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♠❡t❤♦❞ t❤❛t ✇♦r❦s ✉♥✐❢♦r♠❧② ✇❤❡♥ t❤❡ s♠❛❧❧ ♣❛r❛♠❡t❡r ✈❛♥✐s❤❡s✳ ❆s ❛♥ ❡①♣♦♥❡♥t✐❛❧
✐♥t❡❣r❛t♦r✱ t❤❡ s❝❤❡♠❡ ✐s ❛❜❧❡ t♦ ✉s❡ ❧❛r❣❡ t✐♠❡ st❡♣s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t②♣✐❝❛❧ s✐③❡ ♦❢
t❤❡ s♦❧✉t✐♦♥✬s ❢❛st ♦s❝✐❧❧❛t✐♦♥s✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ s❤♦✇ ♥✉♠❡r✐❝❛❧❧② t❤❛t t❤❡ ♠❡t❤♦❞ ❤❛s
❛❝❝✉r❛t❡ ❧♦♥❣ t✐♠❡ ❜❡❤❛✈✐♦✉r ❛♥❞ t❤❛t ✐t ✐s ❛s②♠♣t♦t✐❝ ♣r❡s❡r✈✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
❧✐♠✐t✐♥❣ ●✉✐❞✐♥❣ ❈❡♥t❡r s②st❡♠✳
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t❤❡ ♣❛r❛♠❡t❡r ε ✈❛♥✐s❤❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦✉r ❞✐♠❡♥s✐♦♥❛❧ ❱❧❛s♦✈ ❡q✉❛t✐♦♥
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ε = 0, ✭✶✳✶✮

f ε (x,v, t = 0) = f0 (x,v) , ✭✶✳✷✮

✇❤❡r❡ x = (x1, x2) st❛♥❞s ❢♦r t❤❡ ♣♦s✐t✐♦♥ ✈❛r✐❛❜❧❡✱ v = (v1, v2) ❢♦r t❤❡ ✈❡❧♦❝✐t② ✈❛r✐❛❜❧❡✱
v
⊥ ❢♦r (v2,−v1)✱ f ε ≡ f ε(x,v, t) ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✱ f0 ✐s ❣✐✈❡♥✱ ❛♥❞ Ξ

ε ≡ Ξ
ε(x, t)

❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✳ ❲❡❛❦✲∗ ❛♥❞ t✇♦✲s❝❛❧❡ ❧✐♠✐ts ✇❤❡♥ ε ❣♦❡s t♦ ③❡r♦ ♦❢ t❤✐s
❡q✉❛t✐♦♥ ❝❛♥ ❜❡ r✐❣♦r♦✉s❧② ♦❜t❛✐♥❡❞ ❢♦❧❧♦✇✐♥❣ t❤❡ ♠❡t❤♦❞s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✷❪ ❛♥❞ ❬✾❪✳ ❲❡ ♥♦✲
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ε = 0, ✭✶✳✸✮

E
ε (x, t) = −∇xφ

ε, −∆xφ
ε =

∫

R2

f εdv − ni, ✭✶✳✹✮

f ε (x,v, t = 0) = f0 (x,v) , ✭✶✳✺✮

✇❤❡r❡ φε ✐s t❤❡ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧ ❛♥❞ ni ✐s t❤❡ ❜❛❝❦❣r♦✉♥❞ ✐♦♥ ❞❡♥s✐t②✳ ❚❤❡ s②st❡♠ ✭✶✳✸✮✲✭✶✳✹✮
✐s ❛ ✜rst st❡♣ t♦✇❛r❞s ❛ s✐① ❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r t❤❡ st✉❞② ♦❢ ♣❧❛s♠❛
✉♥❞❡r t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❛ str♦♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ✉♥❦♥♦✇♥ f ε(x,v, t) r❡♣r❡s❡♥ts t❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ ❡❧❡❝tr♦♥s ✐♥ ♣❤❛s❡ s♣❛❝❡ ❛t t✐♠❡ t ❛♥❞ t❤✉s✱ t❤❡ s②st❡♠ ✭✶✳✸✮✲✭✶✳✹✮ ❞❡s❝r✐❜❡s
t❤❡ ♣❛rt✐❝❧❡ ❞②♥❛♠✐❝s ✉♥❞❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❡✛❡❝t ♦❢ t❤❡ s❡❧❢✲❝♦♥s✐st❡♥t ❡❧❡❝tr✐❝ ✜❡❧❞✳ ❚❤❡
❞✐✣❝✉❧t② ✐s t❤❛t t❤❡ ❧❛r❣❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❡①♣r❡ss❡❞ ❜② t❤❡ v

⊥/ε t❡r♠✱ ✐♥tr♦❞✉❝❡s ❛ ♥❡✇
t✐♠❡ s❝❛❧❡✱ t❤❡ r♦t❛t✐♦♥ ♦❢ ♣❛rt✐❝❧❡s ❛r♦✉♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♥❡✱ ✇❤✐❝❤ ✐s ✈❡r② s♠❛❧❧ ✇✐t❤
r❡s♣❡❝t t♦ t❤❛t ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❡✈♦❧✉t✐♦♥✳ ❲❡ ❛r❡ t❤✉s ❢❛❝❡❞ ✇✐t❤ ❛ ♠✉❧t✐✲s❝❛❧❡ ♣r♦❜❧❡♠
✇❤♦s❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ❜② st❛♥❞❛r❞ ♠❡t❤♦❞s r❡q✉✐r❡s ❤❡❛✈② ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rts✳

❲❡ ✇✐❧❧ ❛❧s♦ t❡st ♦✉r s❝❤❡♠❡ ✇❤❡♥ ❛♥ ❡①t❡r♥❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ ✭✶✳✶✮ ✐s ❣✐✈❡♥ ❜②

Ξ
ε (x, t) =

(
2x1 + x2
x1 + 2x2

)
, ✭✶✳✻✮

✇❤✐❝❤ ✐s t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ϕ(x1, x2) = x21 + x1x2 + x22✳ ❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s
♣❛rt✐❝✉❧❛r ❝❛s❡ ✐s t✇♦❢♦❧❞✳ ❋✐rst✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ✇r✐t❡ ❞♦✇♥ t❤❡ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ t♦ s②st❡♠
✭✶✳✶✮✲✭✶✳✷✮ ✇❤✐❝❤ t❤✉s ❧❡❛❞s t♦ t❤❡ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ ❛ r❡❛❧ ❡rr♦r ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ♦❢ t❡st✐♥❣
♦✉r ❛❧❣♦r✐t❤♠✬s ♠❛✐♥ ✭s❡❝♦♥❞ st❡♣✮ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧♦♥❡✳ ❙❡❝♦♥❞✱ ✇❡ ❝❛♥ ✇r✐t❡ ❛♥❛❧②t✐❝❛❧❧②
t❤❡ s❧♦✇ ♠❛♥✐❢♦❧❞✱ ❛♥ ✐♠♣♦rt❛♥t ✐ss✉❡ ✇❤❡♥ t❡st✐♥❣ t❤❡ s❝❤❡♠❡ ❢♦r ❛♥② ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✭s❡❡
❙❡❝t✐♦♥ ✷ ✐♥ ❬✸❪✮✳ ■♥❞❡❡❞✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ s❡❡ ❤♦✇ t❤❡ ❡rr♦rs ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡
❝❤❛♥❣❡ ✇❤❡♥ ❛ ❞✐✛❡r❡♥t ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s ✉s❡❞✳ ❚❤✉s✱ ✐❢ ❢♦r s♦♠❡ ♣❛rt✐❝❧❡s t❤❡ s❝❤❡♠❡
♣❡r❢♦r♠s ♠✉❝❤ ❜❡tt❡r t❤❛♥ ❢♦r ♦t❤❡rs✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡rr♦rs ♠✐❣❤t ❧❡❛❞✱ ✇❤❡♥ ❛♣♣❧②✐♥❣
t❤❡ ♠❡t❤♦❞ ✐♥ t❤❡ ❱❧❛s♦✈✲P♦✐ss♦♥ ❝❛s❡✱ t♦ ❞✐✛❡r❡♥t ❡rr♦rs ✐♥ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝♦♠♣✉t❛t✐♦♥
❛♥❞ t❤✉s✱ t♦ ❛♥ ❛♠♣❧✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❞✐s♣❛r❛t❡ ❡rr♦rs✳

■♥ t❤✐s ✇♦r❦ ✇❡ ♣❡r❢♦r♠ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ❜② ♣❛rt✐✲
❝❧❡ ♠❡t❤♦❞s ✭s❡❡ ❬✶❪✮✱ ✇❤✐❝❤ ❝♦♥s✐st ✐♥ ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❜② ❛ ✜♥✐t❡
♥✉♠❜❡r ♦❢ ♠❛❝r♦♣❛rt✐❝❧❡s✳ ❚❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ t❤❡s❡ ♣❛rt✐❝❧❡s ❛r❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❝❤❛r✲
❛❝t❡r✐st✐❝ ❝✉r✈❡s

❞Xε

❞t
= V

ε, X
ε (0) = x0, ✭✶✳✼✮

❞Vε

❞t
=

1

ε
(Vε)⊥ +Ξ

ε (Xε, t) , V
ε (0) = v0, ✭✶✳✽✮

♦❢ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥✱ ✇❤❡r❡❛s t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ❝♦♠♣✉t❡❞✱ ✇❤❡♥ ❝♦✉♣❧✐♥❣ ✇✐t❤ P♦✐ss♦♥
❡q✉❛t✐♦♥ ❛s ✐♥ ✭✶✳✸✮✲✭✶✳✹✮✱ ♦♥ ❛ ♠❡s❤ ✐♥ t❤❡ ♣❤②s✐❝❛❧ s♣❛❝❡✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r
✐s t♦ ♣r♦♣♦s❡ ❛ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✐♥ t✐♠❡ ❢♦r s♦❧✈✐♥❣ t❤❡s❡ ❝❤❛r❛❝t❡r✐st✐❝ ❝✉r✈❡s ✇❤❡♥ t❤❡
♣❛r❛♠❡t❡r ε ✈❛♥✐s❤❡s✳

✷



❇❡❢♦r❡ ❞❡s❝r✐❜✐♥❣ ♦✉r str❛t❡❣②✱ ✇❡ ♥❡❡❞ t♦ ♣❧❛❝❡ ✐t t♦✇❛r❞s s♦♠❡ ❡①✐st✐♥❣ ❛♣♣r♦❛❝❤❡s
❝❧❛ss✐❝❛❧❧② ❦♥♦✇♥ t♦ s♦❧✈❡ ♠✉❧t✐✲s❝❛❧❡ ♣r♦❜❧❡♠s✳ ❲❤❡♥ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ Ξ

ε ✐s ③❡r♦✱ t❤❡
♣❤②s✐❝❛❧ tr❛❥❡❝t♦r② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✭✶✳✼✮✲✭✶✳✽✮ ✐s ❛ ❝✐r❝❧❡ ♦❢ ❝❡♥t❡r c0 = x0 + εv⊥

0 ❛♥❞ ♦❢
r❛❞✐✉s ε |v0|✱ ❛♥❞ t❤❡ t✐♠❡ ♣❡r✐♦❞ ♦❢ t❤❡ tr❛❥❡❝t♦r② ✐s 2πε✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠
✭✶✳✼✮✲✭✶✳✽✮ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ♦❜t❛✐♥❡❞ ✇❤❡♥ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞
✐s ③❡r♦✳ ❍❡♥❝❡✱ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ ❞❡♣❡♥❞✐♥❣ ♦♥ ♣♦s✐t✐♦♥ ❛♥❞ t✐♠❡✱ t❤❡
❡✈♦❧✉t✐♦♥ ♦❢ ❛ ❣✐✈❡♥ ♣❛rt✐❝❧❡✬s ♣♦s✐t✐♦♥ ✐s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t✇♦ ❞✐s♣❛r❛t❡ ✐♥ t✐♠❡ ♠♦t✐♦♥s
✭❛ st✐✛ ♣r♦❜❧❡♠✮✿ ❛ s❧♦✇ ❡✈♦❧✉t✐♦♥ ♦❢ ✇❤❛t ✇❛s t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❝✐r❝❧❡ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡
Ξ

ε ✐s ③❡r♦✱ ✉s✉❛❧❧② ❝❛❧❧❡❞ t❤❡ ●✉✐❞✐♥❣ ❈❡♥t❡r✱ ❛♥❞ ❛ ❢❛st r♦t❛t✐♦♥ ♦❢ ♣❡r✐♦❞ ❛❜♦✉t 2πε
✇✐t❤ ❛ s♠❛❧❧ r❛❞✐✉s ❛r♦✉♥❞ ✐t ✭s❡❡ ❋✐❣✳ ✶✮✳ ❲❡ r❡❢❡r t♦ ▲❡❡ ❬✶✹❪ ❛♥❞ ❉✉❜✐♥ ❡t ❛❧✳ ❬✺❪ ❢♦r
❝♦♠♣r❡❤❡♥s✐✈❡ ♣❤②s✐❝❛❧ ✈✐❡✇♣♦✐♥t r❡✈✐❡✇s ❛❜♦✉t s✉❝❤ q✉❡st✐♦♥s✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐❢ ♦♥❡ ✇❛♥ts
t♦ ❞♦ ❛❝❝✉r❛t❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✶✳✸✮✲✭✶✳✺✮ ✉s✐♥❣ ❝❧❛ss✐❝❛❧ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✱ ♦♥❡
♥❡❡❞s s♠❛❧❧ t✐♠❡ st❡♣s✱ ✐♥ ♣❛rt✐❝✉❧❛r s♠❛❧❧❡r t❤❛♥ 2πε✳ ❆♥♦t❤❡r ✇❛② ✐s t♦ ✉s❡ ♥♦t st✐✛
♠♦❞❡❧s ✐♥st❡❛❞ ♦❢ ✭✶✳✸✮✲✭✶✳✺✮✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s✐♠✉❧❛t❡❞ ✉s✐♥❣ ❧❛r❣❡r t✐♠❡ st❡♣s✳ ◆❡✈❡rt❤❡❧❡ss✱
✐♥ t❤✐s ❝❛s❡✱ s✉❝❤ r❡❞✉❝❡❞ ♠♦❞❡❧s ✭❛s t❤❡ ●✉✐❞✐♥❣ ❈❡♥t❡r ♠♦❞❡❧✱ s❡❡ ❬✷❪✱ ❬✶✵❪✮ ♥❡❡❞ t♦
✐♥❝♦r♣♦r❛t❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ s❡❧❢✲❝♦♥s✐st❡♥t ❡❧❡❝tr✐❝ ✜❡❧❞ ❛❝t✐♥❣ ♦♥ ♣❛rt✐❝❧❡s ♣♦s✐t✐♦♥
❛♥❞ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❡✛❡❝t ❣❡♥❡r❛t❡❞ ❜② ♣❛rt✐❝❧❡s ♦s❝✐❧❧❛t✐♦♥s✳ ❖♥❡ ✉s✉❛❧ ✇❛② t♦ ❞♦ t❤✐s ✐s
t♦ ✉s❡ t❡❝❤♥✐q✉❡s ❜❛s❡❞ ♦♥ ❆s②♠♣t♦t✐❝ ❆♥❛❧②s✐s ❛♥❞ ❍♦♠♦❣❡♥✐③❛t✐♦♥ ▼❡t❤♦❞s ❧❡❛❞✐♥❣ t♦ ❛
❧✐♠✐t ❡q✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ♠✉t✉❛❧ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣❛rt✐❝❧❡s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢
t❤❡✐r ❛♣♣❛r❡♥t ♠♦t✐♦♥✱ ❛♥❞ ❛❢t❡r✇❛r❞s t♦ s✐♠✉❧❛t❡ t❤✐s ❧✐♠✐t ❡q✉❛t✐♦♥✳ ❲❡ r❡❢❡r t♦ ❋ré♥♦❞✱
❙♦♥♥❡♥❞rü❝❦❡r ❬✾✱ ✶✵❪✱ ❋ré♥♦❞✱ ❘❛✈✐❛rt✱ ❙♦♥♥❡♥❞rü❝❦❡r ❬✼❪✱ ❛♥❞ ●♦❧s❡✱ ❙❛✐♥t✲❘❛②♠♦♥❞ ❬✶✶❪
❢♦r ❛ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦♥ t❤❡s❡ q✉❡st✐♦♥s✱ ❛♥❞ ❋ré♥♦❞✱ ❙❛❧✈❛r❛♥✐✱ ❙♦♥♥❡♥❞rü❝❦❡r
❬✽❪ ❢♦r ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ s✉❝❤ t❡❝❤♥✐q✉❡s✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r♦♣♦s❡ ❛♥ ❛❧t❡r♥❛t✐✈❡
t♦ s✉❝❤ ♠❡t❤♦❞s ❛❧❧♦✇✐♥❣ t♦ ♠❛❦❡ ❞✐r❡❝t s✐♠✉❧❛t✐♦♥s ♦❢ s②st❡♠s ✭✶✳✶✮✲✭✶✳✷✮ ❛♥❞ ✭✶✳✸✮✲✭✶✳✺✮
✇✐t❤ ❧❛r❣❡ t✐♠❡ st❡♣s ✇✐t❤ r❡s♣❡❝t t♦ 2πε✳ ■♥ ❛❞❞✐t✐♦♥✱ ♦✉r s❝❤❡♠❡ ✐♥❤❡r❡♥t❧② ✐♥❝♦r♣♦r❛t❡s
✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ r❡❛❧ s♠❛❧❧ ♦s❝✐❧❧❛t✐♦♥s ✐♥ t❤❡ s♦❧✉t✐♦♥ ❛♥❞ t❤✉s✱ ♦♥❡ ❝❛♥ r❡❝♦✈❡r t❤✐s
✐♥❢♦r♠❛t✐♦♥ ❛t ❛ ♠❛❝r♦s❝♦♣✐❝ t✐♠❡✳ ❚❤✐s ❝❛♥ ♥♦t ❜❡ r❡♣r♦❞✉❝❡❞ ❜② ❛ r❡❞✉❝❡❞ ♠♦❞❡❧ ♦r
❝❛♥ ❜❡ ♣❛rt✐❛❧❧② ❞♦♥❡ ❜② ❤♦♠♦❣❡♥✐③❛t✐♦♥✳ ❈♦♥❝❧✉❞✐♥❣✱ t❤❡ ❛❧❣♦r✐t❤♠ ✇❡ ♣r♦♣♦s❡ ❤❛s ❛
❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ✐♥ t✐♠❡ r❛t❤❡r ❝❧♦s❡ t♦ t❤❛t ♦❢ ❛ r❡❞✉❝❡❞ ♠♦❞❡❧ ❜✉t t❤❡ ❛❝❝✉r❛❝② ❝❧♦s❡
t♦ t❤❛t ♦❢ ❛ ❤✐❣❤✲♦r❞❡r st❛♥❞❛r❞ s❝❤❡♠❡ ❢♦r ❝♦♠♣✉t✐♥❣ ❛ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥✳

