We characterize here what are the possible mean-payoffs of outcomes that
Eve can obtain when Adam plays according to a fixed memoryless strategy.

4.1 Decomposition in Simple Cycles

Our analysis relies on the analysis of simple cycles. Let A be an arena and
S C Stat a subset of nodes. A simple cycle within S is sequence sg - 1 - - S,



such that sy = s,, s; € S, forall 0 < i < n, and for all : and 7, 0 < i < j < n,
s; # s;. We write C(S) for the set of simple cycles of A within S.
Our proof will use as a tool the decomposition of a play into simple cycles.
We recall the notion of decomposition into simple cycles of a play [1]. Every
history h of a finite game can be uniquely decomposed into a sequence of simple
cycles, except for a finite part. The decomposition process maintains a stack,
st(h), of distinct states and moves. We write the stack content s1 - s3--- s,
where s; is at the bottom of the stack and s, the top. We use the notation
s € st(h) for s € {s1,82,...,8}. The decomposition, dec(h), is a sequence of
simple cycles. We define dec(h) and st(h) inductively as follows:
— for the single state history s, dec(s) = @ and st(s) = s.
— let A/ = h - s be a history.
o If s € st(h), and st(h) = a-s- S, then st(h') = a - s and dec(h') =
dec(h) - (s-3-s).
e clse dec(h') = dec(h), st(h') = st(h) - s.

Note that the stack always contains distinct elements, therefore only simple cy-
cles are added to the decomposition. The elements in the stack from the bottom
to the top, form a history sg-s1 -+ sp, where n + 1 is the height of the stack.

The decomposition of a play is the limit of the decompositions of finite pre-
fixes of the play. This is well defined for the distance d(p, p’) = omin{ilpi#pi} gince
if h is a prefix of b’ then dec(h) is a prefix of dec(h').

Let oy € M be a memoryless strategy, it defines a graph G(ov) = (Stat, Edg,, )
where Edg,, = {(s,s’) € Edg | s € Stat3 V (s € Staty A oy(s) = s')} which is
a subgraph of the game arena. Let SCC(s, oy) be the set of strongly connected
components accessible from s in this subgraph G(ov), that is the set of maximal
subsets of nodes that are strongly connected in G(ovy).

The following lemma states that the mean-payoff of a run is a convex com-
bination of the weights of the cycles of some strongly connected component.

Lemma 7. Let p be a path in G(oy). If Inf(p) C S for some S € SCC(s,ov),
then MP(p) €} conv ({ﬁ w(e) | ce @(5)}).

Proof. A point x is an accumulation point of the sequence xzg,xq,... if, for
every open set containing x, there are infinitely many indices such that the
corresponding elements of the sequence belong to the open set. It is mentioned
as a remark in [I] that a run p will eventually comes into the SCC S that it will
never leave (i.e Inf(p) C S) and the set of accumulation points of the sequence
(L-w(p<p))<n is included in the convex hull of the simple cycles of the SCC S. We
now show that MP(p) is smaller than any accumulation point of (£ -w(p<y,))<n.
Let  be an accumulation point of (£ - w(p<y))<n, then for all dimension i the
sequence %wi(pgn) comes infinitely often arbitrarily close to x;. This implies that
lim inf %wi(pgn) is smaller than z;. This being true for all dimensions ¢, we have

that MP(p) < x. Therefore MP(p) €] {z} CJ conv ({i w(c) | ce C(S)})

i



Note that we cannot show that MP(p) is

in the convex hull of {‘ rw(e) | ce (C(S)} 1’0m0’1
in general, and we need the downward clo-
sure of this set instead. The example Fig-
ure |§| 1llustrates this. In this example, the path
(1,0)2"-(0,1)2°-(1,0)2" - - - gives a limit inferior where MilP does not belong to
of 0 on both dlmensmns. However the simple CORV ({?\ w(e) [ ce C(S)})
cycles have weight (1,0) and (0, 1) respectively,

so the convex hull is the set of points (¢,1 — t)

with ¢ € [0, 1] which does not contain (0, 0).

Figure 4. Example of a game

Characterizing the feasible thresholds As Adam can play optimally with
memoryless strategies, the set of feasible thresholds that Eve can force is obtained
by considering the intersection of all the sets of thresholds that she can enforce
against memoryless strategies of Adam.

