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Abstract

We introduce a new recursive aggregation procedure called Bernstein Online Ag-
gregation (BOA). The exponential weights include an accuracy term and a second
order term that is a proxy of the quadratic variation as in [17]. This second term
stabilizes the procedure that is optimal in different senses. We first obtain optimal
regret bounds in the deterministic context. Then, an adaptive version is proved to
solve the so-called impossible tuning problem already solved in [15]. The second order
bounds in the deterministic context are extended to a general stochastic context using
the cumulative predictive risk. Such conversion provides the main result of the paper,
an inequality of a novel type comparing the procedure with any deterministic aggrega-
tion procedure for an integrated criteria. It provides an observable confident interval
on the excess of risk of the BOA procedure. To assert the optimality, we consider
finally the iid case for strongly convex and Lipschitz continuous losses and we prove
that the rate of convergence is of the optimal order given in [27]. The batch version
of the BOA procedure is then the first adaptive solution satisfying an optimal oracle
inequality with high probability.

Exponential weighted averages, Learning theory, Individual sequences.

1 Introduction and main results

We consider the online setting where observations F; = {(X1, Y1),..., (X, Y:)} are avail-
able recursively ((Xo, Yo) = (20, yo) arbitrary). The goal of statistical learning is to predict
Yir1 € R given Xy € X, for X a probability space, on the basis of ;. In this paper,
we index with the subscript ¢ any random element that is adapted with F;. A learner is a
function X — R, denoted ft, that depends only on the past observations F; and such that
ft(XtH) is close to Y;;1. This closeness at time t + 1 is addressed by the predictive risk

E[0(Yis1, fi(Xis1)) | Fi]

where £ : R? — R is a loss function. We define an online learner f as a recursive algorithm
that produces at each time ¢t > 1 a learner: f = (fo, f1, f2,...). The accuracy of an online



learner is quantified by the cumulative predictive risk

. 1 & .
Ral) = —5 S Bl i, fiXee)) | i (1)
t=0
Given a finite set F = {f1,..., far} of online learners, it is well known that any procedure

that will select one learner is suboptimal. Thus, recursive aggregation procedures

M M M M
F=> mti= <Zﬂj,ofj,o,zﬂj,lfmlaZ?Tmfj,z---)
j=1 j=1 j=1 j=1

have been intensively studied, see the seminal book [10]. The predictive performance of
the resulting online learner f can be compared with the best element of the dictionary
F or with the best deterministic aggregation of the online learners of the dictionary. We
denote fr =E;[f;] any such deterministic aggregation procedures

M M M
fr= (ij,o, > Fin Y fias- >
=1 j=1 j=1

with 7 = (7j)1<<m a measure on {1,...,M}.

In this article, we provide a new recursive procedure, called Bernstein Online Ag-
gregation (BOA), and we compare it with the best deterministic aggregation fr. The
weights m; = (7j¢)1<j<n are defined following a recursive rule. This rule, and the name of
the Bernstein Online Aggregation procedure, derived from the study of the concentration
properties of the difference between the cumulative predictive risk and the cumulative
regret

ZEV(nH,ft(XtH)) | F)=El(Yia1, far (Xe1)) | Fil =L (YVegr, Fo(Xeg1)) H(Yisa, fre (Xii)

t=0

(2)
where 7* is the best element or the best deterministic weights. It is a martingale (My)
adapted to the filtration (F;). Recall that for any martingale (M;) adapted to a fil-
tration (F;), we denote AMy; = My — M;_1 the difference of martingale, < M >;=
St E[AM ]2 | Fi] and [M]; = Z§:1 AM ]2 its (predictable) quadratic variation. Instead

*

i=1
of using the classical Bernstein inequality for martingales [14, 30], we develop its empir-
ical counterpart that provides concentration of M via a variance term in [M] instead of

< M >:
Theorem 1.1. Let M be a martingale such that
E(AM; | Fio1) <E(AM | Fin),  ¢>0. (3)

Then for any stopping time T we have

P(M; > \/2n[M] x4+ Tx/4) < e ¥, x> 0.



