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Optimal Values of Multidimensional
Mean-Payoff Games*

Romain Brenguier, Jean-Francois Raskin

Université Libre de Bruxelles (U.L.B.), Belgium

Abstract We study multidimensional mean-payoff games. More pre-
cisely, we want to compute all the values that can be ensured by the first
player. Because weights are given in multiple dimensions, there can be
incomparable such values, and even an infinite number of incomparable
ones. We show that the set the values can be represented by a finite
union of convex sets. From the computational point of view, we show
that deciding if the intersection of the set of values with points satisfy-
ing a set of linear inequations can be done in X5-P. The problem is both
NP-hard and coNP-hard.

1 Definitions

1.1 Arena
We define weighted arenas, played by two players Eve and Adam.
Definition 1 (Arena). An arena A is a tuple (Stats, Staty, so, Edg), where:

— Stat = Statg U Staty is a finite set of states;
— 8o € Stat is the initial state;
— Edg C Stat x Stat is a finite set of edges;

In an arena A, whenever we arrive at a state s:

— if s € Statg, then Eve selects a state s’ such that (s, s’) € Edg.
— if s € Staty, then Adam selects a state s’ such that (s,s’) € Edg.

The game then continues from s’. This process starts from sy and is repeated
ad infinitum to form an infinite sequence of states.

Definition 2 (History and plays). A history of the game G is a finite non-
empty sequence of states i.e. an element of Stat™ -Stat. We write h; the i-th state
of h, starting from 0, i.e. h = hg - hy - -+ hy,. The length |h| of such an history is
n+ 1. We write last(h) the last state of h, i.e. hjp—1. A play p is an infinite
sequence of states, i.e. an element of Stat”. We write p<,, for the prefiz of p of
lengthn+1, i.e. po--- pn. We also write p>,, for the suffic of p after p<n—1, i.e.
Pr - Pry1 s and prm p] for (p<n)>m-
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Definition 3 (Strategies). Let A be an arena, a strategy for Eve maps his-
tories ending in a state of Statg to a successor of that state. Formally it is a
function o3: Stat” - Statz — Stat, such that for all for all history h and state s,
(s,03(h-s)) € Edg. Similarly, a strategy for Adamis a function oy : Stat™-Staty —
Act, such that for all for all history h and state s, (s,oy(h-s)) € Edg. A strategy
profile is a pair of a strategy for Eve and a strategy for Adam.

Definition 4 (Outcomes). Let A be an arena, and o3 a strategy for Ewve.
A play p is compatible with the strategy o3 if, for all k € N, if p; € Statg
then pr+1 = o3(p<k). We write Outg(s,o3) for the set of paths in G that are
compatible with strategy o3 and have initial state s (i.e. p such that pg = s),
these plays are called outcomes of o3 from s. We simply write Outg(o3) when
S = Sp.

1.2 Multidimensional Mean Payoff

Definition 5 (Multidimensional weighted games). A weighted game is an
arena equipped with a weight function. Formally it is a tuple (A, w), where A is
an arena and w: Edg — Z%.

Given a weight function w, we write w; the function that associate to an
edge e the projection to the i-th dimension of w(e). We now present mean payoff
preferences which are given by the long term average of the weights.

Definition 6 (Mean payoff). Given a weight function w, the mean payoff
inferior over dimension ¢ of a play p is:

.1
MP; (p) = liminf — >~ wi(px, prr1)-

n—oo n

Similarly the mean payoff superior over dimension i of a play p is:

. 1
MP;(p) = lim sup — E Wi (P, Prot1)-
n—oo TN

0<k<n

Definition 7. Let v € R*?, we say that a strategy o5 ensures value v from
state s if all outcomes p of o3 from state s are such that on each dimension 1,
MP;(p) > v; and MP;(p) > vgr;. We write value(s) for the set of vectors v such
that there is a strategy of Eve that ensures value v from state s.

1.3 The Value Problem

Our goal is to find the strategy of Eve that ensures a value as height as possible.
However, since the weight are multidimensional it is not clear how to compare
different values. A natural problem, is to try to optimize the value we can ensure
with respect to a linear function.



Definition 8. A linear function is given by a vector a € R®. The associated
function oy : R+ R is the function such that ag(z) = Diei,dq) % " Ti- A linear
equation is a pair (a,b) where a € R?\ {0} and b € R. The half-space satisfying
(a,b) is the set hsp(a,b) = {x € R? | a,(x) > b}. The hyperplane defined by
(a,b) is the set hp(a,b) = {x € R? | a,(x) = b}.

Given a, we are looking for a strategy o5 that ensures a value v € R%, and
such that there is no o5 that ensures a value v/, with a(v") > a(v). To make this
into a decision problem, we fix a real b, and ask if it is possible to ensure a value
v such that a(v) > b.

Definition 9 (Value problem). Given a mean payoff game G and a linear
equation (a,b) over elements of R*%, is there a strateqgy o3 and a value v €
hsp(a,b) such that o3 ensures v?

Remark 1. The answer to this problem is also useful when computing Nash
equilibria in (single dimension) mean payoff games. Indeed, thanks to the suspect
transformation [2], a multiplayer concurrent game with mean payoff objectives
can be transformed into a multidimensional mean payoff turn-based game. The
existence of a Nash equilibria in the original game is then equivalent to the
existence of a run which has a value which can be ensured by the first player of
the game in the suspect game.

We also define a generalization of this problem that considers a system of
equation instead of a single one.

Definition 10 (Threshold problem). Given a mean payoff game G, a system
of linear equation X = ((a,b1),...,(a;, b)) over elements of R*?, is there a
strategy o3 and a value v € N._ hsp(ay,by) such that o5 ensures v?