Theorem 8. Let G be a weighted game with J = @ and s a state of G.

vatue(s) = (| |J 4 conv ({|i|~w(c) | cG(C(S)})

oyvEM Sesce(s,ov)

Our proof will rely on this two lemmas:

Lemma 8 ([I3, Lem. 10(2)]). Let S be a strongly connected graph. If S does
not have a mon-negative multi-cycle (i.e. C € C(S) and A € N such that
Y ccc AMe)-w(c) > 0), then there exists a constant mg € N and a real cg > 0 such
that for all history h in the graph S we have min{w;(h) | i € I} < mg —cg - |h|.

Lemma 9 ([13, Lem. 11]). Let oy be a strategy of Adam, and s be a state. If
there is a strongly connected component S reachable from s in G(oy) which has a

non-negative multi-cycle, then Eve has a strategy to satisfy the mean-payoff-inf
(i.e. Yi € IU J. ¥p € Outg(o3). MP;(p) > 0).

Proof (of Thm. @) Let v € value(s), then there is a strategy o3 of Eve, such
that for all memoryless strategies oy € M of Adam, Vi € [1,d]. MP,(Out(o3,0v)) >
. Let p = Out(o3,0v). We have that Inf(p) C S for some S € SCC(ov).

Lem Elshows that MP(p) €] conv ({ |i‘ w(c) | ce (C(S)}) which implies that
UEiCOHV<{|| ()|C€(C(S)})
Let v € N, emUsesceoy) + conv ({\CI w(c) | ce (C(S)}) We will

show that Eve has a winning strategy for v against all memoryless strategy
of Adam and then use the fact that if Adam has a winning strategy then he has a
memoryless one [I3, Thm. 8].
We fix a memoryless strategy oy of Adam. We have that v isin | conv ({ |l‘ w(c) | ¢ € C(S) })

for some S € SCC(ov).



We first reduce the problem to the case where v = (0,...,0) by subtract-
ing v from all weights. We replace the weights of the game by w’ such that
wi(s) = wi(s) — v;. We have for all history h that if the average weight Igbl)

1
is greater than v then w'(p) > (0,...,0). We know there exits some v > wvin

conv ({ﬁ ~w(e) | ce (C(S)}) We can write v' in the form Zk 1 |Ck| ~w(cg)

with all A\x € [0,1] and ZLCL Ar = 1. Hence there exists A1, , A\|¢| such that

ZLcll \2’” ~w'(cx) > 0.

The idea is to construct for all n a finite path of length greater than n that
has a total weight by w’ close to 0. Let n be an integer, there exist py € N such
that |25 — A\y| < L. Let [} = [ 1545 [ckl, We construct the history & that follows
p1 - 11 times the cycle ¢;, then goes to the beginning of cycle ¢ with a path of
length at most |Stat| then follows py - I times the cycle co and so on until the
|C|-th cycle.

First, lets look at the length of this path.

|C] ICI

DB 1
k=1
[C| \C\

o = nY M—I[C| = n—|C|
k=1 k=1

Hence |h| > n — |C|, hence it is not bounded when n grows toward infinity.
Let W’ be the maximum weight that appears in w’. On dimension ¢, the total
weight of h is such that:

IC]
Zpk - wilcr) — |Stat| - [C] - W] < wi(h)

|C] |C]
Tl lex- o o1~ I5tt]-[C] W] < wlh
c| \cw N w(er)
[Tlecl- > (v 1) fo ~ [stat] - [C] - W] < wi(h)
k
k=1 k=1

IC| IC]

L H|k| > /(|)—|Stat|'|Cl~IW’Swé(h)

Hence w}(h) is bounded on all dimension ¢ when we make n grow.
By Lem. 10(2) of [13]E| this implies there is a non negative cycle in C for the
weight w’. By Lem. 11 of [I3], oy is not a winning strategy. We know thanks

3 Note that in [13] the weights are integer, which may not be the case for us. However
the proof of Lem. 10(2) still works in the case of arbitrary reals.



to Theorem 8 of [13] that multi-mean-payoff games are determined under mem-
oryless strategies of Adam. Therefore Adam has no winning strategy. Since these
games are also determined [8], this means that Eve has a winning strategy. There-
fore v € value(s). O

Proof (. Sketciﬁ). The inclusion is a consequence of consequence of Lem. |7} Now
in the other direction, let v be in the second set. Fixing a memoryless strategy oy
of Adam, we have that v is smaller or equal to some linear combination of cycles in
SCC(s, ov). We construct a history h which approximates this linear combination
by cycling an adequate number of time in cycles of SCC(oy). By constructing
histories h longer and longer we obtain a sequence of histories for which the sum
of the weight w — v is bounded below. Thanks to [13, Lem. 10(2)], this means
there is a non negative cycle in C for the weight w’. By Lem. 11 of [13], ov is
not a winning strategy. Thanks to Theorem 8 of [13], multi-mean-payoff games
are determined under memoryless strategies of Adam and since these games are
also determined [8], this means that Eve has a winning strategy for threshold wv.