Empirical Bernstein’s inequality have already been developed in [4, 25] to use suc-
cessfully a variance proxy into, respectively, the multi-armed bandit and penalized ERM
problems. Applying Theorem 1.1, we estimate the deviations of M, in (2) via its quadratic
variation [M]. An optimal aggregation procedure is a procedure that has a minimal cumu-
lative regret and a minimal quadratic variation. However, in our context (2), the quadratic
variation [M] depends on 7* th?t is unknown and we will use a proxy of the quadratic
n+1 62

variation denoted Vj,11 =) j7) €5, where

gj,t = E(YZ’ fj,tfl(Xt)) - Ent_l[f(yt, fj’,t—l(Xt))]’

estimates AM;, 1 <t <mn+ 1, as in (2) with 7* any Dirac mass at {j}, 1 <j < M.

The BOA procedure is an exponential weights procedure that tends to minimize the
quadratic variation through the terms ¢;;. This procedure favors online learners that
predicts accurately and that are close to the last aggregative online learner, ensuring the
stability in time and a small quadratic variation. It is derived in 3 different versions: the
aggregation procedure itself described in Figure 1 and denoted f , its randomized version
of BOA, denoted f, and defined as P(f; = f;j:) = m;+ and its batch version, denoted 1,
and defined as f = n+r1 Yoo ft.

Parameters: Temperature parameter n > 0.
Initialization: Set mjo > 0 such that Zjle mj0=1and fy = Z]M:1 75.0f5,0-
For: Each time round 1 <t < n,

1. Compute the weight vector m; = (7;+)1<j<nm recursively from mo: mj¢/mj 1 =

exp(=27"nl(Yy, fj-1(Xe)) — n°45,)
S exp(=2 (Y, fruma(X0) = 72E2,)]

2. Output the aggregated prediction f; = Ex [fjtl,

Figure 1: The BOA algorithm

With no convexity assumption on the loss, only the randomized version of BOA can
be compared with the best element of the dictionary. The cumulative predictive risk
associated with the randomized procedure is then

n+1

Ra(f) = Y EBr, [0(Ye, fia-1(X0)] | Fial.

t=1

Thus it explains the term Er,  [€(Y7, fjr:—1(X¢))] in the proxy of the quadratic variation
of M, in (2). Notice that such randomized algorithms that take into account a proxy of
the variance have been studied in the iid context by [6]. In all the sequel, we focus on
the less general context of a convex loss ¢ as the extension to the randomized version and



general loss is straightforward. We denote ¢ its sub gradient with respect to its second
argument. For convex losses, the aggregation procedure f provides Sharper cumulative
predictive risks than the randomized one f as, by Jensen’s inequality, R, ( f ) < Ry (f).

In the prediction from experts context, exponential weights aggregation with a proxy
of the variance has been considered in [17]. In this article, we use the sub gradient trick,
see [10], and replace in BOA the loss £(Y3, fj+—1(X;)) with its linearized approximation
Er [0/ (Y, fjr4—1(Xt))] fj,4—1(X¢). The proxy of the quadratic variation Vj ;11 = Z"H €2
is then modify such that

Ui = By JO(Ye, fir e 1(Xe)) (fi0-1(Xt) = Fire—1(Xp))].

Linearizing the loss, we can compare the regret of the BOA procedure with the best
deterministic aggregation of the elements in the dictionary. Working conditionally on the
observations, we obtain as a first result a deterministic bound on the regret

R() < min {R(S2) + 20 [V; 1] + =K (7o)}

Here R(f) is the cumulative loss of any online learner f = (fo, f1, fo2,...):

= (Y1, fo(Xi1)).

t=0

The optimality of such regret bounds is difficult to assert. Following the pioneer work
of [11], we analyze the second order properties of a new adaptive version of exponential
weights, see Figure 2 for its application on the BOA procedure. The novelty, compared
with classical adaptive procedures developed in [11], is the dependence of the learning
rates with respect to j. It solves the so called impossible tuning question, see [11, 15], by
considering the rule for learning rates

1 log(M
Mjs = mm{E o )}, t>0
ZS 1 ]s

where E is a known bound of the linearized losses Ex,_, [¢/(Yy, fr+—1(X¢))] fie—1(Xe). We
also give a fully adaptive version of the algorithm for cases when the bound F is unknown.
For these adaptive BOA procedures, we obtain regret bounds of the form

R(f) < min {R( fr) + CE, [\/Vj,nﬂ} VIog M} + CElog M,

for some ”constant” (increasing in loglogn) C' > 0, see Theorems 3.2 and 3.3 for details.
The optimality of such bounds is difficult to assert because it depends on the variance
term Vj,41. For the square loss, as ¢/(z,y)? < 4¢(z,y), we derive optimal regret bounds
of the form