Remark 2. Other works ([10] for instance) usually focus on the 0-threshold prob-
lem, which can be specified here by a; = (1,0,...,0), a2 = (0,1,0,...,0),...and
all by are equal to 0. In such a case, it is only needed to check that the value 0O
can be ensured. This is indeed simpler than having to find the values that can
be ensured.

1.4 Decomposition in Simple Cycles

Our analysis of mean payoff game will rely on finding good cycles for Eve. Our
proof will use as a tool the decomposition of a play into simple cycles.

Definition 11 (Simple cycles). A simple cycle is sequence sq - s1 -+ Sy, such
that so = s, and for alli and j, 0 <1 < j <n, s; # s;. We write C(G) (C when
G s clear from the context) for the set of simple cycles in the concurrent game
structure G.



In this paragraph, we recall the notion of decomposition of a play into simple
cycles [6]. A history h = sg - 81+ 8y, is a cycle if sg = sp,n > 1. A simple cycle
is a cycle such that for all 4 and j, 0 < i < j < n, s; # s;. We write C(A) (C
when A is clear from the context) for the set of simple cycles in the concurrent
game A.

Every history h of a finite game can be uniquely decomposed into a sequence
of simple cycles, except for a finite part. The decomposition process maintains a
stack, st(h), of distinct states and moves. We write the stack content s1-sg - s,
where s; is at the bottom of the stack and s, the top. We use the notation
s € st(h) for s € {51, 82,...,5n}. The decomposition, dec(h), is a set of simple
cycles. We define dec(h) and st(h) inductively as follows:

— for the single state history s, dec(s) = @ and st(s) = s.
— let W/ = h - s be a history.
o If s € st(h), and st(h) = - s- 3, then st(h') = o - s and dec(h') =
dec(h)U{s- 8- s}.
e clse dec(h') = dec(h), st(h') = st(h) - s.

Note that the stack always contains distinct elements, therefore only simple cy-
cles are added to the decomposition. The elements in the stack from the bottom
to the top, form a history sg-s1 - -+ s, where n+1 is the height of the stack. The
decomposition of a play is the union of the decompositions of the finite prefixes
of the play.

2 Case of limit inferior

We first analyze the case where all the mean-payoff values would be taken as
limit inferior of the average cost. We define value by:

value(s) = {v € R? | Jo3. Vp € Out(s, 03). Vi € [1,d]. MP,(p) > v;}

2.1 Downward closure

Definition 12. Let | S be the downward closure of S, i.e. {x | Iz’ € S. Vi €
[1,n]. x; <al}.

Lemma 1. — Operator | is monotonic, i.e. for any set X and Y such that
X CY, we have that | X Cl Y.
— Operator | is compatible with union, i.e. for any set X and Y: ({ X)U (|
Y)=] (XUY).

Proof. Assume X CY. Let z €] X, there is 2’ € X such that for all i, 2} > ;.
As X CY, 2 €Y, and therefore z €] Y.

To show (] X)U ( Y) Cl (X UY) We use the monotonicity property
(Lem. 1): since X C X UY, | X Cl (X UY).

In the other direction, let x €] (X UY'), there exists 2’ € X UY such that
xz <. If 2’ € X then z €] X and otherwise z €] Y.



2.2 Characterizing values
We define memoryless strategies. We will use them to characterize values.

Definition 13 (Memoryless strategies). A strategy oy is said memoryless
if for every history h and h', and all state s, oy(h - s) = oy(h' - s). We write
M= {o},... ,J\LMl} for the set of the memoryless strategies of Adam in G.

Let oy be a memoryless strategy. Strategy oy determines a subgraph of G, let
SSC(ov) be the set of strongly connected component in this subgraph. We write:

C(s,oy) = {C | 3S € SSC(0oy). C = {c | ¢ simple cycle of S}AS reachable from s}.

Definition 14 (Convex hull). The convex hull of a set of points V is the set

con'u(V)—{Ztvw|Vv€V.tv€[0,l]/\Zt,,—1}.

veV veV
We now give a characterization of the set of values that Eve is able to ensure.

Theorem 1.

value(s) = (] | ¢com<{|i|-w(c) | cEC})

oy EM CeC(s,0v)

We start by recalling two lemmas of [10] which we will use in our proof.

Lemma 2 ([10, Lem. 10(2)]). Let S be a strongly connected graph. If S does
not have a mon-negative multi-cycle (i.e. C € C(S) and A € N such that
Y ecc AMc)w(c) > 0), then there exists a constant mg € N and a real cg > 0 such
that for all history h in the graph S we have min{w;(h) |i € I} < mg —cg - |h|.

Lemma 3 ([10, Lem. 11]). If there is a strongly connected component S reach-
able from sg that has a non-negative multi-cycle, then Eve has a strategy to satisfy
the mean-payoff-inf (i.e. Vi € I U J. ¥p € Outs,(03). MP,(p) > 0).

Lemma 4. Let p be a path. If Inf(p) C C for some C € C(oy), then MP(p) €
conv ({ﬁ ~w(e) | ce C})

Proof. We consider the lexicographic order <o defined by v<,0" & v =v' Vv
Ji < d.v; <vjAVj <i.v; = vj. We also consider for each i € [1,d], the preorder
<, defined by v <; v/ & v; < v]. We define L(n) = min<, {% cw(p<m) | M > n}
and K;(n) = min<, {1 - w(p<m) | m > n}. We write MPL(p) = lim,_,oc L(n),
this limit exists because (R?, <jox) forms a complete lattice.