Simple solutions Let us now show that if there is a solution to the polyhe-
dron value problem then there is a witness threshold which has coordinate of
polynomial size. First note that solving this problem is equivalent to determine
whether (s) N polyhedron(\) # .

Theorem 9. There is a polynomial function Ps such that for all weighted game
G and system of linear inequation A, if (s) N polyhedron(\) # & then there is a
point x in the intersection such that ||z|| < Ps(||Al], ||W]], |||Stat| + 1||,d), where
W is the maximal value appearing in the weights.

Proof. Let A be a system of linear inequations. It follows from Thm. [§| that
value(s) Npolyhedron()\) # @ if, and only if, there is a function f: M s 252t
such that f(oy) € SCC(s,ov) for all strategy oy and polyhedron()\) intersects
Noyem + conv ({\%I ~w(e) | ce (C(f(ov))}).The points ﬁ - w(c) such that
¢ € C(S) for some strongly connected component S have size smaller than
d- (|[W]|| + |||Stat] + 1|| + 1) + |||Stat| + 1||. As we saw in Thm. the set
J conv ﬁ ~w(c) | c € C(S) ¢ ) can be written as the intersection of half-spaces

whose equations have polynomial size in that of the points of the form ﬁ ~w(c).
We conclude using Thm[7] that there is a point z € (s) N polyhedron()) whose
size is bounded by Ps(||All, |[[W]],|||Stat]||, d) which can be taken as Py(||A|| +d-
([IW ]| + [||Stat| + 1|[ + 1) + |||Stat| + 1||, d). O

To solve the polyhedron value problem, our algorithm will guess some point
and check that it satisfies the linear equations and that it belong to value. For
this last step, there exists a coNP algorithm as we recall here.

Theorem 10 ([13, Thm. 7.2]). For multi-weighted games with objective {p |
MP(p) > (0,...,0)}, the problem of deciding whether a given state is winning
for Eve is coNP-complete.

4 The full proof can be found in the appendix



Given a vector v, we can subtract it from all the weights of the game G
and using the preceding algorithm, then ensuring (0, ...,0) in this new game is
equivalent to ensuring v in G. We therefore have the following corollary.

Corollary 2. Given a vectorv € Q% and a state s, we can decide with a coNP al-
gorithm whether v € value(s).

To summarize, our algorithm to decide polyhedron value problem which pro-
ceeds as follows: existentially guess a point x € [~W,W]? such that ||z|| <
Ps(|IA|), 1W I, [Inl], d); if @ € polyhedron(A) and 2 € value(s) then answers
yes and no otherwise. Its correctness holds from Thm. [9] The algorithm is in
5,P = NPMP = NPNP since checking whether z € value(s) can be done in
coNP (by Corollary and computing the intersection of hyperplanes can be
done in polynomial time [I2] Thm. 3.3]. This results in the following theorem.

Theorem 11. The polyhedron value problem is in XoP for mean-payoff inferior.

Hardness We conclude this section by showing that it is unlikely to improve
substantially on the complexity of our algorithm as we show that the polyhedron
value problem is both NP-hard and coNP-hard.

Theorem 12. The polyhedron value problem is both coNP-hard and NP-hard
for limit inferior objectives, and for limit superior objectives.

Proof. Concerning coNP-hardness, this is a consequence of the co-NP-hardness
for the value (0, ...,0) problem [13]. We can code the question whether (0, ..., 0)
can be ensured by a polyhedron value problem by taking equations A = (A1, ..., \g)
where \; = (1;,0).

