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Abstract

We introduce a new recursive aggregation procedure called Bernstein Online Ag-
gregation (BOA). Its exponential weights include a second order refinement. The
procedure is optimal for the model selection aggregation problem in the bounded iid
setting for the square loss: the excess of risk of its batch version achieves the fast
rate of convergence log(M)/n in deviation. The BOA procedure is the first online
algorithm that satisfies this optimal fast rate. The second order refinement is required
to achieve the optimality in deviation as the classical exponential weights cannot be
optimal, see [Aud09]. This refinement is settled thanks to a new stochastic conver-
sion that estimates the cumulative predictive risk in any stochastic environment with
observable second order terms. The observable second order term is shown to be suf-
ficiently small to assert the fast rate in the iid setting when the loss is Lipschitz and
strongly convex. We also introduce a multiple learning rates version of BOA. This
fully adaptive BOA procedure is also optimal, up to a loglog(n) factor.

Keywords Exponential weighted averages, learning theory, individual sequences.

1 Introduction and main results

We consider the online setting where observations D; = {(X1, Y1),..., (X, Y:)} are avail-
able recursively ((Xo, Yo) = (20, yo) arbitrary). The goal of statistical learning is to predict
Yir1 € R given X311 € X, for X a probability space, on the basis of D;. In this paper, we
index with the subscript ¢t any random element that is adapted to o(D;). A learner is a
function X — R, denoted f;, that depends only on the past observations D; and such that
ft(Xi41) is close to Yi41. This closeness at time ¢ + 1 is addressed by the predictive risk

E[l(Yit1, ft(Xet1)) | D]

where £ : R? — R is a loss function. We define an online learner f as a recursive algorithm
that produces at each time ¢t > 0 a learner: f = (fo, f1, f2,...). The accuracy of an online



learner is quantified by the cumulative predictive risk

n+1
Rps1(f) =D E[(Yy, fi1(X0)) | De-al.
t=1
We will motivate the choice of this criteria later in the introduction.
Given a finite set % = {f1,..., far} of online learners such that f; = (fj+)i>0, we aim
at finding optimal online aggregation procedures

M M M
F= (Cmofio Yo miafin Yo miatia )
j=1 j=1 j=1

with o(D;)-measurable weights 7;; > 0, Z]Nil i+ =1,t=0,...,n. We call deterministic
aggregation procedures f, any online learner of the form

M M M
fr= <Z7ijj,0, S omifin Y mifia.-. >
=1 i=1 i=1

with m = (7m)1<j<m with Z]Nil mj = 1. Notice that 7 can be viewed as a probabil-
ity measure on the random index J € {1,...,M}. We will also use the notation
for the probability measure (mj;)i1<j<pm on {1,...,M}. Then, fr = E;[f;] and f =
(Ero[fr0)s Ex,[f71], Exy[fr2],-..). The predictive performances of an online aggregation
procedure f is compared with the best deterministic aggregation of H or the best element
of H. We refer to these two different objectives as, respectively, the convex aggrega-
tion Problem (C) or the model selection aggregation Problem (MS). The performance of
online aggregation procedures is usually measured using the cumulative loss (in the con-
text of individual sequences prediction, see the seminal book [CBLO06]). The first aim
of this paper is to use instead the cumulative predictive risk for any stochastic process
(X:,Y;). However, to define properly the notion of optimality as in [Nem00, Tsy03], we
will also consider the specific iid setting of independent identically distributed observa-
tions (X¢,Y;) when the online learners are constants: f;; = f;, t > 0. In the iid setting,
we suppress the indexation with time ¢ as much as possible and we define the usual risk
R(f) = El(Y, f(X))] = (n+ 1)~ R, 1(f) for any constant learner f. A batch learner is

defined as f = fr for o(D,)-measurable weights m; > 0, Z]M:1 mj = 1. Lower bounds for
the excesses of risk

Problem (C): R(f) —inf R(fr), Problem (MS): R(f) — min R(f;),
™ J

are provided for the expectation of the square loss in [Nem00, Tsy03]. Theorem 4.1 in
[Rigl2] provides sharper lower bounds in deviation for some strongly convex Lipschitz
losses and deterministic X;s. These lower bounds are called the optimal rates of conver-
gence and a weaker version applies also in our more general setting with stochastic (but
possibly degenerate) X;s. For Problem (C), we retain the rate y/log(M)/n that is optimal
when M > \/n and log(M)/n for Problem (MS), see [Rig12] for details. We are now ready
to define the notion of optimality:



Definition 1.1 (adapted from Theorem 4.1 in [Rigl2]). In the iid setting, a batch aggre-
gation procedure is optimal for Problems (C) when M > \/n or (MS) if there exists C > 0
such that with probability 1 —e™, x > 0, it holds

R() =inf R(fy) < CXEZEE or RO —min R(p) < OB

Very few known procedures achieve the fast rate log(M)/n in deviation and none of
them are issued from an online procedure. In this article, we provide the Bernstein Online
Aggregation (BOA) that is proved to be the first online aggregation procedure such that
its batch version, defined as f = (n+1)"' >, f;, is optimal. Before defining it properly,
let us review the existing optimal procedures for Problem (MS).

The batch procedures in [Aud07, LM09, LR14] achieve the optimal rate in deviation.
A priori, they face practical issues as they require a computational optimization technique
to approximate the weights that are defined as an optimum. A step further has been done
in the context of quadratic loss with gaussian noise in [DRXZ12] where an explicit iterative
scheme is provided. We will now explain why the question of the existence of an online
algorithm whose batch version achieves fast rate of convergence in deviations remained
open (see the conclusion of [Aud09]) before our work. Optimal (for the regret) online
aggregation procedures are exponential weights algorithms (EWAs), see [Vov90, HKW98].
The batch versions of EWASs coincides with the Progressive Mixture Rules (PRMs). In the
iid setting, the properties of the excess of risk of such procedures have been extensively
studied in [Cat04]. PRMs achieve the fast optimal rate log(M)/n in expectation (that
follows from the expectation of the optimal regret bound by an application of Jensen’s
inequality, see [Cat04, JRT08]). However, PRMs are suboptimal in deviation, i.e. the
optimal rate cannot hold with high probability, see [Aud07, DRXZ12]. It is because the
optimality for the regret defined as in [HKW98] does not coincides with the notion of
optimality for the risk in deviation used in Definition 1.1.