◆♦✇✱ ✇❡ st❛rt t♦ s✉♠♠❛r✐③❡ t❤❡ ❜❛s✐s ♦❢ t❤❡ ♠❡t❤♦❞ ❛♥❞ t❤❡ r❡s✉❧ts ♦❢ t❤✐s ♣❛♣❡r✳
❚❤❡ st✐✛♥❡ss ♦❢ ❡q✉❛t✐♦♥s ✭✶✳✼✮✲✭✶✳✽✮ ❝♦♠❡s ❢r♦♠ t❤❡ ✈❡❧♦❝✐t② ❡q✉❛t✐♦♥ ❛♥❞ t❤❡r❡❢♦r❡ ✇❡ ❛r❡
✐♥t❡r❡st❡❞ ✐♥ s♦❧✈✐♥❣ ✐♥ R

2 ❢♦r s❡✈❡r❛❧ s♠❛❧❧ ✈❛❧✉❡s ♦❢ ε t❤❡ ❢♦❧❧♦✇✐♥❣ t②♣❡ ♦❢ ❖❉❊

u′ (t) =
1

ε
Mu (t) + F (t, u (t)) , u (0) = u0, ✭✶✳✾✮

✇❤❡r❡ M ✐s ❛ ♠❛tr✐① ❣✐✈✐♥❣ ❛ π/2✲r♦t❛t✐♦♥ ✐♥ R
2 ❛♥❞ ✇❤❡r❡ F r❡♣r❡s❡♥ts ❛ ♥♦♥❧✐♥❡❛r t❡r♠

♣❧❛②✐♥❣ t❤❡ r♦❧❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✳ ❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✱ st❛♥❞❛r❞ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s
r❡q✉✐r❡ ✈❡r② s♠❛❧❧ t✐♠❡ st❡♣ t♦ ❝❛♣t✉r❡ t❤❡ st✐✛ ❜❡❤❛✈✐♦✉r✳ ❋♦❧❧♦✇✐♥❣ ❬✻❪✱ ✐♥ t❤✐s ♣❛♣❡r✱ ✇❡
♣r♦♣♦s❡ ❛ ♠❡t❤♦❞ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ✐♥t❡❣r❛t♦r ✐♥ ✈❡❧♦❝✐t②✳ ❆♥ ❡①♣♦♥❡♥t✐❛❧
✐♥t❡❣r❛t♦r ✭s❡❡ ❬✶✷❪✮ ❝♦♥s✐sts ✐♥ s♦❧✈✐♥❣ ❡①❛❝t❧② t❤❡ ❧✐♥❡❛r ✭st✐✛✮ ♣❛rt ❜② ✉s✐♥❣ t❤❡ ✈❛r✐❛t✐♦♥✲
♦❢✲❝♦♥st❛♥ts ❢♦r♠✉❧❛

u (t) = e
t
ε
Mu0 +

∫ t

0
e

t−τ

ε
MF (τ, u (τ)) dτ. ✭✶✳✶✵✮

❖♥❝❡ t❤❡ st✐✛ ♣❛rt ✐s ❡①❛❝t❧② s♦❧✈❡❞✱ ✇❡ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ tr❡❛t❡♠❡♥t ♦❢ t❤❡ ✐♥t❡❣r❛❧

✸



t❡r♠ ✐♥ ✭✶✳✶✵✮ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❬✻❪✿ ✇❡ s♦❧✈❡ t❤❡ ❖❉❊s ♦✈❡r ♦♥❡ ❢❛st ♣❡r✐♦❞ ✉s✐♥❣ ❛♥ ❡①♣❧✐❝✐t
❤✐❣❤✲♦r❞❡r s♦❧✈❡r ❛♥❞ t❤❡♥✱ t❤❛♥❦s t♦ ✭✶✳✶✵✮✱ ✇❡ ❝♦♠♣✉t❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥
♦✈❡r ❛ ❧❛r❣❡ ✇❤♦❧❡ ♥✉♠❜❡r ♦❢ ♣❡r✐♦❞s✳ ❚❤❡♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ●✉✐❞✐♥❣ ❈❡♥t❡r
❞❡❝♦♠♣♦s✐t✐♦♥

❧❡t Cε ❜❡ s✉❝❤ t❤❛t Xε (t) = C
ε (t)− ε (Vε (t))⊥ ✭✶✳✶✶✮

❛♥❞ ✇❡ s❤♦✇ t❤❡ ♠❛✐♥ ❛❧❣♦r✐t❤♠✬s ❛♣♣r♦①✐♠❛t✐♦♥ t♦ ❜❡ ❡q✉✐✈❛❧❡♥t t♦ ❛ ❧✐♥❡❛r ❛♣♣r♦①✐♠❛t✐♦♥
♦❢ Cε✬s tr❛❥❡❝t♦r②✱ ❛♥ ✐♥t❡r❡st✐♥❣ ✐ss✉❡ ✇❤❡♥ st✉❞②✐♥❣ t❤❡ ♣❛rt✐❝❧❡s✬ ❧♦♥❣ t✐♠❡ ❜❡❤❛✈✐♦✉r✳

❆❢t❡r✇❛r❞s✱ ✇❡ st❛rt ❛♣♣❧✐❝❛t✐♦♥s ✇✐t❤ t❤❡ ❧✐♥❡❛r ❝❛s❡ ♦❢ Ξε ❣✐✈❡♥ ❜② ✭✶✳✻✮✳ ❲❡ t❤✉s ❝❛❧✲
❝✉❧❛t❡ t❤❡ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ t♦ ✭✶✳✶✮✲✭✶✳✷✮✲✭✶✳✻✮✱ ✇❡ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡ s❝❤❡♠❡ ❣✐✈❡s ❛❝❝✉r❛t❡
s♦❧✉t✐♦♥s ♦♥✱ ❝❧♦s❡ t♦✱ ❛♥❞ ❢❛r ❢r♦♠ t❤❡ s❧♦✇ ♠❛♥✐❢♦❧❞ ✭❛s ✐♥ ❬✸❪✮✱ ❛♥❞ ❡✈❡♥t✉❛❧❧②✱ ✇❡ ♦❜t❛✐♥
t❤❡ s❛♠❡ ♦r❞❡r ♦❢ ❡rr♦r ❢♦r t❤❡s❡ t❤r❡❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s✱ ✐♥ ❜♦t❤ s❤♦rt t✐♠❡ ❛♥❞ ❧♦♥❣ t✐♠❡
s✐♠✉❧❛t✐♦♥s✳ ❘❡❝❛❧❧✐♥❣ t❤❛t t❤❡ ❢❛st ♦s❝✐❧❧❛t✐♦♥ ✐s ♦❢ ♦r❞❡r ε✱ ❧❡t ✉s r❡♠❛r❦ t❤❛t ❢r♦♠ ♥♦✇
♦♥✱ ❜② s❤♦rt t✐♠❡ ✇❡ ♠❡❛♥ ♦❢ ♦r❞❡r 1 ❛♥❞ ❜② ❧♦♥❣ t✐♠❡✱ ♦❢ ♦r❞❡r 1/ε✳

❋✐♥❛❧❧②✱ ♦✉r ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✉♥❞❡r❧✐♥❡ t❤❛t t❤❡ s❝❤❡♠❡ ✐s r♦❜✉st ✇❤❡♥ ✉s✐♥❣ ✈❛r✐♦✉s
❧❛r❣❡ t✐♠❡ st❡♣s ❝♦♠♣❛r❡❞ t♦ t❤❡ ❢❛st ♦s❝✐❧❧❛t✐♦♥s ❛♥❞ t❤❛t ✐t ✇♦r❦s ✉♥✐❢♦r♠❧② ✇❤❡♥ t❤❡
♣❛r❛♠❡t❡r ε ❣♦❡s t♦ ③❡r♦✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐♥ t❤❡ ❱❧❛s♦✈✲P♦✐ss♦♥ ❝❛s❡✱ ✇✐t❤✐♥ ❧♦♥❣ t✐♠❡ s✐♠✉✲
❧❛t✐♦♥s✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ♠❡t❤♦❞ ✐s ❛s②♠♣t♦t✐❝ ♣r❡s❡r✈✐♥❣✱ ♠❡❛♥✐♥❣ t❤❛t ✐t ✐s ❛❝❝✉r❛t❡ ✐♥
t✐♠❡ ✐♥ t❤❡ ❧✐♠✐t ε → 0✱ ❝❛♣t✉r✐♥❣ t❤❡ ●✉✐❞✐♥❣ ❈❡♥t❡r ♠♦❞❡❧ ✐♥ t❤✐s ❧✐♠✐t ✭t❤❡r❡ ✐s ❛ ❤✉❣❡
❧✐t❡r❛t✉r❡ ❛❜♦✉t ❛s②♠♣t♦t✐❝ ♣r❡s❡r✈✐♥❣ s❝❤❡♠❡s✱ ✇❡ ❝✐t❡ ♦♥❧② t❤❡ ❝❧❛ss✐❝❛❧ ♣❛♣❡r ❬✶✸❪✮✳

❋✐❣✉r❡ ✶✿ ■❧❧✉str❛t✐♦♥ ♦❢ ❢♦r♠✉❧❛ ✭✶✳✶✶✮ ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ ε = 0.01 ❛♥❞ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s
❣✐✈❡♥ ❜② ✭✶✳✻✮✳ ❚❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥s ❛♥❞ ✈❡❧♦❝✐t✐❡s ❛r❡

(
x
3
0,v

3
0

)
✭❧❡❢t✮ ❛♥❞

(
x
2
0,v

2
0

)
✭r✐❣❤t✮

✐♥tr♦❞✉❝❡❞ ✐♥ ✭✺✳✽✮✳ ■♥ ❣r❡❡♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ●✉✐❞✐♥❣ ❈❡♥t❡r ❛♥❞ ✐♥ r❡❞ t❤❡ ♣♦s✐t✐♦♥✬s
❡✈♦❧✉t✐♦♥✳ ❚❤❡ ✜♥❛❧ t✐♠❡ ✐s t = 4✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ❜r✐❡✢② r❡❝❛❧❧ t❤❡ ♠❛✐♥ st❡♣s ♦❢
t❤❡ P❛rt✐❝❧❡✲■♥✲❈❡❧❧ ✭P■❈✮ ♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ t❤❡ ❱❧❛s♦✈✲P♦✐ss♦♥ s②st❡♠ ✐♥ ✇❤✐❝❤ ✇❡ ❛r❡
✐♥t❡r❡st❡❞✳ ❚❤❡♥✱ ❙❡❝t✐♦♥ ✸ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥t❡❣r❛t♦r✱
♥❛♠❡❞ t❤❡ ❊❚❉✲P■❈ ❛❧❣♦r✐t❤♠✱ ❢♦r ❛❞✈❛♥❝✐♥❣ ✐♥ t✐♠❡ t❤❡ ♣❛rt✐❝❧❡s✬ ♣♦s✐t✐♦♥ ❛♥❞ ✈❡❧♦❝✐t②✳
■♥ ❙❡❝t✐♦♥ ✹ ✇❡ ✇r✐t❡ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥ t❡r♠s ♦❢ t❤❡ ●✉✐❞✐♥❣ ❈❡♥t❡r ♣♦s✐t✐♦♥✳ ❊✈❡♥t✉❛❧❧②✱
✐♥ ❙❡❝t✐♦♥ ✺✱ ✇❡ ✐♠♣❧❡♠❡♥t ♦✉r ♠❡t❤♦❞ ✐♥ t❤❡ ❝❛s❡s ♣r❡s❡♥t❡❞ ❛❜♦✈❡ ❛♥❞ ✇❡ ✈❛❧✐❞❛t❡ ✐t ✐♥
❜♦t❤✱ s❤♦rt ❛♥❞ ❧♦♥❣ t✐♠❡s✱ s✐♠✉❧❛t✐♦♥s✳

✹



✷ ❆ P❛rt✐❝❧❡✲■♥✲❈❡❧❧ ♠❡t❤♦❞

❚❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ t❤❛t ✇❡ ❞❡s❝r✐❜❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✐s ♣r♦♣♦s❡❞ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❛
P❛rt✐❝❧❡✲■♥✲❈❡❧❧ ♠❡t❤♦❞✳ ❆ P■❈ ♠❡t❤♦❞ ❝♦♥s✐sts ✜rst ✐♥ ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥
f0 ✐♥ ✭✶✳✷✮ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❉✐r❛❝ ♠❛ss s✉♠

f
Np

0 (x,v) =

Np∑

k=1

ωkδ (x− xk,0) δ (v − vk,0) , ✭✷✳✶✮

✇❤❡r❡ {(xk,0,vk,0)}Np

k=1 ✐s ❛ ❜❡❛♠ ♦❢ Np ♠❛❝r♦♣❛rt✐❝❧❡s ❞✐str✐❜✉t❡❞ ✐♥ t❤❡ ❢♦✉r ❞✐♠❡♥s✐♦♥❛❧
♣❤❛s❡ s♣❛❝❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ f0✳ ❆❢t❡r✇❛r❞s✱ ♦♥❡ ❛♣♣r♦①✐♠❛t❡s t❤❡ s♦❧✉t✐♦♥
♦❢ ✭✶✳✶✮✲✭✶✳✷✮✱ ❜②

f εNp
(x,v, t) =

Np∑

k=1

ωkδ (x−X
ε
k (t)) δ (v −V

ε
k (t)) , ✭✷✳✷✮

✇❤❡r❡ (Xε
k (t) ,V

ε
k (t)) ✐s t❤❡ ♣♦s✐t✐♦♥ ✐♥ ♣❤❛s❡ s♣❛❝❡ ♦❢ ♠❛❝r♦♣❛rt✐❝❧❡ k ♠♦✈✐♥❣ ❛❧♦♥❣ ❛

❝❤❛r❛❝t❡r✐st✐❝ ❝✉r✈❡ ♦❢ ❡q✉❛t✐♦♥

❞Xε
k

❞t
= V

ε
k, ✭✷✳✸✮

❞Vε
k

❞t
=

1

ε
(Vε

k)
⊥ +Ξ

ε (Xε
k, t) , ✭✷✳✹✮

X
ε
k (0) = xk,0, V

ε
k (0) = vk,0. ✭✷✳✺✮

❚❤❡r❡❢♦r❡✱ t❤❡ ♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ t❤❡ ♣♦s✐t✐♦♥s ❛♥❞ ✈❡❧♦❝✐t✐❡s
(
X

ε
k,n+1,V

ε
k,n+1

)
❛t

t✐♠❡ tn+1 ❢r♦♠ t❤❡✐r ✈❛❧✉❡s ❛t t✐♠❡ tn✱ ❜② s♦❧✈✐♥❣ ✭✷✳✸✮✲✭✷✳✹✮ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥(
X

ε
k,n,V

ε
k,n

)
✳

❲❤❡♥ t❤❡ ♣r♦❜❧❡♠ ✭✷✳✸✮✲✭✷✳✹✮ ✐s ❝♦✉♣❧❡❞ t♦ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥✱ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ t❡r♠
✐♥ ✭✷✳✹✮ ✐s ♥✉♠❡r✐❝❛❧❧② ❝♦♠♣✉t❡❞ ✐♥ ❛ ♠❛❝r♦♣❛rt✐❝❧❡ ♣♦s✐t✐♦♥ ❛t t✐♠❡ t ❛s ❢♦❧❧♦✇s✿

✶✳ ❈♦♥str✉❝t ❛ s♣❛t✐❛❧ ❣r✐❞ ✭t❤❡ P♦✐ss♦♥ ❣r✐❞✮✳

✷✳ ❈♦♠♣✉t❡ ♦♥ t❤✐s ❣r✐❞

ρS (x, t) =

Np∑

k=1

ωkS (x−X
ε
k (t)) , ✭✷✳✻✮

✇❤❡r❡ S ✐s ❛ ✜rst ♦r❞❡r t✇♦ ❞✐♠❡♥s✐♦♥❛❧ s♣❧✐♥❡✳

✸✳ ❙♦❧✈❡ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ −∆xφ (x, t) = ρS (x, t) − ni ♦♥ t❤✐s ❣r✐❞ ❛♥❞ ❞❡❞✉❝❡ t❤❡
❣r✐❞ ❡❧❡❝tr✐❝ ✜❡❧❞✳

✹✳ ■♥t❡r♣♦❧❛t❡ t❤❡ ❣r✐❞ ❡❧❡❝tr✐❝ ✜❡❧❞ ✇✐t❤ t❤❡ s❛♠❡ ✜rst ♦r❞❡r s♣❧✐♥❡ ②✐❡❧❞✐♥❣ t❤❡ ❞❡♥s✐t②
ρS ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t❤❡ ♠❛❝r♦♣❛rt✐❝❧❡ ♣♦s✐t✐♦♥✳

✺



❊✈❡♥t✉❛❧❧②✱ ❛♥ ✐♠♣♦rt❛♥t q✉❡st✐♦♥ ✐♥ t❤❡ P■❈ ♠❡t❤♦❞ ✐s t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡
❞②♥❛♠✐❝❛❧ s②st❡♠ ✭✷✳✸✮✲✭✷✳✹✮✳ ❍❡r❡ ✐s t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r✱ t♦ ♣r♦♣♦s❡ ❛♥ ❛❝❝✉r❛t❡
♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✇❤❡♥ ✉s✐♥❣ ❧❛r❣❡ t✐♠❡ st❡♣s ❝♦♠♣❛r❡❞ t♦ t❤❡ ❢❛st ♦s❝✐❧❧❛t✐♦♥✳ ❲❡ t❤✉s
✐♥tr♦❞✉❝❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ❛ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ ❡①♣♦♥❡♥t✐❛❧ t✐♠❡ ❞✐✛❡r❡♥❝✐♥❣✱ ❢♦❧❧♦✇✐♥❣ t❤❡
✐❞❡❛s ✐♥ ❬✻❪✳

✸ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥t❡❣r❛t♦r ✐♥ ✈❡❧♦❝✐t② ❢♦r t❤❡ P❛rt✐❝❧❡✲■♥✲

❈❡❧❧ ♠❡t❤♦❞

❲❡ ✜rst ❞❡t❛✐❧ t❤❡ ❡①♣♦♥❡♥t✐❛❧ t✐♠❡ ❞✐✛❡r❡♥❝✐♥❣ ✭❊❚❉✮ ♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ t❤❡ st✐✛ ✈❡❧♦❝✐t②
❡q✉❛t✐♦♥ ✭✷✳✹✮✳ ❚❤❡♥✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥t❡❣r❛t♦r t❤❛t ✇❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ ❢♦r
s♦❧✈✐♥❣ ✭✷✳✸✮✲✭✷✳✹✮ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ P■❈ ❛❧❣♦r✐t❤♠✳