R(f) < mln R(f])+CElogM



Parameter: a rule to sequentially pick the learning rates (1;).
Initialization: Set Ljo = 0, n;0 = no, mj0 > 0 such that Z;‘il mjo = 1 and fy =

M
> j=1T50/50-

For: each time round ¢ > 1,

1. Compute recursively
Ljt = Ljs1 +Eny [O(Yy, fir -1 (X)) fi0-1(Xe) + 277]‘715—1@157
2. Compute the weights vector m = (7¢)1<j<m:

1. exp(=27 "5 Lj.0)mj0
M _ )
=17 exp(—27 ;e L) 0

7Tj7t

3. Output the aggregated prediction f; = Ex [fjel,

Figure 2: The adaptive BOA algorithm

Such bounds are also achieved by classical exponential weighting algorithms with no proxy
of the quadratic variation, see [28, 16]. It is natural as the cumulative loss is not a risk
and thus it only depends on the accuracy of the procedure, and not on its second order
properties.

The proxy of the quadratic variation is necessary when we convert this results from the
cumulative loss to the cumulative predictive risk. For the same adaptive BOA procedure,
we obtain with probability 1 —e ™%, x > 0

Ro(f) < min { Ru(fx) + CBy [ /Vyi1 | Viog M (1 + a(log M)™) } + CE(log M + ).

It is remarkable to obtain a result for an integrated criteria with no assumption on the
dependence of the stochastic observations F,. It is the main result of the paper and
the main motivation for the introduction of the BOA procedure; without the proxy of
the quadratic variation, it seems impossible to convert a result on the regret to a result
on a risk of this form. Formerly, such inequalities where derived under very restrictive
dependent assumptions, see [2, 26, 3]. It is due to the use of the cumulative predictive
risk. It is the correct criteria to assert the accuracy of predictive online algorithms as it
coincides with the cumulative loss for deterministic observations and with the classical risk
R(f) =E[((Y, f(X))] for iid observations (where we can suppress the index t). Moreover,
it appears naturally when using the minimax theory approach, see [1]. However, up to
our knowledge, it is the first time that the cumulative predictive risk is used to compare
online procedures with deterministic aggregation procedures. There is no warranty of the

optimality of such results as lower bounds with similar random rates E, [, / Vj7n+1} vlog M

are unknown.



The optimality of the BOA procedure is provided in a more restrictive context of iid
observations when the online learners of the dictionary are constants: f;; = f;, ¢ > 0. In
such context, applying Jensen’s inequality we always have

ntl n+1
B [6(¥, g LB 5100)] £ Rulf) = g DB B - 060 | A

Then the batch conversion of BOA f = (n + 1)~} Z?:Jrll Er,_,[fj] is always preferable.
When the loss is Lipschitz continuous and strongly convex, we obtain an inequality in
deviation; with probability 1 —e™*, z > 0, we have
~ . log M 4+ = + x?

R(f) < lgISHMR(fj) + Cn—+1'
The fast rate log M/(n + 1) is optimal, see [27]. Notice that the proxy of the variance
is necessary; without it, the BOA procedure coincides with the Progressive Mixture Rule
of [8] that is optimal in expectation [18]. However, this procedure is suboptimal in de-
viation [5]. Thus, the stabilization term in the BOA procedure is necessary to control
the deviations of exponential weights algorithms. There is few other optimal procedures
in deviation in this iid context. The procedures in [5, 20] achieve the optimal rate using
some prior information on the dictionary. In the Q-aggregation procedure of [21] as in
the BOA procedure, no such extra-information is required. A priori, the Q-aggregation
procedure is less explicit: it requires to calibrate an extra parameter and to optimize a
non regular criteria. These practical issues have been solved in the context of quadratic
loss with gaussian noise in [12]. On the opposite, the BOA procedure is explicit and fully
adaptive in a general context.

2 Variational formula and Bernstein’s inequalities

Classically, Bernstein’s inequality is derived from an estimate of the Laplace transform
and the Chernoff device. In order to derive empirical Bernstein’s inequality of Theorem
1.1, we prefer to use another approach originally developed by Marton [24] and based on
the variational formula of the entropy:

Lemma 2.1 (Donsker-Varadhan [13] variational formula). For any probability measures
P on X and any measurable function h : X — R we have:

Eplexp(h —Ep[h])] <1 <= Eglh| —Eplh] < K(Q,P), vQ (4)
that corresponds to the Gibbs measure Ep[e]dQ = e"dP.