Let ¢ = 3z1. dzo. ... 3z,.C1A- - -AC, be aformula, where C; = ¢; 1V{; 2V E; 3
with ¢; ; € {x, ~x) | k € [1,n]}. We have two dimensions for each variable z;,
so d = 2-n. We write 0; for the vector v such that v; = 0 and v; = 1 for j # i. We
define a family of vectors v; ; where if ¢; ; = x;, then v; ; = 02,541 and if 4; ; =
-z, then v; j = 02.. We have one initial state s controlled by Adam, one state for
each clause C; controlled by Eve, and one state for each literal of the formula. In
5o Adam chooses a clause C; and then Eve chooses a literal ¢; ; of C;. From there
the weights are equal to v; ;. We consider the constraints A\; = (va.; +v2.i41 > 1).
The construction is illustrated in Figure[5} The correctness of the construction
is proved in the appendix, here we will only illustrate it on an example. Let
& be a valuation, we associate to it a vector ve such that if {(x;) = true then
(’Ug)g.i =1 and (UE)Q.i+1 = 0; if f(l‘l) = false then (’l}g)g.i =0 and (Ug)g.lud =1.
In the example of Figure 5] valuation x; — true,zo — false,z3 — true makes
the formula true, the corresponding value is v = (1,0,0,1,1,0). Consider the
strategy of Eve that in C; chooses x1, in C chooses 1 and in C3 chooses —x5.
In all the cases this strategy ensures to Eve a payoff better than v. In contrast,
valuation x; — false,zo — false,z3 — true does not make the formula true,
the corresponding value is v = (0,1,0,1,1,0), and if Adam chooses C; then Eve
cannot ensure v'.



Adam

(1,0,1,1,1,11,1,1,1,0,1 1,1,0,1,1,10,1,1,1,1,11,1,1,1,1,0)

(1,1,1,0,1,1)  (1,0,1,1,1,1)  (1,1,1,1,0,1)  (1,1,0,1,1,1)

Figure 5. Example of the encoding of 3SAT into the polyhedron value problem,
for formula ¢ = (z1 Vao V —x3) A (21 V —2e V mx3) A (521 V —Xe V 23).

Proof (Continued). Let & be a valuation, we associate to it a vector vg such that
if £(z;) = true then (vg)2.; = 1 and (v¢)2.i4+1 = 0; if {(x;) = false then (vg)2.; =0
and (ve)2.i41 = 1. Assume & makes ¢ true, we will prove that Eve can ensure
ve. We consider a strategy for Eve that in each C; chooses a state ¢; ; such that
& makes ¢; ; true, this is possible because v¢ makes ¢ true. If ¢; ; = z, then
&(zx) = true and (vg)2.54+1 = 0. The payoff is then 0s.541 which is greater than
ve. Similarly, if £; ; = —xy, the payoff 02. is greater than ve. This shows that
Eve has a strategy to ensure the threshold v¢. We conclude that if ¢ is satisfiable
then Eve can ensure a threshold that satisfies the equations in A.

Now, reciprocally, assume there is some v that satisfies A and that can be
ensured by Eve. For each k € [1,n], va.rp > 0 or va.p41 > 0 as v satisfies \. We
select a valuation &, such that &,(zx) = true < vo > 0. Assume Eve ensures
v, we will prove that {, makes ¢ true. From every Cj, she can find a ¢; ; such
that v; ; > v. If 4; ; = xp, then v; ; = 02441, hence (vg)2.441 = 0. Therefore
&v(xy) = true. Similarly if ¢; ; = -y, then &,(z)) = false. This means that in
each C;, we can find a literal made true by &, and therefore £, makes ¢ true.

This proves that ¢ is satisfiable if, and only if, Eve can ensure a threshold
that satisfies the inequations in A. a

5 General case

We now consider the general case in which the average of dimensions in I C
[1,d] are defined using liminf and the average of dimensions in J C [1,d] are
defined using limsup. We give a characterization of the feasible thresholds as
we did in Thm. 8] While the main ideas are similar, the characterization here
is substantially more complicated and relies on a notion of subgame defined as
follows. A subarena for Eve is a tuple (Stath, Staty, Edg’) with Stat’ C Stat,
Edg’ C Edg and such that Vs € Statl,. (s,s’) € Edg = (s, ') € Edg’ (i.e. it does
not restrict actions of Adam). The game (A’,w’,I’, J') is a subgame for Eve of



(A,w, I,J)if A" is a subarena for Eve of A and v’ = w, I’ =1, and J' = J. We
write Sub(G, s) the set of subgame for Eve which contain the state s.

Theorem 13. Let G be a weighted game and s a state of G, then:

U N (N U 4 com <{|16|~w(0)|c€(C(S')}>

G’ €Sub(G,s) s’ €Stat’ oyeM S’escc(s’,G' (ov))
where 1y X ={x e R4 |Vje J I’ € X. Vie TU{j}. z; = 2}}.

