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RESTRICTION THEOREMS FOR ORTHONORMAL FUNCTIONS,
STRICHARTZ INEQUALITIES, AND UNIFORM SOBOLEV ESTIMATES

RUPERT L. FRANK AND JULIEN SABIN

ABSTRACT. We generalize the theorems of Stein—Tomas and Strichartz about surface re-
strictions of Fourier transforms to systems of orthonormal functions with an optimal de-
pendence on the number of functions. We deduce the corresponding Strichartz bounds for
solutions to Schrodinger equations up to the endpoint, thereby solving an open problem of
Frank, Lewin, Lieb and Seiringer. We also prove uniform Sobolev estimates in Schatten
spaces, extending the results of Kenig, Ruiz, and Sogge. We finally provide applications of
these results to a Limiting Absorption Principle in Schatten spaces, to the well-posedness
of the Hartree equation in Schatten spaces, to Lieb—Thirring bounds for eigenvalues of
Schrédinger operators with complex potentials, and to Schatten properties of the scattering
matrix.

INTRODUCTION

A classical topic in harmonic analysis is the so-called restriction problem. Given a surface
S embedded in RN, N > 2, one asks for which exponents 1 < p < 2, 1 < ¢ < oo the
Fourier transform of a function f € LP(RY) belongs to L?(S), where S is endowed with its
(N — 1)-dimensional Lebesgue measure do. More precisely, defining the restriction operator
Rs as Rsf = j?|5 for all f in the Schwartz class, the problem is to know when Rg can be
extended as a bounded operator from LP(RY) to L4(S). The operator dual to Ry is called
the extension operator, which we denote by £g, and satisfies the identity

E5f(@) = e [ 157 do(6), vz R 1)

for all f € L'(S). The restriction problem is thus equivalent to knowing when Eg is bounded
from L9 (S) to L” (RY). We refer to [33] for a wide review of results concerning this problem
and its motivations.

A model case of the restriction problem which is often considered in the literature is the
case ¢ = 2. There are two types of surfaces for which this problem has been completely
settled. For smooth compact surfaces with non-zero Gauss curvature, the celebrated Stein—
Tomas theorem [30), 34] states that the restriction problem has a positive answer if and only
if 1 <p<2(N+1)/(N+3). For quadratic surfaces, Strichartz [32] gave a complete answer
depending on the type of the surface (paraboloid-like, cone-like, or sphere-like, see below for
a more precise definition). Hence, in these cases we know exactly for which exponents p the
inequality

”gS.fHLP’(]RN) <0 ||f||L2(S) (2)
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2 R. L. FRANK AND J. SABIN

holds for all f € L*(S) with C' > 0 independent of f. The question we want to address in
this work is a generalization of ([2)) to systems of orthonormal functions. More precisely, let
(f;)jes a (possibly infinite) orthonormal system in L?(S), and let (v;);e; C C be a family of
coefficients. We prove inequalities of the form

1/a
> vilEstil? <C (Z |Vj|a> (3)
L' /2(RN)

jeJ jeJ

for some 1 < p <2, > 1, with C > 0 independent of (f;), (v;). To appreciate the difference
between (2)) and (@), notice that combining (2) with the triangle inequality in L”/?(RY) leads
to the estimate

> vilEstil?

jeJ

2
<Dl lEsfilim @y <C Y Iy,

Lp’/z(RN) JjeJ jeJ

which is weaker than (3]), especially when the number of non-zero v; is infinite.
Generalizing functional inequalities involving a single function to systems of orthonormal
functions is not a new topic. It is strongly motivated by the study of many-body systems in
quantum mechanics, where a simple description of M independent fermionic particles is given
by M orthonormal functions in some L2-space. It is then important to obtain functional
inequalities on these systems which behaviour is optimal in the number M of such functions.
Typically, this behaviour is better than the one given by the triangle inequality. The first
example of such a generalization is the Lieb-Thirring inequality [24], which states that for

any fi,..., fu orthonormal in L?(RY) and for any non-negative coefficients vy, ..., vy, we
have
v (& &
2
> ulhiP <0 (sw)" (X ulVhlg ) @
=1 L4 (re) ’ !

Its counterpart for a single function is the Gagliardo—Nirenberg—Sobolev inequality,

11204 ey S C HfHZfRd \IVfHZ?fRd (5)

which together with the triangle inequality implies

M Tz /M it
2
<C <§ :Vj> <§ Vi HijHLz(Rd)> , (6)
L1+%(Rd) ]:1

j=1

M

> ylhil?

j=1

which is weaker than ({]). Lieb—Thirring inequalities are a decisive tool for proving stability
of matter [24) 23]. In particular, we emphasize that (@) is not enough to prove stability of
matter. The homogeneous Sobolev inequality for 0 < s < d/2,

[(=2)=f| < Ol 2oy » (7)

Ld 25 (Rd
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also has a generalization to several functions which was proved by Lieb [22]: for any

fi,. .., fu orthonormal in L?(R?) and for any non-negative coefficients v, .. ., vy, we have
d—2s
M , 2 /M =
Sulcar el <o(wn) (u) @
Jj=1 Ldiizs (R%) J Jj=1

Again, combining ([7]) with the triangle inequality leads to the estimate

M , M , M
D | (=a) g <> v (_A>_S/2fjHL%(Rd) <C> v
7=1 L#(Rd) Jj=1 j=1

which is weaker than (§). Finally, a recent work by Frank, Lewin, Lieb, and Seiringer [9]
generalizes the Strichartz inequality

; 2 d d
He tAfHLi’LZ(RX]Rd) < C ”.f”Lg(Rd) ) d 2 ]-7 b, q 2 2a ]_) + 6 = 57 (dap> q) 7& (27 0072)a (9)
to orthonormal functions fi,..., fas in L?(R?) with complex coefficients vy, ..., v
M M 1/a 4
7 2 a
ZVj‘€tAfj‘ <CY<Z|I/]|) ,1<Oé<2Q/(Q+2),C]<2—I—E (10)
7=1 L2 LZ (RxR4) j=1

These generalized Strichartz estimates were used in [20] 2] to study the nonlinear evolution
of quantum systems with an infinite number of particles.

Our motivation to prove inequalities of the form (B]) is threefold. Harmonic analysis tools
are widely used in nonlinear problems. In a perspective to study nonlinear many-body
problems, it is thus natural to understand the model restriction problem in this many-
body context. In a more concrete approach, it was noticed by Strichartz [32] that the
restriction problem for some quadratic surfaces is linked to space-time decay estimates for
some evolution equations. As a consequence, we will see that (3) when S is one of these
quadratic surfaces also has an interpretation in terms of solutions to evolution equations.
In particular, we provide a new proof of the Strichartz inequality (I0) which furthermore
includes the full range of exponents where it is valid. As in the original article of Strichartz,
this also provides new Strichartz inequalities for orthonormal functions for the fractional
Laplacian (—A)Y2 and for the pseudo-relativistic operator (1 — A)Y/2. Finally, we present
a general principle which allows to obtain bounds of the kind (B]), not necessarily in the
context of the extension operator. The advantage of this principle is that it allows to deduce
automatically bounds for orthonormal systems from bounds for a single function, if these
latter were proved by a certain method, namely by complex interpolation. Let us now provide
some insight about this principle.

One of the reasons why the case ¢ = 2 of the restriction problem is better understood is
that we can compose the maps g and Rg = (€5)*. In particular, £ is bounded from L?(S)
to LY (RY) if and only if T := £g(Es)* is bounded from LP(RY) to LP' (RY). Stein [30] and
Strichartz [32] prove the boundedness of T by introducing an analytic family of operators
(T,) defined on a strip a < Rez < b in the complex plane, such that Ts = T, for some
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¢ € (a,b). They prove that T} is a bounded operator from L? to L? on the line Re 2z = b and
from L' to L> on the line Re z = a. Using Stein’s interpolation theorem [29], they deduce
that Ts = 7. is bounded from L? to L?" for some exponent p, which turns out to be the
optimal one. Now notice that Holder’s inequality implies that T is bounded from LP(RY)
to LP (RY) if and only if for any Wy, W, € L?/?=P)(RN), the operator W,TsWj; is bounded
from L?(RY) to L?(RY™) with the estimate

”WITSW2HL2(RN)_>L2(RN) < C HWI ”L2p/(2fp)(RN) HW2 HLZP/(Z*P)(RN) ) (11)

with C' > 0 independent of Wy, Ws.