That the Gibbs measure realizes the dual identity is at the core of the PAC-bayesian
approach and proofs of optimality of exponential aggregation, see [9]. The novelty of
the paper is to systematically consider the variational form of the Laplace transform to



linearize the concept of concentration of measures. In the following, the concentration of
a measure P is expressed through the transport problem of its mass to any measure @),
see [29] for details and applications in mathematical statistics. The starting point of the
proof of the empirical Bernstein inequality of Theorem 1.1 is the following Lemma

Lemma 2.2. For any measures P and Q, for any random variable X the following relation
holds

Eq[X] < Ep[X] + /2(Eq[X?] + Ep[X2)K(Q. P).
Proof. By Young’s inequality, it is equivalent that for any A > 0 we have

BolX] < Ep[X] + AEq[X3] + Ep[x2])/2 + A2L), )

Multiplying this inequality by A > 0 we obtain
EQMX —Ep[X]) - N*(X? + Ep[X2])/2] < K(Q, P).

By the variational form of the entropy, it is equivalent that the inequality holds for @
satisfying

dQ _ exp(\(X —Ep[X]) — (X3 +Ep[X2])/2)

dP ~ Epfexp(\(X — Ep[X]) — X(X2 + Ep[X2))/2)]

We then obtain the dual form of the result as

Eplexp(AX — A2X2/2)] < exp(AEp[X] + N Ep[X2/2)).

This last inequality holds as for any real number z € R we have the relation exp(z —
22 /2) <14z 422 /2. O

Now we are ready to prove an exponential inequality of a random variable similar to
the Bernstein’s one with, instead of the variance, its own square.

Theorem 2.3. Let X be any random variable such that Ep[X*] < Ep[X?2], then

)\2

Ep [exp ()\(X ~ErlX) - 5

X2>} <1,  0<A<4/T.

Proof. From the previous Lemma 2.2 applied to the non positive random variable —X?2
we obtain

Ep[X?] < E[X?] + /2Ep[X4]K(Q. P).

By assumption, we obtain the estimate

Ep[X?] < Eg[X?] + /2Ep[X2]K(Q. P).

By standard computation, using the Young inequality, we derive that for any A > 0

Ep[X2] < 47 (VIR(G P)+/2K(Q, P) + 4Eq[X2])” < Bl X2 (145 ) +(@, P) (1455 ).

7



Plugging this estimate in the inequality (5), we obtain

2 AML+A/2) 2+ 1
2

22 +Z>K(Q’P)

For A <2, we have 1+ A/2 < (1 —X/2)"! and 2+ A% < 2(1 — A/2) + 3\. Thus, denoting
n=A/(1 — \/2) we obtain

Eq[X] — Ep[X]

Eq[X?] +(

17
Eq[X] ~ BplX] < 3EQ[X*] + (2 +7)K@Q.P),  n>0. (6)
Using the variational form of the entropy we obtain
4n dap? 2
Ep | exp ( X —Ep[X]) - 5= X?)| <1,
PP 4+7n( PIXD) 2(4 + ) =
The desired result follows considering A = 4n/(4 + ). O

We are now ready to prove the empirical Bernstein inequality for martingales of Theo-
rem 1.1. It follows the exponential inequality 2.3 by an application of classical submartin-
gale arguments of [14]. Below, we detail another proof that uses only simple algebra and

the decomposition of the entropy as the reasoning will be used in the proof of Theorem
?27.

Proof. of Theorem 1.1. We apply (6) to P = P,, the distribution of §M; and @Q; condi-
tionally on F;_;

1 7
Eq [AM;] ~ Ep[AM] < 5EQAM?]+ (1 + 1)@, P,

As Ep,[AM;] = 0 by assumption, summing up for 1 <¢ < 7, we obtain:

> BolaM] < Y o laM? + (5 +7) YoK(@ P,
t=1 t=1

t=1

Integrating with respect to @, remarking that Eg[> "} | K(Q, P)] = K(Q, P) for P the
distribution of M, and the decomposition of the entropy

EQ{ZT:/C(Qt,Pt)} :EQ[ilog(th/dPt)] — Eq|log (%)} _K(@Q.P) (7)
t=1 t=1 T

we obtain
BqlM,) < JEqlIM],] + (1 +{)K(@. P).