We show that for all coordinate i, MPL(p); > MP;(p). We write 1; for the
vector in which all coordinates are equal to 0 except the i-th coordinate which is
equal to 1. Let € > 0 and consider the vector L(n)+¢-1;. Since L(n)<ieL(n) +
¢ - 1;, there exists m > n such that % ~W(p<m)<iexL(n) + € - 1;. We have that



W < L(n); + € because for all coordinate j < i, w has to be equal
to L(n);. We also have that X - w(p<y,) >; K;(n). Hence for all € > 0, K;(n) <

L(n); + &, which shows that MPL(p); > MP;(p).

We now show that MPL(p) € conv ({ﬁ ~w(e) | ce C}) After a finite prefix
pP<m, the play stays in the component C. We consider the decomposition in
simple cycle of p>,, for n > m:

w(p<n) = w(p<m) + W(st(ppma) + Y. w(o)
c€dec(pm,n])

and for all ¢ € dec(p[y,n]), ¢ belongs to C. Since the length of the stack is

bounded by the number of states, we have that:

wlp<m)-WAVI+H Y w(e) Swlp<n) < wlo<m)+WHVIH Y w(c)
c€dec(P[m,n]) cedec(pm,n])

where W contains on each coordinate the maximum of absolute value of weights
in this coordinate.

- < < +
n n n n n n
Cedec(pl[m,n]]) Cedec(p[{""r"]l)

w(ﬂgm) w - ‘V‘ . Z 1 ) (C) w(pin) w(pﬁm) w. |V| + Z 1 (C)

DR CEND DI L

c€dec(pPm,n]) c€dec(pm,n])
ZcEdec(p[[m n]) |C| |C‘ 1
- , . Z - — -w(c)
" Cedec(pﬂm.n]]) Zcedec(p[[myn]]) |C| |C|
We write v, for ), -l L w(c), we have that v, €

c€dec(ppm,n]) Zcedec(p[[m.n]]) [l ~ Tl

conv ({ﬁ ~w(e) | ce C}) We will show that 1 -w(p,,) comes closer and closer
to v,,.

. ec C
Wlpem) W \V\+Zced i) | w(pn) w(pem)+

W |V +Zcedec(p[m,nu) & 2

1
n n n - n n - n n

Let 7 be a coordinate:

1 w; W, |V n_z dec(Pm.n |C|
‘n "U]i(pn) —vp| < 1(p§m) + 1n‘ ‘ + - n(p[[ n1) ' |('Un)'|

+ t—

IN

| Wil

n



We show that there is a strictly increasing sequence u,, such that MP(p,, )
converges to MPL(p). We define ug by 0 then give u,, we set u,41 to be the

smallest m > w, + 1 such that L(u, + 1) = % - w(p<m). The sequence u,, is

strictly increasing and L(n) = w(p%“") = MP(p<y,, ) hence MP(p,, ) converges
to MPL(p).

Since MP(p,,, ) converges and is

conv ({ﬁ ~w(e) | ce C}) which is a closed set, the limit of MP(p,,, ) is within
conv ({ﬁ cw(e) | ce C’}) and so is MPL(p). O

2mAVD Wi (loge to Up, and v, belongs to

Proof (of Thm. 1). Let v € value(s), then there is a strategy o3 of Eve, such
that for all memoryless strategy oy € M of Adam, Vi € TUJ. MP,(Out(o3,0v)) >
v;. Let p = Out(osz,0v). We have that Inf(p) C C for some C € C(oy).

Lem. 4 shows that MP(p) €] conv ({ Ii\ w(c) | ce C}) which implies that
v €] conv ({ﬁ ~w(e) | ce C’})
As MPL(p) > MP(p), we have that MP(p) €] conv ({ﬁ ~w(c) | ce C})

Moreover, since MP(Out(o3, o)) > v, it follows that v €] conv ({ |1| ~w(e) | c e C})

Let v € (N, emUcec(oy) + conv ({ - wle) [ ce C’}) We fix a mem-

oryless strategy oy of Adam. We have that v is in | conv ({ o w(c) | ce C})

for some C' € C(av).
We replace the weights of the game by w’ such that wi}(s) = w;(s) —v;. We
have for all path p that if the weight w(p) is greater than v then w’(p) > 0. We

know there exits some v’ > v of the form Z‘k(’;‘l I%I -w(cg). Hence there exists

A, Ajep such that S0 25w/ (er) > 0.

The idea is to construct for all n a finite path of length greater than n that
has a total weight by w’ close to 0. Let n be an integer, there exist pr € N such
that |25 — X\,| < L. Let [} = [ 1545 ek, We construct the history & that follows
p1 - 11 times the cycle ¢;, then goes to the beginning of cycle ¢ with a path of
length at most |Stat| then follows ps - I times the cycle co and so on until the
|C|-th cycle.

First, lets look at the length of this path.

S 'i o
taal A —
k=1 " ’

|C| \C\

ok = nd M—ICl = n—|C|
k=1 =

vV

vV

Hence |h| > n — |C|, hence it is not bounded when n grows toward infinity.



Let W’ be the maximum weight that appears in w’. On dimension i, the total
weight of h is such that:

|C]
Zpk Ay, - wi(cy) — [Stat] - [C] - [W'| < wi(h)
=1

IC] IC|

wi(c
T feul- Y 4~ stat] - [ [W7] < wi(h)
k=1 k=1 k
| e N w!(e)
[T el > ()\k - n) - v — [Stat| - |C] - |W'| < wi(h)
k=1 k=1 k
L Lo 1t (er)
= Tl - 325500 — Iswatl - |1 W) < wih)
k=1 k=1 |k

Hence w;(h) is bounded on all dimension ¢ when we make n grow.