The optimal BOA procedure is obtained using a necessary second order refinement of
EWA. Figure 1 describes the computation of the weights in the BOA procedure where /;;
denotes the opposite of the instantaneous regret £(Yy, fj1—1(X¢)) — Ex,_ [0(Yy, fr6-1(X))]
(linearized when the loss ¢ is convex). Other procedures already exist with different second

Parameters: Learning rate n > 0.
Initialization: Set ;o > 0 such that zjﬂil mjo = 1.
For: Each time round 1 <t < n, compute the weight vector m; = (7j¢)1<j<um:

exp(—=nl(Yz, fit—1(Xe)) = n°65 ) mjea exp(—nlj (1 +nl;))mj 1

= — .
P By [exp(—nl(Ye, fra—1(X0)) — 2050 Er s exp(=nlr(1+ b))

Figure 1: The BOA algorithm

order refinements, see [Aud09, HK10]. None of them have been proved to be optimal for
(MS) in deviation. The choice of the second order refinement is crucial. In this paper, the
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second order refinement is chosen as

o= (0¥, fi-1(X0)) = En, [6(Y2, £r2-1(X0))])

thanks to the new stochastic conversion that we describe below. Notice that the second
order refinement Eit tends to stabilize the procedure as the distances between the losses
of the learners and the aggregation procedure are costly.

We achieve an upper bound for the excess of the cumulative predictive risk by first
deriving a second order bound on the regret:

n+1

Errpi1(f) — Errpa (fr) where Errp41(f) = ZE(Y}, fr—1(Xe)).
t=1

Second we extend it to an upper bound on the excess of the cumulative predictive risk
Ryi1( f) — Ry41(fr) in any stochastic environment. In previous works, the online to
batch conversion follows from an application of a Bernstein inequality for martingales.
It provides a control of the deviations in the stochastic environment via the predictable
quadratic variation, see for instance [Fre75, Zha05, KT08, GSVE14]. Here we prefer to
use an empirical counterpart of the classical Bernstein inequality, based on the quadratic
variation instead of the predictive quadratic variation. For any martingale (M;), we denote
AMy = My — M, its difference (AMy = 0 by convention) and [M]; = 23:1 AMj2 its
quadratic variation. We will use the following new empirical Bernstein inequality:

Theorem 1.1. Let (M;) be a martingale such that AM; > —1/2 a.s. for allt > 0. Then
for any n > 0 we have Elexp(M,, — [M],)] < 1. Without any boundedness assumption, we

still have
exp (21 <Mn — [M], - ZAMtﬂAMt<1/2>>] <L (1)

t=1

E

Empirical Bernstein’s inequalities have already been developed in [AMS06, MP09] and
use in the multi-armed bandit and penalized ERM problems. Applying Theorem 1.1, we
estimate successively the deviations of two different martingales

1. AM;; = —nl;; as a function of j distributed conditionally as m;—1 on {1,..., M} in
the deterministic setting (given all the observations Dy, 41),

2. My = n(Re(f) — Re(fj) — Erre(f) + Erry(f;)) such that AM;; = n(Ei_1[€;] — €;4)
where E;_; denotes the expectation of (X3, Y};) conditionally on D;_;.

The first application 1. of Theorem 1.1 will provide a second order bound on the regret in
the deterministic setting whereas the second application 2. will provide the new stochastic
conversion. In both cases, the second order term will be equal to 7~ [M;],41 = 7 S 7= €§t
after renormalization. It is the main motivation of BOA; as our notion of optimality
requires a stochastic conversion, a second order term necessarily appears in the bound
of the excess of the cumulative predictive risk. An online procedure will achieve good

performances in the batch setting if the second order bound of the regret is similar than
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the necessary cost due to the stochastic conversion. The BOA procedure achieves this aim
by incorporating this second order term in the computation of the weights.

In the first application 1. of Theorem 1.1, we have E;, ,[AM ;] = 0 and an application
of Theorem 1.1 yields the regret bound of Theorem 3.1:

n+1

Ei[Errni1(f)] < inf {En [Errn-i-l(fJ) +n> 05+ M] }
t=1

where Ez[Err,41(fs)] = Z?Ill Ex, ,[0(Yifr+(X¢))]. Such second order bounds also hold
for the regret of other algorithms, see [CBMS07, GSVE14, LS15, KVE15]. Using the new
stochastic conversion based on the application 2. of Theorem 1.1, this second order regret
bound is converted to a one on the cumulative predictive risk (see Theorem 4.2). With
probability 1 —e™*, x > 0, we have

: S~y log(my/mae) +a
Ei[Rnt1(fs)] < inf {En [Rn+1(fJ) +my 05+ : ] }
t=1

Ui

Thanks to the use of the cumulative predictive risk, this bound is valid in any stochastic
environment. We will extend it in various directions. We will introduce

e the ”gradient trick” to bound the excess of the cumulative predictive risk in Problem

(©),
e the multiple learning rates for adapting the procedure and

e the batch version of BOA to achieve the fast rate of convergence in Problem (MS).

The ”gradient trick” is a standard argument to solve Problem (C), see [CBL06]. When
the loss £ is convex with respect to its second argument, its sub-gradient is denoted ¢'. In
this case, we consider a convex version of the BOA procedure described in Figure 1. The
original loss ¢ is replaced with its linearized version

O (Y, fr1(X0) fia—1(Xe), (2)

and we denote, with some abuse of notation,

i =0 (Ye, fro1 (X)) (fia—1(Xe) — fr1(X0)).

Linearizing the loss, we can compare the regret of the (sub-gradient version of the) BOA
procedure f = E;[f;] with the best deterministic aggregation of the elements in the
dictionary. We obtain in Theorem 3.1 a second order regret bound for Problem (C)

) o Exllog(ny/mi0)]
B2 () < inf {Brrsa(F2) 4 3 Belf) 4 =700
t=1
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When trying to optimize the regret bound in the learning rate n > 0, we obtain

Erflog(ms/m0)] _
S B2,

K 9

As 7 is unknown, this tuning parameter is not tractable in practice. Its worst case ver-

sion max; \/ log(m un o) / \/ Z"H 62 is not satisfactory. Multiple learning rates have been

introduced by [BMO05] to solve thls issue (see also [GSVE14]). We introduce the multiple
learning rates version of BOA in Figure 2 which is also fully adaptative as it adapts to
any possible range of observations.