Our key contribution is to show that the operator W;TsW5 is more than a mere bounded
operator on L2, namely that it belongs to a Schatten class. Recall that the Schatten class
S*(L*(RY)), a > 0, is defined as the space of all compact operators on L*(RY) such that
the sequence of their singular values belongs to /*. The &“-norm of such an operator is then
the /*-norm of its singular values. The estimate that we prove is

HW1T3W2HGa(L2(RN)) <C ”Wl Hsz/(g,p)(RN) HW2HL2p/(2fp)(RN) ) (12)

with C' > 0 independent of Wy, W,. Of course, (I2)) implies (II)) and is hence stronger.
By a well-known duality argument (see Lemma [3] below), the bound (I2]) is equivalent to a
bound of the kind (3]) for systems of orthonormal functions. The estimate (I2]) follows from
a general principle which states that, as soon as a linear operator T" belongs to an analytic
family of operators of the same type as the one we described above, then the operator W, T'W,
satisfies a bound of the form (I2)). As we explained, under such assumptions on 7', Stein’s
interpolation theorem would typically imply that 7' is bounded from L? to L”’. Our main
input is to notice that 7" actually satisfies a stronger Schatten bound (I2]).

This general principle does not depend on the fact that Ts can be decomposed as Ty =
Es(Es)*. This decomposition is only necessary to deduce ([B)) from (I2). However, the Schat-
ten bound (I2) has an interest by itself, even when it holds for an operator 7" which is not
of the form T" = AA*. An example of such an operator is given by the resolvent of the
Laplacian on R¥,

T=(-A—-2)"" z € C\ [0, 00).
In [16], Kenig, Ruiz, and Sogge prove the bound

|(—A - | < Ol G2), (13)

)7 HLP(RN)—>LP' (RN

for a range of exponents p which depends on N. When z varies away from a neighborhood
of the origin, these bounds are uniform in z and hence were labeled uniform Sobolev esti-
mates. In [16], the authors used them to prove unique continuation results for solutions to
Schrodinger equations, but numerous other applications of these estimates were later found.
For instance, they were part of Goldberg and Schlag’s proof of the Limiting Absorption Prin-
ciple in L spaces [L3]. In [7], they were used to control the size of eigenvalues of Schrédinger
operators with complex-valued potentials. In this paper, we prove a Schatten bound of the
type ([I2) for T = (—A—2z)~!, using our general principle. As an application, we then deduce
from it a version of the Limiting Absorption Principle in Schatten spaces.
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The organization of the article is the following, with the corresponding main results of
each section:

e In Section[I], we first explain our general principle (Proposition[I]) from which the Schatten
bounds (I2) follow. We then apply this principle to various situations.

e In Section 2] we prove restriction theorems for systems of orthonormal functions (Theorem
B). We also prove a result about the optimality of these estimates (Theorem [l).

e In Section B, we extend the Strichartz inequalities of [9] to the full range of exponents
(Theorem [6). We furthermore prove new Strichartz inequalities for systems of orthonor-
mal functions, for the operators (—A)Y? (Theorem §) and (1 — A)Y/2? (Theorem [).

e In Section M, we prove uniform Sobolev estimates in Schatten spaces (Theorem [I{), and
apply them to prove a Limiting Absorption Principle in Schatten spaces (Theorem [IT]).

e In Section Al we give an application of Strichartz estimates to well-posedness of the non-
linear Hartree equation in Schatten spaces (Theorem [12]).

e In Section [6] we give another application of uniform Sobolev estimates to Lieb-Thirring
inequalities for Schrodinger operators with complex-valued potentials (Theorem [14]).

e In Section[7], we finally give an application of the Limiting Absorption Principle to Schatten
estimates of the Scattering Matrix (Theorem [13]).

1. A COMPLEX INTERPOLATION ESTIMATE IN SCHATTEN SPACES

In this section, we explain how to obtain Schatten bounds of the form (I2]) by a complex
interpolation method. The advantage of this result is that it requires assumptions that are
naturally proved when one wants to show that a given operator is bounded from LP(RY)
to LV (RY) by a complex interpolation method. Hence, it provides an automatic way to
upgrade this L? — L”" bound into a stronger Schatten bound.

Let us first recall that a family of operators (7,) on RY defined on a strip a < Rez < b in
the complex plane (a < b) is analytic in the sense of Stein [29] if for all simple functions f, g
on RY (that is, functions that take a finite number of nonzero values on sets of finite measure
in RY), the map z — (g, T.f) is analytic in @ < Rez < b, continuous in a < Re z < b, and if

sup (g, Tosisf)] < C(s),
a<x<b
for some C(s) with at most a (double) exponential growth in s.

We also recall the definition of Schatten spaces, see, e.g., [27]. Let $) be a complex Hilbert
space. For any compact operator T on ), the non-zero eigenvalues of v/T*T are called the
singular values of T'. They form an (at most) countable set that we denote by (1, (7))nen-
For o > 0, the Schatten space &*($)) is defined as the space of all compact operators T" on
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$ such that Y 4 (T)* < 0o. When o > 1, it is a Banach space endowed with the norm

1/a
”T”@a(yg) = (Z Mn(T)a> :

neN

Our result is the following.

Proposition 1. Let (1)) be an analytic family of operators on RY in the sense of Stein
defined on the strip —\g < Rez < 0 for some \g > 1. Assume that we have the bounds

”TiS”L2—>L2 < Moea\5|’ ||T—>\o+i8||L1—>LO<> < Mleb|8‘> Vs € R’ (14)

for some a,b > 0 and for some My, My > 0. Then, for all Wy, Wy € L*(RY C), the
operator Wi T_1 W, belongs to &2 (L*(RY)) and we have the estimate

1—-L 1
IWAT_ 1 Wa gzro 2y < Mo oM Wy | 230 @y W2l 1230 vy - (15)

Proof of Proposition[1. Let Wi, W5 be non-negative, simple functions, and define the family
of operators

S, =W T,W5~*
The family (.S,) is still analytic in the sense of Stein in the strip —A¢ < Re z < 0, and satisfies
S_1 = WiT_{Ws. For all s € R we have the first bound

—28 —28

< M06a|8‘ .

||SZ'S||L2—>L2 = H HLOO ”TZS||L2—>L2 H HLOO

By the Dunford-Pettis theorem [6, Thm. 2.2.5], the operator 7., ;s has an integral kernel
T yotis(w,y) satisfying
[T 505 (5 Moo @ xmary = [Tonoisl 1 @ay o poo vy < Ml Vs € R

Hence, we deduce the Hilbert—Schmidt bound

HS—,\o+z‘sH262 = /]RN /]RN Wy () |T—)\0+is(x7y>|2 Wi (y)* dady

2\
< M2 W28, vy IWel Mo vy -

By [27, Thm. 2.9], we deduce that S_; belongs to &2*(L?(RY)) with

1— L 1
”S—1||62/\0(L2(RN)) < MO Ao Mlko ”Wl ”L?A()(RN) ”W?”L”O(RN)‘

Hence, we have proved (I&l) for W7, W, non-negative and simple. The non-negativity as-
sumption can be removed by writing W, = % |W;| and estimating

IWAT s Wal gzrg 2@y < €| oy pz TWAIT 2| Wal g2, [|€2 < WA T [Wel| g2 »

HL2—>L2

and the simplicity assumption is removed by density. O

Remark 2. The previous proof shows that the conclusion of Proposition [I] also holds when
Ao = 1: in this case, there is even no interpolation to perform.

When furthermore we can decompose T_; = AA*, we deduce from (I5) a corresponding
result for systems of orthonormal functions.



RESTRICTION THEOREMS FOR ORTHONORMAL FUNCTIONS 7

Lemma 3 (Duality principle). Let $) be a separable Hilbert space. Assume that A is a
bounded operator from $) to LV (RY) for some 1 < p < 2, and that we have the estimate

HWAA*WHGQ(LZ(RN)) < C ”W”i%/(%p)(RN) ) VIV e L2p/(2—p) (RNa C)a (16)

for some C' > 0 independent of W and for some o > 1. Then, for any orthonormal system
(fj)jeJ in $, and any (Vj)jej C C, the inequality

1/a’
> vilAfP <C <Z|Vj|a,> (17)
LP'/2(RN)

jeJ jeJ
holds with the same constant C as in (LG).

