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Optimal Values of Multidimensional
Mean-Payoff Games*

Romain Brenguier, Jean-Frangois Raskin

Université Libre de Bruxelles (U.L.B.), Belgium

Abstract We study multidimensional mean-payoff games. More pre-
cisely, we want to compute all the values that can be ensured by the first
player. Because weights are given in multiple dimensions, there can be
incomparable such values, and even an infinite number of incomparable
ones. We show that the set the values can be represented by a finite
union of convex sets. From the computational point of view, we show
that deciding if the intersection of the set of values with points satisfy-
ing a set of linear inequations can be done in X5-P. The problem is both
NP-hard and coNP-hard.

1 Introduction

Games in computer science are used to model interaction in computerized sys-
tems. They have been successfully used for the synthesis of reactive systems. In
this context, the opponent represents a hostile environment, and winning strate-
gies provide controllers, that ensures the correctness of the system. There has
been recently an effort to lift the study from the qualitative setting to the quan-
titative setting. For example a lot of work have been caried out on the study of
mean-payoff Games, for instance in [4].

In a mean-payoff game players try to maximize the average of the reward they
get at each step of the game. These objectives can be extended to a multidimen-
sional setting [5], where the reward comes as a vector, and each componnent
represent a reward of a different kind.

For example when trying to model a wireless network, where each player
control one device, one dimension of the reward can represent the bandwith and
another dimension the power consumption of the device (or rather its opposite
as we are trying to maximize it).

The study of these multidimensonal mean-payoff games have been focused
until now on checking whether the first player has a strategy to ensure at least
a given value on each dimension [5,11]. In this paper, we show that it is possible
to compute all the values that can be ensured by the first player. This makes
the task of the designer easier as it can directly choose the best solution among
the optimal ones.

* Work supported by ERC Starting Grant inVEST (279499).



Contribution. In Sect. 2, we define turn-based games played by two player Eve
and Adam and multidimensional mean-payoff objectives and the different decision
problems we consider. Basically our problem is to decide if there is a value
that can be ensure by Eve and that satisfy some other constraints given as
input. In Sect. 3, we study the problem in the case where all objectives are
given by the limit inferior of the average of the reward. In Thm. 1, we give a
full characterization of the values that can be ensured by Eve. This set can be
computed by operation on polyhedra and we show a X5-P algorithm to decide
our decision problems. In Sect 4, we generalize our study to the case where both
limit inferior and limit superior are present and show that a similar, although
more involved, characterization holds. Again we have Ys-Palgorithm to decide
our decision problems, this time the analysis relies on the fact that witnesses
can be found with relatively simple coordinates.

2 Definitions

2.1 Arena
We define weighted arenas, played by two players Eve and Adam.
Definition 1 (Arena). An arena A is a tuple (Stats, Staty, s, Edg), where:

— Stat = Statg U Staty is a finite set of states;
— Sp € Stat is the initial state;
— Edg ¢ Stat x Stat is a finite set of edges;

In an arena A, whenever we arrive at a state s:

— if s € Stats, then Eve selects a state s’ such that (s, s’) € Edg.
— if s € Staty, then Adam selects a state s’ such that (s,s’) € Edg.

The game then continues from s’. This process starts from sy and is repeated
ad infinitum to form an infinite sequence of states.

Definition 2 (History and plays). A history of the game G is a finite non-
empty sequence of states i.e. an element of Stat™-Stat. We write h; the i-th state
of h, starting from 0, i.e. h = hg - hy---hy,. The length |h| of such an history is
n+1. We write 1ast(h) the last state of h, i.e. hj—1. A play p is an infinite
sequence of states, i.e. an element of Stat”. We write p<, for the prefiz of p of
length n+ 1, i.e. po---pn. We also write ps, for the suffix of p after p<n-1, i.e.

P Pr1e and ppmn) for (pen)sm.-

Definition 3 (Strategies). Let A be an arena, a strategy for Eve maps his-
tories ending in a state of Statz to a successor of that state. Formally it is a
function o3:Stat” - Staty — Stat, such that for all for all history h and state s,
(s,03(h-s)) € Edg. Similarly, a strategy for Adam is a function oy:Stat”-Staty —
Act, such that for all for all history h and state s, (s,oy(h-s)) € Edg. A strategy
profile is a pair of a strategy for Eve and a strategy for Adam.



Definition 4 (Outcomes). Let A be an arena, and o3 a strategy for Ewve.
A play p is compatible with the strategy o3 if, for all k € N, if p € Statg then
Pk+1 = 03(p<k). We write Outg(s, o3) for the set of paths in G that are compatible
with strategy o3 and have initial state s (i.e. p such that po = s), these plays are
called outcomes of o3 from s. We simply write Outg(o3) when s = sp.

2.2 Multidimensional Mean Payoff

Definition 5 (Multidimensional weighted games). A weighted game is an
arena equipped with a weight function. Formally it is a tuple (A, w), where A is
an arena and w: Edg ~ Z.

Given a weight function w, we write w; the function that associate to an
edge e the projection to the i-th dimension of w(e). We now present mean
payoff preferences which are given by the long term average of the weights.

Definition 6 (Mean payoff). Given a weight function w, the mean payoff
inferior over dimension ¢ of a play p is:

1
MP,(p) = liminf —
n—>00 n

> wi(prs pre1)-

0<k<n

Similarly the mean payofl superior over dimension i of a play p is:

MP;(p) =limSUPl > Wil Pk Pre)-

n—oo M gcfen
Definition 7. Let v € R*?, we say that a strategy o3 ensures value v from
state s if all outcomes p of o3 from state s are such that on each dimension i,
MP,(p) > v; and MP;(p) > vas;. We write value(s) for the set of vectors v such
that there is a strategy of Eve that ensures value v from state s.

2.3 The Value Problem

Our goal is to find the strategy of Eve that ensures a value as height as possible.
However, since the weight are multidimensional it is not clear how to compare
different values. A natural problem, is to try to optimize the value we can ensure
with respect to a linear function.