✸✳✶ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥t❡❣r❛t♦r ✐♥ ✈❡❧♦❝✐t②

❖♥❡ ✇❛② t♦ s♦❧✈❡ ❡✣❝✐❡♥t❧② st✐✛ ❖❉❊s ✐s t♦ ✉s❡ ❛♥ ❡①♣♦♥❡♥t✐❛❧ t✐♠❡ ❞✐✛❡r❡♥❝✐♥❣ ❛♣♣r♦❛❝❤
✭s❡❡ ❬✸✱ ✻✱ ✶✷❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ❙✉❝❤ ❛ ♠❡t❤♦❞ ✐s r❡❝♦❣♥✐③❡❞ t♦ ❜❡ ❛❝❝✉r❛t❡ ✇❤✐❧❡
❛✈♦✐❞✐♥❣ s✐♠✉❧❛t✐♦♥ ✇✐t❤ s♠❛❧❧ t✐♠❡ st❡♣s✳ ■♥ ♦r❞❡r t♦ ✇r✐t❡ ❞♦✇♥ t❤❡ s❝❤❡♠❡ ✐♥ ♦✉r ❝❛s❡
✇❡ ❢♦❧❧♦✇ t❤❡ st❡♣s ✐♥ ❬✸❪✳ ▲❡t M ❜❡ t❤❡ ♠❛tr✐① ❞❡✜♥❡❞ ❜②

M =

(
0 1

−1 0

)
, ✭✸✳✶✮

❛♥❞ ❧❡t

eτM =

(
cos (τ) sin (τ)
− sin (τ) cos (τ)

)
✭✸✳✷✮

❜❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♦❢ M. ▼✉❧t✐♣❧②✐♥❣ ✭✶✳✽✮ ❜② e−
τ
ε
M ✱ ✇❡ ♦❜t❛✐♥

❞

❞τ

(
e−

τ
ε
M
V

ε
)
= e−

τ
ε
M

(
−1

ε
MV

ε

)
+ e−

τ
ε
M ❞Vε

❞τ
✭✸✳✸✮

= e−
τ
ε
M
Ξ

ε (Xε, τ) . ✭✸✳✹✮

■♥t❡❣r❛t✐♥❣ t❤✐s ❡q✉❛❧✐t② ❜❡t✇❡❡♥ s ❛♥❞ t ✭✇❤❡r❡ s < t✮ ②✐❡❧❞s

V
ε (t) = e

t−s

ε
M
V

ε (s) + e
t−s

ε
M

∫ t

s
e

s−τ

ε
M
Ξ

ε (Xε (τ) , τ) dτ. ✭✸✳✺✮

❈♦♥❝❡r♥✐♥❣ t❤❡ ♣♦s✐t✐♦♥ ❡q✉❛t✐♦♥✱ ❛♥ ✐♥t❡❣r❛t✐♦♥ ❜❡t✇❡❡♥ s ❛♥❞ t ♦❢ ✭✶✳✼✮ ②✐❡❧❞s

X
ε (t) = X

ε (s) +

∫ t

s
V

ε (τ) dτ. ✭✸✳✻✮

❊q✉❛t✐♦♥ ✭✸✳✺✮ ❤❛s t❤❡ ♠❡r✐t t♦ s♦❧✈❡ ❡①❛❝t❧② t❤❡ st✐✛ ♣❛rt ✐♥ t❤❡ ✈❡❧♦❝✐t② ❡q✉❛t✐♦♥ ❛♥❞ t❤✉s✱
✇❡ ❛r❡ ❧❡❢t ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ tr❡❛t❡♠❡♥t ♦❢ t❤❡ ✐♥t❡❣r❛❧ t❡r♠✳

✻



✸✳✷ ❚❤❡ ❊❚❉✲P■❈ ♠❡t❤♦❞ ✇✐t❤ ❧❛r❣❡ t✐♠❡ st❡♣s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❡st❛❜❧✐s❤ t❤❡ t✐♠❡✲st❡♣♣✐♥❣ s❝❤❡♠❡ ❢♦❧❧♦✇✐♥❣ ❙❡❝t✐♦♥ ✹✳✷ ✐♥ ❬✻❪✳ ❲❡ ✇r✐t❡
✭✸✳✺✮✲✭✸✳✻✮ ✇✐t❤ s = tn ❛♥❞ t = tn+1 = tn + ∆t ✐♥ ♦r❞❡r t♦ s♣❡❝✐❢② ❤♦✇ t❤❡ s♦❧✉t✐♦♥
✐s ❝♦♠♣✉t❡❞ ❛t t✐♠❡ tn+1 ❢r♦♠ ✐ts ❦♥♦✇♥ ✈❛❧✉❡ ❛t t✐♠❡ tn✳ ❲❡ ❛r❡ t❤✉s ❢❛❝❡❞ ✇✐t❤ t❤❡
♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t✇♦ ✐♥t❡❣r❛❧s ❢r♦♠ tn t♦ tn+1✳
❙✐♥❝❡ ✇❡ ✇❛♥t t♦ ❜✉✐❧❞ ❛ s❝❤❡♠❡ ✇✐t❤ ❛ t✐♠❡ st❡♣ ∆t ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ ❢❛st ♦s❝✐❧❧❛t✐♦♥✱
✇❡ ✜rst ♥❡❡❞ t♦ ✜♥❞ t❤❡ ✉♥✐q✉❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r N ❛♥❞ t❤❡ ✉♥✐q✉❡ r❡❛❧ r ∈ [0, 2πε) s✉❝❤ t❤❛t

∆t = N · (2πε) + r. ✭✸✳✼✮

❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡✱ ❆❧❣♦r✐t❤♠ ✸✳✺✱ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥s✳

❆♣♣r♦①✐♠❛t✐♦♥ ✸✳✶✳ ❲❡ ❤❛✈❡

∫ tn+N ·(2πε)

tn

e
tn−τ

ε
M
Ξ

ε (Xε (τ) , τ) dτ ≃ N · Iε
1, ✭✸✳✽✮

✇❤❡r❡ Iε
1 ✐s ❞❡✜♥❡❞ ❜②

I
ε
1 =

∫ tn+2πε

tn

e
tn−τ

ε
M
Ξ

ε (Xε (τ) , τ) dτ. ✭✸✳✾✮

❆♣♣r♦①✐♠❛t✐♦♥ ✸✳✷✳ ❲❡ ❤❛✈❡

∫ tn+N ·(2πε)

tn

V
ε (τ) dτ ≃ N ·J ε

1, ✭✸✳✶✵✮

✇❤❡r❡ J ε
1 ✐s ❞❡✜♥❡❞ ❜②

J
ε
1 =

∫ tn+2πε

tn

V
ε (τ) dτ. ✭✸✳✶✶✮

❘❡♠❛r❦ ✸✳✸✳ ❆♣♣r♦①✐♠❛t✐♦♥s ✸✳✶ ❛♥❞ ✸✳✷ ❛r❡ ✈❛❧✐❞ ✐❢ ✇❡ ♠❛❞❡ t❤❡ ❛ss✉♠♣t✐♦♥s t❤❛t t❤❡

✈❡❧♦❝✐t② ❛♥❞ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❡✈❛❧✉❛t❡❞ ❛t t❤❡ ♣❛rt✐❝❧❡ ♣♦s✐t✐♦♥ ❛r❡ q✉❛s✐✲♣❡r✐♦❞✐❝ ✐♥ t✐♠❡

✭✇✐t❤ ❛ ♣❡r✐♦❞ ❝❧♦s❡ t♦ 2πε✮ ❛♥❞ t❤❛t t❤✐s ♣❡r✐♦❞ ❞♦❡s ♥♦t ❝❤❛♥❣❡ s✐❣♥✐✜❝❛♥t❧② ✇✐t❤ t✐♠❡✳ ❲❡

✇✐❧❧ s❡❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ q✉❛s✐✲♣❡r✐♦❞✐❝✐t② ❛♥❞ s♠❛❧❧ ✈❛r✐❛t✐♦♥s ✐♥

t❤❡ ♣❡r✐♦❞ ♦❢ t❤❡ ♣❛rt✐❝❧❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥❧② ✐s ❡♥♦✉❣❤ t♦ ✈❛❧✐❞❛t❡ ❆♣♣r♦①✐♠❛t✐♦♥s ✸✳✶ ❛♥❞ ✸✳✷✳

▲❡♠♠❛ ✸✳✹✳ ❯♥❞❡r ❆♣♣r♦①✐♠❛t✐♦♥s ✸✳✶ ❛♥❞ ✸✳✷ ✇❡ ♦❜t❛✐♥

(
X

ε (tn +N · (2πε))
V

ε (tn +N · (2πε))

)
≃
(

X
ε
n

V
ε
n

)
+N ·

(
X

ε (tn + 2πε)−X
ε
n

V
ε (tn + 2πε)−V

ε
n

)
. ✭✸✳✶✷✮

Pr♦♦❢✳ ❆♣♣❧②✐♥❣ ❢♦r♠✉❧❛s ✭✸✳✺✮ ❛♥❞ ✭✸✳✻✮ ✇✐t❤ s = tn ❛♥❞ t = tn + 2πε ✇❡ ♦❜t❛✐♥

(
X

ε (tn + 2πε)
V

ε (tn + 2πε)

)
=

(
X

ε
n

V
ε
n

)
+

(
J ε

1

Iε
1

)
. ✭✸✳✶✸✮

✼



❆♣♣❧②✐♥❣ ❛❣❛✐♥ ❢♦r♠✉❧❛s ✭✸✳✺✮ ❛♥❞ ✭✸✳✻✮ ✇✐t❤ s = tn ❛♥❞ t = tn +N · (2πε) ②✐❡❧❞s
(

X
ε (tn +N · (2πε))

V
ε (tn +N · (2πε))

)
=

(
X

ε
n

V
ε
n

)
+

∫ tn+N ·(2πε)

tn

(
V

ε (τ)

e
tn−τ

ε
M
Ξ

ε (Xε (τ) , τ)

)
dτ. ✭✸✳✶✹✮

■♥❥❡❝t✐♥❣ ✭✸✳✶✵✮ ❛♥❞ ✭✸✳✽✮ ✐♥ ✭✸✳✶✹✮✱ ✇❡ ♦❜t❛✐♥
(

X
ε (tn +N · (2πε))

V
ε (tn +N · (2πε))

)
≃
(

X
ε
n

V
ε
n

)
+N ·

(
J ε

1

Iε
1

)
. ✭✸✳✶✺✮

■♥❥❡❝t✐♥❣ ✭✸✳✶✸✮ ✐♥ ✭✸✳✶✺✮ ✇❡ ♦❜t❛✐♥ ✭✸✳✶✷✮✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✹✳

❯s✐♥❣ ▲❡♠♠❛ ✸✳✹✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠ t♦ ❝♦♠♣✉t❡
(
X

ε
n+1,V

ε
n+1

)
❢r♦♠

(Xε
n,V

ε
n)✿

❆❧❣♦r✐t❤♠ ✸✳✺✳ ❆ss✉♠❡ t❤❛t (Xε
n,V

ε
n) t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✼✮✲✭✶✳✽✮ ❛t t✐♠❡ tn ✐s ❣✐✈❡♥✳

✶✳ ❈♦♠♣✉t❡ (Xε (tn + 2πε) ,Vε (tn + 2πε)) ❜② ✉s✐♥❣ ❛ ✜♥❡ ❘✉♥❣❡✲❑✉tt❛ s♦❧✈❡r ✇✐t❤ ✐♥✐t✐❛❧

❝♦♥❞✐t✐♦♥ (Xε
n,V

ε
n) .

✷✳ ❈♦♠♣✉t❡ (Xε (tn +N · (2πε)) ,Vε (tn +N · (2πε))) t❤❛♥❦s t♦ ❢♦r♠✉❧❛ ✭✸✳✶✷✮✱ ✐✳❡✳✱ ❜②
s❡tt✐♥❣

(
X

ε (tn +N · (2πε))
V

ε (tn +N · (2πε))

)
=

(
X

ε
n

V
ε
n

)
+N ·

(
X

ε (tn + 2πε)−X
ε
n

V
ε (tn + 2πε)−V

ε
n

)
. ✭✸✳✶✻✮

✸✳ ❈♦♠♣✉t❡ (Xε,Vε) ❛t t✐♠❡ tn+1 ❜② ✉s✐♥❣ ❛ ✜♥❡ ❘✉♥❣❡✲❑✉tt❛ s♦❧✈❡r ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐✲

t✐♦♥ (Xε,Vε) ❛t t✐♠❡ tn +N · (2πε)✱ ♦❜t❛✐♥❡❞ ❛t t❤❡ ♣r❡✈✐♦✉s st❡♣✳

✹ ▲✐♥❦ ✇✐t❤ t❤❡ ●✉✐❞✐♥❣ ❈❡♥t❡r ❉❡❝♦♠♣♦s✐t✐♦♥

❲❡ ❤❛✈❡ s❡❡♥ ✐♥ ■♥tr♦❞✉❝t✐♦♥ t❤❛t t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛ ♣❛rt✐❝❧❡✬s ♣♦s✐t✐♦♥ ❢♦❧❧♦✇✐♥❣ ✭✶✳✼✮✲
✭✶✳✽✮ ❝❛♥ ❜❡ s♣❧✐t ✐♥t♦ t✇♦ ♣❛rts✿ t❤❡ s❧♦✇ ♠♦t✐♦♥ ♦❢ t❤❡ ●✉✐❞✐♥❣ ❈❡♥t❡r C

ε ✭s❡❡ ❢♦r♠✉❧❛
✭✶✳✶✶✮✮ ❛♥❞ ❛ ❢❛st ♦s❝✐❧❧❛t✐♦♥ ❛❜♦✉t ✐t✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♠❛✐♥❧② s❡❡ t❤❛t t❤✐s ❞❡❝♦♠♣♦s✐✲
t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ t♦ s❤♦✇ t❤❛t ❆♣♣r♦①✐♠❛t✐♦♥ ✸✳✶ ✐s s✉✣❝✐❡♥t t♦ ❥✉st✐❢② t❤❡ s❡❝♦♥❞ st❡♣ ♦❢
❆❧❣♦r✐t❤♠ ✸✳✺✳

❲✐t❤ t❤✐s ❛tt❡♠♣t✱ ✇❡ ✜rst r❡❝❛❧❧ t❤❡ ❢♦r♠✉❧❛ ❣✐✈✐♥❣ t❤❡ ●✉✐❞✐♥❣ ❈❡♥t❡r ♣♦s✐t✐♦♥

C
ε (t) = X

ε (t) + ε (Vε (t))⊥ . ✭✹✳✶✮

❚❤❡♥✱ ✐t ✐s ❛♥ ❡❛s② ❢❛❝t t♦ s❡❡ t❤❛t t❤❡ r✉❧❡ ✐♥ ✭✸✳✶✻✮ ✐s ❡q✉✐✈❛❧❡♥t t♦
(

C
ε (tn +N · (2πε))

V
ε (tn +N · (2πε))

)
=

(
C

ε
n

V
ε
n

)
+N ·

(
C

ε (tn + 2πε)−C
ε
n

V
ε (tn + 2πε)−V

ε
n

)
. ✭✹✳✷✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ s❡❡ t❤❛t t❤❡ r✉❧❡ ❢♦r t❤❡ ●✉✐❞✐♥❣ ❈❡♥t❡r ✐♥ ✭✹✳✷✮ ♠❛② ❜❡ ♦❜t❛✐♥❡❞
❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ Cε ✉♥❞❡r ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ s✐♠✐❧❛r t♦ t❤❛t ✐♥ ✭✸✳✽✮✳ ❚♦ t❤✐s
❡♥❞✱ ✇❡ ❞❡r✐✈❡ ✐♥ t✐♠❡ ❡q✉❛t✐♦♥ ✭✹✳✶✮ ❛♥❞ ♠❛❦✐♥❣ ✉s❡ ♦❢ ❡q✉❛t✐♦♥s ✭✶✳✼✮✲✭✶✳✽✮ ❧❡❛❞s t♦

❞Cε

❞t
(t) = εMΞ

ε (Xε (t) , t) , ✭✹✳✸✮

✽



✇❤❡r❡ MΞ
ε ✐s

(
Ξ

ε
)⊥

= (Ξε
2,−Ξ

ε
1)✳ ❚❤✉s✱ ✇❡ s❡❡ t❤❛t t❤❡ ●✉✐❞✐♥❣ ❈❡♥t❡r ❡①♣❡r✐❡♥❝❡s ❛

s❧♦✇ ♠♦t✐♦♥ ✐♥ t✐♠❡✳ ❚❤❡♥✱ ✇❡ ✐♥t❡❣r❛t❡ t❤✐s ❡q✉❛t✐♦♥ ❜❡t✇❡❡♥ s ❛♥❞ t ✭✇❤❡r❡ s < t✮

C
ε (t) = C

ε (s) + εM

∫ t

s
Ξ

ε (Xε (τ) , τ) dτ, ✭✹✳✹✮

❛♥❞ ✉s✐♥❣ t❤✐s ❡q✉❛❧✐t② ✇✐t❤ s = tn ❛♥❞ t = tn +N · (2πε) ②✐❡❧❞s

C
ε (tn +N · (2πε)) = C

ε
n + εM

∫ tn+N ·(2πε)

tn

Ξ
ε (Xε (τ) , τ) dτ. ✭✹✳✺✮

❚❤❡r❡❢♦r❡✱ ❛s ❞♦♥❡ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥

∫ tn+N ·(2πε)

tn

Ξ
ε (Xε (τ) , τ) dτ ≃ N ·

∫ tn+2πε

tn

Ξ
ε (Xε (τ) , τ) dτ ✭✹✳✻✮

✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✹✳✺✮ t❤❛t

C
ε (tn +N · (2πε)) ≃ C

ε
n +N · (Cε (tn + 2πε)−C

ε
n) . ✭✹✳✼✮

■♥ ❝♦♥❝❧✉s✐♦♥✱ ❛ss✉♠✐♥❣ t❤❛t t❤❡ t✐♠❡ ♣❡r✐♦❞ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥❧② ❞♦❡s ♥♦t ❝❤❛♥❣❡
s✐❣♥✐✜❝❛♥t❧② ✐♥ t✐♠❡ ❧❡❛❞s t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✭✸✳✶✷✮ t♦ ❜❡ ✈❛❧✐❞✳ ■♥❞❡❡❞✱ t❤✐s ❛ss✉♠♣t✐♦♥
❛❧❧♦✇s ✉s t♦ ✉s❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s ✐♥ ✭✹✳✻✮ ❛♥❞ ✐♥ ✭✸✳✽✮✳ ❚❤❡♥✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❧✐♥❡s ♦❢ t❤❡
♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✹✱ ✇❡ ♦❜t❛✐♥ t❤❛t ✭✹✳✼✮ ✐s s❛t✐s✜❡❞ ❛♥❞ t❤✉s✱ t❤❛t ❛♣♣r♦①✐♠❛t✐♦♥ ✭✸✳✶✷✮ ✐s
✈❛❧✐❞✳