Proof. First, notice that it is enough to show (I7]) for non-negative coefficients (v;). Indeed,
assuming (I7) for non-negative coefficients and taking (v;) C C, one has by the triangle

inequality in C
1/a/
<C (Z |yj|a’> .
Lp’/z(RN) Jj€J

2
> vilAfl

jeJ
Hence, let (f;)jes an orthonormal system in $) and (v;);e; C Ry. We define an operator v
on $ with eigenfunctions (f;) and corresponding eigenvalues (v;). In Dirac’s notation, we

<

> vl AP

jed

L' /2(RN)

have
v =Y vl
jed
where | f;)(f;| denotes the orthogonal projection on Cf; C $). The estimate (L) is equivalent
to

AW PA] go) < CIW i 2rscomgny . YW € L#/EP(RY,C). (18)
Using (I8)) and Hélder’s inequality in Schatten spaces [27, Thm. 2.8], we deduce that
Tr gy (W AY(WA)7) = Trg (yA* W 2A) < C |yl 5y IW 2 -m v

1/a’
o 2
=C (Z v ) HW”LQP/(%p)(RN) .

jeJ

Since we have the identity

Trpz@n) (WA (WA)) = /RN (Z le(Afj)(x)\2> W ()| da,

jeJ

we infer that for all V € LP/C=P)(RN) with V > 0,

1/a
/. (Z w\(Af»(@P) V(r)dr < C (Z ) IV ey -

jed jeJ
The duality principle for LP-spaces (or choosing V' = 1 when p = 2) leads to the result, since
(p/(2=p)) =p/2. O
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Remark 4. The previous proof shows that (I6) and (I7) are equivalent to the following
bound: for any v € G (), we have

L 2RN) S c ”7”6(%(53) , (19)

with C' > 0 independent of v, and where paa- is the density of the operator AyA*. It is
defined for any finite-rank v by duality,

[ paoa @V () do o= Try(y4V ),
]RN

and extended to all ¥ € & ($)) using the density of finite-rank operators in &% (£)) and the
estimate ([I9)) valid for all finite-rank ~.

”PAVA*

To illustrate this duality principle, let us consider the case of Young’s inequality. The
underlying bounded operator A from $ = L*(RY) to LP(RY) is Af = g * f for some fixed
g € L>/2+P)(RN). Then, the corresponding Schatten bound (I6) is the KatoSeiler-Simon
inequality [27, Thm. 4.1],

o~ . == _ —~2
HW|g(_2v)|2WHGP/(271))(L2(RN)) < (QW)N(l 2/r) ||W||L2p/(2,p)(RN) ||g||L2p/(2,p) . (20)

We emphasize that our proof of Proposition [I] is based on complex interpolation much like
the proof of (20)) in [27]. Together with Lemma[3] (20) implies the following Young inequality
for systems of orthonormal functions, which we have not encountered in the literature.

Theorem 1 (Young inequality for orthonormal functions). Let N > 1, 1 < p < 2, and
g € L¥/C)(RN). Then, for any (possibly infinite) orthonormal system (f;) in L*(RN)
and for any (v;) C C, we have

> vl il
J

Remark 5. By the Hausdorff-Young inequality, |G| 2s/e-» is controlled by | g 2p/@+s). For
this reason, (2I]), for a single function f, is somewhat stronger than Young’s inequality.

2

’ v
< 2m) P 1§10 <Z |le15> : (21)

J

Lr'/2(RN)

2. RESTRICTION THEOREMS

2.1. Restriction theorems for orthonormal functions. As explained in the introduc-

tion, we consider the same surfaces as Stein [30] and Strichartz [32]. The surfaces considered

by Stein are smooth, compact surfaces embedded in RY (N > 2) with non-zero Gauss cur-

vature, endowed with their (N — 1)-dimensional Lebesgue measure that we denote by do.

The quadratic surfaces considered by Strichartz are split into three categories:

eCase: S={¢eRY &y =G+ -+ -, — - —&_ 1} wherea=0,...,N - 1.
The model case of a surface of this kind is the paraboloid (a = 0, N — 1). In this case,
the measure is chosen to be (1 +4&2 + .- + 4¢3, )7Y2do(€), where do is the induced
(N — 1)-dimensional Lebesgue measure on S.

e CaseIL: S={¢eRY, &+ .. +2-¢,,— - —& =0}, wherea=1,...,N—1. The
model case here is the cone (a = N — 1). The measure is chosen to be (2|¢])~'do(€).
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e Case III: S={{ e RN, &+ +&& &, — - —& =—1}, wherea=0,...,N — 1.
There are two model cases here: the sphere (¢ = 0) and the two-sheeted hyperboloid
(a = N —1). The measure is chosen to be (2|¢])~1do(€).

Notice that in the case of quadratic surfaces, the measure is not the usual surface measure
do. Writing S as S = {£: R(§) = 0} where R is the degree two polynomial appearing in
the definition of S, we see that the chosen measure is simply |V R(£)|71d¢.

In any of these two cases, the extension operator g is defined by (IJ), and we denote
Ts = Es(Es)*. Our Schatten bounds on Ty are the following.

Theorem 2 (Schatten properties of extension maps). Let N > 2 and S a surface embedded
in RN. Then, the inequality

||W1T5‘W2 ||62p/(27p)(L2(RN)) <C ” Wy ||L2p/(2,p)(RN) ||W2||L2p/(27p> (RN) (22)

holds for all Wi, Wy with a constant C' > 0 independent of Wi, Wy, under the following
assumptions on the exponent p:
— If S is a smooth, compact surface with non-zero Gauss curvature, then 1 < p <
2(IN+1)/(N+3);
— If S is a quadratic surface, then
o Case I: p=2(N+1)/(N + 3);
o Case II: p=2N/(N + 2);
o Case III:
(i)a=0and1 <p<2(N+1)/(N+3);
(1) a #0, N >3, and 2N/(N +2) < p < 2(N+1)/(N +3);
(i) a=1, N =2, and 1 < p <6/5.

Combining Theorem 2l and Lemma B with $ := L?(S, do), we deduce the following result
on restriction properties of systems of orthonormal functions.

Theorem 3 (Restriction estimates for orthonormal functions). Let N > 2 and S a surface
embedded in RY. Then, for any (possibly infinite) orthonormal system (f;) in L*(S,do) and
for any (v;) C C, we have

2p/

> viléstl? <C (Z |Vj|”'12> , (23)
j j

with C' > 0 independent of (v;) and (f;). The exponent p satisfies the same assumptions as
in Theorem[2, according to the type of S.

p'+2

LP'/2(RN)

Furthermore, according to Remark [ for any v € &%'/?"+2)(L2(S, do)), the inequality

Hp&g'y(fs)* LP'/2(RN) <C HV”62;7’/(p’+2)(L2(s7d0)) ) (24)

holds with C' > 0 independent of v. We shall see later (Theorem M) that the Schatten
exponent 2p’/(2 4 p') is the best possible for p = 2(N +1)/(N + 3).

2.2. Proof of Theorem 2.
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2.2.1. Compact case. Let us first consider the case S compact with non-zero Gauss curvature.
Thus, let N > 2 and S C RY a compact hypersurface with non-zero Gauss curvature, which
is endowed with its (N — 1)-dimensional Lebesgue measure do. The operator Tg acting on
functions on R¥ is a convolution operator: Tsf = Kg* f for all f, where Kg is the function
1 .
Kg(z) = —— [ e®%do(€), VzeRY.
S( ) (27T)N /S (6)
Using a smooth and finite partition of unity, 1 = ), on S, the operator Ts can be
decomposed as Ts = ), Ty, where T is the convolution operator by the function
1 .
i€ N
e d , VxeR".

The partition of unity is chosen in the following fashion. We assume that on the interior of
the support of ¢, the surface S is the graph of a smooth and compactly supported function
o :RN¥"! 5 R, so that (possibly after a rotation),

T [, O PN+ V)P P, Y e R

To prove (22)), it is then enough to show the estimate

Kz(l’) =

Kg(l’) =

” WlTZW2 |‘62p/(27p)(L2(RN)) < C HWI Hsz/(Q,p) (RNV) ” W2 ”L2p/(2fp)(RN)

for each ¢. Hence, from now on we drop the index ¢ and write (7', K) instead of (1y, K;). To
prove this Schatten estimate, we use Proposition [I] by defining the same analytic family (77,)
of operators as in [30]. More precisely, let T, be the convolution operator with the function
K, defined as

K.(2) = CG(zn)K(2), VoeRY,

where
1 e(z+1)2

) = G ) U Yy eR,

where 7 is a smooth an compactly supported function on R such that 7 = 1 on a neighborhood
of the origin. As explained in [31, Ch. IX, Sec. 1.2.3], the family (7) is an analytic family of
operators in the strip —\g < Rez < 0, with 1 < Ao < (N +1)/2, which satisfies the estimate

”Ti5”L2_>L2 + ||T—>\o+i8”L1_>Loo < C(5)>

for all s € R and for some C(s) growing exponentially in s. By Proposition[[land the identity

T = T_4, this proves (22]) in the compact case.