Definition 8. A linear function is given by a vector a € R%. The associated
function ag: R+ R is the function such that o, () = Yie[1,d] @i - Ti- A linear
equation is a pair (a,b) where a € R% \ {0} and b eR. The half-space satisfying
(a,b) is the set hsp(a,b) = {x e R? | ay () > b}. The hyperplane defined by (a,b)
is the set hp(a,b) = {x e R | ay () = b}.

Given a, we are looking for a strategy o3 that ensures a value v € R?, and
such that there is no of that ensures a value v, with a(v") > a(v). To make this
into a decision problem, we fix a real b, and ask if it is possible to ensure a value
v such that a(v) > b.



Definition 9 (Value problem). Given a mean payoff game G and a linear
equation (a,b) over elements of R*¢, is there a strategy o3 and a value v €
hsp(a,b) such that o3 ensures v?

Remark 1. The answer to this problem is also useful when computing Nash
equilibria in (single dimension) mean payoff games. Indeed, thanks to the suspect
transformation [2], a multiplayer concurrent game with mean payoff objectives
can be transformed into a multidimensional mean payoff turn-based game. The
existence of a Nash equilibria in the original game is then equivalent to the
existence of a run which has a value which can be ensured by the first player of
the game in the suspect game.

We also define a generalization of this problem that considers a system of
equation instead of a single one.

Definition 10 (Threshold problem). Given a mean payoff game G, a system
of linear equation A = ((a1,b1),...,(a;,b)) over elements of R*?, is there a
strateqy o3 and a value v € ﬂfczlhsp(ak, br) such that o3 ensures v?

Remark 2. Other works ([11] for instance) usually focus on the 0-threshold prob-
lem, which can be specified here by aq = (1,0,...,0), az = (0,1,0,...,0), ...and
all by are equal to 0. In such a case, it is only needed to check that the value 0
can be ensured. This is indeed simpler than having to find the values that can
be ensured: we will show that the threshold problem is NP-hard and coNP-hard
while the 0-threshold problem is coNP-complete [11].

Many algorithms require computing the winning region for some objective,
this leads to the definition of the following decision problem.

Definition 11 (Region problem). Given a mean payoff game G, a set of
states S, a system of linear equation X\ = ((a1,b1),...,(a;, b)) over elements of
R%*4 s there from each state s of S, a strategy o5 and a value v € mic:lhsp(ak, bi)
such that o3 ensures v from s?

2.4 Decomposition in Simple Cycles

Our analysis of mean payoff game will rely on finding good cycles for Eve. Our
proof will use as a tool the decomposition of a play into simple cycles.

Definition 12 (Simple cycles). A simple cycle is sequence sg - $1-++Sp, such
that so = sp, and for alli and j, 0< i< j<mn, s; #s;. We write C(G) (C when
G s clear from the context) for the set of simple cycles in the concurrent game
structure G.

In this paragraph, we recall the notion of decomposition of a play into simple
cycles [7]. A history h = sg- 818y, is a cycle if sg = sp,n > 1. A simple cycle is a
cycle such that for all 4 and j, 0<i<j<n, s; #s;. We write C(A) (C when A
is clear from the context) for the set of simple cycles in the concurrent game A.



Every history h of a finite game can be uniquely decomposed into a sequence
of simple cycles, except for a finite part. The decomposition process maintains a
stack, st(h), of distinct states and moves. We write the stack content sq - s9-+-s,,
where s; is at the bottom of the stack and s, the top. We use the notation
s e st(h) for s € {s1,52,...,8,}. The decomposition, dec(h), is a set of simple
cycles. We define dec(h) and st(h) inductively as follows:

— for the single state history s, dec(s) = @ and st(s) = s.
— let A’ = h-s be a history.
o If s € st(h), and st(h) = a-s- 3, then st(h') = a-s and dec(h’) =
dec(h)u{s-f8-s}.
e clse dec(h') = dec(h), st(h') =st(h)-s.

Note that the stack always contains distinct elements, therefore only simple cy-
cles are added to the decomposition. The elements in the stack from the bottom
to the top, form a history sg-s; -+ S, where n+1 is the height of the stack. The
decomposition of a play is the union of the decompositions of the finite prefixes
of the play.

3 Case of limit inferior

We first analyze the case where all the mean-payoff values would be taken as
limit inferior of the average cost. We define value by:

value(s) = {v eR? | 303. Vp e Out(s,03). Vie[1,d]. MP,(p) > vi}

3.1 Downward closure

Definition 13. Let | S be the downward closure of S, i.e. {z | 32’ € S. Vi ¢
[1,n]. z; < i}

Lemma 1. — Operator | is monotonic, i.e. for any set X and Y such that
X cY, we have that | X €| Y.
— Operator | is compatible with union, i.e. for any set X and Y: (} X)u ({
Y)=l (XuY).

Proof. Assume X ¢ Y. Let z €| X, there is 2’ € X such that for all 4, ] > ;. As
XcY, 2’ eY, and therefore x €| Y.

To show (| X)u(l Y) ¢l (XuY') We use the monotonicity property (Lem. 1):
since X c XuY, | Xc|(XuY).

In the other direction, let z €] (X uY), there exists 2/ € X uY such that
x <z’ If ' € X then x €| X and otherwise z €| Y.



3.2 Characterizing values
We define memoryless strategies. We will use them to characterize values.

Definition 14 (Memoryless strategies). A strategy oy is said memoryless
if for every history h and h', and all state s, oy(h-s) = oy(h'-s). We write
M={ol,... ,O“éwl} for the set of the memoryless strategies of Adam in G.

Let oy be a memoryless strategy. Strategy oy determines a subgraph of G,
let SSC(ov) be the set of strongly connected component in this subgraph. We
write:

C(s,oy) ={C |35 €88C(oy). C ={c|c simple cycle of S}AS reachable from s}.

Definition 15 (Convex hull). The convex hull of a set of points V is the set

conu(V) = {Ztvv|VvEVt601 Zt—l}

veV veV
We now give a characterization of the set of values that Eve is able to ensure.