❋✐♥❛❧❧②✱ t❤❡ ●✉✐❞✐♥❣ ❈❡♥t❡r ❣✐✈❡s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ q✉❛❧✐t❛t✐✈❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❧♦♥❣
t✐♠❡ ♣♦s✐t✐♦♥✬s ❡✈♦❧✉t✐♦♥✳ ■♥❞❡❡❞✱ ❜❡✐♥❣ ❛❧♠♦st ❢r❡❡ ♦❢ ❢❛st ♦s❝✐❧❧❛t✐♦♥s✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ Cε

❡❛s✐❧② ❜r✐♥❣s ♦✉t t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ♠♦t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡ ♣♦s✐t✐♦♥ ✭s❡❡ ❋✐❣s✳
✶ ❛♥❞ ✷✮✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❡q✉❛t✐♦♥s ✭✶✳✶✮✱ ✭✶✳✷✮✱ ✭✶✳✻✮✱ t❤✐s ♠❛❝r♦s❝♦♣✐❝ ❡✈♦❧✉t✐♦♥ ✐s ♣❡r✐♦❞✐❝
❛♥❞ t❤❡ ❧❛r❣❡ ♣❡r✐♦❞ ❝❛♥ ❜❡ ❡①♣❧✐❝✐t❧② ❝♦♠♣✉t❡❞✱ ❜❡✐♥❣ ❛❜♦✉t 2π/ε ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✶✳✶✮✳

✺ ❱❛❧✐❞❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞

❲❡ ♥♦✇ ✈❛❧✐❞❛t❡ ♦✉r ❛❧❣♦r✐t❤♠ ✐♥ t❤❡ t❡st ❝❛s❡s ♣r❡s❡♥t❡❞ ✐♥ ■♥tr♦❞✉❝t✐♦♥✳ ❋✐rst✱ ✐♥ ❛❧❧ t❤r❡❡
s❡❝t✐♦♥s✱ ♦✉r ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts s❤♦✇ t❤❛t t❤❡ s❝❤❡♠❡ ♣❡r❢♦r♠s ✈❡r② ✇❡❧❧ ✐♥ r♦❜✉st♥❡ss
❛♥❞ ❛❝❝✉r❛❝② ✇❤❡♥ ✉s✐♥❣ ✈❡r② ❧❛r❣❡ t✐♠❡ st❡♣s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s♠❛❧❧ s❝❛❧❡ ♦❢ ♦s❝✐❧❧❛t✐♦♥s✳
❚❤❡♥✱ ✐♥ s❡❝t✐♦♥s ✺✳✶ ❛♥❞ ✺✳✷✱ ✇✐t❤✐♥ s❤♦rt ❛♥❞ ❧♦♥❣ t✐♠❡ s✐♠✉❧❛t✐♦♥s✱ ✇❡ s❤♦✇ t❤❛t t❤❡
s❝❤❡♠❡ ✇♦r❦s ✉♥✐❢♦r♠❧② ✇❤❡♥ t❤❡ s♠❛❧❧ ♣❛r❛♠❡t❡r ✈❛♥✐s❤❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❙❡❝t✐♦♥ ✺✳✶ ✐s
❝♦♥❝❡r♥❡❞ ✇✐t❤ ❛♥ ❛♥❛❧②t✐❝ ❝❛s❡ t❤❛t ❛❧❧♦✇s ✉s t♦ ❝♦♠♣✉t❡ t❤❡ r❡❛❧ ❡rr♦rs ♦❢ t❤❡ ♠❡t❤♦❞ ❛♥❞✱
✐♥ ❛❞❞✐t✐♦♥✱ t♦ ✈❛❧✐❞❛t❡ ✐t ✇❤❡♥ st❛rt✐♥❣ s✐♠✉❧❛t✐♦♥s ✇✐t❤ s❡✈❡r❛❧ t②♣❡s ♦❢ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳
■♥ ❙❡❝t✐♦♥ ✺✳✷ ✇❡ s♦❧✈❡ t❤❡ ❱❧❛s♦✈✲P♦✐ss♦♥ s②st❡♠ ✭✶✳✸✮✲✭✶✳✺✮ ❛♥❞ ❝♦♠♣❛r❡ ♦✉r ♠❡t❤♦❞
❛❣❛✐♥st ❛ s♦❧✉t✐♦♥ ❡st✐♠❛t❡❞ ✇✐t❤ ❛ ✈❡r② s♠❛❧❧ t✐♠❡ st❡♣✱ ❛ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥✳ ❆t t❤❡ ❡♥❞✱ ✐♥
❙❡❝t✐♦♥ ✺✳✸✱ ✇❡ ❞♦ ❧♦♥❣ t✐♠❡ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ❛♥❞ s❤♦✇ t❤❛t t❤❡ s❝❤❡♠❡ ✐s ❛s②♠♣t♦t✐❝
♣r❡s❡r✈✐♥❣ ❜② ❝♦♠♣❛r✐s♦♥s ✇✐t❤ t❤❡ ❧✐♠✐t ●✉✐❞✐♥❣ ❈❡♥t❡r ♠♦❞❡❧✳

✾



❋✐❣✉r❡ ✷✿ ❚❤❡ ❧✐♥❡❛r ❝❛s❡ ✐♥ ❙❡❝t✐♦♥ ✺✳✶ ✇✐t❤ ε = 0.01 ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ (1, 1, 1, 1)✿
t❤❡ ♣♦s✐t✐♦♥✬s ❡✈♦❧✉t✐♦♥ ✐♥ t✐♠❡ ✉♥t✐❧ t = 360❀ t❤❡ ❡♥t✐r❡ tr❛❥❡❝t♦r② ✭❧❡❢t✮ ❛♥❞ ❛ ③♦♦♠ ❛t t❤❡
❜❡❣✐♥✐♥❣ ♦❢ t❤❡ ❞②♥❛♠✐❝s ✭r✐❣❤t✮❀ ■♥ ❣r❡❡♥ t❤❡ r❡s✉❧t ♦❢ t❤❡ ❊❚❉ s❝❤❡♠❡ ✉s✐♥❣ ❛ t✐♠❡ st❡♣
∆t = 30ε ❛♥❞ ✐♥ r❡❞ t❤❡ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ ❣✐✈❡♥ ✐♥ ❢♦r♠✉❧❛s ✭✺✳✶✮

✺✳✶ ❆ ❧✐♥❡❛r ❝❛s❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✭✶✳✶✮✲✭✶✳✷✮ ♣r♦✈✐❞❡❞ ✇✐t❤ t❤❡ ❡①t❡r♥❛❧ ❡❧❡❝tr✐❝
✜❡❧❞ Ξ

ε ❣✐✈❡♥ ❜② ✭✶✳✻✮✳ ■♥ ♦r❞❡r t♦ t❡st ♦✉r ❛❧❣♦r✐t❤♠ ✐t ✇✐❧❧ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❧♦❝❛❧✐③❡ t❤❡
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❢♦r ✇❤✐❝❤ t❤❡ ❢❛st ♦s❝✐❧❧❛t✐♦♥s ❞✐s❛♣♣❡❛r✳ ❚❤✐s ❞♦♠❛✐♥ ✐s ✉s✉❛❧❧② ❝❛❧❧❡❞ t❤❡
s❧♦✇ ♠❛♥✐❢♦❧❞ ✭s❡❡ ❬✸❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ■♥ ❙❡❝t✐♦♥ ✺✳✶✳✶ ✇❡ ❝♦♠♣✉t❡ ❛♥ ❛♥❛❧②t✐❝
❡①♣r❡ss✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❝♦♠♣✉t❡ t❤❡ s❧♦✇ ♠❛♥✐❢♦❧❞✳ ❚❤❡♥✱ ✐♥ ❙❡❝t✐♦♥
✺✳✶✳✷ ✇❡ ❝♦♠♣❛r❡ t❤❡ ♦✉t❝♦♠❡ ♦❢ t❤❡ ❊❚❉✲P■❈ ♠❡t❤♦❞ t♦ t❤❡ s♦❧✉t✐♦♥✱ st❛rt✐♥❣ ✇✐t❤ s❡✈❡r❛❧
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳

✺✳✶✳✶ ❆♥❛❧②t✐❝ s♦❧✉t✐♦♥

▲❡t ε ❜❡ s✉❝❤ t❤❛t 0 < ε <

√
1−

√
3
2 ≃ 0.366✳ ❚❤❡♥✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✼✮✲✭✶✳✽✮ ✐s ❣✐✈❡♥ ❜②✿

Xε
1 (t;x0,v0) =K

ε
1

(
cos (aεt)−

aε
ε
sin (aεt)

)
+Kε

2

(
sin (aεt) +

aε
ε
cos (aεt)

)

+Kε
3

(
cos (bεt)−

bε
ε
sin (bεt)

)
+Kε

4

(
sin (bεt) +

bε
ε
cos (bεt)

)
,

Xε
2 (t;x0,v0) =−Kε

1uε cos (aεt)−Kε
2uε sin (aεt)−Kε

3vε cos (bεt)−Kε
4vε sin (bεt) ,

V ε
1 (t;x0,v0) =−Kε

1aε

(aε
ε
cos (aεt) + sin (aεt)

)
+Kε

2aε

(
cos (aεt)−

aε
ε
sin (aεt)

)

−Kε
3bε

(
bε
ε
cos (bεt) + sin (bεt)

)
+Kε

4bε

(
cos (bεt)−

bε
ε
sin (bεt)

)
,

V ε
2 (t;x0,v0) =K

ε
1aεuε sin (aεt)−Kε

2aεuε cos (aεt) +Kε
3bεvε sin (bεt)−Kε

4bεvε cos (bεt) ,

✭✺✳✶✮

✶✵



✇❤❡r❡

aε =

√
1− 4ε2 −

√
1− 8ε2 + 4ε4

2ε2
, ✭✺✳✷✮

bε =

√
1− 4ε2 +

√
1− 8ε2 + 4ε4

2ε2
, ✭✺✳✸✮

uε = 2 + a2ε,

vε = 2 + b2ε,

wε = 1 +
a2ε
ε2
,

xε = a2ε − b2ε,

✭✺✳✹✮

❛♥❞




Kε
1

Kε
2

Kε
3

Kε
4


 =




ε2vε
(2−ε2)xε

− 1
uε

+ ε2vεwε

(2−ε2)xεuε

− εvε

(2−ε2)xε

0

ε
aε

+ ε3

(2−ε2)aε

− 2εuε

xεaε(2−ε2) − εvε

uεaεxε

(
1 + ε2wε

2−ε2

)
ε2vε

(2−ε2)aεxε

− 1
aεxε

− ε2uε

(2−ε2)xε

− ε2wε

(2−ε2)xε

εuε

(2−ε2)xε

0
2εuε

(2−ε2)bεxε

ε
bεxε

+ ε3wε

(2−ε2)bεxε

− ε2uε

(2−ε2)bεxε

1
bεxε







x0,1
x0,2
v0,1
v0,2


 .

✭✺✳✺✮

❲❡ ❝❛♥ t❤✉s ♦❜s❡r✈❡ t❤❛t✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❢❛st ♦s❝✐❧❧❛t✐♦♥s ♦❢ ♣❡r✐♦❞ 2π
bε

∼ 2πε✱ t❤❡

s♦❧✉t✐♦♥ ♦❢ ✭✶✳✼✮✲✭✶✳✽✮ ❝♦♥t❛✐♥s s❧♦✇ ♦s❝✐❧❧❛t✐♦♥s ♦❢ ♣❡r✐♦❞ 2π
aε

∼ 2π√
3ε
.

■♥ t❤✐s ❝❛s❡✱ t❤❡ s❧♦✇ ♠❛♥✐❢♦❧❞ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❤②♣❡r♣❧❛♥❡s
{(x0,v0) s✉❝❤ t❤❛t Kε

3(x0,v0) = 0} ❛♥❞ {(x0,v0) s✉❝❤ t❤❛t Kε
4(x0,v0) = 0}. ❙✐♥❝❡ t❤❡ t✇♦

❤②♣❡r♣❧❛♥❡s ❛r❡ ❞✐✛❡r❡♥t✱ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ✐s ♦❢ ❞✐♠❡♥s✐♦♥ t✇♦✳ ❙tr❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥s
②✐❡❧❞ t❤❛t








1
− uε

wε

0

− 2εuε

2−ε2
+ εuε

wε
+ ε3uε

2−ε2


 ,




1
0
ε

− 2εuε

2−ε2
+ ε3uε

2−ε2








✭✺✳✻✮

❢♦r♠ ❛ ❜❛s✐s ♦❢ t❤✐s ✈❡❝t♦r s♣❛❝❡✳ ❙✉❜s❡q✉❡♥t❧②✱ ✇❡ ❞❡♥♦t❡ ❜② D2 t❤✐s s♣❛❝❡✳

✺✳✶✳✷ ❙❤♦rt ❛♥❞ ❧♦♥❣ t✐♠❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ t❡st t❤❡ ❊❚❉✲P■❈ ♠❡t❤♦❞ ❛❣❛✐♥st t❤❡ s♦❧✉t✐♦♥ ♣r❡✈✐♦✉s❧② ♦❜t❛✐♥❡❞✳ ❲❡
❝♦♥s✐❞❡r t✇♦ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ f0✳ ❚❤❡ ✜rst ♦♥❡ ✐s ✇✐t❤ ♦♥❡ ♠❛❝r♦♣❛rt✐❝❧❡✱
❛❧t❡r♥❛t✐✈❡❧② ❧♦❝❛t❡❞ ♦♥✱ ❝❧♦s❡ t♦✱ ❛♥❞ ❢❛r ❢r♦♠ t❤❡ s❧♦✇ ♠❛♥✐❢♦❧❞✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✇❡
❝♦♥s✐❞❡r ❛ ❜❡❛♠ ♦❢ ♠❛❝r♦♣❛rt✐❝❧❡s ❛♥❞ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♠❛①✐♠✉♠ ✐♥ t✐♠❡ ♦❢ t❤❡ ♠❡❛♥ ♦❢
t❤❡ ❊✉❝❧✐❞❡❛♥ ❡rr♦rs✳

✶✶



❈♦♥s✐❞❡r✐♥❣ ♦♥❡ ♣❛rt✐❝❧❡ ❛❧t❡r♥❛t✐✈❡❧② ♦♥✱ ❝❧♦s❡ t♦✱ ❛♥❞ ❢❛r ❢r♦♠ t❤❡ s❧♦✇ ♠❛♥✐❢♦❧❞ ♠❡❛♥s
t❤❛t ✇❡ t❛❦❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

f i0 (x,v) = δ
(
x− x

i
0

)
δ
(
v − v

i
0

)
, ✭✺✳✼✮

✇❤❡r❡ i = 1, 2, 3✱ ❛♥❞
(
x
1
0,v

1
0

)
✐s ♦♥ t❤❡ s❧♦✇ ♠❛♥✐❢♦❧❞✱

(
x
2
0,v

2
0

)
✐s ❝❧♦s❡ t♦ t❤❡ s❧♦✇ ♠❛♥✐❢♦❧❞✱

❛♥❞
(
x
3
0,v

3
0

)
✐s ❢❛r ❢r♦♠ t❤❡ s❧♦✇ ♠❛♥✐❢♦❧❞✳ ❋♦r t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✇❡ t❛❦❡

(
x
1
0,v

1
0

)
=

(
1, 0, ε,− 2εuε

2− ε2
+

ε3uε
2− ε2

)
,

(
x
2
0,v

2
0

)
=

(
1,− uε

wε
, ε
wε

uε
,− 2εuε

2− ε2
+ ε

wε

uε
+

ε3uε
2− ε2

)
,

(
x
3
0,v

3
0

)
= (1, 1, 1, 1) .