2.2.2. Quadratic case. All three kinds of quadratic surfaces considered by Strichartz [32] are
of the form {¢ : R(§) = r} for some degree two polynomial R and some r € R. Strichartz
introduces the family of tempered distributions (G.).cc on RY as

(Geop) = al) [ (RO = r130t6d = o2 [0 =2 ([ olOdn©) aa

where S, = {z : R(x) = a} and du,(&) = |VR(€)|7Y2do,(€), with do,(€) the (N — 1)-
dimensional Lebesgue measure on S,. The function g(z) has adequate properties according
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to the type of the surface considered, but in all cases it has a simple zero at z = —1 to ensure
that G_; = d5. The family of operators T, is then defined as Fourier multipliers by G, that
is

Tzf(x) = <G27 J/“\(£>€i€.x>v vz € RY.
Strichartz then shows the bounds

|Tisl oo + 1T xorisl g1y e < C(s),
for all s € R and for C(s) growing exponentially, with A\g = (IV 4 1)/2 (Case I), Ay = N/2
(CaseIl), Ao = (N+1)/2 (Case ITI(i)), N/2 < Ao < (N+1)/2 (Case I11(ii)), and 1 < Mg < 3/2

(Case I11(iii)). Together with Proposition [I this shows (22)) in the quadratic case and the
proof of Theorem [2is over.

Remark 6. Case I of a quadratic surface can also be reduced from the compact case via
scaling, as in [31], Sec. VIIL.5.16].

2.3. Optimality of the Schatten exponent in the compact case. We also discuss the
optimality of the Schatten space &2'/Z+)(L2(S)) in ([24)), in the following sense: given
1<p<2(N+1)/(N+3), we give an upper bound on the highest Schatten exponent such
that (24]) can possibly hold. For the sake of brevity, we only treat the compact case.

Theorem 4 (Optimality of the Schatten exponent). Let N > 2. Assume that S C RY is a
smooth surface with non-zero Gauss curvature, and let 1 < p < 2(N +1)/(N + 3). Then,

for any r > 2(]]\\77(;1_){’), we have

N (25)

~EST(L2(S)), Iy HGT(LQ(S))
7#0

Remark 7. When 1 < p < 2%\[:31), we have Q(ZZVV(; 1_){’) > ;f};, with equality if and only if
p = 2(}1@/_:;) This shows, in particular, that the Schatten exponent on the right side of (24))
. . _ 2(N+1)
is optimal when p = =5

Proof of Theorem[]) Let h > 0. We construct a trial operator ~y, on L*(S), by defining its
integral kernel:

n(w,w') = / 1(k* < W 2)e* @) dk, Y(w,w') € S x S.
RN
Let f € L*(S). Using the Agmon-Hormander inequality [2], [25, Thm. 4.2], we have
o) = [ 102 <) [ e doe)
RN s

This shows that ~, is a non-negative bounded operator on L?(S) with

2
di < Ch- /S|f(w)| do(w).

”7h‘|L2(s)_>L2(5) < Ch™L.

We also compute its trace norm,

Il gy = Tr v = / (s w) dw = Ch™



12 R. L. FRANK AND J. SABIN

By Holder’s inequality in Schatten spaces, we deduce that v, € &" for all 1 < r < +o0 and
that

Iiler zasy < COTH T (26)
Let us compute the left side of ([24)) for ~,. We have
o 2 _— 2
peonear(©) = [ 102 <) | [ ettt = [ 162 <) [aote - a.

for all ¢ € RY. First, let us use the lower bound

2/p
/2
Lp’/2(RN) 2 (/5<th pgs’yh(f,'s)* (g)p/ dg)

2/p’
= (/ pgswh(gs)*(h_lf)p 2 df) ’
l¢I<R

prs“/h(gs)*

for some R > 0 to be chosen later on. Next, we use a lower bound on do which can be found,
for instance, in [28, p. 51]: there exists a non-empty open cone I' C RY such that for all
k € I with |k| > R’ for some R’ > 0 large enough, we have

— C

|do (k)| > W (27)

Notice that in the case of the sphere, (21) can be proved directly using that do is explicitly
expressed in terms of a Bessel function. In any case, this implies that, if h < 1,

—~ 2
b9 > [ Ak < [do ]| e
|k|>h~ 'R/
— 2
—N -1
> h /keF ]l(|k—§\<1)‘da(h k:)‘ dk
B
<
> Ch! / L RS D g
bk (LK)

Choosing R = R', we infer that

p'/2
—2 Lk —¢l<1)
Hpgs'Yh(gS)* HLP’/z(RN) 2 Ch p /|§|<R/ (/ r W dk d€

ke
k|>R/

2/p’

The double integral on the right side is easily seen to be finite. Combining this estimate
with (20), this shows that

Hpc‘fs’m(t‘?s)* HLp’/Q(RN)

> e(h )y T
||7h||er(L2(S))
which diverges as h — 0 if and only if r > S—-1p O

2N(p—1)°
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3. STRICHARTZ INEQUALITIES

3.1. Laplacian case. An important application of the restriction estimates for quadratic
surfaces proved in [32] concerns space-time decay estimates for solutions to evolution equa-
tions, which are known as Strichartz inequalities and are a widely used tool to study nonlinear
versions of these equations. For instance, when S is the paraboloid

S ={(w,&) R xRY, w=—|¢]},

one has the identity for all f € L'(S,du) and for all (t,x) € R x R,

1 , 1 2
[ i(t,x) (w,€) _ —it|§]* jiz-€ o 2
(27T)d+1 /Se .f(w>€)d:u(wa 5) - (27T)d+1 /Rd € € f( |§| ag) dga
where dy is the measure defined at the beginning of Section 2.1l which in the case of the
paraboloid (Case 1) is simply du(w, &) = (1 + 4[£]?)2do(w, €). Hence, choosing f(w,&) =
P(€) for some ¢ : R4 — C, one deduces that

gS.f(t> ZL’) =

Eof(t x) = % (¢*29) (z), V(t,z) € R x R

Using that &g is bounded from L?(S,dp) to L*T*/4(R4+1), Strichartz obtains his famous
bound
HeZtAfHLf;‘l/d(RXRd) < C HfHL2(Rd) ) vf S L2(Rd)7 Vd = 17 (28)

where C' > 0 is independent of f. In the same fashion, applying Theorem Bl with N =d + 1
and S a paraboloid (Case I), we recover Strichartz’s bound for orthonormal functions [9]:

Theorem 5 (Strichartz estimates for orthonormal functions—diagonal case). Assume that
d = 1. Then, for any (possibly infinite) orthonormal system (f;) in L*(R?) and for any
(vj) C C, we have

d+1

d+2
Zyj‘eitAfj‘2 g(;(Zwﬁif) , (29)
j

J

LT/ (RxRY)
with C > 0 independent of (v;) and (f;).
Equivalently, according to Remark @ for any v € G(@+2/(@+1D ([2(R9)), the inequality
Hpeit%e*im HLtlf/d(Rde) <O ||7||e(d+2)/(d+1)(LZ(Rd)) ) (30)

holds with C' > 0 independent of v. As explained in the introduction, this result was proved
for the first time in [9], using a different method. We recover it as a consequence of more
general restriction estimates for orthonormal functions, hence providing a different proof.
Our method actually allows to go further and to answer a question left open in [9]:

Theorem 6 (Strichartz estimates for orthonormal functions—general case). Assume that
d > 1 and that p,q > 1 are such that

2 d 2
—+—-=d, 1<g<]l+——.
p+q ’ d +d—1
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Then, for any (possibly infinite) orthonormal system (f;) in L*(R?) and for any (v;) C C,

we have

g+l
2q

Suletr gl <C<§]mﬁ) : (31)
) J

J

LPLI(RxR4

with C > 0 independent of (v;) and (f;).
Equivalently, according to Remark @ for any v € &2¢/(¢+1)(L2(R%)), the inequality

Hpe”Afye*itA HLng(]RXRd) <O ||7||62q/(q+1)(L2(Rd)) ) (32)

holds with C' > 0 independent of v. In [9], this result was proved only for the range
1 < ¢<1+2/d, and was shown to fail for ¢ > 14+2/(d—1). Hence, Theorem [6] provides the
full range of exponents of Strichartz estimates for orthonormal functions. Notice that this
range is significantly smaller than the range for a single function whichis 1 < ¢ < 14+2/(d—2)
for d > 3 [15]. In Section [l we give an application of these inequalities to the well-posedness
of the non-linear Hartree equation in Schatten spaces, in the spirit of [20].

Theorem [@ follows again from a Schatten bound coupled to Lemma [3t

Theorem 7 (Schatten bound with space-time norms). Let d > 1 and S be the paraboloid
S = {(w,&) e RxRE w=—[¢[}).