Theorem 1.

value(s)= (| U lcon'u({H ~w(c) | 660})

oveM CeC(s,ov)

We start by recalling two lemmas of [11] which we will use in our proof.

Lemma 2 ([11, Lem. 10(2)]). Let S be a strongly connected graph. If S
does mot have a non-negative multi-cycle (i.e. C € C(S) and X € N® such that
Yeecc M) -w(e) >0), then there exists a constant mg € N and a real cg > 0 such
that for all history h in the graph S we have min{w;(h) |i €I} <mg—cq-|h|.

Lemma 3 ([11, Lem. 11]). If there is a strongly connected component S reach-
able from sq that has a non-negative multi-cycle, then Eve has a strategy to satisfy
the mean-payoff-inf (i.e. Yie I uJ. ¥Yp € Outy, (03). MP.(p) 20).

Lemma 4. Let p be a path. If Inf(p) ¢ C for some C € C(oy), then MP(p) €
con’u({ﬁ cw(e) | ce C})

Proof. We consider the lexicographic order <o defined by v’ < v=v"v3i<
d. v; < Vi AV] <. v] = v}. We also consider for each i € [1,d], the preorder
<; defined by v <; v' < v; < v). We define L(n) = ming_ {m W(pem) | m 2 n}
and K;(n) = ming, { X - w(pen) | m > n}. We write MPL(p) = limy, o0 L(n), this
limit exists because (R?, <jex) forms a complete lattice.

We show that for all coordinate i, MPL(p); > MP;(p). We write 1; for the
vector in which all coordinates are equal to 0 except the i-th coordinate which is
equal to 1. Let € > 0 and consider the vector L(n)+e-1;. Since L(n)<exL(n)+e-1;,
there exists m > n such that % cw(pem ) SiexL(n) + € - 1;. We have that % <



L(n); + € because for all coordinate j < i, W has to be equal to L(n);. We
also have that - -w(pep ) >; K;i(n). Hence for all € >0, K;(n) < L(n); +¢, which
shows that MPL(p); > MP;(p).

We now show that MPL(p) € conv({L cw(e) | ce C’}) After a finite prefix

le]
P<m, the play stays in the component C'. We consider the decomposition in simple

cycle of psy,, for n > m:

w(pSn) = w(pSm) + w(St(p[[m,n]])) + Z ’LU(C)
cedec(P[m,n])

and for all ¢ € dec(ppm,n]), ¢ belongs to C. Since the length of the stack is
bounded by the number of states, we have that:

wlpem) =W VI+ 37 w(e) wlpsn) Sw(psm)+W-VI+ 3 w(e)

csdec(pﬂm,n]]) CEdeC(p[[m,,n]])

where W contains on each coordinate the maximum of absolute value of weights
in this coordinate.

wpem) W-IV] 5> L ey < lpsn) wlpsm) WAV, )

n n n n n

CEdec(p[['m,n]]) n cedec(p[mm]) n

1 | 1
)IRNERTEEND M- B
CSdeC(pHm”n]]) n CEdec(p[vn,n]]) n |C|
_ Zcedec(p[,,m,,z]]) |C| ) ‘C| ) i ) w(c)
n CEdeC(p[ann]) Zcedec(p[[m‘n]]) |C| |C|
We write v,, for ), ¢'i~w(c) we have that v, € conv ({L cw(c) | ce C’})
cedec(Prm,n1) Teetectopy np 19 1] ’ " le]
We will show that < -w(p,) comes closer and closer to vy,.
w(pgm) B W |V| + ZCedec(p[m)n]) |C| w, < U)(pgn) < lw(psm)_‘r W |V| 4 ZCEdec(p[[myn,]]) |C| »
n n n n n n n

Let 7 be a coordinate:

1 i m i n_Zc ec(Pim.n C
7'wi(pn)_vn Sw(ps )+W |V| + ed (P[[ s ]])| ||('Un)z|
n n n n
Sm'Wi+Wi'|V|+m+|V|~|Wi|
n n n
2 (mr V)W
h n

We show that there is a strictly increasing sequence u,, such that MP(p,,,)
converges to MPL(p). We define ug by 0 then give u, we set u,.1 to be the



1.
increasing and L(n) = w(pTS“") = MP(p<u,, ) hence MP(p,,, ) converges to MPL(p).
2(mHV])-Wi;

smallest m > u, +1 such that L(u, +1) = = -w(p<m ). The sequence u,, is strictly

Since MP(p,,, ) converges and is
conv({ﬁ ~w(e) | ce C}) which is a closed set, the limit of MP(p,, ) is within

conv({ﬁ cw(e) | ce C}) and so is MPL(p). m

close to v,, and v, belongs to

Proof (of Thm. 1). Let v € value(s), then there is a strategy o3 of Eve, such
that for all memoryless strategy oy € M of Adam, Vi € [ u.J. MP,(Out(o3,0v)) >
v;. Let p = Out(os,ov). We have that Inf(p) ¢ C for some C ¢ C(ovy).

Lem. 4 shows that MP(p) €| conv({‘—i"w(c) | CEC}) which implies that
vEl conv({ﬁ ~w(e) | ce C})
As MPL(p) > MP(p), we have that MP(p) €l conv({ﬁ-w(c) | CEC}).

Moreover, since MP(Out(o3,0v)) > v, it follows that v €] conv ({ﬁ ~w(c) | ce C})

Let v € Ny, emt Ucec(oy) + conv ({ﬁ ~w(e) | ce C’}) We fix a memoryless

strategy oy of Adam. We have that v is in | conv({ﬁ ~w(e) | ce C}) for some
Ce C(Jv).

We replace the weights of the game by w’ such that w}(s) = w;(s) - v;. We
have for all path p that if the weight w(p) is greater than v then w’(p) > 0. We

. c .
know there exits some v' > v of the form Zlkzll @—:l -w(cy). Hence there exists

A1, Ajo| such that Z‘kcjl \27:\ w'(cx) 2 0.