Parameter: an integer ¢ > 0 big enough to consider that 27¢ is negligible.
Initialization: Set Ljo =0, nj0 =0, mjo > 0 such that Z]]Vil mjo0 = L.
For: each time round ¢t > 1,

1. Compute recursively
Ljt = Ljp1+ 27 G+ mje-1850) + Ejely, o >172),

2. Estimate the ranges Ej;; = 2F+1 where k > —c is the smallest integer such that
maxy<s<¢ [0 <27, 1< j < M,

3. Compute the adaptative learning rate

log(wj_,&)
t ) =
Zs:l g?,s

4. Compute the weights vector m = (7)¢)1<j<nm:

oy = it P L) 0
P Eng[nag exp(—n7: L))

Figure 2: The fully adaptive BOA procedure

The novelty, compared with the ”doubling trick” developed in [CBMS07], is the depen-
dence of the learning rates and the estimated ranges with respect to j and the expression of
the weights with respect to the learning rates and the ranges estimators. For this adaptive
BOA procedure we obtain regret bounds such as

n+1

Err,1(f) < ir%f Err,y1(fr) + CE, Z fit log(ﬂ';’é) +CE; log(ﬂ';’é) ,
t=1

for some ”constant” C' > 0 that grows as loglog(n), see Theorem 3.3 for details. Such
second order bounds involving excess losses terms as the /;;s have been proved for other
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algorithms in [GSVE14, LS15, KVE15]. We refer to these articles for nice consequences of
such bounds in the individual sequences framework. Here again, the stochastic conversion
holds in any stochastic environment and we obtain with probability 1 —e™*, x > 0

n+1

Ru1(f) < inf § Ros1(fr) + CEx > 23 (log(nyg) + x) + C(Eslog(ny) + )| ¢,
t=1

The optimal bound for Problem (C) is proved in the very general setting: under a bound-
edness assumption, the rate of convergence of R,41(f)/(n+ 1) (an upper bound of R(f)
in the iid setting), is smaller than \/log(M)/n. Notice that the classical online-to-batch
conversion leads to similar results, see [CBMS07, Gerl3, GSVE14], and that our second
order refinement is not necessary to obtain such upper bounds. Notice also that such upper
bounds were already derived in non iid settings under restrictive dependent assumptions
for the excess of risk (and not the cumulative predictive risk), see [ALW13, MR10, AD13].
It is remarkable to extend the optimal bound of Problem (C) to any stochastic environment
thanks to the use of the cumulative predictive risk. It is because the cumulative predictive
risk of f; in the upper bound takes into account the dependence as it is a random variable
in non iid settings. We believe that the cumulative predictive risk is the correct criteria
to assert the prediction accuracy of online algorithms in stochastic environment as it co-
incides with the regret in the deterministic setting and with the classical risk for batch
procedures in the iid setting. Moreover, it appears naturally when using the minimax
theory approach, see [AABR09]. However, up to our knowledge, it is the first time that
the cumulative predictive risk is used to compare an online procedure with deterministic
aggregation procedures.

The fast rate of convergence log(M)/n in Problem (MS) is achieved thanks to a careful
study of the second order terms Z?:Jrll f?,t- It also requires more conditions on the loss in
order to compare it locally with the square loss, see [Aud09]. We restrict us to losses ¢ that
are strongly convex and Lipschitz functions in the iid setting, see [KT08] for an extensive
study of this context. We fix the initial weights uniformly 7;0 = M~1. We obtain in
Theorem 4.4 the fast rate of convergence for the batch version of the BOA procedure;
with probability 1 —e™*, x > 0,

= RnJrl(f)

R(P) < 2log(M) + 3z

o
3 n(n+1)

1l S lgjlgnMR(fj) +

)

for 7 smaller than a constant depending on the range. The second order term is estimated
with the excess of risk using the strong convexity assumption on the loss. We conclude
by providing the fast rate bound on the excess of risk of the batch version of the adaptive
BOA at the price of larger ”constants” that grows at the rate loglog(n).

The paper is organized as follows: We present the second order regret bounds for
different versions of BOA in Section 3. The new stochastic conversion and the excess of
cumulative predictive risk bounds in a stochastic environment are provided in Section 4.
In the next Section, we introduce some useful probabilistic preliminaries.



2 Preliminaries

Similarly than in [Aud09], the recursive argument for supermartingales will be at the core
of the proofs developed in this paper. It will be used jointly with the variational form of
the entropy to provide second order regret bounds.

2.1 The proof of the martingale inequality in Theorem 1.1

The proof of the first empirical Bernstein inequality for martingales of Theorem 1.1 follows
from an exponential inequality and by a classical recursive supermartingales argument, see
[Fre75]. As X = AM; > —1/2 a.s., from the inequality log(1 + x) > z — 22 for z > —1/2
(stated as Lemma 1 in [CBMS07]), we have

X-X?<logl+X)eexp(X —X?) <14+ X =F_[exp(X —X?)]<1. (4

Here we used that E;_1[X] = 0 as X = AM, is a difference of martingale. The proof ends
by using the classical recursive argument for supermartingales; from the definition of the
difference of martingale X = AM;, we obtain as a consequence of (4) that

Elexp(M; — [M]})] < Elexp(M—1 — [M]7_,)].

As E[exp(My—[M]3)] = 1, applying a recursion for ¢t = 1,...,n provides the desired result.

Without any boundedness assumption, we have

Elexp(X — X?)] = E[exp(X — X2)1X2—1/2] + Elexp(X — X2)1X<—1/2]
SE[1+ X)lxs>_q10] +E[lxc_1/0] ST+ E[XTx>_1/5]

As X is centered, we can bound
1+ E[XTx>_1p2] =1 - E[XTxc_1/5] <E[l + Xl yxc_1/0] < Elexp(X1xc_1/2)]

Using Cauchy-Schwarz inequality and the preceding arguments, we obtain

Elexp(2™! (X = X2 = XTyc172))] < 1/Elexp(X — X?)]Elexp(~XLx_1)»)

< \/E[exp(X]lX<_1/2)]E[GXP(—X1X<—1/2)]-

The desired result follows from the Jensen’s inequality followed by the same recursive

argument for supermartingales as above.

2.2 The variational form of the entropy

The relative entropy (or Kullback-Leibler divergence) K(Q,P) = Egllog(dQ/dP)] is a
pseudo-distance between any probability measures P and ). Let us remind the basic
property of the entropy: the variational formula of the entropy originally proved in full
generality in [DV75]. We consider here a version well adapted for obtaining second order
regret bounds:



Lemma 2.1. For any probability measure P on X and any measurable functions h, g :
X — R we have:

Eplexp(h —Ep[h] —g)] <1
<= Eg[h] — Ep[h] < Eglg] + £(Q, P), for any probability measure Q. (5)

The left hand side corresponds to the right hand side with Q equals the Gibbs measure
Ep[eh=9dQ = e"94dP.

That the Gibbs measure realizes the dual identity is at the core of the PAC-bayesian
approach. Exponential weights aggregation procedures arise naturally as they can be
considered as Gibbs measures, see [Cat07].