Then, for all exponents p,q > 1 satisfying the relations
2 d

-+ —-=1, g>d+1,
P g

we have the Schatten bound
IWATsWalsa(r2@arnyy < CIWilprra@eray IWelrrra@xray »
with C' > 0 independent of W1, Ws.

Proof of Theorem[7. We investigate more precisely the bounds on the family G, introduced
in the proof of Theorem 2l when S is the paraboloid. Strichartz [32] uses the definition

1
G.(w,§) = TG+1)

which ensures that the Fourier multiplication operator with G_; coincides with the operator

(w— €172, V(w, &) € R x RY,

Ts. As before, we have a first bound

1

| Tosl 2 a1y Lo gasry = 1Gisll oo gasry < ‘m mlsl/2,

K Ce

To prove that Ty, s is bounded from L! to L>, Strichartz computes explicitly the (inverse)
Fourier transform of G, and obtains

G.(t z) = m T iei /2wl e =il 4t =2y _j0)=71 (¢ z) € R x R
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He deduces from this formula that G, belongs to L, when Re z = —1—d/2. We now explain
how to obtain better results from this expression than the one obtained in Theorem 2. To
do so, recall that the distribution (—t —40)* on R satisfies the identity

(=t —i0)* =t} + e ™t}

for ReA > —1 [12| Ch. I, Sec. 3.6], where ¢} are the distributions given by the L] -functions

\ t fort>0 \ 0 for t >0

— =

0 fort<O, (—t)* fort < 0.
In particular, the distribution (—t —40)* is also given by a L{ -function, and we deduce the
bound
(=t —i0)}| < max (1,e™™) [t|"*, ViR,

valid for all ReA > —1. In our context, we have A = —z — 1 with z = —\¢ + is, so that

ReA =Xy — 1> 0. We thus deduce the bound

s(t,2)| < Cmax (1, e BT/ 2Y |12 (¢, x) € R x RY,

valid for all s € R and for all A\ > 1. We now go back to the proof of Proposition [I]
and provide another estimate for HW{ZTZWQ_ZH o2 When z = —X¢ + is using the Hardy—
Littlewood—Sobolev inequality:

HWl)\O_iST_)\O-i-zs Wi~ ZSH62 = / Wi (t,2) |G ygpis(t — ', — 2 } Wy (t', 2')? dads’dtdt’

R2(d+1)
21 2
oy [0 zao(Rd W)
< C'max ( // T L dtat
< C'max (1, e7*7/2) [ |0, [Wa [0 ,
L0 L220(RxRA) L2074 220 (RxRd)

provided that 0 < d+ 2 —2)\y < 1, that is (d+ 1)/2 < A\g < 1+ d/2. For this range of A,
we conclude as in the proof of Proposition [ that

IWAT_ s Wal g2 (p2gasny < C[Wh ” [Wel o ’

Phve! ZAO(Rde) LZ)\O d ZAO(Rde)
which is the desired estimate. O

Remark 8. The same proof actually gives the full range of Strichartz estimates for a single
function, except for the endpoints. Hence, all Strichartz estimates (and not only the diagonal
ones) are implicitly contained in Strichartz’s original article, except the endpoints. We are
not aware that this has been observed before.
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3.2. Square root of the Laplacian case. When S is the cone S = {(w,¢) € RxR?, w? =
€12} endowed with the measure du(w, €) = (2|(w, &)|)"*do(w, €), one has the identity for all
f € LY(S,du) and for all (¢,z) € R x R4,

Esf(t.a) = (%{m /S ¢ (o, ) du(w, €)
_ 1 it|g| jix-€ dg 1 —it|g] jiz€ £ _ dg
= Gy L, 0 5 R G [ e 0 R

In particular, when one chooses f(w,&) = 2v/2[¢|P(€) if w > 0 and f(w,&) = 0 if w < 0, we
have the identity

1 . 1/2
Esf(t,a) = 5- (e’t(_A) / go) (z), V(t,z)€RxR%

Since &g is bounded from L?(S, dyu) to LA @+D/(@=1) (R4 1) we deduce the following Strichartz
inequality

L ANL/2
ezt( A)

' <C HSOHH1/2(Rd) ;

2(d+1)/(d—1
Lt,(x+ )/( )(RXRd)

with C' > 0 independent of . We obtain the corresponding version of this result for or-
thonormal functions.

Theorem 8 (Strichartz estimates for orthonormal functions—fractional Laplacian case).
Assume that d > 1. Then, for any (possibly infinite) orthonormal system (f;) in HY?(R?)
and for any (v;) C C, we have

2
it(—A 1/2

.Y

J

LT (RxR4)

d
a+1
< 1+
\0<Z|v]| ) , (33)
J

with C' > 0 independent of (v;) and (f;).

We also have the operator version of this inequality

(34)

pefit(fA)l/z,Yeit(fA)l/z

Lt(%i (RxRT) s¢ H(_A)l/%(_A)lMHG”%(

L2(R)

which holds with C' > 0 independent of 7.

Proof of Theorem[8. Tf (f;) is an orthonormal system in H'/2(R?), the functions
(w,8) = gj(w, &) = L(w > 0)2v2[¢] f;(€)

are orthonormal in L?(S, du) as explained in the beginning of this section. We then apply
Theorem B to this system, with S being a cone (Case II). O
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3.3. Pseudo-relativistic case. Finally, when the surface S is the two-sheeted hyperboloid
S={(w,&) € RxRY w?=1+|¢*}, with the measure du(w, &) = (2|(w, &))" tdo(w, ), one
has the identity for all f € L*(S,du) and for all (¢,7) € R x R¢,

E6f(0.3) = Gy [ ¢ 0. dule

1 ity/THER i€ (/T4 1€
= it / TV O3 == 1 m |g|2
1 1+[E]? i€ 2
gy [, YR TERR O
In particular, when one chooses f(w,&) = 21(w > 0)y/1 + |£[29(€), we have the identity

Eof(t z) = % (%7750 (@), V(t.x) € R x B

Since &g is bounded from L2(S, du) to LR, with 2 +4/d < ¢ < 2+4/(d—1) (d > 2)
and 6 < ¢ < oo (d = 1), we deduce the following Strichartz inequality

6it\/ 1-A

12 <C ”‘P”HU?(Rd) )

Lg’z (RxR%)

with C' > 0 independent of . We obtain the corresponding version of this result for or-
thonormal functions.

Theorem 9 (Strichartz estimates for orthonormal functions—pseudo-relativistic case). As-
sume that d > 1. Let 1 +2/d < q<1+2/(d—1)ifd>2and3 < q< oo ifd=1. Then,
for any (possibly infinite) orthonormal system (f;) in HY*(RY), and for any (v;) C C, we

have
q+1

2q
<C <Z |vj|q3"1) , (35)
Lg’z(Rde)

J

2
itv1—A
E e i

J

with C > 0 independent of (v;) and (f;).
We also have the operator version of this inequality

Hpe,“ﬂwtmHL;{Z(RXW) < (1= A) iy — A : (36)

St (L2(RY)

which holds with C' > 0 independent of ~.

Proof of Theorem[d. If (f;) is an orthonormal system in H'/2(R9), the functions
(w,8) = g;(w, ) = L(w > 0)2(1 + [¢*) 2 £;(6)

are orthonormal in L?(S, du) as explained in the beginning of this section. We then apply
Theorem B to this system, with S being a two-sheeted hyperboloid (Case I11(ii-iii)). O
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4. UNIFORM SOBOLEV ESTIMATES AND THE LIMITING ABSORPTION PRINCIPLE

Our last result concerns Schatten class properties of the resolvent (—A — 2)~! of the
Laplace operator on R”.

Theorem 10 (Uniform resolvent bounds in Schatten spaces). Let N > 2 and assume that

{1<q\3/2 if N =2,

S<qg< A ifN>3

Then, for all z € C\ [0,00), we have the estimate
_ 4N
HWl(_A - z) 1W2H62q(L2(RN)) < Oz Bk ”Wl”LZq(]RN) ”W2”L2¢I(RN) ) (37)
where C' > 0 is independent of W and z.

Remark 9. The estimate (37) with the Schatten norm replaced by the operator norm was
proved by Kenig, Ruiz, and Sogge [16]. Their result is only stated for |z| > 1 in [16]. The
estimate we presented follows easily for all z # 0 by homogeneity. The case N = 2 is not
contained in [16], but can be treated along the same lines [7].