By Lem. 10(2) of [10]! this implies there is a non negative cycle in C for the
weight w’. By Lem. 11 of [10], oy is not a winning strategy. We know thanks
to Theorem 8 of [10] that multi-mean payoff games are determined under mem-
oryless strategies of Adam. Therefore Adam has no winning strategy. Since these
games are also determined [7], this means that Eve has a winning strategy.
Therefore v € value(s).

2.3 Half-spaces representation

The goal of this section is to show that the equation: value(s) Nhsp(\) # @
can be solved using a relatively simple half-space representation (it might still
be exponential compared with the size of the arena).

The set conv ({ﬁ ~w(e) | c e C’}) is a convex hull and it is well known

these can be written as finite intersection of half-spaces [8].

Definition 15 (Polyhedron). The boundary of hsp(a,b) is the hyperplane:
bndr(a,b) = {z € R? | Dieqa % i = bl If P = N¥_, H; where for all i,
H; is a half-space, P is called a polyhedron. A bounded polyhedron is called a
polytope. A face F' of P is a subset of P of the form F'= PN bndr(Hp), where
Hp is a half-space such that P C Hp. In that case, say that Hp defines face F
of P. A face of dimension 1 is called a vertex. If P has dimension d’, then a
face of dimension d' — 1 is called a facet. A complete set of facet defining half-
spaces F contains for each facet F' a half-space Hp such that PN bndr(H) = F
and P C H.

! Note that in [10] the weights are integer, which may not be the case for us. However
the proof of Lem. 10(2) still works in the case of arbitrary reals.



Definition 16 (Affine Hull). A affine subspace is a set of the form x+ L with
x € R? and L is a linear subspace of R% (i.e. a subset closed under addition
of vectors and under multiplication by real numbers). The affine hull of a set
X C R? is the intersection of all affine subspaces of R% containing X, it is
written aff(X). It can be described as the set of linear combinations of points

of X [8].

We prove a proposition, similar in spirit to Helly’s theorem (see [8]), that we
will use to restrict the search to certain points.

Lemma 5. Let Hy, ..., H, ben half-spaces of R with n >d > 1, and S be an
affine subspace of R? of dimension k, with 1 < k < d. If SN Ni_, H; # @ then
there is i1, ...,1, such that:

k n
Sﬂmbnd'r‘ )CSﬂmHi.

j=1 i=1
Notice in particular that this lemma applies to the case where S = R<.

Proof. We show the proposition by induction other k. If & = 0, then if SN
Ni_, H; # @ then every H; contain S since it is reduced to one point. Therefore
SOOI Hi=S=SnN}, Hi.

Assume now k& > 0 and that the property holds for all affine subspace of
dimension &’ < k. We proceed by induction over n. If n = k, then since
bndr(H;) C H; for all i, we have that N¥_;bndr(H;) C N¥_| H; which shows
the property.

Assume now that the property holds for n, we consider a half-space H,41.

— If S C bndr(H,11) then we use the induction hypothesis for n, we have

k
() (bndr(H mS)cSmﬂH

j=1 =1
n
C SNbndr(H, 1) N[ ) H;
=1

QSﬂHnHﬁﬁHi
. =1
csSn () H

i=1

— Otherwise bndr(H, 1) N S forms a affine subspace of dimension k — 1, to
which we can apply the induction hypothesis.



e If SNbndr(H,+1) N[, Hi # @ then there is iy,...,i4_; such that:

n

k—1
(bndr(H,41) N S) N (1) bndr(H;,) € S Nbndr(H, 1) N (1) H
j=1

i=1
k—1 n+1

SN ﬂ bndr(H;;) Nbndr(H, 1) €SN ﬂ H;
j=1 i=1

Which shows the property.

e Otherwise (-, H; N S) Nbndr(H,+1) = &, then since (;_, H; N S is
convex it is either totally inside H,4; or totally outside of it. If it is
outside then the intersection is empty. Otherwise, ﬂ?zl HNSCHy.
We apply the induction hypothesis over n: there is i1, ..., such that:

k n n+1
()ondr(H;,)NSC(H:NSCSN () H;
j=1 i=1 i=1

Which proves the result.

Theorem 2 ([5, Thm. 3.(b)]). Let P be a polytope. Let F be complete set of
facet defining half-spaces, then P is the intersection of aff(P) with all half-spaces
in F.

The set conv ({i‘ ~w(e) | ce C’}) is a convex hull and can be written as

le
finite intersection of half-spaces [8] but the number of half-spaces that is required
can be exponential with respect to the dimension d: it is of the order of n® where
n is the number of points given as input. In the following, we will describe how

these half-spaces are obtained.

Definition 17. We write w;(x) for the projection of x over the plane {z | x; =
0}, that is mj(x) = a' such that for all i # j, v; = z; and x; = 0. We also
write my(x) for the projection of x over the plane {x | Vj € J. z; = 0}. We
write L; X for {v |3z € X,A >0.v=ua—X-1;}. Let also Tx S be the set
{z|32" €S Vje[l,n]\ K. 2} =z;}.

Lemma 6. Let P be a polyhedron, and F(m;(P)) be a set of half-spaces of
af i (P)) such that 75(P) = Nyrerio, iy H-

L P= () H+R-1



Proof.

z€l; P< 3’ € P.orj(x) =mj(a)

& mi(z) € ﬂ H
HEF(m;(P))
emE) +R-1,C (] H+R-1
HEF (m;(P))
S e ﬂ H+R-1;
HEF (n;(P))

O

Lemma 7. Let P be a polyhedron and F(P) be set of half-spaces such that
P = NgerpyH. Let F2(P) C F(P) be the set of half-spaces of F(P) that
contain the direction —1;, i.e. H —R"-1; = H.