We recall here some properties of multi-mean-payoff games which were proved
in [13].

Lemma 10 ([13, Lem. 17]).

Vs € Stat. Jo3. Voy. Vi € I. MP,(Out(s,03,0v)) > v; and ¥j € J. Wj(Out(s,crg,crv))

> vj
& Vs € Stat. Vj € J. Jog. Yoy. Vi € I. MP,(Out(s,03,0v)) > v; and Wj(Out(s,ag,av)) > vj

Lemma 11 ([13, Lem. 14]). Let j € J and s € Stat.

Jo3. Voy. Vi € I. MP,(Out(s, 03,0v)) > v; and MP;(Out(s,03,0v)) > v,
& Jo3. Voy. Vi € I. MP,(Out(s, 03,0v)) > v; and MP,(Out(s, 03, 0v)) > v;.

The proof of the theorem relies on the following lemma which is illustrated
by Example [1l From this lemma, we prove inclusion in Thm. [13| by taking for G’
the restriction of G to states accessible when Eve plays a strategy that ensures
the given value. We prove the inclusion in the other direction by noticing that
it is easier to win in G than in a subgame G’ and conclude using Lem.

Lemma 12. Let G be a weighted game with J # &, and s a state of G, then:

ﬂ (s) = ﬂ T ﬂ U | conv ({ﬁ' cw(e) | ce€ (C(S)})

sEStat s€Stat ov€EM Sesce(s,ov)

Proof. Let v be a point in value(s) for all state s, then by definition: Vi € I,
MP;(p) > v; and Vj € J, MP;(p) > v;. Thanks to [13, Lem. 17], this is equivalent
to Vs € Stat. Vj € J. Jo3. Voy. Vi € I. MP;(p) > v; and MP;(p) > v;. Then
by [13, Lem. 14], this is also equivalent to Vs € Stat. Vj € J. do3. Voy. Vi €
I.MP;(p) > v; and MP,(p) > v;. This means that Vs € Stat, v €17 value(G’, s),
where game G’ is obtained from G by setting I’ = T U J and J' = &. We then
Erianplhd réSultsidinglthexdhmpletefiRigidhl OVdhhod8k J = {1,2} and I = {3H
i.e. we consider the limit superior of the weights for the two first coordinate and
the limit inferior for the last one. There is only one strategy of the adversary
and one strongly connected component in this game. There are two simple cycles
and their weight are (2, —2,0) and (—2,2,1). We represented in Figure |8 and
1

Figure (8 the the feasible thresholds we can ensure with 2 =0 and z = 3.
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Eve. for z = 0. mum for z = 3.

(2,-2,0)

For z = 0 the line segment between (—2,2,0) and (2,—2,0) is below the
convex hull of (2,—2,0) and (—2,2,1). The downward closure this segment is
the area that is below and left of this segment. The operator 1y 2} gives the
whole area below of (2,2,0) which is the Pareto optimum for z = 0. For z = 1
only (—2,2,1) is below the weight of a simple cycle therefore it will be the Pareto
optimum for z = 1. The convex hull of (—2,2,1) and (2, —2,0) is above the plane
z= % for coordinates of x and y between (0,0) and (—2,2). The operator 1, 23
will give the whole area below (0, 2, %) which is the Pareto optimum for z = 0.
Proof (of Thm.[13). We first prove inclusion. Let v € value(s), and o3 a strat-
egy which ensures it. Let S be the set of states that is reachable from s by
following o3. We have {s} C S C Stat. We also have v € Ny cgvalue(s’), since
otherwise v would not be ensured by o3. Restricting the game to vertices of
S defines a subgame G’, since only edges of Eve have been removed, it is a
subgame for Eve. In a subgame for Eve the values can only be lower than in
the original game. Using Lem. on this game, we obtain that v belongs to

Necs Ts ﬂaveM USGSCC(S,UV) | conv ({ﬁ ~w(e) | ce (C(S)}), which shows the

inclusion.

Now, in the other direction, let v be an element of:
1
U ﬂ T ﬂ U | conv ({C| ~w(e) | ce (C(S’)})
{s}CSCStat s’€S ov€EM S’escc(s,G’ (ov))

Let G’ be a subgame for Eve such that v € (g 17 Noyem Usresce(s,g7(ov)) +
conv ({ﬁ ~w(e) | ce (C(S’)}). We use Lem. H on this subgame @', to obtain:

() value(s,¢") = (1o | ) U )¢ conv ({é' ‘w(e) | ce C(S)})

s€S s€S ovEM Sescc(s, G (ov)



Since the actions of Adam have not been restricted, it is harder to ensure a given
threshold in G’ than in G. Therefore as v is ensured in G’ from all states of S,
it can also be ensured in G from all states of Stat’, which shows the reverse
inclusion.