Proof of Theorem [I0. The Fourier multiplier 7" by the function & ~ (|¢]* — u)™' (u € C,
lp| = 1, Imp # 0) is interpolated in [I6] by the family of Fourier multipliers (7%) by the

functions

22

m.(§) = ——
(€) I'(N/2+ z)
where (-)* denotes the principal branch. Then, Kenig, Ruiz, and Sogge prove the uniform
estimate

(1] = p)*, VEERY,

HTiSHLZ_wZ + ”T—Ao+iSHL1_>Loo < Cu
for all s € R, with C' > 0 independent of s and p, and for N/2 < Ay < (N + 1)/2. Theorem
[0 thus follows from Proposition [II The proof for N = 2 is similar, see [7]. O

Remark 10. When ¢ = %, the Schatten space &% is optimal in (37). Indeed, it is well-

known that
1 1

W _

! (—A—l—z’t —A —1+it
weakly in the sense of operators on L*(RY), where we recall that Tgv—1 was defined in
Section 2l In particular, the bound (B7) implies a Schatten bound on WiTgn-1Ws5 by the

non-commutative Fatou lemma [27, Thm. 2.7d)], for which we know the optimal exponent
by Theorem [l

) W2 — WngN—lWQ
t—04

As an application of this result, we prove a Limiting Absorption Principle in Schatten
spaces.

Theorem 11 (Limiting Absorption Principle in Schatten spaces). Let N > 2 and assume
that V € LY (RN R) with

<g<EH ifN2=3

{ <q<3/2 ifN=2
N
2 < 2
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Then VV(—=A +V — 2)71/[V] € G%(L*(RY)) for every z € C\ [0, 00), where we used the
notation 'V := V/\/|[V] (with V/V := 0 if V.= 0). The mapping C\[0,00) 3 z — vV (-A+
V —2)71/|V] € &% is analytic and extends continuously to the open interval (0,00) (with
possibly different boundary values from above and below). Moreover, under the additional
assumption q > N/2, there is a constant Cy 4 such that if || "NV || aeny < Cnyg then

H\/_ ~A+V —2)" \/|7’

If g = N/2 and N > 3, the bound (B8) holds provided |z| = C(V) for some constant C(V)
depending on V.

gy < 2Ol WY ey (39)

Before proving Theorem [, we need more information about the Birman—Schwinger op-
erator VV(—=A — 2)71/|V].

Lemma 11. Let N > 2 and assume that V € LY(RY R), where q satisfies the assumptions
of Theorem[T1. Let § C (0,00) be a compact interval. Then, the family A(z) := VV(=A —
271 /V] € 82(LA(RN)) is analytic on the half-strips S+ = {z € C, Rez € §, £Im z > 0}.
On each Sy, it is continuous up to Si and we denote by \/V(—A — A +i0)7/|V] its

extensions at X\ > 0. For all z € S1, we have the estimate
[A() g0 < Cla/7F20 V] (39)

with C' as in B7) (and in particular independent of §). Finally, for all z € Sy, the operator
1+ A(2) is invertible and the map Sy > z +— (1 + A(2))™! is an analytic family of bounded
operators on L*(RY), which is continuous on S..

The proof of Lemma [[T] relies on a deep theorem of Koch and Tataru [17].

Proof of Lemma[Id. The family C \ [0,00) 3 z + VV(— VIV = A(z) € &% is
analytic: indeed, by the resolvent formula we have for any z, 2 E (C \ [0, 00),

VV(=A = 27TV = S = 20)"VV (=4 — 2) /7]
= VV(=A — 2) Mz — 2)NF(=A — ) VL]V

The right side of this equality goes to zero in &7 as N — oo if |z — 2| is small enough by
the Kato—Seiler—Simon inequality [27, Thm. 4.1] and the constraint 4¢ > N,

VY (A= 97 (a2 V]|
<[V -

S&2g

&2

[(=A —2)7Y " (A =27 <OV VI

The same estimate shows that the entire series we found has a nonzero radius of convergence,
showing the desired analyticity. Next, let us notice that we can use the results of [14],
since the argument given in the proof of Lemma 3.5 in [10] shows that V' is an admissible
perturbation in the sense of [I4] and that L2/(@+D)(RY) C X, where X is the Banach space
defined in the introduction of [14]. Using [14, Lemma 4.1 b)], for each A > 0 there exists an
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operator (—A — X 4 i0)~! bounded from L?¥/(@+1) to [24/(4=1) such that z + A(2) can be
extended as a continuous family on the strips Sy, for the weak topology of operators. Let
us show that this family is actually continuous for the Schatten topology &%¢(L*(RY)). To
do so, let z € Sy and (z,) C S+ such that z, — z as n — oo. We show that (A(z,)) is a
Cauchy sequence for the Schatten norm, which then implies the Schatten norm continuity
of A(z) up to the real axis. Thus, let ¢ > 0. Let Wy, W; be bounded, compactly supported
measurable functions such that we have the decompositions
W=t Wa, VIVI= W+ Wa, [Walp + [ <.

Using (37), we may estimate

A(zn) = Alemllgza < |Wa((=A = 2) 7 = (<A = 2) )W, +C=.

G2

By [36, Prop. VII.1.22], the family z — Wj(—A — z)‘lV[/Z is continuous on S; for the
G29-topology, and hence for n, m large enough, we have

[wil=a -zt = (—a - )| <=

G2

This shows that (A(z,)) is a Cauchy sequence for the G2%-topology, and hence z — A(z) €
&% is continuous up to the boundary. This in particular shows that vV (—A—A4i0)"*/|V]
belongs to &7 for all A > 0. This also shows that the estimate ([39) carries over to the real
axis. We then apply analytic Fredholm theory [35, Thm. [.4.2 & 1.4.3] to the family (A(z))
in the strips S to infer z — (1 + A(z))~! is a meromorphic family of bounded operators on
St with poles at the points z where —1 € o(A(z)). Furthermore, this family is continuous
up to the real axis, except at the points A € ¢ such that —1 € o(A(\)). It thus only remains
to show that —1 ¢ o(A(2)) for all z € S.. When Imz # 0, this follows from a simple
argument similar to the beginning of the proof of Lemma 4.6 in [14] based on the fact that
V is real-valued. Assume that there exists a A > 0, a sign &, and an f € L*(RY) satisfying

VVR(MVIVIf = -,

where we used the notation Ry(\) = (—A—A=+40)"". Defining g := Ry(\)+/|V|f, we deduce
the relation Vg = /|V|f and

Ro(M)Vyg = —g. (40)
Since f € L? and V € L%, Holder’s inequality implies that /|V|f = Vg € L?/(@+D(RN).
By [14, Lemma 4.1 a,b)], the resolvent Ry(\) is a bounded operator from X to X*, showing
that ¢ = —Ry(A\)Vg € X*. Using now [14, Lemma 4.4], we have the decay estimate

[+ 2] . < o0
for all N > 0. Since X* C L?¥/@~D(RN) and writing for N large enough
g =1+l x (1 +]2)"g,

we deduce from Holder’s inequality that ¢ € L?(RY). Furthermore, using the integra-
bility of g and Vg, we can show that (40) implies that ¢ satisfies the Schrodinger equa-
tion (—A + V)g = zg in the sense of distributions on RY. Since g € L?¥/(~1(RN) and
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Vg e L2/@)(RY), we deduce that g € W22 (RN) ¢ HL (RY). Finally, by [I7, Thm.
3], we learn that g = 0 and therefore f = 0. Thus, —1 ¢ g(A())). O

We are now ready to prove Theorem [I11

Proof of Theorem [11. We make use of the identity

WAV =2 VIV = e WA = VL )

By Lemma [II] we know that the maps
. 1

L+ VV(=A = 2)"1/]V]

are analytic on C\ [0, c0) and extend continuously to (0, co) with possibly different boundary

values from above and from below. We are thus left to prove (38)). First assume that ¢ > N/2.
Then it follows from Theorem [I0] that
<

1
V(-A-2)"VIV] =
Hf( ?) L2RN)>L2RN) 2

provided C|z|=/24||V|| omny < 1/2. Thus, for such z,
-1
H<1+\/V(—A—z)‘1\/|‘/|) <2.
L2(RN)—L2(RN)

The claimed bound then follows from the identity (@Il) and the inequality (B9]).
Now assume that ¢ = N/2 and N > 3. In this case we write VV = Wy + W, and
V|V| = Wi+ Ws as in the proof of Lemma [Tl Then using again Theorem [I0]

o
for all z € C\ [0, 00). Since
HWl(—A — z)_lwl‘

€ B(L?), 2z VV(-A—-2)Y/|V]es¥

+ Ce

L2(RN)—L2(RN)

< le(— — )W, )

L2(RN)—L2(RN)

— 0
L2(RN)—L2(RN)

as |z| — oo, as we have just shown (note that Wy, W, € LY(RYN) with ¢ > N/2), we can
argue as before and obtain the result in this case as well. This finishes the proof of Theorem

11l O

5. APPLICATION OF STRICHARTZ ESTIMATES: GLOBAL WELL-POSEDNESS FOR THE
HARTREE EQUATION IN SCHATTEN SPACES

We illustrate the usefulness of the Strichartz estimates obtained in Theorem [6] by showing
well-posedness results in Schatten spaces for the non-linear Hartree equation. The main
point here is that we can consider a system of infinitely many equations and that we do
not even need a trace class assumption. This is of crucial importance when studying the
dynamics of quantum gases at positive density [20] 21]. Using our improved set of Strichartz
exponents from Theorem [6] we can extend the previous work of one of us [26, Chap. 4,
App. A]. Our exposition here is somehow sketchy. Details as well as similar consequences of
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Strichartz inequalities for the fractional Laplacian and for the pseudo-relativistic operator
will be addressed in a forthcoming work of the second author.