✭✺✳✽✮

❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ❛♥❛❧②t✐❝ ❢♦r♠✉❧❛s ❞❡r✐✈❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ ♣❧♦tt❡❞ ✐♥ ❋✐❣✳ ✶
t❤❡ ♣❤②s✐❝❛❧ tr❛❥❡❝t♦r✐❡s ♦❢ t❤❡ ♣❛rt✐❝❧❡s ♦❢ ✇❤✐❝❤ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥s ❛♥❞ ✈❡❧♦❝✐t✐❡s ❛r❡

(
x
2
0,v

2
0

)

❛♥❞
(
x
3
0,v

3
0

)
✱ ✉♥t✐❧ ✜♥❛❧ t✐♠❡ 4✳ ❯s✐♥❣ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛s ❢♦r t❤❡ ❞✐st❛♥❝❡s t♦ t❤❡ s❧♦✇ ♠❛♥✐❢♦❧❞

D2 ❢r♦♠ t❤❡s❡ ♣❛rt✐❝❧❡s✱ ✇❡ ♦❜t❛✐♥ t❤❡ s♣❡❝✐✜❝ ✈❛❧✉❡s ✐♥ ❚❛❜❧❡ ✶✳

ε = 0.01 ε = 0.005 ε = 0.001 ε = 0.0005 ε = 0.0001

i = 1 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000

i = 2 0.01999800 0.00999975 0.00199999 0.00099984 0.00018878

i = 3 1.41477865 1.41435495 1.41421923 1.41421509 1.41422155

❚❛❜❧❡ ✶✿ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ t❤❡ s❧♦✇ ♠❛♥✐❢♦❧❞ ❛♥❞ t❤❡ ♣♦✐♥ts
(
x
i
0,v

i
0

)
i∈{1,2,3} ✐♥

✭✺✳✽✮✱ ❢♦r s❡✈❡r❛❧ ✈❛❧✉❡s ♦❢ ε✳

❉❡♥♦t✐♥❣ ❜② (Xε (t) ,Vε (t)) t❤❡ r❡s✉❧t ♦❢ t❤❡ ❊❚❉✲P■❈ ♠❡t❤♦❞ ❛♥❞ ❜② (Xε
s♦❧

(t) ,Vε
s♦❧

(t))
t❤❡ s♦❧✉t✐♦♥✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❣❧♦❜❛❧ ❊✉❝❧✐❞❡❛♥ ❡rr♦rs ❛t ✜♥❛❧ t✐♠❡ 10✱

en = max
k∈{0,...,n}

‖(Xε,Vε) (tk)− (Xε
s♦❧,V

ε
s♦❧) (tk)‖2 , ✭✺✳✾✮

✇❤❡r❡ n ∈ N ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ✜♥❛❧ t✐♠❡ ♦❢ s✐♠✉❧❛t✐♦♥ ❛♥❞ t❤❡ t✐♠❡ st❡♣
∆t✱ ❢♦r s❡✈❡r❛❧ ✈❛❧✉❡s ♦❢ ε ❛♥❞ ♦❢ ∆t ✭s❡❡ ❋✐❣s✳ ✸ ❛♥❞ ✹ ✮✳ ■♥ ❋✐❣✳ ✹ ✇❡ ❤❛✈❡ ♣❧♦tt❡❞ t❤❡
❡rr♦r ✇❤❡♥ st❛rt✐♥❣ ✇✐t❤ t❤❡ ❝❧♦s❡ t♦ t❤❡ s❧♦✇ ♠❛♥✐❢♦❧❞ ♣❛rt✐❝❧❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✺✳✽✮✳ ❙✐♠✐❧❛r
❡rr♦r ❝✉r✈❡s ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ♣❛rt✐❝❧❡s ♦♥ ❛♥❞ ❢❛r ❢r♦♠ t❤❡ s❧♦✇ ♠❛♥✐❢♦❧❞ ✐♥ ✭✺✳✽✮✳
❋✐♥❛❧❧②✱ ✐♥ ❋✐❣✳ ✻✱ ✇❡ r❡♣r❡s❡♥t t❤❡ ❣❧♦❜❛❧ ❊✉❝❧✐❞❡❛♥ ❡rr♦rs ❛t ❛ ❧❛r❣❡ ✜♥❛❧ t✐♠❡✱ ❢♦r t❤❡ t❤r❡❡
t②♣❡s ♦❢ ♣❛rt✐❝❧❡s✳

❙❡❝♦♥❞✱ ♣r❡♣❛r❛t✐♥❣ t❤❡ t❡st ❝❛s❡ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥

f0 (x,v) =
1

8π2v2th
(1 + η cos (kx1

x1 + kx2
x2))χ (x) exp

(
−v

2
1 + v22
2v2th

)
, ✭✺✳✶✵✮

✇❤❡r❡ kx1
= 0, kx2

= 0.5, vth = 1✱ η = 0.1✱ ❛♥❞

χ (x) = χ[0,1] (x1)χ[0,4π] (x2) ✭✺✳✶✶✮

✶✷



❋✐❣✉r❡ ✸✿ ●❧♦❜❛❧ ❊✉❝❧✐❞❡❛♥ ❡rr♦rs ♦❢ t❤❡ ❊❚❉✲P■❈ ♠❡t❤♦❞ ❛t t✐♠❡ 10 ❢♦r ❢♦✉r ✈❛❧✉❡s ♦❢ ε
✭♦♥ t❤❡ t♦♣✿ ε = 0.01 ✭❧❡❢t✮ ❛♥❞ ε = 0.001 ✭r✐❣❤t✮❀ ♦♥ t❤❡ ❜♦tt♦♠✿ ε = 0.0005 ✭❧❡❢t✮ ❛♥❞
ε = 0.0001 ✭r✐❣❤t✮✮✱ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤r❡❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❞✐✛❡r❡♥t❧② ♣♦s✐t✐♦♥❡❞ ✇✐t❤ r❡❣❛r❞
t♦ t❤❡ s❧♦✇ ♠❛♥✐❢♦❧❞ D2

✇❤❡r❡ ❢♦r ❛♥② s❡t A ✐♥ R✱ χA(x) = 1 ✐❢ x ∈ A ❛♥❞ 0 ♦t❤❡r✇✐s❡✳ ❲❡ ❣❡♥❡r❛t❡ t❤✐s ❞✐str✐❜✉t✐♦♥
❢✉♥❝t✐♦♥ ✉s✐♥❣ 104 ♣❛rt✐❝❧❡s ✐♥ R

4✳ ❚❤✉s✱ ✐♥ ❋✐❣✳ ✺✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ♠❡❛♥
♦❢ t❤❡ ❊✉❝❧✐❞❡❛♥ ❡rr♦rs

Men = max
k∈{0,...,n}


 1

Np

Np∑

j=1

∥∥(Xε
j ,V

ε
j

)
(tk)−

(
X

ε
j,s♦❧,V

ε
j,s♦❧

)
(tk)

∥∥
2


 , ✭✺✳✶✷✮

❛t ✜♥❛❧ t✐♠❡ 10✱ ❢♦r s❡✈❡r❛❧ ✈❛❧✉❡s ♦❢ ε ❛♥❞ ♦❢ ∆t✳

✶✸



❋✐❣✉r❡ ✹✿ ●❧♦❜❛❧ ❊✉❝❧✐❞❡❛♥ ❡rr♦rs ♦❢ t❤❡ ❊❚❉✲P■❈ ♠❡t❤♦❞ ❛t t✐♠❡ 10 ❢♦r s❡✈❡r❛❧ ✈❛❧✉❡s ♦❢
ε✱ ♦❜t❛✐♥❡❞ ✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❝❧♦s❡ t♦ t❤❡ s❧♦✇ ♠❛♥✐❢♦❧❞

❋✐❣✉r❡ ✺✿ ▼❛①✐♠✉♠ ❛t t✐♠❡ 10 ♦❢ t❤❡ ♠❡❛♥ ♦❢ t❤❡ ❊✉❝❧✐❞❡❛♥ ❡rr♦rs ♦❢ t❤❡ ❊❚❉✲P■❈ ♠❡t❤♦❞
❢♦r s❡✈❡r❛❧ ✈❛❧✉❡s ♦❢ ε✱ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ f0 ❞❡✜♥❡❞ ❜② ✭✺✳✶✵✮

✺✳✶✳✸ ❈♦♠♠❡♥ts ❛❜♦✉t t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts

■♥ t❤❡ s✐♠✉❧❛t✐♦♥s ❞♦♥❡ ✐♥ ❙❡❝t✐♦♥ ✺✳✶✳✷ ✇❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ t❤❡ ❆❧❣♦r✐t❤♠ ✸✳✺ ❛s ❢♦❧❧♦✇s✿
✇❡ ✉s❡ 2π/bε ✐♥st❡❛❞ ♦❢ 2πε ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✼✮ ❛♥❞ t❤❡ s❛♠❡ ❝♦♥❝❡r♥✐♥❣ t❤❡ ✜rst t✇♦ st❡♣s
♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ❚❤❡♥✱ ✇✐t❤✐♥ t❤❡ ✜rst ❛♥❞ t❤❡ t❤✐r❞ st❡♣s✱ ♥♦ ❤✐❣❤✲♦r❞❡r s❝❤❡♠❡ ✇❛s ✉s❡❞
❢♦r s♦❧✈✐♥❣ t❤❡ ❖❉❊s ❜✉t t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜② ❢♦r♠✉❧❛s ✭✺✳✶✮✳ ❚❤✉s✱ ✇❡ ❝❛♥ ❡st❛❜❧✐s❤
t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ ❡rr♦r ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ♠❛✐♥❧② ❝♦♥s✐sts ♦❢ t✇♦ ♣❛rts✿ t❤❡ ❡rr♦r ♠❛❞❡ ✐♥
t❤❡ ✜rst st❡♣✱ ❜② r❡♣❧❛❝✐♥❣ t❤❡ r❡❛❧ ❢❛st ♣❡r✐♦❞ ♦❢ ♦s❝✐❧❧❛t✐♦♥ ❜② 2π/bε✱ ❞❡♥♦t❡❞ ❜② EP ❛♥❞
t❤❡ ❡rr♦r ♠❛❞❡ ✐♥ t❤❡ s❡❝♦♥❞ st❡♣ ✇❤❡♥ ❢♦❧❧♦✇✐♥❣ t❤❡ ♠❛❝r♦s❝♦♣✐❝ t✐♠❡ ❡✈♦❧✉t✐♦♥✱ ❞❡♥♦t❡❞
❜② EM ✳

✶✹



❋✐❣✉r❡ ✻✿ ●❧♦❜❛❧ ❊✉❝❧✐❞❡❛♥ ❡rr♦rs ♦❢ t❤❡ ❊❚❉✲P■❈ ♠❡t❤♦❞ ❛t t✐♠❡ 2π/aε ∼ 1/ε ❢♦r ❢♦✉r
✈❛❧✉❡s ♦❢ ε✱ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤r❡❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❞✐✛❡r❡♥t❧② ♣♦s✐t✐♦♥❡❞ ✇✐t❤ r❡❣❛r❞ t♦ t❤❡
s❧♦✇ ♠❛♥✐❢♦❧❞ D2

■♥ ❛ ✜rst t❡st✱ ✇❤❡♥ ❦❡❡♣✐♥❣ ε ✜①❡❞✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❡rr♦rs ✇❤❡♥ st❛rt✐♥❣ s✐♠✉❧❛t✐♦♥ ✇✐t❤
❞✐✛❡r❡♥t ♣❛rt✐❝❧❡s ✭s❡❡ ❋✐❣✳ ✸ ❢♦r s❤♦rt ✜♥❛❧ t✐♠❡ ❛♥❞ ❋✐❣✳ ✻ ❢♦r ❧♦♥❣ ✜♥❛❧ t✐♠❡✮✳ ❲❤❡♥ ✇❡
t❛❦❡ ❛s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ f10 ✱ t❤❡ ❢❛st ♦s❝✐❧❧❛t✐♦♥s ❞✐s❛♣♣❡❛r ❛♥❞ t❤✉s✱ EP ✐s ③❡r♦✳ ■❢ ✇❡ t❛❦❡ ❛s
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ f20 ♦r f30 ✱ ✇❡ ❡①♣❡❝t t❤❡ ❡rr♦r t♦ ❜❡ ❜✐❣❣❡r ❢♦r ❛ ♣❛rt✐❝❧❡ ♦✛ t❤❡ s❧♦✇ ♠❛♥✐❢♦❧❞❀
t❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇ ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ♦✉r ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✳ ❚❤✉s✱ ✇❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t
t❤❡ s♠❛❧❧❡r t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ s❧♦✇ ♠❛♥✐❢♦❧❞ ✐s✱ t❤❡ s♠❛❧❧❡r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡rr♦r ✐s✳ ❚❤❡
r❡❛s♦♥ ✐s t❤❛t✱ ❝❧♦s❡r t♦ t❤❡ s❧♦✇ ♠❛♥✐❢♦❧❞ ❛ ♣❛rt✐❝❧❡ ✐s✱ s♠❛❧❧❡r t❤❡ ♠❛❝r♦s❝♦♣✐❝ ♣♦s✐t✐♦♥✬s
❞✐s♣❧❛❝❡♠❡♥t ✐s ❛♥❞ t❤✉s✱ s♠❛❧❧❡r t❤❡ ❡rr♦r EM ✐s✳ ❚❤❡♥✱ ✐♥ ❧♦♥❣ t✐♠❡ s✐♠✉❧❛t✐♦♥s✱ t❤❡ ❡rr♦rs

✶✺



❛r❡ ♦❜✈✐♦✉s❧② s✐❣♥✐✜❝❛♥t✱ ❞✉❡ t♦ ♦✉r s✐♠♣❧❡ ❧✐♥❡❛r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ t✐♠❡
❡✈♦❧✉t✐♦♥✳ ❍♦✇❡✈❡r✱ ✇❡ ♥♦t❡ t❤❛t ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ ε✱ t❤❡ t❤r❡❡ ❡rr♦rs ❤❛✈❡ t❤❡ s❛♠❡ ♦r❞❡r ✐♥
♠❛❣♥✐t✉❞❡ ✭s❡❡ t❤❡ ♣❛r❛❣r❛♣❤ ❝♦♥t❛✐♥✐♥❣ ❡q✉❛t✐♦♥ ✭✶✳✻✮✮✳ ❋✐♥❛❧❧②✱ ✇❡ ♣♦✐♥t ♦✉t t❤❛t ✉s✐♥❣
✈❡r② ♣r❡❝✐s❡ ♣❡r✐♦❞s ✐♥ t❤❡ ✜rst st❡♣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ♠❛② ❜❡ ❛♥ ✐♠♣♦rt❛♥t ✐ss✉❡ ✐♥ ♦r❞❡r
t♦ r❡❞✉❝❡ t❤❡ ❡rr♦r EP t❤❛t ✇✐❧❧ ♣r♦♣❛❣❛t❡ ❛t ♠❛❝r♦s❝♦♣✐❝ t✐♠❡ ✇❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ s❡❝♦♥❞
st❡♣ ✭t❤✐s ✐❞❡❛ ✇❛s ❛❧r❡❛❞② str❡ss❡❞ ✐♥ ❬✻❪✮✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ t❤✐s t❡st ❝❛s❡✱ ✇❡ ❤❛✈❡ ✜rst
❝❛❧❝✉❧❛t❡❞ t❤❡ ♣❛rt✐❝❧❡s ♣❡r✐♦❞s ✇✐t❤ t❤❡ ❘❑✹ s♦❧✈❡r✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬✻❪✱ ❛♥❞ ♦❜t❛✐♥❡❞ t❤❛t
t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ ✈❛❧✉❡s ❛♥❞ 2π/bε ❛r❡ ✈❡r② s♠❛❧❧✱ ♦❢ ♦r❞❡r ε3✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡
❤❛✈❡ ❞♦♥❡ s✐♠✉❧❛t✐♦♥s ❜② ✉s✐♥❣ t❤❡ ❝♦♠♣✉t❡❞ ♣❡r✐♦❞s ✐♥st❡❛❞ ♦❢ 2π/bε ❛♥❞ t❤❡ r❡s✉❧ts ❛r❡
✈❡r② s✐♠✐❧❛r t♦ t❤♦s❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ♣❡r✐♦❞ 2π/bε✳

■♥ ❛ s❡❝♦♥❞ t❡st✱ ❢♦r ❛ ✜①❡❞ ♣❛rt✐❝❧❡✱ ✇❡ ❝❛❧❝✉❧❛t❡ ❡rr♦rs ✭s❡❡ ❋✐❣✳ ✹✮ ✇❤❡♥ ✉s✐♥❣ s❡✈❡r❛❧
✈❛❧✉❡s ♦❢ ε✳ ❋♦r t❤❡ t❤r❡❡ t②♣❡s ♦❢ ♣❛rt✐❝❧❡s ❝♦♥s✐❞❡r❡❞ ❛❜♦✈❡✱ ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ s♠❛❧❧❡r ❡rr♦rs
✇✐t❤ s♠❛❧❧❡r ε✱ t❤❡ r❡❛s♦♥ ❜❡✐♥❣ s✐♠✐❧❛r✿ t❤❡ s❝❤❡♠❡ ♣❡r❢♦r♠s ❜❡tt❡r ✇❤❡♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝
❝❤❛♥❣❡ ✐♥ ♣♦s✐t✐♦♥ ✐s s♠❛❧❧❡r✳

❊✈❡♥t✉❛❧❧②✱ t❤❡ s✐♠✉❧❛t✐♦♥s ✭s❡❡ ❋✐❣✳ ✺✮ s❤♦✇ t❤❛t t❤❡ s❝❤❡♠❡ ✇♦r❦s ✉♥✐❢♦r♠❧② ✇❤❡♥ ε
✈❛♥✐s❤❡s ✇❤❡♥ ✉s✐♥❣ ❛❧s♦ t❤❡ ❜❡❛♠ ♦❢ ♣❛rt✐❝❧❡s ❞❡✜♥❡❞ ✐♥ ✭✺✳✶✵✮✳

✺✳✷ ❙❤♦rt t✐♠❡ ❱❧❛s♦✈✲P♦✐ss♦♥ t❡st ❝❛s❡

■♥ t❤❡ ♣r❡s❡♥t s❡❝t✐♦♥ ✇❡ ❝❤❡❝❦ t❤❡ ❛❝❝✉r❛❝② ♦❢ ♦✉r ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r
❱❧❛s♦✈✲P♦✐ss♦♥ s②st❡♠ ❛t t✐♠❡s ♦❢ ♦r❞❡r 1✱ r❡❝❛❧❧✐♥❣ t❤❛t t❤❡ ♣❡r✐♦❞ ♦❢ t❤❡ ❢❛st ♠♦t✐♦♥ ✐s ♦❢
♦r❞❡r ε✳ ❚❤✉s✱ ✇❡ ❝♦♥s✐❞❡r ❡q✉❛t✐♦♥ ✭✶✳✸✮✲✭✶✳✺✮ ✇✐t❤ t❤❡ t②♣✐❝❛❧ ❢♦r t❤❡ ▲❛♥❞❛✉ ❞❛♠♣✐♥❣
❝❛s❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✭❬✶✻❪✮ ❣✐✈❡♥ ❜②

f0 (x,v) =
1

2πv2th

(
1 + η cos (k1x1 + k2x2)

)
exp

(
−v

2
1 + v22
2v2th

)
, ✭✺✳✶✸✮

✇❤❡r❡ vth = 1, η = 0.1, k1 = 0.5✱ k2 = 0✱ ❛♥❞

Ωx = [0;T1]× [0;T2] , ✭✺✳✶✹✮

✇✐t❤ T1 = 2π/k1 ❛♥❞ T2 = 1✳ ◆❡①t✱ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳✶✱ ✇❡ ❣✐✈❡ t❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤❡
✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ❛♥❞ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠✱ t❤❡ ❊❚❉✲P■❈ ♠❡t❤♦❞✳ ❚❤❡
s✐♠✉❧❛t✐♦♥s ❝♦♥❝❡r♥✐♥❣ t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ✜rst ❛♥❞ t❤✐r❞ st❡♣ ♦❢ ❆❧❣♦r✐t❤♠ ✸✳✺
❛r❡ ❞♦♥❡ ❜② ❢♦❧❧♦✇✐♥❣ t❤❡ ❢♦✉r st❡♣s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳ ❊✈❡♥t✉❛❧❧②✱ ✇❡ ❝♦♠♠❡♥t t❤❡
♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❢ t❤❡ ❝♦♠♣❛r✐s♦♥s ❊❚❉✲P■❈ ♠❡t❤♦❞ ✈❡rs✉s ❛ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥✳

✺✳✷✳✶ ◆✉♠❡r✐❝❛❧ ✐ss✉❡s

❲❡ ✐♠♣❧❡♠❡♥t t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❛❜♦✈❡ ✇✐t❤ Np = 2 ·105 ♠❛❝r♦♣❛rt✐❝❧❡s✳ ❚❤❡ ✇❡✐❣❤ts ❛r❡