5.1 Expressing thresholds as a union of convex sets

Thanks to the previous characterization, we can express the value problem
in terms of intersection of convex sets with a small description.

We first prove the following lemma that will allow use to reorder union and
1 operators in the equation of Thm. [I3]
Lemma 13. Operator { (defined in appendz'x is compatible with union, i.e.
for all J C[1,d] and all set X and Y: (3, X)U Qs Y) =1, (X UY).

Proof. Let z € (s X)U(J,Y). If x €] X, there is 2’ € X such that 7;(2') =
my(x). We also have 2’ € X UY, which proves x €]; (X UY'). The case where
x €], Y is similar.

In the other direction, let €}, (X UY), there exists 2’ € X UY such that
my(x) = my(a’). If 2’ € X then x €]; X and otherwise €], Y. Therefore

x € (\T/J X)U(i] Y)

We use the following to restrict our study to bounded polygone, so that we
can easily represent them by there extremal points.

Lemma 14.
value(s) =] ([-W, W]% N value(s))

Proof. Let v € value(s), there is a strategy o3 whose outcome all have weight
greater than v. Since all outcome p of the game on all coordinate i, a weight
w;(p) greater than —W, we can replace all v; that are smaller than —W by
—W and we obtain a v’ > v such that v’ € value(s). Similarly, all weights are
smaller than W so for all coordinate i, v; cannot be greater than W. Therefore
v’ € [-W,W]¢Nvalue(s) and v | ([-W, W]? N value(s)).

For the other inclusion, this is simply because value(s) is downward closed
and [-W, W]¢ N value(s) C value(s).

We will also use the following lemma, to apply the J operator only on bounded
polytopes.
Lemma 15. Given a set X CR?, a bound W and J C [1,d], we have that:

W, WG =W, W [-W, W])nX)) = [-W, W]N({s ) (=W, W]NX))

Proof. The inclusion holds because [-W, W]¢N (] [-W, W]¢NX) C| [-W, W]¢N
X and J; is monotonic with respect to inclusion.

In the other direction, let x € [-W,W]? N (374 ([-W,W]? N X)). There is
2 €l ([-W,W]¢N X) such that 7;(2') = 7;(x). There is 2" € [-W,W]¢ N X
such that 2 > 2’. Let y be such that y; = 27 if j € J and y; = x; = 2 < 27



otherwise. We have 7;(y) = = and y € [-W, W]? because both 2 and z do.
We also have y €] [-W, W]?N X because it is smaller than z””. This shows that
z €y {y} C=-WowWlin (s FW Wi (L [ W] N X)), O
Theorem 14. There is polynomial function Pg such that for all weighted game
G and state s of G, value(s) is of the form J,cq Cy where g is finite and for
each g, C4 is a convex set, which can be given as the intersection of a finite
set of half-spaces HY, . .. ,H,Zg whose associated inequations have size bounded by

Ps([IW1], [Inl[, d).
Proof. By Thm. 13| value(s) is equal to:

U NNt N U oo ({ w1 cecsn})

{s}CSCStats’eS jeJ oyEM S’escc(s’,ov)

We can then reorder intersection and union operators using the fact that
1 operators are compatible with union (Lem. . We do this by considering
functions that selects for a tuple (s',j,0v) a strongly connected component of
SCC(s', 0y), i.e. functions of F, where F' = {f: Stat x J x M s 250 | Vs’ ¢
Stat,j € J,oy € M. f(s',7,0v) € SCC(s’,0v)}. Note that the set F' can be huge,
but is always finite. We then have that value(s) is equal to:

U UN N N oo ({5 cestiml).

{s}CSCStat feF s’eS jeJ oyEM

We use Lem. to restrict the difficult operations (| and ) to bounded
polytopes. This is because their results are easier to express using the vertice
representation, which requiers bounded polytopes. We express value(s) as:

vewarn U N e N beom ({4 @ fee s} ).