The idea is to construct for all n a finite path of length greater than n that
has a total weight by w’ close to 0. Let n be an integer, there exist p; € N such
that |22 — Ap| < % Let Ik = [Tgrek lckl, we construct the history h that follows
p1 - 11 times the cycle ¢, then goes to the beginning of cycle ¢ with a path of
length at most |Stat| then follows ps - I times the cycle ¢o and so on until the

|C|-th cycle.
First, lets look at the length of this path.

€] o o
I
k=1 T k=1 n
IC| IC|

pr 2 n) N—|C|l = n-|C|
k=1 k=1

Hence |h| > n —|C], hence it is not bounded when n grows toward infinity.



Let W' be the maximum weight that appears in w’. On dimension 7, the
total weight of h is such that:

]
> Pr - b wi(ex) = [Stat] - [C| - W] < wi(h)
k=1

<"

]}—[1|Ck| ZP

—|Stat|- |C| - |W'| < wi(h)

[<Te] (Ck)
el S (Ak - f) ~ [Stat|-|C] - [W| < w)(h)
k=1 k= n | |

|C] IC| ( %) , )
_- H| Xl - Z ] —[Stat|- |C| - |W'| < wi(h)
k=1

Hence w;(h) is bounded on all dimension ¢ when we make n grow.

By Lem. 10(2) of [11]* this implies there is a non negative cycle in C for the
weight w’. By Lem. 11 of [11], oy is not a winning strategy. We know thanks
to Theorem 8 of [11] that multi-mean payoff games are determined under mem-
oryless strategies of Adam. Therefore Adam has no winning strategy. Since these
games are also determined [8], this means that Eve has a winning strategy.
Therefore v € value(s).

3.3 Half-spaces representation

The goal of this section is to show that the equation: value(s) nhsp(\) # @ can
be solved using a relatively simple half-space representation (it might still be
exponential compared with the size of the arena).

The set conv ({‘—i‘ ~w(ce) | ce C}) is a convex hull and it is well known these

can be written as finite intersection of half-spaces [9].

Definition 16 (Polyhedron). The boundary of hsp(a,b) is the hyperplane:
bndr(a,b) = {z e RY | Yie[1,a]@i T =b}. If P = nk | H; where for all i, H; is a
half-space, P is called a polyhedron. A bounded polyhedron is called a polytope.
A face F of P is a subset of P of the form F = Pnbndr(Hp), where Hp is
a half-space such that P ¢ Hp. In that case, say that Hp defines face F of P.
A face of dimension 1 is called a vertex. If P has dimension d’, then a face of
dimension d’' —1 is called a facet. A complete set of facet defining half-spaces F
contains for each facet F' a half-space Hp such that Pnbndr(H) =F and Pc H.

Definition 17 (Affine Hull). A affine subspace is a set of the form x + L with
z € R and L is a linear subspace of R? (i.e. a subset closed under addition
of vectors and under multiplication by real numbers). The affine hull of a set

! Note that in [11] the weights are integer, which may not be the case for us. However
the proof of Lem. 10(2) still works in the case of arbitrary reals.



X ¢ RY is the intersection of all affine subspaces of RY containing X, it is
written aff(X). It can be described as the set of linear combinations of points

of X [9].

We prove a proposition, similar in spirit to Helly’s theorem (see [9]), that we
will use to restrict the search to certain points.

Lemma 5. Let Hy,..., H, be n half-spaces of R* with n>d > 1, and S be an
affine subspace of RY of dimension k, with 1 <k <d. If Sn N, H; + & then
there is i1,...,1, such that:

k
ﬂbndrH )CSmﬂH

Notice in particular that this lemma applies to the case where S = R?.

Proof. We show the proposition by induction other k. If k& = 0, then if S n
1 Hi # @ then every H; contain S since it is reduced to one point. Therefore
SﬁﬂkJrlHi:S:Sﬁﬂ;L:lHi.

Assume now k > 0 and that the property holds for all affine subspace of
dimension k' < k. We proceed by induction over n. If n = k, then since bndr(H;) €
H; for all i, we have that nf_;bndr(H;) € ¥, H; which shows the property.

Assume now that the property holds for n, we consider a half-space H,, 1.

— If S cbndr(H,41) then we use the induction hypothesis for n, we have

k n
M (bndr(H;,) nS)c Sn () H;
j=1 i=1

c Snbndr(Hp+1) N () H;
i=1

gSﬁHn+1ﬁmHi
i=1

— Otherwise bndr(H,.1) N S forms a affine subspace of dimension k - 1, to
which we can apply the induction hypothesis.
o If Snbndr(H,.1) NN, H; + @ then there is 41,...,4,-1 such that:

(bndr(H,41)nS) N ﬂ bndr(H;,) € S nbndr(Hy1) N ﬂ H;

Jj= i=1

n+1

Sn m bndr(H;,) nbndr(H,.1) €SN ﬂ H;

Which shows the property.



e Otherwise (NjL; H;nS) nbndr(H,+1) = &, then since N, H; n S is
convex it is either totally inside H, .1 or totally outside of it. If it is
outside then the intersection is empty. Otherwise, N, H; NS € Hy.1.
We apply the induction hypothesis over n: there is 71, ..., such that:

k n n+l
ﬂbndr(Hij)mSE mHZ‘ﬁSESH m H;
j=1 i=1 i=1

Which proves the result.

Theorem 2 ([6, Thm. 3.(b)]). Let P be a polytope. Let F be complete set
of facet defining half-spaces, then P is the intersection of aff(P) with all half-
spaces in F.

The set conv ({‘—i‘ ~w(c) | ce C’}) is a convex hull and can be written as finite
intersection of half-spaces [9] but the number of half-spaces that is required can
be exponential with respect to the dimension d: it is of the order of n? where
n is the number of points given as input. In the following, we will describe how
these half-spaces are obtained.

Definition 18. We write m;(x) for the projection of x over the plane {z | z; =
0}, that is mj(z) = o' such that for all i # j, z; = x; and z = 0. We also
write wy(x) for the projection of x over the plane {x | Vj € J. x; = 0}. We
write L; X for {v | 3z € X, A\ > 0. v =2 - X-1;}. Let also i S be the set
{z]32"eS. Vjie[l,n]\ K. 2 = x;}.