LP=t;Pn () H

HeFi (P)

Proof. Let  €]; P. We have that « €; P. There is 2’ € P such that
x =22 —X-1; with A > 0. Let f € .7:1, since 2’ € Hy we have that = €
Hy —R* -1; = Hy. Therefore z €}; PN (\;er Hy.

Let x €]; PN(\;cz Hy. There exists 2’ € P such that m;(z) = m;(2").
Consider the line segment [z, 2], it does not intersect any bndr(Hy) with f € F
since both z and z’ are inside these half-spaces.

If [z, '] does not intersect any bndr(H ) where f is a facet of P then x is in
the intersection of these half-spaces, and using Thm. 2, this means that xz € P.

Otherwise [z, '] intersects some bndr(Hy) with f facet of P which is not

in F2. Since H ¢ contains ' but not x, and these two only differs by their j
coordinates, this means that x; < xg and therefore x €|, P. a

We write B, for the subspace } ;. ;R-1; and C; for the cone >, ;R4 - 1;.

If F is a set of half-spaces, we write 77/ C F the half-spaces of F that contain
the direction —Cy, i.e. H—C; = H.

Lemma 8.

Ik P=) N H+ By

TEK HeFEN (my(P))
with the convention that g (P) = P, F2(P) = F(P) and By = 0.

Proof. We prove the result by induction over the size of K. The case where
|K| =11is a direct consequence of Lem. 6 and 7.



Assume the equality holds for some set K. Consider a dimension j ¢ K.

mi(bx P) =Lk m(P)= ) N H+ By

JEEK HeFEN (z50053 (P))
So we can chose:

Flrj(bx P)) = | J {H + By | He FXV (m5003(P)} (1)
JCK

We also have by induction hypothesis:

F(lx P) = U {H+BJ|H6]-'5{\J(7TJ(P))}

JCK
Fl(lk P)= |J{H+ B, | He FEUUN () (P))} (2)
JCK
Using Lem. 6 and 7:
HeF(m;(LxP)) HeF? (LxP)
=N N H+B;+B,n (| H By (1)

JERK geF N (m 5005y (P)) HEeF? (LkP)
TEK HeFEN (r50y(P) TEK He FEVUN (my(P))

N N H+ By

JEKU{G} HeFKUUIN (r,(P))
Which proves the property for K U {j} and concludes the induction. a

Corollary 1.

p= N H+ By

JCILd] ge FIH N (7 (P))

2.4 Algorithm

In order to solve the value problem, our algorithm is going to guess a vector of
a certain form which satisfies the linear equation and check that it belong to
value. For this last step, we reuse an algorithm from [10], which is coNPas we
recall here.

Theorem 3. [10, Thm. 7.2] For multi-weighted games with objective {p | MP(p) >
(0,...,0)}, the problem of deciding whether a given state is winning for Eve is
coNP-complete.



Corollary 2. Given a vector x € R? and a state s, we can decide with a coNP al-
gorithm whether © € value(s).

Proof. This is done by subtracting x from all the weights and using the preceding
algorithm to decide if s is winning for the objective {p | MP(p) > (0,...,0)}.

value(s) Nhsp(A\) # @ if, and only if, there is a function f: M — C, such
that f(oy) € C(s,ov) for all strategy oy and

nsp) 0 () deons ({ T owe) [ ceson}) 2o @)

oyeEM

By Corollary 1, | conv ({ e - w(c) | ce f(ov)}) is the intersection of the

half-spaces in H/(?¥) where for a set of simple cycles C:

1
HE = {H+BJ | JC[1,d]ANH € .FELd]]\J(ﬂ'J(P)) A P = conv ({C| ~w(e) | ce C})}
Lemma 9. Let H = {hsp(A\)}UU, cn HI (%), The three following propositions
are equivalent:

1. value(s) N hsp(A) # &;

2. there exists d half-spaces Hy,...,Hq in H such that (\,<;<, bndr(H;) # @
and 3z € (), <;<q bndr(H;), x € value(s) N hsp(A).

3. there exists d half-spaces Hy,...,Hy in H such that (\,<;<, bndr(H;) # @
and Vo € () <,<q4 bndr(H;), © € value(s) N hsp(N).

Proof. The implications (3) = (2) = (1) are obvious.
We now prove the implication (1) = (3). By Thm. 1

value(s) = () |J | conv <{|i|-w(c) | CGC})

oyEM CeC(s,ov)

= U N ¢conv({| (c)|c€C’})

[+ M—CoyeM

The intersection of hsp(\) with value(s) is non-empty if, and only if, there exists
f: M= C, such that hsp(\) N[, ey  conv ({ e - w(c) | ce f(mﬁ}) is non
empty. By Corollary 1, | conv ({I | w(c) | ce f(av)}) is the intersection of

the half-spaces in H/(°%). So hsp(\ )N o, ent + conv ({ cl w(c) | ce f(ov)}>
is non empty if and only if Ny 4y r(oy) H is non empty. By Lem. 5 this is the case if

and only if there is d half-spaces Hi, ..., Hg in H7(?¥) such that ﬂlgigd bndr(H;) C
hsp(A)N,, e + conv ({ o w(c) | ce f(ov)}). This implies (1, <, , bndr (H;) C
hsp(A) Nvalue(s) which shows that (3) holds. O



Algorithm 1: Algorithm for the value problem in multi-mean-payoff

Existentially guess d half-space Hi,--- ,Hqs € H
if ﬂ‘;:l bndr(H;) = @ then return false;
else take z one arbitrary point in ﬂ;l:l bndr(H;)

if « ¢ hsp(\) then return false;
if « € value(s) then return true

Based on this property we devise Algorithm 1 to decide the value problem.
Its correctness holds from Lem. 9. Algorithm 1 is in X,P = NPNP = Np<NP,
since checking whether x € value(s) can be done in coNP (by Corollary 2) and
computing the intersection of hyperplanes can be done in polynomial time [9,
Thm. 3.3]. We obtain from this, the following theorem.