3 Second order regret bounds for the BOA procedure

3.1 First regret bounds and link with the individual sequences frame-
work

We work conditionally on D,,11; it is the deterministic setting, similar than in [Gerl3],
where (X¢,Y;) = (z1,y:) are provided recursively for 1 < ¢ < n. In that case, the cu-
mulative loss Err,1(f) quantify the prediction of f = (fo, f1, f2,...). We state first a
regret bound for non convex losses, and then move to the case of convex losses combined
with the "gradient trick” as in the Appendix of [GSVE14]. Recall that E;[Err,41(fs)] =

S B [0(Yaf e (X))

Theorem 3.1. Assume that n > 0 satisfies

(i < 1/2 6
1§I?§arf(+1 12}?{1\4 it <1/2, (6)

then the cumulative loss of the BOA procedure with €; = 0(Yy, fj1—1(X¢)) — (Y3, ft,l(Xt))

satisfies
n+1

Ex[Errni1(fs)] < inf {Ew [ErrnJrl(fJ) +n Zfit] + @}
=1

If £ is convex with respect to its second argument, the cumulative loss of the BOA procedure

with 01 = 0'(Ys, fr1 (X)) (fje1(Xe) — fio1(X4)) also satisfies

n+1
R . K.
Errpi1(f) < min {Errnﬂ(fw) +0> Elll7,]+ W}
t=1

Proof. We consider AMj ;11 = —nlj 41 that is a centered random variable on {1,..., M}
when distributed as m;. Under the assumption (6), AM; 1 > —1/2 for any 0 <t < n
a.s.. An application of the inequality (4) provides the inequality

Exr, lexp(—nlsir1(1 +nlyeq1))] < 1. (7)

9



We have from the recursive definition of the BOA procedure provided in Figure 1 the
expression

o, = > e s (L + 1)) 0
P Enlexp(—n Y0y £rs(1+1005,))]

Plugging the expression of the weights 7;; in the inequality (7) provides

t+1

Er [eXp ( —n Y (1 + nﬁJ,s)ﬂ < En, {eXp ( -7 iﬁJ,s(l + 77€J,s)>] :
s=1 s=1

By the recursive argument we obtain

n+1

Exr, [exp <—77 Z€J¢(1 + 77&]715))] <1.
t=1

Equivalently, using the variational form of the entropy (5),

n+1 n+1

Ogigf{ [ Z@ﬁn Ze }+/c7m0)} 8)

7 denoting this time any probability measure on {1,...,M}. The first regret bound in
Theorem 3.1 follows from the identity 7! Uiy = ErrnH( f]) #[Erry41(f;)]. The second
result follows by an application of the ’ gradlent trick”, i.e. noticing that

n+1

Errpi1(f) — Errpy1 (fr) = Zf Ve, fro1(X0) — €Yy, B[ f14-1](X0))
t=1
n+1

< OV fia (X)) (fr-1(X2) = Ex[fre1] (X))
t=1
n+1

= Ex| Y0V fera (X)) (fia(X0) = Frama (X0))
t=1
n+1

:—EW[;EH].

The second order term in the last regret bound is equal to

n+1 n+1
ZEW[U@,J = ZEWW'(YZ, Fea (X0 (froa(X2) = Frea(X0)?).
t=1 t=1

This term can be small because the sub-gradient is small and because the deterministic
aggregation  is close to the BOA procedure. Such second order upper bounds can heavily

10



depend on the behaviors of the different learners f;. Thus, a unique learning rate cannot
be efficient in cases where the learners have different second order properties. To solve
this issue, we consider the multiple learning rates version of BOA

oy — Pl (L4 1i0)) i1
P By [exp(=nslys(1+nsL0e))]

(9)

We can extend the preceding regret bound to this more sophisticated procedure:

Theorem 3.2. Consider that £ is convex with respect to its second argument and multiple
learning rates nj, 1 < j < M, that are positive. If

max max nl;s <1/2 a.s.
1<t<n+1 1<_]<Mn] it < 1/2, ’

then the cumulative loss of the BOA procedure with multiple learning rates satisfies
n+1

-1 —1
Errp1(f) < ir%f {Errn+1(f7r) 1+ R, {UJ Z €2J,t n log(my/m0) + 10gn(f37ro (n7 1/Exn; ])} }

Proof. Let us consider the weights 7}, = n; it /B, [77]»_1], forall1 <i< M and 0 <t <
n + 1. Then, for any function j — h; measurable on {1,..., M} we have the relation

En[0ihi] = Bx [hg)/Ex 0], 1<t<n+1. (10)

We consider AMy = —n;{;+1. Thanks to relation (10), it is a centered random variable
on {1,..., M} when distributed as ;. Moreover, the weights (7}) also satisfy the recursive
relation (9). Thus, one can apply the same reasoning than in the proof of Theorem 3.1.
We obtain, equivalently than the inequality (8), that

n+1 n+1

0 < inf {Er [0y 3¢ B + K )},
< inj WJZ Jt+77JZ +K(x', mp)
for 7 denoting any probability measure on {1,..., M}. Using the identity (10) to define
7 from 7/, and multiplying the above inequality with E, [nj_l] > 0, we have
n+1 n+1

0<1nf{E {Zﬁjt—i—nJZK w]},

nJ

The proof ends by identifying log(ﬂ'; / 7'('970) and using the ”gradient trick” as in the proof
of Theorem 3.1. O

Notice that a simple corollary of the proof above is the simplified upper bound

; s, log(1/7;,)
Erry1(f) < m#n {Errnﬂ(fﬂ) +E, [m Z g?],tﬂ + T} }’
t=1

11



where m is defined as ;4 = n; '7:4/Er,[n;"]. The initial weights 7, are modified and
the upper bound favors the learners with small learning rates 7;. It constitutes a drawback
of the multiple learning rates version of BOA as we will see that small learning rates will
be associated with bad experts. One can solve this issue by choosing the initial weights
differently than classically. For example, with no information on the learners f;, the initial
weights can be chosen equal to

L such that Lo = — 1<j< M.

Mg = —r— =
J> M 7,0 )
Zj:l Ty M

In this case, log(1/7 ;) <log(M) and the weights have the expression

t
riy = XP(1s Dot Lo (LA M) o0y iy

Ewo [nJ eXP(—nJ Zizl gJ,s(l + 77J£J,s)]

The form of the weights becomes similar than the one of the adaptive BOA introduced in
Figure 2 and studied in the next section. The second order regret bounds becomes

n+1
Errpi1(f) < n;in Errpi1(fr) + 24/ log(M)E, ZEQJJ ,

for learning rates tuned optimally

log(M)
i = +1 2
Z? 1 e_]t
However, the resulting procedure is not recursive. Such non recursive strategies are not
convertible to the batch setting.