Theorem 12. Let d > 1,1 < ¢ < 1+2/(d—1), p > 1 such that 2/p + d/q = d and
w € LY (RY). Then, for any v € &2/@+)  there erists a unique v € C°(R, &%/(a+1)
satisfying p, € LV (R, L1(RY)) and

loc,t
Zat’y = [_A +w* Py, 7]7
Yt=0 = 7Yo-

This result is a consequence of homogeneous and inhomogeneous Strichartz estimates.
The homogeneous part is the content of Theorem [0, while the inhomogeneous one can be
deduced from Theorem [7 using the same method as the proof of Corollary 1 in [9]:

Theorem 13. Letd > 1,1 < g < 1+4+2/(d—1), p > 1 such that 2/p + d/q = d, and
Yo € &2/ Let v = 4(t) be the solution to the equation

Oy = [=A, 9] + R(D),
Yt=0 = Yo-
Then, the inequality

Hp“f(t) HLf(R,Lg(Rd)) < Csui <H’70H62q/(q+1) + H/IR e_iSA‘R(S>|€iSA ds

6ZQ/(q+1))

Proof of Theorem[IZ. We use a standard fixed point method on the Duhamel formulation
of the Hartree equation, see [20] for details. Let R > 0 such that |yo| g2/t < R, and let
T =T(R) > 0 to be chosen later on. We define a map

(v, p) = (@17, ), P[P1 (7, 0)])

and we show that, for a suitable T', ® is a contraction on the space

holds for some constant Csyy > 0 independent of vo and R.

X = {(7,p) € CP((0,T), &) 5 LY ([0, T, LL(RY)),
Ileogtaren + lolopzs < 4max(1, Csin) R}
The map P, is defined as
t
Bi(9,)(0) = "0e " i [ I ) (s))e 08 s
0

For all (v, p) € X, we have

T
[21(7. D)l cogzararn < B+ 2/ [w ()] e [7(5) | g20/0at1) ds
0

< R+2TY7 Jwl L 10l 1o 22 V| eogszarasn
< R+ 8T |w], » max(1, C3,;) R*.
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By Theorem [[3] we also have
[p[@1(v, )]l 1211 < CsinR + 8Csu T [w] .y max(1, Ciiy) R*.

Hence, for T'= T(R) > 0 small enough, ® maps X to itself. A similar argument shows
that ® is a contraction on X, and thus has a unique fixed point on X which is a solution
to the Hartree equation on [0,7]. We may extend it to a maximal solution on some interval
0, Thnax), and we have the blow-up criterion given by the local theory

Thax < 00 = |7(t) | g20/(a41) T +00.

max

By the result of Yajima [37], knowing that the potential w * p, belongs to LlowLC>O implies
that there exists a unitary operator U(t) on L2(R?) such that y(t) = U(t)yU(t)* for all ¢.
In particular, the &2%/(@+Y norm of v(t) is a conserved quantity and cannot blow-up, thus
leading to global solutions. O

6. APPLICATION OF UNIFORM SOBOLEV ESTIMATES: EIGENVALUES OF SCHRODINGER
OPERATORS WITH COMPLEX-VALUED POTENTIALS

As an application of the uniform Sobolev estimates obtained in Theorem [I0, we prove
Lieb—Thirring-type inequalities for the discrete spectrum of a Schrodinger operator —A + V'
where V' is a complex potential belonging to LY(RY,C), where ¢ satisfies the assumptions
of Theorem [IIl It was noticed in [7] that the uniform Sobolev estimates of Kenig, Ruiz,
and Sogge could be used to control the size of eigenvalues of non self-adjoint Schrodinger
operators. More precisely, let A € C\ [0, 00) be an eigenvalue of —A + V. Then, [7] contains
the estimate

A" < Dyn . |V ()" da, (42)

for some constant D,y > 0, for all 0 < v < 1/2 and for all N > 2 (see [I] for the earlier
result for v = 1/2 and N = 1). Since the Kenig-Ruiz—Sogge bound implies a control on
the size of a single eigenvalue, it is natural to assume that the Schatten bounds of Theorem
[0 would provide bounds on sums of such eigenvalues. This is the content of the following
result.

Theorem 14. Let N > 2 and assume that V € LY(RY,C) with
<q<3/2 if N=2,
];7 <g< M if N > 3.

Denote by Z the discrete set of eigenvalues of —A +V in C\ [0,00), and for A € Z let m,
be the corresponding algebraic multiplicity. Then, we have the following bounds:

o [fN/2 <q< (N+1)/2, then
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o [fq=(N+1)/2, then for all T > 0,

reZ
e I[fq= N/2, then

Z Im v/ (45)

my < 00,
& LA
where the branch of the square root is chosen to have positive imaginary part.
Here, d(\,[0,00)) denotes the distance of \ to [0,00).

The previous result has to be compared with the usual Lieb-Thirring inequality for eigen-
values of self-adjoint Schrodinger operators, which states that when V' € L¢(RY, R), then

D oma A=) mad(), <K,y / ()| N2 dx (46)

rez AeZ

forall ¥ > 0 when N >3, v > 0 when N =2, v > 1/2 when N = 1. Our assumptions on V
corresponds to the range 0 < v < 1/2 in the previous inequality. In this range, (4€]) is much
stronger than ([43)), (), and ({@H): when V is real-valued, the eigenvalues of —A + V' can
only accumulate at 0, and hence the information that ) |A|Y < oo implies both ([43), (44),
and (@3] in the real-valued case. In the complex-valued case, eigenvalues may in principle
accumulate at any point in [0, 00), and (43), (@), and ({@3) give qualitative information on
the speed of convergence to [0,00) of a sequence of eigenvalues that accumulate at a point
in [0,00). In the case ¢ = N/2, the bound (42)) does not imply the boundedness of Z; hence
it does not exclude that a sequence of eigenvalues diverges. The bound ([43]) controls such
divergence.

Eigenvalues bounds for Schrodinger operators with complex-valued potentials have been
the topic of many works, for instance [I}, [ I8, 4] and references therein. To prove Theorem
14l we use a method developed by Demuth, Hansmann and Katriel relying on estimates on
zeros of holomorphic functions and nicely exposed in the review [5]. The basic idea is that
any eigenvalue 2y € C\ [0, 00) of the operator —A+V corresponds to a “zero” of the analytic
function z = 1+ vV (=A — 2)71/]V]. Hence, estimates on sums of eigenvalues of —A + V/
amount to estimates on sums of zeros of holomorphic functions. The first result of this kind
is Jensen’s inequality [I1], Sec. II.2], which states that the zeros (z,) of a bounded analytic
function on the unit disk satisfy the bound

S0~ fzl) < oo,

which may be compared to be bounds obtained in Theorem [[4l As explained in [5], one
may obtain similar results for analytic functions that blow up at the boundary of the unit
disk, according to the rate of this blow-up. This is the content of a theorem of Borichev,
Golinskii, and Kupin [3], which generalizes Jensen’s inequality to functions that may blow
up at the boundary. We use these versions of Jensen’s inequality to prove Theorem [14] in
the spirit of [5]. The results of Theorem [I4] are better than the previously obtained bounds
of [18, 4] with respect to eigenvalues accumulating at a point in (0, c0): (43) and ([44]) shows
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that the sequence of their imaginary parts is in ¢, while (@5)) even shows that it is in ¢'/2.
In [18, 4], the best result gives that such a sequence is only in (7 for some larger exponent p.
Hence, our result shows a higher speed of convergence towards the real axis for sequences of
eigenvalues accumulating at (0, 00). However, our result for sequences accumulating at 0 is
weaker than the ones obtained in [4].