Theorem 4. The threshold problem is in X3P for limit inferior objectives.

2.5 Hardness
Proposition 1. The threshold problem is NP-hard for limit inferior objectives.

Proof. Let ¢ = 3Jxy. Izo. ... Jz,.C1 A--- AC,, be a formula, where C; = 4; 1 V
lio VU3 with £; ; € {xp,—x | k € [1,n]}. We have two dimensions for each
variable z;, so d = 2-n. We write 0; for the vector v such that v; = 0 and v; =1
for j # i. We define a family of vectors v; ; where if £; ; = z then v; ; = 02,541
and if ¢; ; = -z, then v; ; = 02.,. We have one initial state sy controlled by Adam,
one state for each clause C; controlled by Eve, and one state for each literal of
the formula. The construction is illustrated in Figure 1.

We consider the constraints A\; = (va.; + v2.41 > 1).

In the example, valuation x1 — true, zo — false, z3 — true makes the formula
valid, the corresponding value is v = (1, 0,0, 1, 1,0). Consider the strategy of Eve
that in Cy chooses 1, in Cs chooses 1 and in C5 chooses —x5. In all the cases
this strategy ensures to Eve a payoff better than v. In contrast, valuation z; —
false, xo — false, x3 — true does not make the formula valid, the corresponding
value is v = (0,1,0,1,1,0), and if Adam chooses C; then Eve cannot ensure v’.

Let £ be a valuation, we associate to it a vector ve such that if {(x;) =
true then (ve)2; = 1 and (ve)o41 = 0; if &(z;) = false then (v¢)2; = 0 and
(ve)2.i+1 = 1. We prove than if £ makes ¢ valid then Eve can ensure v.

In the other direction, assume ve makes ¢ valid. We consider a strategy for
Eve that in each C; chooses a state ¢; ; such that £ makes ¢; ; true, this is possible
because ve makes ¢ valid. If ¢; ; = zy, then £(zg) = true and (ve)2.x+1 = 0. The
payoff is then 0q.;1 which is greater than v¢. Similarly, if ¢; ; = -z, the payoft
0o.) is greater than ve. This shows that Eve has a strategy to ensure vg.

We can already conclude that if ¢ is satisfiable then Eve can ensure a value
that satisfies the equations in A.

Now, reciprocally, assume there is some v that satisfies A and that can be
ensured by Eve. For each k € [1,n], va.x > 0 or va.,41 > 0. We select a valuation



—\x3 _\ZCQ
101,171,111,171,01 1,1,0,1,1,1y %0,1,1,1,1,1 ~1,1,1,1,1,0)
( )

1,1,1,0,1,1 1,0,1,1,1,1)  (1,1,1,1,0,1)  (1,1,0,1,1,1)

Figure 1. Example of the encoding of 3SAT into the threshold problem, for formula
¢ = (131 V xo V —‘273) A (1‘1 V —xo V —\‘T3) AN (‘!Il V —xo V £C3).

&, such that &, () = true < va.p, > 0. We prove than if Eve ensures v then &,
makes ¢ valid.

Assume Eve ensures v. This means that from every Cj, she can find a ¢; ;
such that v; ; > v. If {; ; = xy,, then v; ; = 02.541, hence (v¢)2.x41 = 0. Therefore
&v(xy) = true. Similarly if ¢; ; = -y, then &,(z)) = false. This means that in
each C;, we can find a literal made true by &, and therefore £, makes ¢ valid.

This proves that ¢ is satisfiable if, and only if, Eve can ensure a value that
satisfies the equations in . a

3 General case

3.1 Characterizing values
Proposition 2. If J # &, then:
value(s) = m Tngy ﬂ U 1 conv <{ aq w(c) | ce C’})
jeJ ovEM CeC(ov)

In order to prove this result, we will reuse some properties of multi-mean-payoff
games that were proved in [10].

Lemma 10 ([10] Lem. 17).

Jo3. Yoy. Vi € I. MP;(p) > v; and Vj € J. MP;(p) > v;
& Vj € J. Jo3. Yoy. Vi € I. MP;(p) > v; and MP;(p) > v;.



Lemma 11 ([10] Lem. 14). Let j € J.

Jo3. Voy. Vi € I. MP;(p) > v; and MP;(p) > v;
& Jo3. Yoy. Vi € I. MP;(p) > v; and MP;(p) > v;.

We now proceed to the proof of the proposition.
Proof (of Prop. 2). Let v be a vector of R4,
v € value(s) & Jog. Voy. Vi € I. MP;(p) > v; and Vj € J. MP,(p) > v,
< Vj e J Jog. VYoy. Vi € I. MP;(p) > v; and Wj(p) vj (by Lem. 10)
v

& Vj € J. Jog. Voy. Vi € I. MP;(p) > v; and MP;(p) > v; (by Lem. 11)
& Vj e J v ey, value(s)

>
>

S S ﬂ iJ\{j} value(s)
jeJ

svelng () U Leonv ({i' cw(e) | ce c}) (by Thm. 1)

oveEM CeC(ov)

3.2 Algorithm

In the following proposition, the goal is to express the value problem in terms
of intersection of convex sets in a space of dimension d = |I| 4 |.J|. The number
of such convex sets is exponential but if the intersection is not empty, there is
a witness whose coordinates are expressible as a small rational. This leads the
way toward a non-deterministic polynomial algorithm.