Second order regret bounds similar than the one of Theorem 3.2 have been obtained in
[GSVE14, LS15, KVE15] in the context of individual sequences. In this context, studied
n [CBL06], we consider that Y; = y; for a deterministic sequence yg,...,y, ((X;) is
useless in this context). We have D; = {yo,..., 4}, 0 < t < n, and the online learners
fi= (ijl, Yj,2,Yj 3 - - -) of the dictionary are called the experts. The cumulative loss is now
Errp1(f) = Z"+ L(ys, §y) for any aggregative strategy 9y = fi—1 = Z]Nil Tj+—1Yjt Where
7j1—1 are measurable functions of the past {yo,...,y:—1}. We will compare the different
second order regret bounds achieved by the different adaptative procedures at the end of
the next Section.

1<j<M.

3.2 A new adaptive method for exponential weights

We described in Figure 2 the adaptive version of the BOA algorithm. Notice that the
adaptive version of the exponential weights
oy = it (i L) 0
" Enlnseexp(—nseLye)]
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is different from [CBMSO07] as the multiple learning rates 7;+ depend on j. Moreover, the
multiple learning rates appear in the exponential and as a multiplicative factor to solve the
issue concerning the modification of the initial weights described above. Adaptive proce-
dures with such multiplicative forms have been studied in [GSVE14]. Another possibility
consists in putting a prior on learning rates as in [KVE15]. Multiple learning rates ver-
sions can be investigated for other exponential weights than for those of BOA. Notice also
that for the first time we apply a multiple version of the ”doubling trick” of [CBMS07];
the ranges estimators E;; also appear in the exponential weights as a penalization when
the ranges estimators are exceeded. We obtain a second order regret bound for the BOA
procedure similar than in [GSVE14]:

Theorem 3.3. Assume that { is convex with respect to its second argument and that E;
defined by

max Ui < E; 1<i< M
1§t§n+1|]’t|_ J> >) > M,

satisfies 27¢ < E; < E for all 1 < j < M, we have

n+1 (2\/5— 1) log(w;’é) N 2Bn,E —|—8EJ

2
ZEJ,t \/5_1

t=1

ErrnJrl(f) < inf ErrnJrl(fﬂ) +Ex 1
T log(7)

+ 4E;(2log(n78) + 2By + 3)] }

where By, g = log(1 + 271 log(n) + log(E) + clog(2)) for all n > 1.

Proof. We adapt the reasoning of the proof of Theorem 3.2 for learning rates depending
on t. Thus, the recursive argument holds only approximatively. For any 1 <t < n, let us
consider the weights 7] as
-1
/ Mt Tjit
it = 1
Er, [77J,t]
We consider AM; 1 = —n;jj+1 a centered random variable on {1,..., M} when dis-
tributed as m;. As AMj 41> —nj1Eji41, j =1,..., M, we apply the inequality (1):
By lexp(=17027 (Crps1 (L + nrelserr) + Erpily,e,,,,51/2))] < 1.

By definition of the weights 7} and 7, we have for any 1 <t < n the expression
T _ exp(_nj7t2_1 22:1@]75(1 + "7_]'78716]',8) + Ej7317]j,s—1£j,s>1/2))7Tj70
= — .
’ Eﬂ'o [eXP(—UJ,tQ ! Zizl(eJ,s(l + nJ,s—leJ,s) + EJ,S]””‘]’S?IKJ’S>1/2))]

Using the expression of the weights in the preceding inequality provides

141
Er [GXP < =2 (Lrs(1+nss-1lss) + EJ,san’S,léJ,S>1/2))]

s=1
t

< En [eXP ( =227 (Lrs(1 4 nss-1lss) + EJ,slm,s_lzJ,s>1/2)>} - (11)

s=1
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Using the basic inequality z < a™'2% + o 1(a —1) < 2%+ a 1(a — 1) for

t
T = exp < =027 Y (s (L mjs1lys) + Ej,slnj,s_lzj,pl/z)) >0
s=1

and a =n;j4—1/1j+ > 1, we obtain for all 2 <t <n

t
Er, [eXp < — 27! Z(ﬁm(l +nss-107s) + EJ,san’S,lﬁjys>1/2))]
s=1
t

B Njt—1 — Nt
< Eq, [exp <—77J’t_12 1 Z(gj,s(1+T]J,s—1£J,S)+EJ,517]J,S—1€J,S>1/2)>} FErq [T] '
s=1 T

(12)

Then, combining the inequalities (11) and (12) recursively for t = n,...,2 and then (11)
for ¢ = 1 we obtain

n+1
_ Jt—1 =1,
Exrg [eXP (_77J,n2 ! Z(&Lt(1+77J,t7IEJ,t)+EJ,t1nJ’t,1£J,t>1/2)>] < 1+Z Ero [%}
t=1 t=2 ¢

We apply the variational form of the entropy (5) in order to derive that

n+1

0<Ep |:77Jn Z(ﬁt(l +nri—1lye) + EJ,tlm,t_lzJ’t>1/2)]
=1

+ log (1 + Z Er, [%]) + K(n', 7o)

for any probability measure 7’ on {1,...,M}. We bound the last term K(7',7p) <
E, [log(w;é)]. By comparing with the integral of 1/z on the interval [n;,,n;1], we es-

timate

thl 77]t<z/n’“dx /njld_x<1 (M)

t=2 Njt—1 M4t i L Mjn
We have the bounds S 7 Jtln]t >1/2 < 8E; and log(nj1/njn) < log(v/nE/27°),
1 < j < M. Then Theorem 3.3 is proved using Slmllar arguments than in the proof of
Theorem 6 in [CBMS07], choosing 7} = nj_ﬁllﬂj JEr [77]_%] and using the ”gradient trick” as
in the proof of Theorem 3.1. U

The advantage of the adaptive BOA procedure compared with the procedures studied
in [GSVE14, LS15, KVE15] is to be adaptive to unknown ranges. The price to pay is an
additional logarithmic term log(F) + clog(2) depending on the variability of the adaptive
learning rates 7;; through time. Such losses are avoidable in the case of one single adaptive
learning rate 7;; = ¢, for all 1 < j < M. Notice also that the relative entropy bound is
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only achieved in the case of one single adaptive learning rate as then K(#', ) = K(7, mo).
It is a drawback of the multiple learning rates procedures compared with the single ones
of [LS15, KVE15] achieving such relative entropy bounds. Whether those extra terms can
be avoided in multiple learning rates procedures is an open question.