It would be natural to require an explicit bound in terms of the L-norm of the potential
V in {@3), (@), ({@5), as in the usual Lieb—Thirring inequality. Equivalently, this amounts
to have explicit bounds in Jensen’s inequalities. Such bounds can be obtained under a
normalization constraint of the holomorphic functions that we consider (e.g. of the type
£(0) = 1). In our case, the natural normalization of the function z — 14V (=A—2)"1/|V]
is at oo, where we know that the value of this function is 1. The issue now is that, to
our knowledge, no Jensen’s inequality with explicit bound is known when the function is
normalized at the boundary of the unit disk (we may think of the point co as being at the
boundary of the domain of definition of z +— 1+ v/V(=A — 2)7'y/]V[). This is why our
approach does not lead to explicit bounds in terms of the potential V.

Proof of Theorem[14]. As we saw in Section [4], the map
C\[0,00) 3 2= 1+ VV(=A —2)"/]V] €1+ &%
is analytic. Hence, the map
C\ [0,00) 3 z — h(z) := Detraq (1 +VV(-A - z)_l\/m> eC
is also analytic, where Detry, denotes the regularized determinant, see for instance [4l, Sec.
2.2]. Furthermore, we have the inequality (see, e.g. [27, Thm 9.2])

log )Detw (1 FVV(=A = )7 |V|) \ <C H\/V(—A - z)—l\m) (47)

2q
&2

As explained in [19, Thm. 21}, the zeros of h (counted with multiplicity) are exactly the
eigenvalues of —A 4+ V' (counted with algebraic multiplicity). Hence, we prove bounds on
sums of zeros of h, and to do so we use Jensen-type inequalities. We begin with the case
q = N/2, for which we can apply directly the usual Jensen inequality. In this case, by ([47)
and Theorem [I0] we can bound

log |h(2)| < C,

for all z € C\ [0,00), with C' > 0 independent of z. As a consequence, we can apply
Jensen’s inequality to the map H > w > h(w?), where H denotes the upper half space. The
version of Jensen’s inequality for analytic functions on the upper half space bounded up to
the real axis can be found for instance in [11, Eq. (2.3)], which gives exactly (@5]). When
N/2 < q < (N + 1)/2, the Schatten bounds of Theorem [I{0] are not uniform anymore and
blow-up at 0: according to (@) they yield

log | h(2)| < C2¥ 7. (48)

Hence, we have to use the result of [3] about Jensen’s inequality for functions on the unit
disk that blow-up at some point of the boundary. Since this result is stated for analytic
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functions on the unit disk and A is defined on C\ [0, 00), we have to use some conformal
map from the disk to C\ [0, 00), as in [4, Sec. 4.4]: let

1 2
w:DBwHa<1+—tw0) € C\ [0,00),

where D) denotes the unit disk and a € C\ [0, 00) is chosen such that h(a) # 0. For instance,
by (42) one may take a to be sufficiently negative such that |A| < |a| for all eigenvalue X\ of
—A + V', hence ensuring that h(a) # 0. Define now the map

g:D 3w~ h((w))/h(a).
It is an analytic function on the unit disk, and by (48§]) it satisfies the bound

" ¢

T apee OIS o

log [g(w)| < C

for all w € D and a constant C depending on a. Let us first consider the case N/2 < g <
(N +1)/2: we apply [3] with 7 =2 —4¢ —2N > 0 and obtain

D mu(1 = [w])|1+ w| < oo,
weZ(g)

where Z(g) denotes the set of zeros of g and m,, denotes the multiplicity of the zero w. The
corresponding result for eigenvalues of —A + V' is thus

S mal = [ DI+ B ()] < oc.

reZ
By [4, Thm. 4.3.4] and the proof of Theorem 4.4.3 in [4], we have the estimate
_ d(A, |0, 00 1 d(A, |0, 00 1
1= [ () (A, 10,00)) - d(A[0,00))

> 8la'2(laf + AP [T+ (M) 7 8%2]al? [1+ 97 (N[
showing (A3)). Finally, in the case ¢ = (N + 1)/2, we apply [3] with 7 > 0 and obtain
> my(l = w1+ w7 < oo,
weZ(g)

leading by the same method to

D " mad(X, [0,00))[1+ ¥ (A7 < 0.

\eZ
As the proof of Theorem 4.4.3 in [4], we use
‘)\|1/2 |>\‘1/2

L+ > >
LTI e 2 2

to infer that

> malAI7%d(), [0, 00)) < o0

XeZ
for all 7 > 0, which is (44)). O
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7. APPLICATION OF THE LIMITING ABSORPTION PRINCIPLE: SCHATTEN PROPERTIES
OF THE SCATTERING MATRIX

An important object in scattering theory is the so-called scattering matrix. For every
A > 0 (with the physical interpretation of an energy) this is a bounded operator S(\) in
L%(SN1) (corresponding to the Fermi sphere in physics). Under rather weak assumptions
on the potential V', the scattering matrix differs from the identity by a compact operator.
In the next result we prove quantitative information in terms of trace ideals properties.

Theorem 15. Let N > 2 and assume that V € LY(RY,R) with

{1<q\3/2 if N =2

S<qg< 8 ifN>3

Then S(\) — 1 € &24(L*(SN™1Y)) for every A > 0 and the mapping (0,00) > A+ S(\) —1 €
&2(L2(SNY)) is continuous. Moreover, under the additional assumption q > N/2, there is
a constant C 4 such that if \""N/9|| V| Loy < Cng then

ISON) = Ulszqrzgen-1y) < 3CngA™ V2V Lagewy - (49)
If g = N/2 and N > 3, the bound ([@9) holds provided A = C(V') for some constant C(V)
depending on V. For q = (N + 1)/2, the trace ideal G*(L?(SN™1) is best possible for (E9)
to hold.

Remark 12. Remarkably, under the pointwise bound |V (x)| < C(1+]z|?)~*/? for some p > 1,
the trace ideal &% can be improved to &" for any r > (N — 1)/(p — 1) [36, Prop. 8.1.5]
and this is best possible [36, Thm. 8.2.1]. Nevertheless, under an L? condition on V| our
theorem is best possible.

For the definition of the scattering matrix we refer to [36]. The formula that will be
important to us is that

SO = 1= 2wV (1= VV(=A+V = 2 =i0) " V/[V]) VVTo()*  (50)

(see (6.6.19) in [36]). Here ['y()) is the operator that maps functions ¢ on RY to functions
on SV~! by restricting the Fourier transform to the sphere of radius v/,
(To( M) () = 27 2AN=2M4G(Vd\w),  VYw e SN,

Under the conditions of the theorem the products T'o(A)/[V] and vVVT(A\)* = (To(A\)VV)*
are bounded operators between the corresponding L? spaces by the Stein-Tomas restriction
theorem (see also the proof below). Therefore the right side in the above formula for S(\)
is well-defined.

Proof of Theorem[134. Tt follows from Theorem 2l that £y, VEgv-1 € &24(L*(SV1)) with
€80 AV E lgnagzagov-ry < CrvallVlline)

under the assumptions on ¢ in the theorem. Thus,

i 1\/|V\ —H\/Wegm

< OngllVlany -

64‘1(L2(RN L2 SN 1 S44q LZ(SN 1) L2(RN))
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By scaling,

HFO ! ’6461 L2RN),L2(SN-1)) H VIVITo(A

<27 'Cng A™ ”N/?qnvnm(m :

S4a L2(SN 1)L2(RN))

Thus, it follows that
oA VTo(A)*[| < 27" Cvg A2 V]| o)

Moreover, by Holder’s inequality for trace ideals and Theorem [Tl we have T'o(A)V(=A+V —
A —i0)1VT(A) € &1(L*(RY)), and for |z| large enough we can bound the norm as follows,

[To(AV(=A +V = X —1i0)"'VIg(\)

To( \/v‘
H 0 | Ga(L2(SN-1),L2(RN))

< Oy A VLo ey -

HG‘I(L2(RN))

[VV—a+v —a—ioy V]|

&24(L2(RN))

This proves the desired bound. Continuity follows immediately from the formula (50) and
the continuity statement in Theorem Il Let us prove optimality of the trace ideal &% in
the case ¢ = (N +1)/2. It follows from (B0) and the fact that vV (—=A+V — X —i0)~'/|V]
is compact by Theorem [[1] that S(\) — 1 € &" iff I'o(A\)VIT((A\)* € &" for any fixed r. Now
Theorem Ml implies that I'o(A)VTo(A)* € &" if r < 2¢ when ¢ = (N + 1)/2. This completes
the proof. O
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