ωk =
T1T2
Np

, k ∈ {1, . . . , Np},

s♦ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❤❛✈❡ t❤❡ t♦t❛❧ ♠❛ss ♦❢ t❤❛t ✐♥ ✭✺✳✶✸✮✿
∫

Ωx×R2

f0 (x,v) dxdv =

∫

Ωx×R2

f
Np

0 (x,v) dxdv = T1T2. ✭✺✳✶✺✮

✶✻



❲❡ s♦❧✈❡ ♥✉♠❡r✐❝❛❧❧② ✭✶✳✸✮✲✭✶✳✺✮ ❜② ✉s✐♥❣ ❝❧❛ss✐❝❛❧ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡
♣❤②s✐❝❛❧ ❞♦♠❛✐♥ ✭❬✶✻❪✮✳ ■♥ t❤✐s ✇❛②✱ ✇❡ t❛❦❡ ni = 1 ✐♥ ✭✶✳✹✮ ❡♥s✉r✐♥❣ t❤❛t

∫

Ωx

(
ρS (x, t)− ni

)
dx = 0, ✭✺✳✶✻✮

❛♥❞ t❤✉s✱ t❤❛t t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ✐♥ ✭✶✳✹✮ ❤❛s s♦❧✉t✐♦♥✳ ❚❤❡♥✱ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ✐s
s♦❧✈❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ❋❛st ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ♠❡t❤♦❞ ✉s✐♥❣ 128 ❝❡❧❧s ✐♥ t❤❡ x1✲❞✐r❡❝t✐♦♥ ❛♥❞
16 ❝❡❧❧s ✐♥ t❤❡ x2✲❞✐r❡❝t✐♦♥✳ ❆s ❢♦r t❤❡ ♣❛rt✐❝❧❡s✬ ❛❞✈❡❝t✐♦♥ ✐♥ t✐♠❡✱ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ t❤❡
r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ♦r ✇✐t❤✐♥ t❤❡ ✜rst ❛♥❞ t❤❡ t❤✐r❞ st❡♣ ♦❢ ❆❧❣♦r✐t❤♠ ✸✳✺✱ ✇❡ ✉s❡ t❤❡ ❡①♣❧✐❝✐t
❢♦✉rt❤ ♦r❞❡r ❘✉♥❣❡✲❑✉tt❛ s❝❤❡♠❡ ✇✐t❤ ∆t = 2πε/100✳

❋♦r s❡✈❡r❛❧ s♠❛❧❧ ε✱ ✐♥ ❋✐❣✳ ✼ ✇❡ ♣❧♦t t❤❡ ❣❧♦❜❛❧ ❡rr♦r ✐♥ ❞❡♥s✐t✐❡s✱ ❛t ✜♥❛❧ t✐♠❡ t = 4✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ❛❢t❡r ❡❛❝❤ t✐♠❡ st❡♣ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❣r✐❞ ❞❡♥s✐t✐❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ❛♥❞ t♦ t❤❡ ❊❚❉✲P■❈ s❝❤❡♠❡✱ ❜② ✉s✐♥❣ ❝✉❜✐❝ s♣❧✐♥❡s✳ ❚❤❡ ❧♦❝❛❧ ❡rr♦r ✐s
t❤✉s t❤❡ L2✲♥♦r♠

||g||L2 =

(
1

T1T2

∫

Ωx

|g(x)|2dx
)1/2

♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ ❞❡♥s✐t✐❡s❀ ✐ts ❝❛❧❝✉❧❛t✐♦♥ ✇❛s ❞♦♥❡ ❜② t❤❡ tr❛♣❡③♦✐❞❛❧ r✉❧❡✳
❲❡ ❤❛✈❡ ❞♦♥❡ t❡sts ❢♦r s❡✈❡r❛❧ ✈❛❧✉❡s ♦❢ t❤❡ t✐♠❡ st❡♣ ❣♦✐♥❣ ❢r♦♠ 0.1 t♦ 1✳ ❚❤✉s✱ t❤❡ s♠❛❧❧❡r
t✐♠❡ st❡♣ ✐s s✉✣❝✐❡♥t❧② ❜✐❣ s♦ t❤❛t N ✱ t❤❡ ✇❤♦❧❡ ♥✉♠❜❡r ♦❢ r❛♣✐❞ ♣❡r✐♦❞s ❡♥❝❧♦s❡❞ ✐♥ ❛ t✐♠❡
st❡♣✱ ❜❡ ❣r❡❛t❡r t❤❛♥ 1✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✼✮✱ N ✈❛r✐❡s ❢r♦♠ 1 t♦ 1591
✇❤❡♥ t❤❡ ✈❛❧✉❡s ♦❢ ε ❛♥❞ ♦❢ t❤❡ t✐♠❡ st❡♣ ❛r❡ t❤♦s❡ ✐♥ ❋✐❣✳ ✼✳

❚❤❡s❡ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ❊❚❉✲P■❈ s❝❤❡♠❡ ✇♦r❦s ✉♥✐❢♦r♠❧② ✇❤❡♥ ε ✈❛♥✐s❤❡s✳ ■♥
❛❞❞✐t✐♦♥✱ ❛s ❛❧r❡❛❞② ♣♦✐♥t❡❞ ♦✉t ✐♥ t❤❡ ❧✐♥❡❛r ❝❛s❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤❡ s♠❛❧❧❡r ε ✐s✱
t❤❡ s♠❛❧❧❡r t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ ❛ ♣❛rt✐❝❧❡✬s ♣♦s✐t✐♦♥ ✐s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s♠❛❧❧❡r ✐s t❤❡ ❡rr♦r
❞✉❡ t♦ t❤❡ s❡❝♦♥❞ st❡♣ ♦❢ ❆❧❣♦r✐t❤♠ ✸✳✺✱ ❛♥❞ t❤✉s✱ t❤❡ ❜❡tt❡r t❤❡ s❝❤❡♠❡ ♣❡r❢♦r♠s✳

❋✐❣✉r❡ ✼✿ ❱❧❛s♦✈ P♦✐ss♦♥ ❝❛s❡ ✇✐t❤ ε = 0.01✱ ε = 0.005✱ ε = 0.001✱ ❛♥❞ ε = 0.0001✳ ❚❤❡
❣❧♦❜❛❧ ❡rr♦r ❛t t✐♠❡ 4 ♦❢ t❤❡ ❊❚❉✲P■❈ ♠❡t❤♦❞ ✇✐t❤ r❡s♣❡❝t t♦ ❛ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥✳

✶✼



✺✳✸ ▲♦♥❣ t✐♠❡ ❱❧❛s♦✈✲P♦✐ss♦♥ t❡st ❝❛s❡

◆♦✇✱ ✇❡ st✉❞② t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ t✐♠❡✲st❡♣♣✐♥❣ s❝❤❡♠❡ ❢♦r ❧♦♥❣ t✐♠❡ s✐♠✉❧❛t✐♦♥✱ ♠♦r❡
♣r❡❝✐s❡❧② ❢♦r t✐♠❡s ♦❢ ♦r❞❡r 1/ε ✇❤❡♥ t❤❡ ❢❛st ♣❡r✐♦❞✐❝ ♠♦t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞ ♦❢ ♦r❞❡r ε✳ ❚❤❡
♦✉t❝♦♠❡ ♦❢ ❛ s✐♠✉❧❛t✐♦♥ ♦❢ t❤✐s t②♣❡ ✇❛s ❛❧r❡❛❞② ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✷ ✐♥ t❤❡ ❧✐♥❡❛r ❝❛s❡
♣r❡s❡♥t❡❞ ❛❜♦✈❡✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞♦ ♥♦t ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❊❚❉✲P■❈
s❝❤❡♠❡ t♦ ❛ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ s✐♥❝❡ ✐t ✇♦✉❧❞ r❡q✉✐r❡ ✈❡r② ❧❛r❣❡ ❈P❯ t✐♠❡✳ ❲❡ ✇✐❧❧ t❤✉s
❞♦ ♥✉♠❡r✐❝❛❧ ❝♦♠♣❛r✐s♦♥s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♠❛❝r♦s❝♦♣✐❝ ❢r❡❡ ♦❢ ♦s❝✐❧❧❛t✐♦♥s ♠♦❞❡❧✱ ✇❤✐❝❤
❝❛♥ ❜❡ s✐♠✉❧❛t❡❞ ✇✐t❤ t✐♠❡ st❡♣s ♦❢ ♦r❞❡r 1✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❛r❡ ❧❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡
●✉✐❞✐♥❣ ❈❡♥t❡r ♠♦❞❡❧ ✇❤✐❝❤ ✐s ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ✇❤❡♥ ε ✈❛♥✐s❤❡s ♦❢ t❤❡ ❱❧❛s♦✈✲P♦✐ss♦♥
s②st❡♠ ✭✶✳✸✮✲✭✶✳✺✮ ✭s❡❡ ❬✷❪✱ ❬✶✵❪✮✳

✺✳✸✳✶ ❚❤❡ ❱❧❛s♦✈ ♠♦❞❡❧ ✈s✳ t❤❡ ●✉✐❞✐♥❣ ❈❡♥t❡r ♠♦❞❡❧

▲❡t f ε ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✸✮✲✭✶✳✺✮✳ ■♥ ♦r❞❡r t♦ s❡❡ ✇❤❛t ❤❛♣♣❡♥s ❢♦r ❧❛r❣❡ ✜♥❛❧ t✐♠❡s✱ ✇❡
✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥ gε ❞❡✜♥❡❞ ❜② ✿

gε(x,v, t) = f ε(x,v,
t

ε
). ✭✺✳✶✼✮

❚❤❡♥✱ t❤❡ ❢✉♥❝t✐♦♥ gε s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✿

∂tg
ε +

v

ε
· ∇xg

ε +
1

ε

(
E

ε(x,
t

ε
) +

1

ε
v
⊥
)
· ∇vg

ε = 0, ✭✺✳✶✽✮

E
ε (x, t) = −∇xφ

ε(x, t), −∆xφ
ε(x,

t

ε
) =

∫

R2

gε(x,v, t)dv − ni, ✭✺✳✶✾✮

gε (x,v, t = 0) = f0 (x,v) . ✭✺✳✷✵✮

❙❡tt✐♥❣

E
ε(x, t) = E

ε(x,
t

ε
), ✭✺✳✷✶✮

ψε(x, t) = φε(x,
t

ε
), ✭✺✳✷✷✮

✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐♠❡♥s✐♦♥❧❡ss ❱❧❛s♦✈✲P♦✐ss♦♥ s②st❡♠ ✿

∂tg
ε +

v

ε
· ∇xg

ε +
1

ε

(
E
ε(x, t) +

1

ε
v
⊥
)
· ∇vg

ε = 0, ✭✺✳✷✸✮

E
ε (x, t) = −∇xψ

ε(x, t), −∆xψ
ε(x, t) =

∫

R2

gε(x,v, t)dv − ni, ✭✺✳✷✹✮

gε (x,v, t = 0) = f0 (x,v) . ✭✺✳✷✺✮

■t ✐s ✇❡❧❧ ❦♥♦✇♥ ✭s❡❡ ❬✷❪✮ t❤❛t✱ ✉♥❞❡r s♦♠❡ ❤②♣♦t❤❡s❡s ❢♦r f0✱ t❤❡ ♣❛rt✐❝❧❡ ❞❡♥s✐t② ❛ss♦✲
❝✐❛t❡❞ t♦ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✭✺✳✷✸✮✲✭✺✳✷✺✮ ✇❡❛❦✲∗ ❝♦♥✈❡r❣❡s ✇❤❡♥ ε ❣♦❡s t♦ ③❡r♦ t♦✇❛r❞s
t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ●✉✐❞✐♥❣ ❈❡♥t❡r ❡q✉❛t✐♦♥ ✿

∂tfGC +E
⊥ · ∇xfGC = 0, ✭✺✳✷✻✮

E (x, t) = −∇xφ(x, t), −∆xφ(x, t) = fGC − ni, ✭✺✳✷✼✮

fGC (x, t = 0) =

∫

R2

f0 (x,v) dv. ✭✺✳✷✽✮

✶✽



■♥ ♦r❞❡r t♦ t❡st t❤❡ ❧♦♥❣ t✐♠❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❊❚❉✲P■❈ s❝❤❡♠❡ ✇❡ ❝♦♠♣✉t❡

ρ
ε
g (x, t) =

∫

R2

gε (x,v, t) dv ✭✺✳✷✾✮

❛♥❞ ✇❡ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧t ✇✐t❤ fGC ✳ ◆♦t✐❝❡ t❤❛t ✇❡ ♥❡❡❞ t♦ r❡♣❧❛❝❡ 2πε ❜② 2πε2 ✐♥
❆❧❣♦r✐t❤♠ ✸✳✺✱ s✐♥❝❡ t❤✐s ✐s t❤❡ ♦r❞❡r ♦❢ t❤❡ ♦s❝✐❧❧❛t✐♦♥s ♣❡r✐♦❞ ✐♥ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✐♥
✭✺✳✷✸✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❧❛r❣❡ ✜♥❛❧ t✐♠❡s ❛♣♣❡❛r✐♥❣ ✐♥ t❤✐s s❡❝t✐♦♥ ✭❡✳❣✳ ❋✐❣✳ ✽✮ ❛r❡ ♦❢ ♦r❞❡r 1✳

✺✳✸✳✷ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts

◆♦✇✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧t ♦❢ t❤❡ ❊❚❉✲P■❈ s❝❤❡♠❡ ❢♦r s♦❧✈✐♥❣ t❤❡ ε✲❞❡♣❡♥❞❡♥t
s②st❡♠ ✭✺✳✷✸✮✲✭✺✳✷✺✮ t♦ t❤❛t ♦❢ ❛ st❛♥❞❛r❞ s❝❤❡♠❡ ❢♦r t❤❡ ●✉✐❞✐♥❣ ❈❡♥t❡r ♠♦❞❡❧ ✭✺✳✷✻✮✲
✭✺✳✷✽✮✳ ❋♦r t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s ✇❡ ❢♦❧❧♦✇ t❤❡ st❡♣s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧
P■❈ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳ ❲❡ ❝❤♦♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✭t❤❡ ❑❡❧✈✐♥✲
❍❡❧♠❤♦❧t③ ✐♥st❛❜✐❧✐t② t❡st ❝❛s❡✱ s❡❡ ❬✶✺❪✱ ❬✹❪✱ ❬✶✻❪✮

f0(x,v) =
1

2πT1T2
exp

(
−v

2
1 + v22
2

)(
sin(x2) + η cos(k1x1)

)
, ✭✺✳✸✵✮

❞❡✜♥❡❞ ✐♥ Ωx×R
2✱ ✇❤❡r❡ Ωx = [0;T1]×[0;T2]✱ T1 = 4π✱ T2 = 2π✱ η = 0.05✱ ❛♥❞ k1 = 2π/T1✳

❲❡ t❛❦❡ Np = 105 ♠❛❝r♦♣❛rt✐❝❧❡s✳ ▼♦r❡♦✈❡r ✇❡ t❛❦❡ 32 ❝❡❧❧s ✐♥ t❤❡ x1✲❞✐r❡❝t✐♦♥ ❛♥❞ 32 ❝❡❧❧s
✐♥ t❤❡ x2✲❞✐r❡❝t✐♦♥ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣❤②s✐❝❛❧ ♠❡s❤✳ ■♥ ♦r❞❡r t❤❛t t❤❡ P♦✐ss♦♥
❡q✉❛t✐♦♥ ✇✐t❤ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❜❡ s♦❧✈❛❜❧❡✱ ✇❡ t❛❦❡ ni = 0 ✐♥ ❡q✉❛t✐♦♥s ✭✺✳✷✹✮
❛♥❞ ✭✺✳✷✼✮✱ s✐♥❝❡ t❤❡ ✐♥t❡❣r❛❧ ♦✈❡r Ωx×R

2 ✐♥ (x,v) ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐♥ ✭✺✳✸✵✮ ✐s 0✳ ❆s
✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ s♦❧✈❡ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ❜② ❛♥ ✉s✉❛❧ ❋❛st ❋♦✉r✐❡r ❚r❛♥s❢♦r♠✳
❚❤❡ t✐♠❡ st❡♣ ✉s❡❞ ❢♦r t❤❡ ❢♦✉rt❤ ♦r❞❡r ❘✉♥❣❡✲❑✉tt❛ s❝❤❡♠❡ ❢♦r ♣✉s❤✐♥❣ ♣❛rt✐❝❧❡s ✇✐t❤✐♥
t❤❡ ✜rst ❛♥❞ t❤❡ t❤✐r❞ st❡♣ ♦❢ ❆❧❣♦r✐t❤♠ ✸✳✺ ✐s 2πε/100✳ ❚❤❡♥✱ t❤❡ ♣❛rt✐❝❧❡s ✉s❡❞ ❢♦r t❤❡
●✉✐❞✐♥❣ ❈❡♥t❡r ♠♦❞❡❧ ❛r❡ ♣✉s❤❡❞ ✐♥ t✐♠❡ ✇✐t❤ t❤❡ ❢♦✉rt❤ ♦r❞❡r ❘✉♥❣❡✲❑✉tt❛ s❝❤❡♠❡✳ ❲❡
❤❛✈❡ ❞♦♥❡ t❡sts ✇✐t❤ s❡✈❡r❛❧ t✐♠❡ st❡♣s ❛♥❞ s❡✈❡r❛❧ ✈❛❧✉❡s ♦❢ ε ❣♦✐♥❣ ❢r♦♠ 0.001 t♦ 0.01✳
■♥ ❋✐❣✳ ✽ ✇❡ ♦❜s❡r✈❡ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s✱ ✜rst✱ ❜② ✉s✐♥❣ t❤❡ ●✉✐❞✐♥❣ ❈❡♥t❡r
♠♦❞❡❧ ❛♥❞ s❡❝♦♥❞✱ t❤❡ ❊❚❉✲P■❈ ♠❡t❤♦❞ ❢♦r t❤❡ ❱❧❛s♦✈✲P♦✐ss♦♥ ♠♦❞❡❧ ✇✐t❤ ε = 0.005✳ ❚❤❡
t✐♠❡ st❡♣ ✐s ∆t = 0.01✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ r❡♣r❡s❡♥t ✐♥ t❤❡ ♣❤②s✐❝❛❧ s♣❛❝❡ t❤❡ ❝♦♥t♦✉rs ♦❢
t❤❡ ♣❛rt✐❝❧❡ ❞❡♥s✐t✐❡s✳ ❚❤❡s❡ s♠♦♦t❤ ❞❡♥s✐t✐❡s ✐♥ ❋✐❣✳ ✽ ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❜② ❞❡♣♦s✐t✐♥❣ 8 · 105
♠❛❝r♦♣❛rt✐❝❧❡s ♦♥ ❛ ♠❡s❤ ✇✐t❤ 128× 64 ❝❡❧❧s ❜② ✉s✐♥❣ ❝✉❜✐❝ s♣❧✐♥❡s✳