Lemma 6. Let P be a polyhedron, and F(m;(P)) be a set of half-spaces of
aff(mj(P)) such that 7;(P) = Nper(x;p)) H-

ijP= m H+R'1j
HeF(m;(P))

Proof.

zel; P< 32" e P. wj(x) =mj(z")

= 7i(z) e N H

HeF (m;(P))
<:>7Tj($)+R'1jE m H+R-1j
HeF (m;(P))
<re (| H+R-1;
HeF (m;(P))
O

Lemma 7. Let P be a polyhedron and F(P) be set of half-spaces such that
P =ngerpyH. Let F2(P) ¢ F(P) be the set of half-spaces of F(P) that contain
the direction -1;, .e. H -R*-1; = H.

l;P=l;Pn ( H
HeF?(P)



Proof. Let = €]; P. We have that = €]; P. There is 2’ € P such that = =
' =X-1; with A > 0. Let f ¢ F7 since 2’ € Hy we have that x e Hf—-R*-1, = Hy.
Therefore  €}; P n ﬂfe}-z Hy.

Let « €}; PNz Hy. There exists 2’ € P such that m;(z) = m;(z').
Consider the line segment [z, '], it does not intersect any bndr(Hy) with f € Fi
since both = and 2z’ are inside these half-spaces.

If [, 2'] does not intersect any bndr(H ;) where f is a facet of P then z is in
the intersection of these half-spaces, and using Thm. 2, this means that z € P.

Otherwise [z, '] intersects some bndr(Hy) with f facet of P which is not

in F’. Since Hy contains z’ but not z, and these two only differs by their j
coordinates, this means that x; < x; and therefore x € ; P. O

We write B for the subspace 3 ;c;R-1; and C; for the cone ¥ c; R, -1;. If

F is a set of half-spaces, we write F7 ¢ F the half-spaces of F that contain the
direction -Cy, i.e. H-Cjy=H.

Lemma 8.

J,K P= m m H+BJ
JEK HeFENI (7 ;(P))

with the convention that 7y (P) = P, F2(P) = F(P) and By = 0.

Proof. We prove the result by induction over the size of K. The case where
|K|=11is a direct consequence of Lem. 6 and 7.
Assume the equality holds for some set K. Consider a dimension j ¢ K.

mi(lx P)=lx mj(P)= ) M H+By
JEK HeFXN (75005, (P))

So we can chose:

F(mi(lx P)) = JQK{H + By | H e FIN (mu50(P))} (1)

We also have by induction hypothesis:
F(x P)= U {H+ By | H e FE (r;(P))}

JSK
J Ku{j}\J
F(lx P)= U{H+B;|HeF- (rs(P))} (2)
JSK
Using Lem. 6 and 7:
Iru(yy P = N H+B;n N H

HeF(mj(Ik P)) HeF? (Lx P)

=N N H+B;+Bjn () H By (1)
JEK HeFEN (754051 (P)) HeF!(|xP)

=N N H+Bjun ) N H+Bj
JeK HE\F_I(\J(TFJU{J'}(P)) JeK HGFFU{].}\J(WJ(P))

m ﬂ H+ By
JEKU{j} HeFKoUN (7 (P))

By (2)



Which proves the property for K u{j} and concludes the induction. ]

Corollary 1.
\P= N H+ By

Je[1,d] Hefgl’d]\J(w‘](P))

3.4 Algorithm

In order to solve the value problem, our algorithm is going to guess a vector of
a certain form which satisfies the linear equation and check that it belong to
value. For this last step, we reuse an algorithm from [11], which is coNPas we
recall here.

Theorem 3. [11, Thm. 7.2] For multi-weighted games with objective {p | MP(p) >
(0,...,0)}, the problem of deciding whether a given state is winning for Eve is
coNP-complete.

Corollary 2. Given a vector x € R? and a state s, we can decide with a coNP al-
gorithm whether x € value(s).

Proof. This is done by subtracting x from all the weights and using the preceding
algorithm to decide if s is winning for the objective {p | MP(p) > (0,...,0)}.

value(s) nhsp(\) # @ if, and only if, there is a function f:M ~ C, such that
floy) € C(s,0v) for all strategy oy and

hsp(A)n ) iconv({1~w(c) | CEf(Uv)}):#@ (3)

oyeM |C|

By Corollary 1, | conv({ﬁ ~w(e) | ce f(ov)}) is the intersection of the

half-spaces in #/(?¥) | where for a set of simple cycles C-

HE = {H+BJ | Jcl,d]anH e F N (r,(P))aP = conv({|il~w(6) | cec})}

Lemma 9. Let H = {hsp(\)} U U, em HI@Y) | The three following propositions
are equivalent:

1. value(s) nhsp(A) + @;

2. there exists d half-spaces Hy, ..., Hy in H such that Ni<;<q bndr(H;) + @ and
Jx € Nicicqg dndr(H;), x € value(s) N hsp(A).

3. there exists d half-spaces Hy, ..., Hy in H such that Ni<;<q bndr(H;) + @ and
V& € Nicicqg ndr(H;), x € value(s) N hsp(A).

Proof. The implications (3) = (2) == (1) are obvious.