{s}CSCStat feF s’eS jeJ oyEM
Note that we can also use Lem. [[4] to show:
. 1 )
in () beony ({0 [ ee s }) = () beonw ({7 ule) | ee 150} )
oy EM

since this set is the value set for the game where J would be empty (see . We
therefore write value(s) as:

=wwrrn | U ) N Iagd EwWaw*n () 4 conv ({| | w(c) | cef(s’,j,av)})
{s}CSCStat feF s’eS jeJ oy EM

We now use Lem. (15[ to introduce a cube [—~W, W]? between the J and | opera-
tors. Then value(s) can be written as:

U Uswwiin ) N tng Eww)?

{s}CSCStat feF s'eSjed

LW () deon ({5 ule) | c€ o }).

oy EM



We obtain therefore a finite union of convex intersections. We now use geo-
metrical arguments to show that the inequations defining these polyhedra are of
polynomial size which will conclude the proof.

Thanks to Thm. the set (), <y 4 conv ({ﬁ ~w(e) | e € f(s', ], Uv)})
can be given by the intersection of half-spaces whose inequations have size
bounded by Ps(d-(||W||+]||n+1||4+1)+]||n+1]||,d). The intersection with the cube
[-W, W] is obtained by adding inequations of size d + ||W|| which is within the
bounds of P». To apply | we go back to the point representation, using Thm. [3]
sizes of the vertices are bounded by Ps(Pa(d-(||W]|+||n+1||4+1)+||n+1||,d), d).
Then using Thm. B[ once again, the downward closure gives us half-spaces which
have size bounded by Ps(Ps3(Pa(d- ([|[W]|+||n+1|[|+1)+||n+1]|,d),d),d). Tak-
ing the intersection with the cube [~W, W]? again adds inequation that are with
the bounds of the polynomial function. We go back to a point representation in
order to apply T\ ;3, which gives, thanks to Thm. points of size bounded
by Ps(Pa(Ps(Py(d - ([[W|+ [[n+ 1|+ 1) +[In +1]],d), d), d), d).

We show that the operator 1\ ;3 gives half-spaces whose size is polynomially
bounded. We have seen in Lem. |3| that given a polyhedron P:

1, P= ﬂ H+ By
HeF(my(P))

When P is given by its vertices, the projection 7 is obtained by projecting
points one by one, which means replacing coordinates of J by 0 and therefore
does not increase the size of the points. The equations to describe half-spaces
of F(mw;(P)), can be of size bounded by P, with respects to the vertices thanks
to Thm. The same system of inequations, gives the sets H + R’ when
lifted to R?. Therefore the size the inequations we obtain after applying 1 I\
is bounded by Py(|[W] [nl|,d) = Po(Ps(Po(Ps(Pa(d - (||W]| + [[n + 1] + 1) +
[[n+1]|,d),d),d),d),d). Then the intersection with the cube [~W, W]¢ does not
add any complexity and thus the polynomial function Ps bounds the size of the
half-spaces that describes the convex set of the expression of value(s). O

Algorithm We deduce a X3P algorithm from the previous theorem.

Theorem 15. There is a polynomial function P such that if S is a set of
states and X a system of linear equations, then (g value(s) N [-W,W]% N
polyhedron() is of the form \J;cp conv(Ey) where F is finite and for each f €
F, Ey is a set of vertices which all have size bounded by P(|Stat|,d, ||A||,||W]]).

Proof. By Thm.[T4]we have a finite union of polyhedra whose equations have size
bounded by a polynomial function. Let A = (a1,b1) ... (ag, bg). We use Thm.
to say that if polyhedron()\) intersects this union of polyhedra, then there is a
solution of size bounded by Py(max{||a;,b;|| | 1 <1i <k}, Ps([|W]], ||n|], d), d).

Theorem 16. The polyhedron value problem is in 3oP.

The algorithm relies on the same principle than for the liminf but uses Theo-
rem [14] to bound the size of the guessed point. Correctness follows from Thm.



Algorithm 1: Algorithm for the polyhedron value problem in multidimen-
sional mean-payoff games

Existentially guess v in X
if © € [,cg value(s) N polyhedron(\) then return true;
else return false;

6 Approximate Pareto Curve

In this section, we show how to approximate the Pareto curve in the sense of [10].
We consider both a relative and an absolute notions of approximation.

Definition 3. An e-relative approzimate Pareto curve [10], is a set P. of thresh-
olds v € Q% that Eve can enforce such that there is no threshold v' that Eve can
force such that v' > (1 + €)v. An e-absolute-approzimate Pareto curve, is a set
P. of thresholds v that Eve can enforce such that there is no threshold v’ that
Eve can force such that v/ > v+ (g,...,¢).