4 Optimality of the BOA procedure in a stochastic environ-
ment

4.1 An empirical stochastic conversion

We now turn to a stochastic setting where (X;,Y;) are random elements observed recur-
sively with 1 <t < n+1 ((Xo,Yy) = (z0,y0) arbitrary are considered deterministic).
Thanks to the empirical Bernstein inequality of Theorem 1.1, the cumulative predictive
risk is bounded in term of the regret and a second order term. This new stochastic con-
version is provided in Theorem 4.1 below. The main motivation of the introduction of
the BOA procedure is the following reasoning: as a second order term appears necessar-
ily in the stochastic conversion, a procedure that admits a similar second order term on
the regret bound has nice properties in any stochastic environment. The BOA procedure
achieves this strategy as the second order term of the regret bound is the same as the one
appearing in the stochastic conversion. Let us go back for a moment to the most general
case with no convex assumption on the loss and the notation:

Cie =X, [5.4(Xe-1)) — Er, , [0(Xe, f7(X2))]

for some online aggregation procedure (7¢)o<t<n, i.e. m is o(D¢)-measurable. Assume the
existence of non increasing sequences (7;); that are adapted to (D;) for each 1 < j < M
and that satisfy

max lrgnjzg]{w Njt—1lje < 1/2, a.s.. (13)
We have the following general stochastic conversion that is also valid in the convex case
with the associated linearized expression of £;;. It can be seen as an empirical counter-
part of the online to batch conversion provided in [Zha05, KT08, GSVE14]. Thanks to
the use of the cumulative predictive risk, the conversion holds in a completely general
stochastic context; no assumption is done on the stochastic environment. Recall that

Ex[Err1 (f)] = 00 Ea o [0Yef50(X0))].

Theorem 4.1. Under (13), the cumulative predictive risk of any aggregation procedure
satisfies, with probability 1 —e™", x >0, forany 1 < J < M:

Ex[Rn+1(f1)] = Rny1(f;)

n+1 , log <1 —i—E[log <Zj—;>]> +z
< Ex[Errp1(fr)] — Errpya (f5) + Z Njt—105 + Py 7 :
t=1 S

15



Proof. We first note that for each 1 < j < M the sequence (M; ;) with M;; = n(Ez[R(fr)]—
Ri(f;) — (E#[Erry(f;)] — Errs(f;))) is a martingale adapted to the filtration (D). Its differ-
ence is equal to AM;; = n(E;—1[¢;+] — ¢;+). Then the proof will follow from the classical
recursive argument for supermartingales. However, as the learning rates 7;; are not nec-
essarily constant, we adapt the recursive argument as in the proof of Theorem 3.3.

For any 1 <j < M,1<t<n+1, denoting X = —n;; 1/;; we check that X > —1/2.
We can apply (4) conditionally on D;_; and we obtain

Ei—1[exp(=1j-1 (L = Bealje]) = nf1650)] < 1.
Here we used the fact that 7;;_1 is D;_i-measurable. Then we have

t

E [exp < — Njt-1 ( Z(@}s —Esaltys]) — 77]‘75—15?,5))]

s=1
< E[exp ( = Mjt—1 ( f(@%s —Esa[lys]) - 77753*1(?78»} '
s=1

To apply the recursive argument we use the basic inequality z < z 4+ (a — 1)/« for
a = "7j,t72/"7j,t—1 > 1 and

T = exp < — Mjt—1 ( S(QS —Es_1[;,s]) — 77]‘,5—15?,5)).
s=1
We obtain
E [exp < — Nji—1 ( Zt:(fﬁs — Es—1[s]) — 77]'75*16?,3))]
s=1
< B[l (= pica( S50 Bl - msa6h))] + B B2

The same recursive argument than in the proof of Theorem 3.3 is applied; we get
- U
i1
8o (- (3503~ it~ 5 r,))] <1+ ()]
t=1 j,n

We end the proof by an application of the Chernoff device. O

4.2 Second order bounds on the excess of the cumulative predictive risk

Based on the result of Theorem 4.1, we derive from the main results of Section 3 second
order bounds on the cumulative predictive risk of the BOA procedure. As an example,
using the second order regret bound of Theorem 3.1 and the stochastic conversion of
Theorem 4.1 we obtain
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Theorem 4.2. Assume that the non adaptive BOA procedure described in Figure 1 is such
that n =mn; for 1 < j < M, 0 <t < n satisfies condition (6). The BOA procedure with
Cig = 0(Ye, fia—1(Xe))— (Y, fi—1(X})) has its cumulative predictive risk that satisfies, with
probability 1 —e™*, x > 0:

e K(m,m) +
EalRoi1(£)] < inf {Bx[Rusa () + 203 3,] + +}
t=1

Moreover, if £ is convexr with respect to its second argument, the BOA procedure with
Ui = U(Ya, fr—1(Xe))(fi—1(Xe) — fe—1(Xy)) has its cumulative predictive risk that also
satisfies, with probability 1 —e™*, z > 0:

n+1

t=1

Proof. We prove the result by integrating the result of Theorem 4.1 with respect to any
deterministic m and noticing that, as the learning rates 7;; = n are constant in the BOA
procedure described in figure 1, log(n;,1/njn) = 0. O

The main advantage of the new stochastic conversion compared with the one of [GSVE14]
is that the empirical second order bound can be chosen to be the same than in the regret
bound. Similarly, we can extend Theorem 3.3; as the boundedness condition (13) is no
longer satisfied for any 1 <t < n+ 1, Theorem 4.1 does not apply directly. We still have

Theorem 4.3. Under the hypothesis of Theorem 3.3, the cumulative predictive risk of the
adaptive BOA procedure described in Figure 2 satisfies with probability 1 —e ™, z > 0,

—1
V2 log(WJ,o) 2B, g +8E; +x
V21 log(wié)

RnJrl(f) < lI%f Rn+1(f7r) + 2E7r

+8E;(log(n;8) +2Bpp + 3+ x)] }

where By, g = log(1 + 27 1log(n) + log(E) + clog(2)) for all n > 1.

Proof. As the boundedness condition (13) is not satisfied for all 1 < ¢ < n + 1, we
cannot apply directly the result of Theorem 4.1. However, one can adapt the proof of
the Theorem 4.1 as we adapted the proof of Theorem 4.1 for proving Theorem 3.3. As
—0jt(Cjir1 — Eeo1[lje11]) < mjieEjeg1, 1 < j < M, we can apply the inequality (1)

Bt [GXP < =032 (U1 — Bea[le41]) — nj,tEj,tH1nj,téj,t+1>1/2)] <1

Thus the proof ends by an application of the same recursive argument as in the proof of
Theorem 3.3. 0
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Let us discuss the constants for uniform initial weights ;o = M —1. First, one can use
nE? as a crude estimate of Y ) ; f?,t- Second, if n < eM then B,, <log(M). Thus, if M is
sufficiently large (for instance M > \/n), B, g is comparable with log(M). We continue
the discussion for M sufficiently large satisfying n < e™ and M > ¢. The second order
bound becomes

n+1
N 8(log(M) + E)+x
< 2
Bn1(f) < inf § Bnia(fr) + 2B || max 2t Tog(01)

+24E(logM +1+z). (14)

The second order term maxi<;j<ar Y 1y Eit is a natural candidate to assert the complexity
of Problem (C); the more the ;" ; E?,t are uniformly small and the more one can aggregate
the elements of the dictionary optimally. Moreover, this complexity term is observable and
it would be interesting to develop a parsimonious strategy that would only aggregate the
clements of the dictionary with small complexity terms » ;" ; Eit. Reducing also the size
M of the dictionary, the second order bound (14) can be reduced at the price to decrease
the generality of Problem (C), i.e. the number of learners in H.