We now prove the implication (1) = (3). By Thm. 1

value(s)= (| U lconv({l'w(c) | 660})

oveM CeC(s,0v) c]
1
= UJ N iconv({-w(c) | ceC})
F:M—C oyeM |c]

The intersection of hsp(\) with value(s) is non-empty if, and only if, there
exists f:M — C, such that hsp(A)NNy,em 4 conv ({ﬁ cw(e) | ce f(av)}) is non

empty. By Corollary 1, | conv ({ﬁ ~w(e) | ce f(av)}) is the intersection of the

half-spaces in %7 (?¥). So hsp(A\) NN, e 4 conv ({ﬁ cw(e) | ce f(av)}) is non
empty if and only if Ny, 7oy H is non empty. By Lem. 5 this is the case if and
only if there is d half-spaces Hy, ..., Hy in H/(?¥) such that Mj<;cqbndr(H;) c

hsp(A) NNy em | conv ({ﬁ cw(e) | ce f(av)}). This implies Ny<;<q bndr(H;) €
hsp(A) nvalue(s) which shows that (3) holds. o

Algorithm 1: Algorithm for the value problem in multi-mean-payoff

Existentially guess d half-space Hi,---,Hqj € H
if MY, bndr(H,) = @ then return false;
else take x one arbitrary point in ﬂ;l:l bndr(H;)
if = ¢ hsp()\) then return false;
if = € value(s) then return true

Based on this property we devise Algorithm 1 to decide the value problem.
Its correctness holds from Lem. 9. Algorithm 1 is in X,P = NPNP = NpeoNP
since checking whether x € value(s) can be done in coNP (by Corollary 2) and
computing the intersection of hyperplanes can be done in polynomial time [10,
Thm. 3.3]. We obtain from this, the following theorem.

Theorem 4. The threshold problem is in XoP for limit inferior objectives.

3.5 Hardness
Proposition 1. The threshold problem is NP-hard for limit inferior objectives.

Proof. Let ¢ = 3x;1. 3x. ... 3z, .C1A--AC,, be a formula, where C; = £; 1V{; 2VE; 3
with ¢; ; € {xg, -~z | k € [1,n]}. We have two dimensions for each variable z;, so
d = 2-n. We write 0; for the vector v such that v; = 0 and v; = 1 for j # i. We
define a family of vectors v; ; where if ¢; ; = ) then v; j = O2.441 and if £; ; = —~xy,
then v; ; = 02.,. We have one initial state so controlled by Adam, one state for



—|JZ3 —\.Tz
1, 0,1,1,1,1)1,1,1,1,0 1)1,1,0,1,1,10,1,1,1,1,11,1,1,1,1,0)

(1,1,1,0,1,1)  (1,0,1,1,1,1)  (1,1,1,1,0,1)  (1,1,0,1,1,1)

Figure 1. Example of the encoding of 3SAT into the threshold problem, for formula
(]5 = (1‘1 VvV Ta V —@3) A (1‘1 V a2 V —@3) A (—|CL‘1 V a2 V I3).

each clause C; controlled by Eve, and one state for each literal of the formula.
The construction is illustrated in Figure 1.

We consider the constraints A; = (vo.; + .41 > 1).

In the example, valuation z; — true, x5 — false, z3 — true makes the formula
valid, the corresponding value is v = (1,0,0,1,1,0). Consider the strategy of Eve
that in C7 chooses z1, in Cy chooses 1 and in C3 chooses —x5. In all the cases
this strategy ensures to Eve a payoff better than v. In contrast, valuation z; —
false, xo — false, x3 — true does not make the formula valid, the corresponding
value is v' = (0,1,0,1,1,0), and if Adam chooses Cy then Eve cannot ensure v'.

Let £ be a valuation, we associate to it a vector ve such that if {(z;) = true
then (ve)g.; = 1 and (ve)a.441 = 0; if £(x;) = false then (ve)a; = 0 and (ve)2.441 = L.
We prove than if £ makes ¢ valid then Eve can ensure vg.

In the other direction, assume v¢ makes ¢ valid. We consider a strategy for
Eve that in each C; chooses a state ¢; ; such that £ makes ¢; ; true, this is possible
because ve makes ¢ valid. If ¢; j = z, then &(xy) = true and (ve)2.4+1 = 0. The
payoff is then 02.41 which is greater than ve. Similarly, if ¢; ; = —x, the payoff
02 is greater than ve. This shows that Eve has a strategy to ensure ve.

We can already conclude that if ¢ is satisfiable then Eve can ensure a value
that satisfies the equations in .

Now, reciprocally, assume there is some v that satisfies A and that can be
ensured by Eve. For each k € [1,n], vag > 0 or vogs1 > 0. We select a valuation
&, such that &,(xy) = true <> vy, > 0. We prove than if Eve ensures v then &,
makes ¢ valid.

Assume Eve ensures v. This means that from every Cj, she can find a ¢; ;
such that v; ; > v. If £; ; = x, then v; ; = 02.441, hence (v¢)2.x+1 = 0. Therefore
&v(xy) = true. Similarly if 4; ; = -y, then &, () = false. This means that in each
C;, we can find a literal made true by &, and therefore &, makes ¢ valid.



This proves that ¢ is satisfiable if, and only if, Eve can ensure a value that
satisfies the equations in A. ]

4 General case

4.1 Characterizing values

Proposition 2. If J # @, then:
value(s) = (ﬂ rgy M U confu({1| ~w(c) | ce C}))

jeJ oveM CeC(ay) e

In order to prove this result, we will reuse some properties of multi-mean-payoff
games that were proved in [11].

Lemma 10 ([11] Lem. 17).

303. Yoy. Vie I. MP;(p) > v; and Vj e J. MP;(p) > v;
< VjeJ 3o3. Yoy. Yiel. MP;(p) 2 v; and MP;(p) > v;.

Lemma 11 ([11] Lem. 14). Let j € J.

303. V(Tv. Viel. MPZ(p) > U; and W](p) ZUj
< do3. Voy. Yie I. MP;(p) > v; and MP;(p) > v;.

We now proceed to the proof of the proposition.

Proof (of Prop. 2). Let v be a vector of R*.

v € value(s) < 3o3. Yoy. Vie I. MP;(p) > v; and Vj € J. MP;(p) > v;
< VjeJ Jo3. Yoy. Yiel. MP;(p) > v; and MP;(p) > v; (by Lem. 10)
< VjeJ Jo3. Yoy. Viel. MP;(p) > v; and MP;(p) > v, (by Lem. 11)
< Vj € J.v el value(s)

< e (ﬂ N value(s))
jed

<velp (VU L conv({1 cw(c) | ce C}) (by Thm. 1)

oyveM CeC(ov) |C|

4.2 Algorithm

In the following proposition, the goal is to express the value problem in terms
of intersection of convex sets in a space of dimension d = |I| + |J|. The number
of such convex sets is exponential but if the intersection is not empty, there is
a witness whose coordinates are expressible as a small rational. This leads the
way toward a non-deterministic polynomial algorithm.