The relative notion of approximation can be used when all the weights are
strictly positive only (it is not well defined for negative vectors, and not an
approximation in 0). For the general case, we consider the absolute (or additive)
version of the approximation.

We show that if we fix the number of dimensions d, then there is an pseudo-
polynomialﬂ time algorithm to construct an approximate Pareto curve for the
two notions of approximation.

Theorem 17. Let d be a fixzed number of dimension, let W be the largest abso-
lute value of the weights in the game. There is a polynomial time algorithm (in
the size of the game and W), that given a weighted game G, constructs both an
e-relative approrimate and an e-relative approximate Pareto curve.

Proof. For the absolute Pareto curve, the justification is as follows. The algo-
rithm works by considering a grid on [—-W, W]?¢ and checking for each point on
this grid whether Eve can ensure the corresponding threshold. We consider the
set G of points z inside [—W, W]¢ which have coordinates of the form x; = ¢ - k
with k& € Z. The number of points on the grid G is polynomial thanks to the
hypothesis that W is encoded in unary and that the number of dimensions d
is fixed. We can determine for each point whether there is a strategy of Eve to
ensure the corresponding threshold. Thanks to [4, Thm. 1], to determine that,
there is an algorithm that works in time O(n2-m -d-W - (d-n - W)@ T2d+1)
(where n is the number of states, and m the number of edges), which is polyno-
mial here. Therefore we can compute in polynomial time a set P. of points x in
G such that z can be ensured by Eve and there is no 2’ € G \ {z} that can be
ensured and such that / > =z.

5 That is a polynomial time algorithm for weights encoded in unary.



We show that P. is an e-absolute-approximate Pareto curve. Let s € P., and
s>s4+(g...6). I s+ (e,...,e) > (W,...,W) then ¢ is above the maximum
possible weights and cannot be ensured. Otherwise there is s + (¢g,...,¢) € G.
Since s € P. and by construction of P., s+ (g,...,&) cannot be ensured by Eve.
Since s’ is greater than s + (g,...,¢), it cannot be ensured either. This shows
that P. is an e-absolute-approximate Pareto curve.

For the relative Pareto curve, the justification is as follows. Here, we need only
to consider games with strictly positive weights. The minimum weight that can
be obtained in the game is (1,...,1) and the maximum is (W, ..., W). Since the
weights are all greater than 1, the e-absolute-approximate Pareto curve is also
a e-approximate Pareto curve and therefore the preceding algorithm is suitable
to construct a e-approximate Pareto curve.

The two results rely on the following properties. First, when the number
of dimension is fixed then for both notions of approximation, only a pseudo-
polynomial number of thresholds are relevant for the approximation of the Pareto
curve. For the absolute approximation, there are the minimal points of the hyper-
rectangles defined by the grid of precision € for all value between —W and W,
for the relative approximation, there are the minimal points of hyper-rectangles,
such that, in each dimension, the ratio of the larger to the smaller coordinate is
1+ €. Second, when the number of dimensions is fixed and weights are encoded
in unary, [4] gives a polynomial time algorithm to decide the threshold problem.
So the overall complexity of our algorithm is pseudo-polynomial.

In the case of weights encoded in binary, we show that even with one dimen-
sion, computing an e-absolute-approximate Pareto curve is harder than comput-
ing the winner of a mean-payoff game (a similar result of inapproximability has
been proved in [5]). Thus we cannot approximate the Pareto curve in polyno-
mial time unless there is a polynomial time algorithm to compute the winner of
a mean-payoff game which is an long standing open problem in the area [14].

Theorem 18. If there is a polynomial algorithm that given a weighted game G
with dimensiton d = 1, construct a e-absolute-approximate Pareto curve, then
there is a polynomial algorithm that given a weighted game G with dimension
d =1 decide whether Eve can ensure the threshold 0.

Proof. Assume that a polynomial algorithm exist for constructing a e-absolute-
approximate Pareto curve. We know (see for instance Thm. that in a one
dimensional mean-payoff game, the value (i.e. maximal threshold that can be
ensured) is a rational whose denominator is bounded by the number of vertices
n. Let us choose ¢ = 5 (which is polynomial) and construct a e-absolute-
approximate Pareto curve P. in polynomial time. We can look at the points of
P. to determine if one of them is above —e. This is the case if and only if there
is a winning strategy in the mean-payoff game for the threshold 0. Thus we have
constructed a polynomial algorithm that decides whether Eve can ensure the

threshold 0.
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