The upper bound in (14) is an observable bound for Problem (C) similar than those
arising from the PAC bayesian approach, see [Cat04] for a detailed study of such empirical
bounds in the iid context. It would be interesting to know whether the complexity term
MAaX|<j<M D ey E?,t is the optimal one or not. We are not aware of empirical lower bounds
for Problem (C). The bounds developed by [Nem00, Tsy03, Rigl2] are deterministic. To
assert the optimality of BOA, it is easy to turn from an empirical bound to a deterministic
one. In the iid context, (Xy,Y;) are iid copies of (X,Y’) and the learners are assumed to
be constant f; = fj4, t > 0,1 < j < M. We then have (n + 1) R,11(f;) = R(fj) =
E[((Y, f;(X))]. It is always preferable to convert any online learner f to a batch learner
by averaging

_ 1 . .
fznﬂt;ft

as an application of the Jensen inequality gives R(f) < (n 4 1) ' Rn41(f).As Eit < E?,
Equation (14) implies that the batch version of BOA satisfies, with high probability in the
iid setting,

_ _ log(M 16E% + 2 log M + 1
R(F) < inf R(fy) + 168,280 | 16F +22 ) plogMilte
n n+1  \/(n+1)log(M) n+1

Then the BOA procedure is optimal for Problem (C) in the sense of the Definition 1.1:
in the iid context, the excess of risk of the batch version of the BOA procedure is of
order y/log(M)/n. Notice that the generality of this optimal rate is remarkable. With no
assumption on the dependence structure of the stochastic environment, this rate is also
the one of the mean predictive risk for Problem (C). However, as the mean predictive risk
is not deterministic, it should be more natural to have an empirical lower bound in order
than a deterministic one in order to define the notion of optimality in non iid settings.
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4.3 Optimal learning for Problem (MS)

The BOA procedure is optimal for Problem (C) and the optimal rate of convergence is
also valid in any stochastic environment on the excess of mean predictive risk. To turn
to Problem (MS), we restrict our study to the context of Lipschitz strongly convex losses
with iid observations. Remind that from [Tsy03, Rigl2] the optimal rate for Problem
(MS) is a fast rate of convergence log(M)/n. Such fast rates cannot be obtained without
regularity assumption on the loss £ that makes it comparable to the square loss locally, see
for instance [Aud09]. In the sequel £ : R? — R is a loss function satisfying the assumption
called (LIST) after [KT08]

(LIST) the loss function ¢ is Cy-strongly convex and Cj-Lipschitz continuous in its second
coordinate on a convex set C C R.

Recall that a function g is ¢ strongly convex on C C R if there exists a constant ¢ > 0 such
that

glaa+ (1 - a)a') < ag(a) + (1 - a)g(@) - Sa(l - a)a—a’)*

for any a,a’ € C, 0 < a < 1. Under the condition (LIST), few algorithms are known to
be optimal in deviation, see [Aud07, LM09, LR14].

Notice that Assumption (LIST) is restrictive and can hold only locally; on a compact
set C, the minimizer f(y)* of f(y) € R — {(y, f(y)) exists and verifies, by strong convexity,

Cy

Wy, f) = Ly, F)) + 5 (T) = F))*

Moreover, by Lipschitz continuity, (y, f(y)) < €(y, f(y)*) + Cu|f(y) — f(y)*|. Thus, nec-
essarily the diameter D of C is finite and satisfies CyD < 2C%. Then we deduce that
Uit| < CpyD, 1 <t<n+1,1<j <M, and under (LIST) the ranges are estimated by
E = CyD.

We obtain the optimality of the BOA procedure for Problem (MS). The result ex-
tends easily (with different constants) to any online procedures achieving second order
regret bounds on the linearized loss similar than BOA such as the procedures described

in [GSVE14, LS15, KVE15].

Theorem 4.4. In the iid setting, under the condition (LIST), for the uniform initial
weights mj 0 = M=, 1<j <M, and any learning rate satisfying

C3(16(e — 1)/Cy v D?) < !, (15)

then the cumulative predictive risk of the BOA procedure described in Figure 1 and the risk
T

of its batch version satisfy, with probability 1 —e™%,

R+ 500 > Bl - 0] < el < win R(ry) + TR
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Proof. Inspired by the Q-aggregation procedures of [LR14], we start the proof by adding
the two second order empirical bounds obtained in Theorem 4.2 (using that K(m, m) <
log(M)):

n+1
R () + s R (£)] < 0t { R (f) + Ba R ()] + 40 3 B[]+ 272800
t=1

(16)
Then we convert the empirical second order term into a deterministic one. From the
"poissonnian” inequality of Lemma A3 of [CBL06], as under (15) we have 0 < 77(?7,5 <
nC2D? < 1, we have
E—i[exp(néF, — (e = D)nEei [65,])] < 1

Applying the recursive supermartingales argument and an union bound, we obtain the
deterministic version of the upper bound (16): with probability 1 —e™*, z > 0,

Rpy1(f) + Ex[Ruga ()] < inf {Rn+1(f7r) + Er[Rnt1(f7)]
n+1
(e~ Dn Y Bo[Eea [ + 2 E0EE),
t=1

The optimal fast rate comes from a careful analysis of the second order deterministic
bound. From the Lipschitz property, the sub-gradient ¢ is bounded by Cj and thus

Er[Bs1[63,]] < CPBA[Be 1 [(f5(Xe-1) = frr (Xe-1))]]
< CHV(m) + E[(f(X) = fi1(X))?)).

where V(m ) Ex[E[(f7(X) = f=(X))?]]. As Rypy1(fr) = (n+ DR(fr), Ex[Ru1(fs)] =
(n+ 1)E;[R(fs)] combining those bounds we obtain

Roy1(f) n Ex[Rny1(f7)]

n+1 n+1 Siﬂf{R(fw)JrEw[R(fJ)]

n

(Vi) + —= S BIUR() — AC0P) +
t=0

3z + 2log(M)
e A

with v = 4C%(e — 1)n. The rest of the proof is inspired by the reasoning of [LR14]. First,
one can check that

V() = V(') =< VV ('), (1 — 7') > ~E[(fz(X) — fw(X))?]

where m and 7/ are any weights vectors and < -,- > denotes the scalar product on RM.
Moreover, by Cy-strong convexity, one can also check that

R(fx) — R(fw) 2< VR(f2), (') > + ZEI(f2(X) — fo (X))
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Thus the function H: m — R(fx) + Ex[R(f;)] + vV (r) is convex as 0 < v < Cp/2 under
(15). Moreover, if one denotes 7* a minimizer of H, we have for any weights 7

1)~ H(w) > (L= )Elf(X) ~ fo (X))
Thus, applying this inequality to 7« we have
06/2 v ZE (e (X) — F0)V] < RZ++1<1f) N Eﬁ[infl(fm
— (BUfw) + Ex [RUD 49V () + — Z V(m).