Definition 18 (Sizes). The size of a rational number r = % wherep € Z,q € Z,
p and q are relatively prime, is: ||r|| = 1+ [logy(|p| + 1)] + [loga(g + 1)]. The
size of a vector v = (r1,...,7rq) is |[v]| = d+3 ;e g lIril|- The size of a matriz

n .
A= (aij)zdzljzl is [|All =m - n+ Zi,je[[l,d]]x[[l,n]] laijl|-

Theorem 5. value(s) N [-W, W] is of the form Ufer conv(Ey) where F is
finite and vertices of Ey have polynomially bounded size.

Proposition 3 ([9, Corollary 3.2b]). If the system Ax = b of rational linear

equations has a solution, it has one of size polynomially bounded by the sizes of
A and b.

Proposition 4. Given n hyperplanes Hy = hp(aq,b1), dots,H,, = hp(an,by,),
if there intersection is mon empty we can find a point in the intersection ex-
pressed by % with o, B polynomially bounded with respect to the size of the equa-
tions 3 iep1 ap 103 + e ap @i




Proof. Points at the intersection are the solutions of the system

Then Prop. 3 guarantees that we can find a solution with polynomially bounded
size.

Proposition 5. Let P be a polyhedron and F be a complete set of facet defining
half-spaces. If v is a vertex of P, then v is the intersection of at most d + 1
boundary of half-spaces in F, i.e. there is Hy,...,Hy,, € F with m < d -+ 1 such
that {U} = ﬂje[[lﬁm]] bnd'r‘(H])

Proof. A vertex is the intersection of the facets containing it [8, Chapter 5].
Let v be a vertex of P and let F,, C F be the set of facet defining half-spaces,
corresponding to facets containing v. We have that Ngep bndr(H) = {v}. We
then use Prop. 5, to conclude that d half-spaces are enough.

Proposition 6. Let Vi,...,V, be set of points, and let P = N?_, conu(V;). Then
P = conv(X) where X is a finite set of points whose size of coordinates are
polynomial with respect to d and size coordinates of points of U;V;.

Proof. By Prop. 5, vertices of P are at the intersection of at most d+1 boundaries
of facet defining half-spaces of P. These half-spaces can be taken as a subset of
facet defining half-spaces of {V; | i € [1,n]}.

We first show that equation describing these half-spaces are not too compli-
cated. Facets of conv(V}) are given by taking at most d + 1, vertices of conv(V}).
If H is given by vertices vy,...,vq of V;, then H = {v; + Ao - (v —v1) + -+ +
Xd—J - (Va—g —v1) | Ag, ..., Aq € R}. This is equivalently described by an equa-

U1

tion (l1,12,...,lq) where [; is a solution of the equation l;; = 1}1. Note
Vd

that this is only valid when vy, ..., v4 are linearly independent. Using Prop. 3,

coordinates in this equation are polynomial with respect to the coordinates of
vertices vy, ..., vq.

Now, vertices of P are at the intersection of at most d of these hyperplanes.
Therefore, using Prop.3, there coordinates are polynomially bounded. a
Proposition 7. [-W,W]9 N Noyem + conv ({ﬁ ~w(c) | c € f(4, O’v)}) is the
convezx hull of a finite set V (j,oy) where all points of V(j,0v) have coordinate
polynomial with respect to W, d and |Stat|.

Proof. By Corollary 1:

N v ({Gw@lcesionf)= N n

ovEM owEM,HeHI (ov)



We also have [—~W, W14 as the intersection of half-spaces in {F; | i € [1,d]}U
{G; i€ [1,d]} where F; = {zr € R | 2; > ~—W} and G; = {z € R? | z; < W}.
As a consequence, the set [~ W, W]¢ N, em + conv ({ R w(c) | c€ f(j, a@})
the intersection of half-spaces and it is bounded, thus it is a convex polytope.
Therefore, it is the convex hull of its set of vertices V [8, Prop.5.3.2]. Moreover
F=HU Uie[[l,d]] F, U Uie[[l,d]] G; is a complete set of facet defining half-spaces
where H = U, cu HT(@%) | Vertices in V are at the intersection of at most
d 4+ 1 hyperplanes in F by Prop. 5. Therefore by Prop. 3 their coordinates have
size polynomially bounded by the size of W and coefficients appearing in the
equations of half-spaces in H.

The half-spaces of 7—[ are of the form H + By where J C [1,d] and H
belong to F(m;(conv(: ER w(c) | ¢ € f(4,0v)))). Vertices of the projection of the
convex hull are projection of vertices of the convex hull, so equation for these
hyperplanes are given by d — |J| vertices of the projection. If H is given by
vertices vy, ..., vq— s of the projection, then H = {v1 + Ao+ (va—v1)+---+Xg_s-
(Vg—y —v1) | A2y..., Ag—s € R}. This is equivalently described by an equation

U1
(l1,1a,...,lq) where l; is a solution of the equation : IT =17 Note that
Vd—J
this is only valid when vy,...,v4—; are linearly independent. Using Prop. 3,
coordinates in this equation are polynomial with respect to the coordinates of
vertices v1,...,v4_y which are themselves of the form ﬁ -w(c) for some c € C
or equal to 0.