Definition 19 (Sizes). The size of a rational number r = g where p € Z,q € 7,

p and q are relatively prime, is: ||r]] = 1+ [logo(|p| + 1)] + [logy(qg + 1)]. The

size of a vector v = (r1,...,7q) is [[V|| = d + Ticp1.qpllrall- The size of a matriz
n .

A= (aij)gzljzl is [|[All =m-n+ Zz‘,je[u,d}]x[[l,n}] ”ain'

Theorem 5. value(s) n [-W,W]¢ is of the form Uscp conv(Ey) where F is

finite and vertices of Ey have polynomially bounded size.

In order to prove this theorem, we will first state several intermediary propo-
sitions.

Proposition 3 ([10, Corollary 3.2b]). If the system Ax = b of rational linear
equations has a solution, it has one of size polynomially bounded by the sizes of

A and b.

Proposition 4. Given n hyperplanes Hy = hp(a1,b1),..., H, = hp(an,by), if
there intersection is mnon empty we can find a point in the intersection ex-
pressed by % with o, B polynomially bounded with respect to the size of the equa-

tions jer1,n] 1051 + Lieg1,a7 @i -
Proof. Points at the intersection are the solutions of the system

al b1
. X = .
an bn

Then Prop. 3 guarantees that we can find a solution with polynomially bounded
size.

Proposition 5. Let P be a polyhedron and F be a complete set of facet defining
half-spaces. If v is a vertex of P, then v is the intersection of at most d + 1
boundary of half-spaces in F, i.e. there is Hy,...,H,, € F with m < d+ 1 such
that {v} = Njep1,m1ondr(H;).

Proof. A vertex is the intersection of the facets containing it [9, Chapter 5].
Let v be a vertex of P and let F, c F be the set of facet defining half-spaces,
corresponding to facets containing v. We have that Nngep, bndr(H) = {v}. We
then use Prop. 5, to conclude that d half-spaces are enough.

Proposition 6. Let Vi,...,V, be set of points, and let P =N, conv(V;). Then
P = conv(X) where X is a finite set of points whose size of coordinates are
polynomial with respect to d and size coordinates of points of U; V.

Proof. By Prop. 5, vertices of P are at the intersection of at most d+1 boundaries
of facet defining half-spaces of P. These half-spaces can be taken as a subset of
facet defining half-spaces of {V; | i€ [1,n]}.

We first show that equation describing these half-spaces are not too compli-
cated. Facets of conv(V;) are given by taking at most d+ 1, vertices of conv(V;).



If H is given by vertices vy,...,vg of V;, then H = {v; + Ao - (va —v1) + - +
Ad-g - (V=g —v1) | A2, ..., Aq € R}. This is equivalently described by an equa-

U1

tion (l1,l2,...,lq) where [; is a solution of the equation | : lf = 1JT. Note
Vg4

that this is only valid when vy,...,v4 are linearly independent. Using Prop. 3,

coordinates in this equation are polynomial with respect to the coordinates of
vertices vy, ..., V4.

Now, vertices of P are at the intersection of at most d of these hyperplanes.
Therefore, using Prop.3, there coordinates are polynomially bounded. ]

Proposition 7. [-W,W]4nN,,au con’u({ﬁ cw(e) | ce f(j,av)}) is the con-
vex hull of a finite set V(j,ov) where all points of V(j,ov) have coordinate
polynomial with respect to W, d and |Stat|.

Proof. By Corollary 1:

ﬂlCOHV({;-w(C)ICEf(j,Jv)})= n H

oyeM oyeM,HeH(ov)

We also have [T, W]? as the intersection of half-spaces in {F; |4 € [1,d]}u
{G; | i€[1,d]} where F; = {x e R? | 2; > -W} and G; = {x e R? | ; < W}.
As a consequence, the set [-W,W]%n N, ar conv({‘—l‘ ~w(c) | ce f (7, 0'\1)})
the intersection of half-spaces and it is bounded, thus it is a convex polytope.
Therefore, it is the convex hull of its set of vertices V [9, Prop.5.3.2]. Moreover
F = H U Uie1,a) Fi U Uie[1,4) Gi is a complete set of facet defining half-spaces
where H = Uy, em H/(@¥) Vertices in V are at the intersection of at most d +
1 hyperplanes in F by Prop. 5. Therefore by Prop. 3 their coordinates have
size polynomially bounded by the size of W and coefficients appearing in the
equations of half-spaces in H.

The half-spaces of H are of the form H+ B where J ¢ [1,d] and H belong to
]—'(w,;(conv(ﬁw(c) |ce f(j,ov)))). Vertices of the projection of the convex hull
are projection of vertices of the convex hull, so equation for these hyperplanes are

given by d—|J| vertices of the projection. If H is given by vertices vy, ...,v4_y of
the projection, then H = {v;+Aa-(va—v1)++ g s (Vg—g—-v1) | A2y .., Aa—y € R}.
This is equivalently described by an equation (I1,ls,...,lq) where [; is a solution
01
of the equation : liT = 1?. Note that this is only valid when vq,...,v4_s are
Vd-J
linearly independent. Using Prop. 3, coordinates in this equation are polynomial
with respect to the coordinates of vertices v1,...,v4_; which are themselves of
the form L -w(c) for some ¢ € C or equal to 0.

le]
We can therefore conclude that coordinates of vectors in V' are polynomial
with respect to W and |Stat|. O



Proposition 8. [-W,W]%n ;. Noyemr | conv({‘%l~w(c) | cef(j,o\,)}) =
[-W, W90 L gy W, W12 A Nyan b cono ({5 -w(e) | ce f(ov)})

Proof. Let v € [-W, W] 371 Novent 4 conv({ﬁ ~w(e) | ce f(y, av)}) then
for all j € J there is some v? such that v/ € N, ey | conv ({ﬁ cw(c) | ce f(j,av)})
and for all coordinates k € Jx{j}, v] = v,. We take a vector vj, = -W if k e Jx{j}
and vy otherwise. Obviously v’ belongs to [-W, W]9.