■♥ ❋✐❣✳ ✾ ✇❡ r❡♣r❡s❡♥t t❤❡ ✏❣❧♦❜❛❧ ❡rr♦r✑ ✐♥ ❞❡♥s✐t✐❡s ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✷✳✶✮ ❛t t = 5✳ ◆♦✇✱ t❤❡
✏❧♦❝❛❧ ❡rr♦r✑ ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❱❧❛s♦✈✲P♦✐ss♦♥
s②st❡♠✱ ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ ❊❚❉✲P■❈ str❛t❡❣②✱ ❛♥❞ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡
●✉✐❞✐♥❣ ❈❡♥t❡r ❡q✉❛t✐♦♥✳ ❊✈❡♥t✉❛❧❧②✱ ✇❡ s❤♦✇ ✐♥ ❚❛❜❧❡s ✷ ❛♥❞ ✸ ❤♦✇ ❜✐❣ ✐s t❤❡ t✐♠❡ st❡♣
♦❢ t❤❡ ❊❚❉✲P■❈ ♠❡t❤♦❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❢❛st❡st ♣❡r✐♦❞✐❝ ♠♦t✐♦♥ ✭s❡❡ ❢♦r♠✉❧❛ ✭✸✳✼✮ ✇✐t❤
ε2 ✐♥st❡❛❞ ♦❢ ε ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡s❡ ♥✉♠❜❡rs✮✳

❆s ❛ ❧❛st ✈❛❧✐❞❛t✐♦♥ ♦❢ ♦✉r s❝❤❡♠❡✱ ✇❡ ❢♦❧❧♦✇ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❋♦✉r✐❡r ❝♦❡✣❝✐❡♥t
(1, 1) ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✱ s♦❧✉t✐♦♥ t♦ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ✐♥ ✭✺✳✷✹✮✳ ■♥ ♦r❞❡r t♦ ❜❡ ✐♥
❛❣r❡❡♠❡♥t ✇✐t❤ ✇♦r❦s ❬✶✺❪ ❛♥❞ ❬✹❪✱ ✇❡ r❛t❤❡r t❛❦❡

f0(x,v) =
1

2πT1T2
exp

(
−v

2
1 + v22
2

)(
sin(x1) + η cos(k2x2)

)
✭✺✳✸✶✮

✶✾



❛s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳ ■♥ t❤❡ s❡q✉❡❧✱ ❢♦r s✐♠♣❧✐❝✐t② ✇❡ ❞❡♥♦t❡ k2 ❜② k✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r s♠❛❧❧
η✱ ✇❡ ❝❛♥ ✉s❡ ✭s❡❡ ❬✶✻❪✮ ❛ ❧✐♥❡❛r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❱❧❛s♦✈✲P♦✐ss♦♥ s②st❡♠ ❛♥❞ t❤✉s ✇❡
❝❛♥ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❜② ❛♥ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥

E
ε(x, t) ≈ 4ηreωit sin(kx2) cos(ωrt− Φ), ✭✺✳✸✷✮

✇❤❡r❡ ωr ❛♥❞ ωi ❛r❡ t❤❡ r❡❛❧ ❛♥❞ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rts ♦❢ ω✱ t❤❡ ❞♦♠✐♥❛♥t ❝♦♠♣❧❡① r♦♦t
♦❢ t❤❡ ❢✉♥❝t✐♦♥ ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❞✐s♣❡rt✐♦♥ r❡❧❛t✐♦♥ ❛♥❞ reiΦ ✐s t❤❡ r❡s✐❞✉❡ ❛ss♦❝✐❛t❡❞ t♦
ω = ωr + iωi ✭s❡❡ ❬✶✻❪✮✳ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ ✭✺✳✸✷✮ t✉r♥s ♦✉t t♦ ❜❡ ❛ ✈❡r② ❣♦♦❞ ♦♥❡
♦♥ s♦♠❡ t✐♠❡ ✐♥t❡r✈❛❧✱ ❜❡t✇❡❡♥ t = 5 ❛♥❞ t = 10✳ ❋r♦♠ ✭✺✳✸✷✮ ✇❡ ❝❛♥ ❡❛s✐❧② ❞❡❞✉❝❡ ωi✱
t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❧✐♥❡ ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ✐♥ t✐♠❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✳ ❚❤❡ ❣r♦✇t❤
r❛t❡ ❝♦rr❡s♣♦♥❞s t♦ t❤✐s s❧♦♣❡ ❛♥❞ ✐t ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❋♦✉r✐❡r ❝♦❡✣❝✐❡♥t (1, 1) ♦❢
t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ Eε✳ ■t ❤❛s ❜❡❡♥ ♥♦t✐❝❡❞ ✐♥ ❬✶✺❪ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ ❣r♦✇t❤ r❛t❡ ❝❛♥ ❛❧s♦
❜❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ❡q✉❛t✐♦♥ ✭s❡❡ t❤❡ ❆♣♣❡♥❞✐①✮✳ ■♥ ❋✐❣s✳ ✶✵ ❛♥❞ ✶✷✱ ❢♦r
❛ ✜①❡❞ ε ❛♥❞ s❡✈❡r❛❧ ✈❛❧✉❡s ♦❢ k✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❡✈♦❧✉t✐♦♥ ✐♥ t✐♠❡ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢
t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ r❡❛❧ ♣❛rt ♦❢ t❤❡ (1, 1) ❋♦✉r✐❡r ❝♦❡✣❝✐❡♥t ♦❢ ψε ✭♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡
❊❚❉✲P■❈ s❝❤❡♠❡✮ ❝♦♥✈❡r❣❡s ♥✉♠❡r✐❝❛❧❧② t♦✇❛r❞s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥✉♠❡r✐❝❛❧ ❣r♦✇t❤ r❛t❡s
♦❜t❛✐♥❡❞ t❤r♦✉❣❤ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❡q✉❛t✐♦♥✳ ■♥ ❋✐❣✳ ✶✶✱ ✇❡ ❝❛♥ ♦❜s❡r✈❡ ❢♦r ❛ ✜①❡❞ k ❛♥❞
s❡✈❡r❛❧ ✈❛❧✉❡s ♦❢ ε t❤❛t t❤❡ ❧✐♥❡❛r ♣❤❛s❡ ♦❢ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❋♦✉r✐❡r ❝♦❡✣❝✐❡♥t ❤❛s
t❤❡ ❣♦♦❞ s❧♦♣❡ ❣✐✈❡♥ ❜② t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❡q✉❛t✐♦♥✳

✺✳✸✳✸ ❈♦♠♠❡♥ts ❛❜♦✉t t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts

❋✐rst✱ ✇❡ ❝❛♥ s❡❡ ✐♥ ❋✐❣✳ ✽ t❤❛t ❢♦r s❡✈❡r❛❧ ❧❛r❣❡ ✜♥❛❧ t✐♠❡s✱ t❤❡ ♣❛rt✐❝❧❡ ❞❡♥s✐t✐❡s ♦❜t❛✐♥❡❞
✇✐t❤ t❤❡ ●✉✐❞✐♥❣ ❈❡♥t❡r ❡q✉❛t✐♦♥ ❛♥❞ ✇✐t❤ t❤❡ ❊❚❉✲P■❈ s❝❤❡♠❡ ❢♦r ❱❧❛s♦✈✲P♦✐ss♦♥ ♠♦❞❡❧
✇✐t❤ ε = 0.005 ❛r❡ ✈❡r② ❝❧♦s❡✳ ❚❤✐s ✐s ❛ ✜rst st❡♣ ♦❢ ✈❛❧✐❞❛t✐♦♥ ♦❢ ♦✉r ♠❡t❤♦❞ ✐♥ t❤❡ ❝♦♥t❡①t
♦❢ ❧♦♥❣ t✐♠❡ s✐♠✉❧❛t✐♦♥s✳

∆t❂✶❊✲✸ ∆t❂✸❊✲✸ ∆t❂✺❊✲✸ ∆t❂ ✼❊✲✸ ∆t❂✾❊✲✸ ∆t❂✶❊✲✷

ε = ✺✳❊✲✸ 6 19 31 44 57 63

ε = ✷✳✺❊✲✸ 25 76 127 178 229 254

ε = ✶✳❊✲✸ 159 477 795 1 114 1 432 1 591

ε = ✶✳❊✲✹ 15 915 47 746 79 577 111 408 143 239 159 154

❚❛❜❧❡ ✷✿ ❚❤❡ ✇❤♦❧❡ ♥✉♠❜❡r ♦❢ r❛♣✐❞ ❢✉❧❧ t♦✉rs ❡♥❝❧♦s❡❞ ✐♥ ❛ t✐♠❡ st❡♣ ♦❢ t❤❡ ❊❚❉✲P■❈
s❝❤❡♠❡✱ ❢♦r s❡✈❡r❛❧ ✈❛❧✉❡s ♦❢ t❤❡ t✐♠❡ st❡♣ ❛♥❞ ♦❢ ε❀ r❡❧❛t❡❞ t♦ t❤❡ ❧❡❢t ♣❛♥❡❧ ✐♥ ❋✐❣✳ ✾

ε = ✶❊✲✸ ε = ✸❊✲✸ ε = ✺❊✲✸ ε = ✼❊✲✸ ε = ✾❊✲✸ ε = ✶❊✲✷

∆t❂✶✳❊✲✷ 1591 176 63 32 19 15

∆t❂✺✳❊✲✸ 795 88 31 16 9 7

❚❛❜❧❡ ✸✿ ❚❤❡ ✇❤♦❧❡ ♥✉♠❜❡r ♦❢ r❛♣✐❞ ❢✉❧❧ t♦✉rs ❡♥❝❧♦s❡❞ ✐♥ ❛ t✐♠❡ st❡♣ ♦❢ t❤❡ ❊❚❉✲P■❈
s❝❤❡♠❡✱ ❢♦r s❡✈❡r❛❧ ✈❛❧✉❡s ♦❢ ε ❛♥❞ ♦❢ t❤❡ t✐♠❡ st❡♣❀ r❡❧❛t❡❞ t♦ t❤❡ r✐❣❤t ♣❛♥❡❧ ✐♥ ❋✐❣✳ ✾

✷✵



◆❡①t✱ ✇❡ ❞✐s❝✉ss t❤❡ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❣❧♦❜❛❧ ❡rr♦r✳ ❘❡❝❛❧❧✐♥❣ t❤❛t
N ✐s t❤❡ ✐♥t❡❣r❛❧ ♥✉♠❜❡r ♦❢ t❤❡ r❛♣✐❞ ❢✉❧❧ t♦✉rs ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ s❡❝♦♥❞ st❡♣ ♦❢ ❆❧❣♦r✐t❤♠ ✸✳✺✱
✇❡ r❡♠❛r❦ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✶✳ ❋✐rst✱ ✐♥ ❋✐❣✳ ✾ ✭❧❡❢t ♣❛♥❡❧✮✱ ✇❡ ❝❛♥ s❡❡ t❤❛t ❢♦r ❡❛❝❤ ✜①❡❞ ε✱ t❤❡ ❡rr♦r ❞❡❝r❡❛s❡s ✇✐t❤
❞❡❝r❡❛s✐♥❣ t✐♠❡ st❡♣✱ ❛❧t❤♦✉❣❤ N ✐s ❝❤❛♥❣✐♥❣✳ ❚❤✉s✱ t❤❡ s❝❤❡♠❡ ✇♦r❦s ❢♦r s♠❛❧❧ t✐♠❡
st❡♣s ❝♦♠♣❛r❡❞ t♦ t❤❡ ❢❛st ♦s❝✐❧❧❛t✐♦♥ ❛♥❞ ✐s r♦❜✉st ✇✐t❤ r❡s♣❡❝t t♦ N ✳ ❙❡❝♦♥❞✱ ✇❡
♦❜s❡r✈❡ t❤❛t✱ t❤❡ s♠❛❧❧❡r ε ✐s✱ t❤❡ s♠❛❧❧❡r t❤❡ ❡rr♦r ✐s✱ ❞❡s♣✐t❡ t❤❛t N ✐s s✐❣♥✐✜❝❛♥t❧②
✐♥❝r❡❛s✐♥❣ ✇❤❡♥ ε ✐s s♠❛❧❧❡r ✭s❡❡ ❚❛❜❧❡ ✷✮✳ ❚❤✐s ✐s ❛♥ ❡①♣❡❝t❡❞ ❜❡❤❛✈✐♦✉r s✐♥❝❡ t❤❡
●✉✐❞✐♥❣ ❈❡♥t❡r ♠♦❞❡❧ ❜❡❝♦♠❡s ❛ ❜❡tt❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❱❧❛s♦✈✲P♦✐ss♦♥ ♠♦❞❡❧
✇❤❡♥ ε ❣♦❡s t♦ 0✳ ❚❤✉s✱ t❤❡ s❝❤❡♠❡ ✇♦r❦s ❢♦r ❜✐❣ t✐♠❡ st❡♣s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❢❛st
♦s❝✐❧❧❛t✐♦♥ ❛❧s♦✳

✷✳ ■♥ ❚❛❜❧❡ ✸ ❛♥❞ t❤❡ r✐❣❤t ♣❛♥❡❧ ✐♥ ❋✐❣✳ ✾✱ ✇❡ ❞❡t❛✐❧ t❤❡ ❛❜♦✈❡ ❝♦♠♠❡♥ts ❜② t❛❦✐♥❣ s❡✈❡r❛❧
✈❛❧✉❡s ♦❢ ε✳ ❋✐rst✱ ❥✉st✐❢②✐♥❣ ❛s ✐♥ t❤❡ ✐t❡♠ ❜❡❢♦r❡✱ ✇❤❡♥ t❤❡ t✐♠❡ st❡♣ ✐s ❦❡♣t ✜①❡❞✱
t❤❡ ❡rr♦r ❞❡❝r❡❛s❡s ✇✐t❤ ❞❡❝r❡❛s✐♥❣ ε✳ ❙❡❝♦♥❞✱ ✇❡ ♥♦t✐❝❡ ♦♥❝❡ ❛❣❛✐♥ t❤❡ r♦❜✉st♥❡ss ♦❢
t❤❡ s❝❤❡♠❡✿ t❤❡ ❡rr♦rs ❛r❡ st❛❜❧❡ ✇❤❡♥ N ✐s ✇✐❞❡❧② ✈❛r②✐♥❣ ❢r♦♠ 7 t♦ 1 591✳

✸✳ ❈♦♥❝❧✉❞✐♥❣✱ t❤❡ ❧❡❢t ♣❛♥❡❧ ✐♥ ❋✐❣✳ ✾ s❤♦✇s t❤❛t t❤❡ ❊❚❉✲P■❈ s❝❤❡♠❡ ✐s ❝♦♥✈❡r❣❡♥t
✇❤❡♥ ∆t → 0✱ ✉♥✐❢♦r♠❧② ✐♥ ε✳ ❆❧s♦✱ t❤❡ r✐❣❤t ♣❛♥❡❧ s❤♦✇s t❤❛t t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢
t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❱❧❛s♦✈✲P♦✐ss♦♥ s②st❡♠ ❝♦♥✈❡r❣❡s ✇❤❡♥ ε→ 0 t♦ ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢
t❤❡ ●✉✐❞✐♥❣ ❈❡♥t❡r ♠♦❞❡❧✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ∆t✳ ❚❤❡s❡ ❢❛❝ts ✉♥❞❡r❧✐♥❡ t❤❡ ❛s②♠♣t♦t✐❝
♣r❡s❡r✈✐♥❣ ❜❡❤❛✈✐♦✉r ♦❢ ♦✉r s❝❤❡♠❡✳

ω
k 0.1556 0.2699 0.3657 0.4492 0.5223 0.5850 0.6361 0.6735 0.6920

1− k 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

❚❛❜❧❡ ✹✿ ❚❤❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ♦❢ ω/k ✭t❤❡ ❣r♦✇t❤ r❛t❡ ✐s ω✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ 1− k✱ ♦❜t❛✐♥❡❞
❜② s♦❧✈✐♥❣ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❡q✉❛t✐♦♥ ✭s❡❡ ❆♣♣❡♥❞✐①✮

❆ ❆♣♣❡♥❞✐①✿ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❡q✉❛t✐♦♥

❚❤❡ ❡✐❣❡♥✈❛❧✉❡ ❡q✉❛t✐♦♥ ❛❧❧♦✇✐♥❣ t♦ ♦❜t❛✐♥ t❤❡ ❣r♦✇t❤ r❛t❡s ♦❢ ✐♥st❛❜✐❧✐t② r❡❧❛t❡❞ t♦ t❤❡
●✉✐❞✐♥❣✲❝❡♥t❡r ♣r♦❜❧❡♠ ✭✺✳✷✻✮✲✭✺✳✷✽✮ ❤❛s ❜❡❡♥ ❞❡r✐✈❡❞ ✐♥ ❬✶✺❪✳ ❲❡ r❡❝❛❧❧ t❤✐s ❞❡r✐✈❛t✐♦♥✱ ✐♥
♦✉r ♥♦t❛t✐♦♥s✳
❲❡ ❝♦♥s✐❞❡r ❛♥ ✐♥❤♦♠♦❣❡♥❡♦✉s ❡q✉✐❧✐❜r✐✉♠ s♦❧✉t✐♦♥ f0 = f0(x1) ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❡q✉✐❧✐❜r✐✉♠ ♣♦t❡♥t✐❛❧ φ0 = φ0(x1)✱ ✇❤✐❝❤ s❛t✐s✜❡s ✿

∂2φ0

∂x21
= −f0. ✭❆✳✶✮

■♥ ♣r❛❝t✐❝❡✱ ❛❝❝♦r❞✐♥❣ t♦ ♦✉r ❝❤♦✐❝❡ ♦❢ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐♥ ✭✺✳✸✶✮✱ ✇❡ ✇✐❧❧ t❛❦❡ f0(x1) = sin(x1)
❛♥❞ ✇❡ ✇✐❧❧ ✇♦r❦ ♦♥ t❤❡ t♦r✉s✱ ✐✳❡✳✱ ✇✐t❤ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