Then, combining this last inequality with the inequality (17), we derive that

Cl;”l,/j- 17 ZE far (X) = S X)) < 3xo;r(214(:g1()M) * nl 1 ;V(m'

Plugging in this new estimate into (17) we obtain

Roni(f) | BalRuna(f)] 20> 1 ¢ o o ‘
Pe I CZ_MH;VWSR<fﬂ*>+EW*[R<fJ>]+W<w)

.G 3w+ 2log(M)
Ce—=2y nn+1)

Now, using Cy-strong convexity as in Proposition 2 of [LR14], we have for any probability
measure T

_ _ C)V(m
R(f2) < B[R () - S0
As under condition (15) it holds
2v2 Cy Cy
< = d <2
Cr—2y =2 M Cr—27 =7

we can use the strong convexity argument for any 7, 0 < t < n. We obtain

Rn+1 (f) <

w1 < Blfe) + e [R(FD)] + 9V (n7) + o352 + 2log(M)

2 nn+1)

The proof ends by noticing that by definition of 7* we have

R(fr+) + B [R(f7)] +9V(x") <2 min R(f;).

1<j<M

The lower bound on R;41( f) /(n + 1) follows by an application of the strong convexity
argument applied to f = (n+ 1)~ 321", fi. O
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Theorem 4.4 provides the optimality of the BOA procedure for Problem (MS) because

B F .5 2log(M) + 3z
R(f) < oin R(f;) + a1

The additional term
Co s .
A+ 1) ; E[(f/(X) — f(X))?]

is the benefit of considering the batch version of BOA under the strong convexity assump-
tions (LIST). As the fast rate is optimal, the partial sums Y1, E[(f;(X) — f(X))?] might
converge to a small constant. Assuming that f is converging with n, the convergence of
the partial sums implies that E[(f,(X) — f(X))?] = o(n™!). Thanks to the Lipschitz as-
sumption on the loss, it implies that the difference |R(f) — R(fn)| < CoE[(fn(X)— F(X))?]
is small. The difference |R(f) — R(f,)| is then negligible compared with the fast rate
log(M)/n. Then, at the price of some constant C' > 1, we also have

_ s _ 2log(M) + 3z

R(fa) < min R(f;)+ C%.
It means that in the iid setting, the predictive risk of the online procedure R( fn) =
E[¢(Yi1, fa(Xns1) | Dn) might be optimal. It would be interesting to verify when it is
the case and to extend this result to non iid settings following the reasoning developed in
[MR10].

The tuning parameter n can be considered as the inverse of the temperature 3 of the
Q-aggregation procedure studied in [LR14]. In the Q-aggregation, the tuning parameter
B is required to be larger than 60C?/Cy. It is a condition similar than our restriction (15)
on 7. The larger is n satisfying the condition (15) and the best is the rate of convergence.
The choice n*CZ(16(e — 1)/C,; V D?) =1 is optimal. The resulting BOA procedure is non
adaptive in the sense that it depends on the constants appearing in the condition (LIST)
and on the range CyD that can be unknown. On the contrary, the multiple learning rates
BOA procedure achieves to tune automatically the learning rates. At the price of larger
"constants” that grow as loglog(n), we extend the preceding optimal rate of convergence
to the adaptive BOA procedure:

Theorem 4.5. In the iid setting, under the condition (LIST), for the uniform initial
weights mj 0 = M=, 1< j <M with M >3, the mean predictive risk of the adaptive BOA
procedure described in Figure 2 and the risk of its batch version satisfy, with probability
1—e™7,

n

[ — CZ ~ — 9
—_— E X)—-f(X
Rui1(f) o A8log(M) + 1682 ¢, p + 256(Cy D) + 42* + &
= n+1 — érgugnM Rifi)+ n*(n+1)
N 16CyD(log(M) + 2By, c,p + 3 + x)
n+1 '
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where By, c,p = log(1 + 27 log(n) 4 log(Cy D) + clog(2)) for all n > 1.

Proof. The proof starts from the second order empirical bound provided in Theorem 3.3
in the iid context under (LIST), where |;;| < Cy,D; using the Young inequality, we have
for any n > 0

n+1

Rosa (f) + BxlRuia ()] < inf { R(fx) + Bo[R()] + 4B | 30 2,]
t=1

B(n,CyD, M) + z*
U

14 +16C,D(log(M) + = + 2Bn.c,p + 3),

where, using that (a+b-+c+d)? < 4(a®+b%+c2+d?), a, b, cand d > 0, (v/2/(v/2—-1))? < 12,
By g; < Bno,p and log(M) > 1,

B(n,CyD, M) < 12log(M) + 4B}, ¢, p + 64(CyD)>.

Then we can use the ”poissonnian” inequality as in the proof of Theorem 4.4 to obtain
the deterministic second order bound, with v = 405(6 —1)n,

n+1

gir;f{R(fﬂ)—i-Ew[R(fJ) +—E [ZEt 1 Jt}}

B(n,CyD, M) + 422 + x N 160bD(10g(M) + 2+ 2Bnc,p + 3)
n(n+1) n+1 '

Roa(f) n Ez[Rnuq1(f;)]
n+1 n+1

The proof ends similarly than the one of Theorem 4.4. For n* satisfying the equality in
the condition (15), we obtain

f D, M) + 4z2 16C, D (log(M 2B,
Rn+1(f) < min R(f]) (Tl, Cb ) ) +4r° + 6Cb ( Og( ) +x+ ,CpyD + 3) .
n+1 1<j<M n*(n+1) n+1

The result follows from the expression of B(n,CyD, M) and the strong convexity of the
risk. U

The BOA procedure is explicitly computed with complexity O(Mn). It is a practical
advantage compared with the batch procedures studied in [Aud07, LMO09, LR14] that
require a computational optimization technique. This issue has been solved in [DRXZ12]
for the square loss using greedy iterative algorithms that approximate the ()-aggregation
procedure.
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