We show that v’ also belongs to | conv ({ﬁ ~w(e) | ce f(j,av)}). There

is z > v7 such that z € conv({ﬁ ~w(e) | ce f(j,av)}). We have that for all
coordinate k, xj, > -W. Hence, we have that v’ < z and therefore it belongs to

iconv({ﬁ ~w(e) | cef(j,av)}).

Hence [-W, W 1N, gy W, W]4nNgpem | COHV({‘%‘ ‘w(e) [ce f(J, Uv)})
contains v. The inclusion in the other direction being trivial, this shows the
equality. ]
Proposition 9. If Y ¢ [-W,W]? then [-W,W]%n §; conu(Y) = conu(Z)
where Z ={z|3yeY. Vi¢ J zi=y; AVi¢ J z e {-W,W}}.

Proof. Let x € [-W,W]%n {7 conv(Y), there is y € conv(Y") such that for all
i ¢ J7 T =Y. W

For j e J, we define p1; = x{;v , notice that p; € [0,1] since z; € [-W, W]. We
then define for v € {0,1}! the coefficient A, = [T, =1 15 TT; =0 (1 = ). We have
that for all v, A, € [0,1] since this is the cause of all y1;. Moreover ¥,c(q 13171 Ay =
1, this is proved by a simple induction:

— if |J| =1, then let {j} = J, Yvefo,13191 Av = g + (1= p5) =1
— if |J| > 1, then let k€ J:

S e ¥ M. Y N

ve{0,1}1V1 vlvp=1 Mk vlvg=0 1~ Hk

=k, I1 w [T (T-py)

vlvg=1v;=1|j#k  v;=0|jk

+(L-pe)- > IT w I (L-ny)

vlvg=0v;=1lj+k  v;=0|j%k

= pp + (1 - pg) (By induction hypothesis)
=1
We can also prove that ¥,cq0,13171 Av v = (1, ..., 1) let ke J:

( z )\v-v) = Z Ao
ve{0,1}171 o ve{0,131]vg=1

Ay
= /‘Lk . Z -
ve{0,1} 71|y, =1 Hk

= Hk



Lets write y = ¥/, v; -yl with v; € [0,1], Yi1vj=1,and y? € Y. Then given
v € {0, 1M1, we write z(j,v) for z such that Vi ¢ J. z = yi and Vi ¢ J z; € -W
if v; =0 and z; = W if v; = 1. We have that 7;(z(j,v)) = m;(y’). Now, let
2’ = Yjesve(o,1y01 Vi - Av - 2(4,0).

— Ifi ¢ J, then:
gi= Y v Ay
jed,we{0,1}]
= Zvj-yif = Yi = T
jed
— If i e J, then:

= Y vitdez(iv)

jeJ,ve{0,1}17]

- %y,

( S oAWw- Y A,,-W)
jeJ ve{0,1}1jv;=1 ve{0,1}I|v;=1

:zyj.(—Wﬂ-W'( 2 A))

jeJ ve{0,1}1|v;=1
=Y v (-W+2-W-p)
jed
= lej'(—W+.’E7;+W)
jed
=D Vi
jed
= {L'Z-
Hence z = 2’ which shows that z is in conv(Z).

[2] All points z € Z are in [-W, W]n $ .y Noyen | conv ({ﬁ ~w(e) | ce f(j,ov)})
therefore their convex hull also is. o

Proof (of Thm. 5). By Prop. 2:

value(s)= (I, (1 U | conv({1 ~w(e) | ce C’})
jed oveM CeC(av) |c]
We can then reorder intersection and union operators by considering functions
that selects for pairs (j,0v) a simple cycle among C(ov), i.e. functions of F,
where F = {f:JxM~C|VjeJ Yoy e M. f(j,0v) € C(ov)}.
We have:

value(s) = |J () $sugy M) iconv({1 ~w(c) | ce f(j,av)})

feF jeJ oyeM |c|



value(s) N [-W, W]¢ = nUNIg N iconv({1 cw(c) | ce f(j,av)})

feF jeJ oyeM |C|

=UJ N[-W, W] mij\{j} N iconv({|| w(C)|C€f(j,O'v)})

feF jeJ oyeM

Using Prop. 8, this equals to:

U N[-w,w] ﬁij\{j}[ wW,W1l%n N iconv({|il~w(c)|c€f(j,av)})

feF jed oyeM

Using Prop. 7, this equals to

U m WW n iJ\{j} COIlV(V(f,j))
feF jed

Where all points of User jesV (f, j) have their coordinates polynomially bounded.
Using Prop. 9, [-W,W1]%n 1, ;1 conv(Y (f,j)) = conv(Z(j, f)) and points
of Z(j, f) also have their coordinates polynomially bounded.
Then using Prop. 6, the vertices of Nje;[-W, W] § ;. ;) conv(V(f,)) have
polynomially bounded coordinates. This concludes the proof of Thm. 5. ]

Theorem 6. Let S be a set of states and A a system of linear equations. Nes value(s)n
[-W,W]%n hsp(N) is of the form Uyer conv(Ey) where F is finite and vertices
of E+ have polynomially bounded size.

Proof. This is a consequence of Thm. 5 and Prop. 4.

We write X for the set of points that have coordinates polynomially bounded
by the same polynomial as for Thm. 6 We give a X3P algorithm (Algorithm 2)
that given a set S of states, a constraint A on the payoffs as a system of linear
equation, solves the region problem.

Theorem 7. The region problem is in XoP.

Proof. The correctness of the Algorithm 2 is a consequence of Thm. 6.

Algorithm 2: Algorithm for the region problem in multidimensional mean-
payoff games

Existentially guess v in X
if © € Nyes value(s) N hsp(A) then return true;
else return false;
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