✷✶



❚❤❡♥ ✇❡ ✇✐❧❧ ❧✐♥❡❛r✐③❡ ✭✺✳✷✻✮✲✭✺✳✷✼✮ ❛r♦✉♥❞ t❤✐s ❡q✉✐❧✐❜r✐✉♠ s♦❧✉t✐♦♥✳ ■♥ ♦t❤❡r ✇♦r❞s ✇❡ ❛r❡
❧♦♦❦✐♥❣ ❢♦r ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦r♠ ✿

fGC(t,x) ≃ f0(x1) + ηf1(t,x), ✭❆✳✷✮

φ(t,x) ≃ φ0(x1) + ηφ1(t,x), ✭❆✳✸✮

✇❤❡r❡ η ✐s ❛ s♠❛❧❧ ♣❛r❛♠❡t❡r✳ ■♥❥❡❝t✐♥❣ ✭❆✳✷✮✲✭❆✳✸✮ ✐♥ ✭✺✳✷✻✮✲✭✺✳✷✼✮ ✇❡ ♦❜t❛✐♥ ✿

∂tf
1 − ∂x2

φ1∂x1
f0 + ∂x1

φ0∂x2
f1 = O (η) , ✭❆✳✹✮

− ∂2φ1

∂x21
− ∂2φ1

∂x22
= f1. ✭❆✳✺✮

◆❡❣❧❡❝t✐♥❣ t❤❡ O (η) t❡r♠s ✐♥ ✭❆✳✹✮ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✿

∂tf
1 − ∂x2

φ1∂x1
f0 + ∂x1

φ0∂x2
f1 = 0, ✭❆✳✻✮

− ∂2φ1

∂x21
− ∂2φ1

∂x22
= f1. ✭❆✳✼✮

◆♦✇✱ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛ ❝♦✉♣❧❡ ♦❢ s♦❧✉t✐♦♥ (f1, φ1) ♦❢ ✭❆✳✻✮✲✭❆✳✼✮ ✐♥ t❤❡ ❢♦r♠ ✿

f1 (t,x) = f̂1,l (x1) e
ilx2e−iωt, ✭❆✳✽✮

φ1 (t,x) = φ̂1,l (x1) e
ilx2e−iωt. ✭❆✳✾✮

■♥❥❡❝t✐♥❣ ✭❆✳✽✮✲✭❆✳✾✮ ✐♥ ✭❆✳✻✮✲✭❆✳✼✮ ②✐❡❧❞s ✿

− iωf̂1,l + ilφ̂1,l∂x1
f0 + ilf̂1,l∂x1

φ0 = 0, ✭❆✳✶✵✮

− ∂2φ̂1,l
∂x21

+ l2φ̂1,l = f̂1,l. ✭❆✳✶✶✮

❯s✐♥❣ ✭❆✳✶✵✮ ✇❡ ❡①♣r❡ss f̂1,l ✐♥ t❡r♠s ♦❢ φ̂1,l✳ ❆❢t❡r✇❛r❞s✱ ✐♥❥❡❝t✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ✐♥ ✭❆✳✶✶✮

✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ♦♥ φ̂1,l ✿

(c− v0)

(
∂2φ̂1,l
∂x21

− l2φ̂1,l

)
− ∂2v0
∂x21

φ̂1,l = 0, ✭❆✳✶✷✮

✇❤❡r❡

c =
ω

l
, ✭❆✳✶✸✮

v0(x1) = ∂x1
φ0(x1). ✭❆✳✶✹✮

■♥ ♣r❛❝t✐❝❡ ✇❡ ✇✐❧❧ t❛❦❡ ✿

f0(x1) = sin(x1),

φ0(x1) = sin(x1),

v0(x1) = cos(x1).

✭❆✳✶✺✮

✷✷



❈♦♥str✉❝t✐♥❣ ❛♥ ✉♥✐❢♦r♠ ❣r✐❞ ♦❢ [0, T1]✱ ✇❤❡r❡ T1 ✐s t❤❡ ♣❡r✐♦❞ ♦❢ f0 ❛♥❞ φ0✱ ✇❡ ❝❛♥ ♣r♦❝❡❡❞
✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s♦❧✉t✐♦♥ ♦❢ ✭❆✳✶✷✮✳ ❲❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝r❡t✐s❛t✐♦♥✿

φ̂1,l
(
xi1
)
= φli, ∂x1

φ̂1,l
(
xi1
)
=
φli+1 − φli−1

2∆x1
,

∂2φ̂1,l
∂x21

(
xi1
)
=
φli+1 − 2φli + φli−1

∆x21
✭❆✳✶✻✮

❛♥❞ ✇❡ ♦❜t❛✐♥ ✿
(
v0
(
xi1
)
φli+1 +

(
−2v0

(
xi1
)
− l2∆x21v0

(
xi1
)
− ∂2v0
∂x21

(
xi1
)
∆x21

)
φli + v0

(
xi1
)
φli−1

)

=c
(
φli+1 −

(
2 + l2∆x22

)
φli + φli−1

)
.

✭❆✳✶✼✮

❚❤❡ ♣r♦❜❧❡♠ ❝❛♥ t❤❡♥ ❜❡ ✇r✐tt❡♥ ❛s Alφl = cBlφl✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ✐♥✐t✐❛❧ ♣r♦❜❧❡♠ ❝♦♥✲
s✐st✐♥❣ ✐♥ ✜♥❞✐♥❣ ω ❛♥❞ φ̂1,l s❛t✐s❢②✐♥❣ ❡q✉❛t✐♦♥ ✭❆✳✶✷✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣
❡✐❣❡♥✈❛❧✉❡s ♣r♦❜❧❡♠ ✿ ✜♥❞ ❛ ✈❡❝t♦r φl ❛♥❞ ❛ ❝♦♠♣❧❡① ♥✉♠❜❡r c s✉❝❤ t❤❛t (Bl)−1Alφl = cφl✳
❚❤❡♥ t❤❡ ✐♥st❛❜✐❧✐t② ❣r♦✇t❤ r❛t❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❣r❡❛t❡st ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✲
✉❡s✳ ❈♦♥s✐❞❡r✐♥❣ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ ✇❛✈❡ ♥✉♠❜❡r k✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣❧♦t t❤❡ q✉❛♥t✐t②
ω/k ✭✇❤❡r❡ ω ✐s t❤❡ ❣r♦✇t❤ r❛t❡✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ 1− k✳ ❚❤✐s ✐s ♣❡r❢♦r♠❡❞ ✐♥ ❚❛❜❧❡ ✹✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❈✳❑✳ ❇✐r❞s❛❧❧ ❛♥❞ ❆✳❇✳ ▲❛♥❣❞♦♥✳ P❧❛s♠❛ P❤②s✐❝s ✈✐❛ ❈♦♠♣✉t❡r ❙✐♠✉❧❛t✐♦♥✳ ■♥st✐t✉t❡
♦❢ P❤②s✐❝s✱ ❇r✐st♦❧ ❛♥❞ P❤✐❧❛❞❡❧♣❤✐❛✱ ✶✾✾✶✳

❬✷❪ ▼✳ ❇♦st❛♥✳ ❚❤❡ ❱❧❛s♦✈✲▼❛①✇❡❧❧ ❙②st❡♠ ✇✐t❤ ❙tr♦♥❣ ■♥✐t✐❛❧ ▼❛❣♥❡t✐❝ ❋✐❡❧❞✿ ●✉✐❞✐♥❣✲
❈❡♥t❡r ❆♣♣r♦①✐♠❛t✐♦♥✳ ▼✉❧t✐s❝❛❧❡ ▼♦❞❡❧✳ ❙✐♠✉❧✳✱ ✻✭✸✮✿✶✵✷✻✕✶✵✺✽✱ ✷✵✵✼✳

❬✸❪ ❙✳ ▼✳ ❈♦① ❛♥❞ P✳ ❈✳ ▼❛tt❤❡✇s✳ ❊①♣♦♥❡♥t✐❛❧ t✐♠❡ ❞✐✛❡r❡♥❝✐♥❣ ❢♦r st✐✛ s②st❡♠s✳ ❏✳

❈♦♠♣✉t✳ P❤②s✳✱ ✶✼✻✭✷✮✿✹✸✵✕✹✺✺✱ ✷✵✵✷✳

❬✹❪ ◆✳ ❈r♦✉s❡✐❧❧❡s✱ ▼✳ ▼❡❤r❡♥❜❡r❣❡r✱ ❛♥❞ ❊✳ ❙♦♥♥❡♥❞rü❝❦❡r✳ ❈♦♥s❡r✈❛t✐✈❡ s❡♠✐✲▲❛❣r❛♥❣✐❛♥
s❝❤❡♠❡s ❢♦r ❱❧❛s♦✈ ❡q✉❛t✐♦♥s✳ ❏✳ ❈♦♠♣✉t✳ P❤②s✳✱ ✷✷✾✭✻✮✿✶✾✷✼✕✶✾✺✸✱ ✷✵✶✵✳

❬✺❪ ❉✳ ❍✳ ❊✳ ❉✉❜✐♥✱ ❏✳ ❆✳ ❑r♦♠♠❡s✱ ❈✳ ❖❜❡r♠❛♥✱ ❛♥❞ ❲✳ ❲✳ ▲❡❡✳ ◆♦♥❧✐♥❡❛r ❣②r♦❦✐♥❡t✐❝
❡q✉❛t✐♦♥s✳ P❤②s✳ ❋❧✉✐❞s✱ ✷✻✭✶✷✮✿✸✺✷✹✕✸✺✸✺✱ ✶✾✽✸✳

❬✻❪ ❊✳ ❋ré♥♦❞✱ ❙✳ ❆✳ ❍✐rst♦❛❣❛✱ ❛♥❞ ❊✳ ❙♦♥♥❡♥❞rü❝❦❡r✳ ❆♥ ❡①♣♦♥❡♥t✐❛❧ ✐♥t❡❣r❛t♦r ❢♦r ❛
❤✐❣❤❧② ♦s❝✐❧❧❛t♦r② ❱❧❛s♦✈ ❡q✉❛t✐♦♥✳ ❉✐s❝r❡t❡ ❈♦♥t✐♥✳ ❉②♥✳ ❙②st✳ ❙❡r✳ ❙✱ ✷✵✶✹ ✭■♥ Pr❡ss✮✳

❬✼❪ ❊✳ ❋ré♥♦❞✱ P✳ ❆✳ ❘❛✈✐❛rt✱ ❛♥❞ ❊✳ ❙♦♥♥❡♥❞rü❝❦❡r✳ ❆s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❱❧❛s♦✈
❡q✉❛t✐♦♥ ✐♥ ❛ ❧❛r❣❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❏✳ ▼❛t❤✳ P✉r❡s ❡t ❆♣♣❧✳✱ ✽✵✭✽✮✿✽✶✺✕✽✹✸✱
✷✵✵✶✳

❬✽❪ ❊✳ ❋ré♥♦❞✱ ❋✳ ❙❛❧✈❛r❛♥✐✱ ❛♥❞ ❊✳ ❙♦♥♥❡♥❞rü❝❦❡r✳ ▲♦♥❣ t✐♠❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❛ ❜❡❛♠ ✐♥ ❛
♣❡r✐♦❞✐❝ ❢♦❝✉s✐♥❣ ❝❤❛♥♥❡❧ ✈✐❛ ❛ t✇♦✲s❝❛❧❡ P■❈✲♠❡t❤♦❞✳ ▼❛t❤✳ ▼♦❞❡❧s ▼❡t❤♦❞s ❆♣♣❧✳

❙❝✐✳✱ ✶✾✭✷✮✿✶✼✺✕✶✾✼✱ ✷✵✵✾✳

✷✸



❬✾❪ ❊✳ ❋ré♥♦❞ ❛♥❞ ❊✳ ❙♦♥♥❡♥❞rü❝❦❡r✳ ❍♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ❛♥❞ ♦❢
t❤❡ ❱❧❛s♦✈✲P♦✐ss♦♥ s②st❡♠ ✇✐t❤ ❛ str♦♥❣ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❆s②♠♣t♦t✳ ❆♥❛❧✳✱
✶✽✭✸✱✹✮✿✶✾✸✕✷✶✹✱ ✶✾✾✽✳

❬✶✵❪ ❊✳ ❋ré♥♦❞ ❛♥❞ ❊✳ ❙♦♥♥❡♥❞rü❝❦❡r✳ ▲♦♥❣ t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥♥❛❧ ❱❧❛s♦✈
❡q✉❛t✐♦♥ ✇✐t❤ ❛ str♦♥❣ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ▼❛t❤✳ ▼♦❞❡❧s ▼❡t❤♦❞s ❆♣♣❧✳ ❙❝✐✳✱
✶✵✭✹✮✿✺✸✾✕✺✺✸✱ ✷✵✵✵✳

❬✶✶❪ ❋✳ ●♦❧s❡ ❛♥❞ ▲✳ ❙❛✐♥t ❘❛②♠♦♥❞✳ ❚❤❡ ❱❧❛s♦✈✲P♦✐ss♦♥ s②st❡♠ ✇✐t❤ str♦♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞✳
❏✳ ▼❛t❤✳ P✉r❡s✳ ❆♣♣❧✳✱ ✼✽✿✼✾✶✕✽✶✼✱ ✶✾✾✾✳

❬✶✷❪ ▼✳ ❍♦❝❤❜rü❝❦ ❛♥❞ ❆✳ ❖st❡r♠❛♥♥✳ ❊①♣♦♥❡♥t✐❛❧ ✐♥t❡❣r❛t♦rs✳ ❆❝t❛ ◆✉♠❡r✳✱ ✶✾✿✷✵✾✕✷✽✻✱
✷✵✶✵✳

❬✶✸❪ ❙✳ ❏✐♥✳ ❊✣❝✐❡♥t ❛s②♠♣t♦t✐❝✲♣r❡s❡r✈✐♥❣ ✭❆P✮ s❝❤❡♠❡s ❢♦r s♦♠❡ ♠✉❧t✐s❝❛❧❡ ❦✐♥❡t✐❝ ❡q✉❛✲
t✐♦♥s✳ ❙■❆▼ ❏✳ ❙❝✐✳ ❈♦♠♣✉t✳✱ ✷✶✿✹✹✶✕✹✺✹✱ ✶✾✾✾✳

❬✶✹❪ ❲✳ ❲✳ ▲❡❡✳ ●②r♦❦✐♥❡t✐❝ ❛♣♣r♦❛❝❤ ✐♥ ♣❛rt✐❝❧❡ s✐♠✉❧❛t✐♦♥✳ P❤②s✳ ❋❧✉✐❞s✱ ✷✻✭✷✮✿✺✺✻✕✺✻✷✱
✶✾✽✸✳

❬✶✺❪ ▼✳ ❙❤♦✉❝r✐✳ ❆ t✇♦✲❧❡✈❡❧ ✐♠♣❧✐❝✐t s❝❤❡♠❡ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞
✈♦rt✐❝✐t② ❡q✉❛t✐♦♥✳ ■♥t❡r♥❛t✳ ❏✳ ◆✉♠❡r✳ ▼❡t❤♦❞s ❊♥❣r❣✳✱ ✶✼✿✶✺✷✺✕✶✺✸✽✱ ✶✾✽✶✳

❬✶✻❪ ❊✳ ❙♦♥♥❡♥❞rü❝❦❡r✳ ❆♣♣r♦①✐♠❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞❡s éq✉❛t✐♦♥s ❞❡ ❱❧❛s♦✈✲▼❛①✇❡❧❧✱ ✷✵✶✵✳
♥♦t❡s ❞❡ ❝♦✉rs ❞❡ ▼✷✱ ❯♥✐✈❡rs✐té ❞❡ ❙tr❛s❜♦✉r❣✳

✷✹



❋✐❣✉r❡ ✽✿ ❙✐♠✉❧❛t✐♦♥s ♦❢ ρε
g ✇✐t❤ t❤❡ ❊❚❉✲P■❈ ♠❡t❤♦❞ ✇❤❡♥ ε = 0.005 ✭❧❡❢t✮ ❛♥❞ ♦❢ t❤❡

●✉✐❞✐♥❣ ❈❡♥t❡r ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✭r✐❣❤t✮✳ ❋r♦♠ t♦♣ t♦ ❜♦tt♦♠ ✇❡ r❡♣r❡s❡♥t t❤❡ ❞❡♥s✐t✐❡s✬
❝♦♥t♦✉rs ❛t t✐♠❡s t = 5✱ t = 10✱ t = 15✱ ❛♥❞ t = 20✳ ❚❤❡ t✐♠❡ st❡♣ ✐s ∆t = 0.01 ✭❚❤❡ ♥✉♠❜❡r
♦❢ ❢❛st ♣❡r✐♦❞s ✐♥ ∆t ✐s N = 63✮✳

✷✺



❋✐❣✉r❡ ✾✿ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ s♦❧✉t✐♦♥ ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ ❊❚❉✲P■❈ ♠❡t❤♦❞ ❛♥❞ t❤❡
s♦❧✉t✐♦♥ t♦ t❤❡ ●✉✐❞✐♥❣ ❈❡♥t❡r ❡q✉❛t✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ t✐♠❡ st❡♣ ✭❧❡❢t ♣❛♥❡❧✮ ❛♥❞ ♦❢ ε
✭r✐❣❤t ♣❛♥❡❧✮ ❛t ✜♥❛❧ t✐♠❡ t = 5

✷✻



❋✐❣✉r❡ ✶✵✿ ■♥ r❡❞✱ t❤❡ ❡✈♦❧✉t✐♦♥ ✐♥ t✐♠❡ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ (1, 1)
❋♦✉r✐❡r ❝♦❡✣❝✐❡♥t ♦❢ ψε✳ ■♥ ❣r❡❡♥✱ t❤❡ ❣r♦✇t❤ r❛t❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❡q✉❛t✐♦♥
✭s❡❡ ❚❛❜❧❡ ✹✮✳ ❙✐♠✉❧❛t✐♦♥s ✇✐t❤ ✜①❡❞ ∆t = ε = 0.005 ❛♥❞ s❡✈❡r❛❧ ✈❛❧✉❡s ♦❢ k ❜❡t✇❡❡♥ 0.3
❛♥❞ 0.8 ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐♥ ✭✺✳✸✶✮

✷✼



❋✐❣✉r❡ ✶✶✿ ❚❤❡ ❣r♦✇t❤ r❛t❡s ❢♦r ✜①❡❞ k = 0.7 ❛♥❞ s❡✈❡r❛❧ ✈❛❧✉❡s ♦❢ ε ❢r♦♠ 0.5 t♦ 0.005✳

❋✐❣✉r❡ ✶✷✿ ❚❤❡ ❣r♦✇t❤ r❛t❡s ❢♦r ✜①❡❞ ε = 0.005 ❛♥❞ t❤r❡❡ ✈❛❧✉❡s ♦❢ k✳

✷✽
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