We can therefore conclude that coordinates of vectors in V' are polynomial

with respect to W and |Stat|. O

Proposition 8. [-W, W]N L1 3 Ny enr + conv ({ w(c) | c€ f(j,0 )}) =
W, W4 T gy [-W, W) NNy enr + cOnv ({IC\ w(c) | c€ f(],dv)})

Proof. Let v € [-W,W1]N L,y Noyem + conv ({ w(c) | c€ f(j,o )})
then for all j € J there is some v/ such that v/ € (), JeMm + conv ({ w(c) | ce f(j,O’v)})

and for all coordinates k € J \ {j}, vk = v. We take a vector v), = —W if
k€ J\ {j} and vj otherwise. Obviously v’ belongs to [—W, W]<.

We show that v’ also belongs to | conv ({‘ i w(c) | ce f(j,av)}). There
is © > v’ such that x € conv ({ |1 w(c) | ce f(],av)}). We have that for all

cf

coordinate k, xx > —W. Hence, we have that v < x and therefore it belongs to
J conv ({ﬁ ~w(e) | ce€ f(4, Uv)}).

Hence [-W, W10 Ly (53 [=W, W0,y | conv ({ﬁ ~w(e) | c€ f(J, O‘v)})
contains v. The inclusion in the other direction being trivial, this shows the equal-
ity. a



Proposition 9. If Y C [-W,W]% then [-W,W1]eN 1; conu(Y) = conv(Z)
where Z ={z |y eY. Vi J z; =y AVi & J. z; € {-W,W}}.

Proof. Let z € [-W,W]eN $; conv(Y), there is y € conv(Y) such that for
alli & J, x; = ;.

For j € J, we define p; = zé;VW, notice that p; € [0,1] since z; € [-W, W].
We then define for v € {0,1}” the coefficient \, = [T, =1 15 I —0 (X = 15)-
We have that for all v, A, € [0,1] since this is the cause of all p;. Moreover
Zue{o,l}lﬂ Ay = 1, this is proved by a simple induction:

— if [J[ =1, then let {j} = J, 3° cioays1 Ao = ki + (L —py) = 15
—if |J| > 1, then let k € J:

DERVEITEE Sl SAIEORD D

1—
ve{0,1}171 v|vg=1 v|vEp=0 Fk

= > L ow IT 0-m)

v|vpg=1v;=1|j#k v;=0|j#k

=) > I w I a=u)

vl|ve=0v;=1|j#k v;=0|j#k

= ux + (1 — p) (By induction hypothesis)
=1

We can also prove that Zve{m}m Ao U= (p1,...,p5): let k€ J:

ool = Y A

ve{0,1}171 k ve{0,1}71vp=1
A
R
ve{0,1} 1 |v,=1 HE

= Mk

Lets write y = >0, v; -y’ with v; € [0,1], 327, v = 1, and 3/ € Y. Then

given v € {0,1}71, we write z(j,v) for z such that Vi ¢ J. z; = yf and Vi ¢
J. zi € =W ifv; =0 and z; = W if v; = 1. We have that 7;(2(j,v)) = ms(y7).
Now, let @’ =3 c 7 eqo13171 Vi A - 2(J,v).-

— Ifi ¢ J, then:

ri= Y, vihyl

jeJwe{0,1}171

:ZVj'yf = Y = T

jeJ



— Ifi e J, then:

I;: Z l/j')\U-Z(j,’U)

jeJve{0,1}17]

:Zyj. > A - W — > Ao - W

jeJ vef{0,1}171|v;=1 vef{0,1}171|v;=1

=> v [-Wt2-w- > Ao

jedJ ve{0,1}71|v;=1

:ZVJ"(_W"'?'W'M)

jeJ

:ZVJ‘ (=W, + W)
jeJ

jeJ

=x;
Hence x = 2’ which shows that z is in conv(Z).

All points z € Z are in [-W, W]N L1\ (51 Ny, em 4 conv ({I%\ ~w(e) | ce f(4, Jv)})

therefore their convex hull also is. O

Proof (of Thm. 5). By Prop. 2:

value(s) = (| Ingpy [ |J {conv ({é' cw(e) | ce c}) .

JjeJ ov€EM CeC(ov)

We can then reorder intersection and union operators by considering functions
that selects for pairs (j,0v) a simple cycle among C(ov), i.e. functions of F,
where F={f: JxM~ C|Vj € J Yoy € M. f(j,0v) € C(ovy)}.

We have:

vatues) = J (Vg () oo ({ - wie) [ee .o })

fEF jeJ oyEM

value(s) N [-W, W}d =[-W, W]d n U m iJ\{j} ﬂ J conv <{|i ~w(c) | c e f(4, Jv)})

fEF jeJ oyeM

= U Wt () oo ({ 2w ce fion})

feF jeJ oyeM



Using Prop. 8, this equals to:

U NEwawn g Ewwtn () deons ({Louo) e t.on})

feF jeJ oy €M

Using Prop. 7, this equals to

U =W W10 $a gy conv(V(£,4))

feFjeJ

Where all points of Uscr je sV (f, j) have their coordinates polynomially bounded.
Using Prop. 9, [-W, W]¢N ¢y conv(Y(f,j)) = conv(Z(j, f)) and points
of Z(j, f) also have their coordinates polynomially bounded.
Then using Prop. 6, the vertices of [, ;[-W, W4 Ty conv(V(f,4))
have polynomially bounded coordinates. This concludes the proof of Thm. 5.
O

We write X for the set of points that have coordinates polynomially bounded
by the same polynomial as for Thm. 5 We give a X3P algorithm (Algorithm 2)
that given a constraint A on the payoffs as a system of linear equation, solves
the value problem. Its correctness is a direct consequence of Thm. 5. It therefore
implies the following theorem.

Theorem 6. The threshold problem is in XoP.

Algorithm 2: Algorithm for the value problem in multi-mean-payoff

Existentially guess v in X
if x € value(s) N hsp(\) then return true;
else return false;
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