Now we consider @ as restriction of P to the event

A= {MT > g[M]T + (% + g)x > 0} > {MT > /2[M],z + 73:/4}.

Then K(Q, P) =log(1/P(A)) > = and the desired result follows. O



3 Second order bounds for the regret

3.1 First regret bound and link with the individual sequences framework

We work first conditionally on F,; it is the deterministic setting where (X¢,Y:) = (2, y¢)
are provided recursively for 1 < t < n. In this case, we consider the cumulative loss
R(f) for any online learner f = (fo, f1, f2,...) to assert the accuracy of the prediction.
We focus on convex losses and then the sub gradient trick is useful to compare the BOA
procedure with the best convex mixture of experts f; rather than with the best expert. We
estimate the regret of the BOA procedure with respect to the best possible deterministic
aggregation of the online learners of the dictionary:

Theorem 3.1. Assume that n > 0 satisfies

max max fj; <1 (8)

t
1<t<n+11<j<m 0T

The cumulative loss of the BOA procedure satisfies
A ) - K(m,m
R < min {RU) + 20 3 Bilf ) + 250700,
t=0

Proof. We prove Theorem 3.1 with an application of the entropy based method described
in the previous Section. A substantial advantage of this approach is also to simplify the
proofs as it linearizes the concentration problem.

First, we study the concentration properties of the aggregation procedure. We work
sequentially, conditionally on the observations of the sample F,. For any 1 < j < M,
0 <t < n, under (8),we have

e ) < (e, )? jef{l,..., M}

We denote m; the measure on the index space {1, ..., M} such that m(j) = m j, 1 < j < M.
We apply the transport inequality (6) to —n¢; 41 for P = m and Q = m41, two measures
on {1,...,M}. Taking n =4 in (6) we obtain

Eﬂt [ij,tﬂ] < ]Eﬂ't+1 [Ufj,tﬂ] + 2E7Tt+l [7725?,15“] + 2’C(7Tt+1’ 7Tt)'

By convexity, we can apply Jensen’s inequality and we have Er,[1f;+11] > 0. By definition
of the Kullback-Leibler divergence, we have

0<Eg,, {2_177@',1%1 + 02+ 10g(d77t+1/d7Tt)}- (9)

By the specific form of (m;), we have for any ¢ > 1

27l 1 + 772@,%% + log(dmyy1/dmi) = — log (Em [eXP (2_177£j7t+1 + UQE?,tH)D

=log (Em [exp <§ 27l 1 (5) + ?72€§+1(J')>D
s=0

— log (Exy | exp (th 2 b () + 1?24 (9)) ).

s=0



Summing up for ¢ = 0,...,n we obtain

n
0.< ~log (Eny [ exp (32 tsen + 16011 ).
t=0

Using the variational form of the entropy (4) we have

0< igf {EW [ i nlj i1+ 2772@“_1 + 2K(m, 7'('0)] }

t=0
In the sequel, we denote
n+1
Ex[R(f;)] = ZEMV(Yt,fj,tq(Xt))]- (10)
t=1

We derive the desired result using the classical sub-gradient trick, i.e. noticing that

E+[R(f;)] — R(fr) O B, [0(Ver1, £y e(Xes1))] = Bn[0(Yigr, fi.4(Xe41))]
=0

<E; [ZEm €' (Y, £ (X)) (fjr,(Xisa) — fj7t(Xt+1))]]
=0

< -E; [ 2 gj,t} .

We conclude applying the Jensen’s inequality R(f) < Ez[R( il O

In the upper bound, we call proxy of the variance the term

D Bl 0] B [0 (Yiga, £ (X)) B [(f5.0(X0) = fr2(X0))?]).
t=0 t=0

This proxy can be small because the sub-gradient is small or because the aggregation
strategy 7 is close to the BOA strategy. We will see at the end of Section 3.4 that the
square of the sub-gradient is small because it is proportional to the loss when it is quadratic.

The first application of Theorem 3.1 is the context of individual sequences prediction
[10]. We can consider that Y; = y; for a deterministic sequence yo,...,y,. We have
Fi = {vo,.--,yt}, 0 < t < n, and the online learners f; = (y;1,v;2,9j3,...) of the
dictionary are called the experts. The regret is now R(f) = Z?:Jrll 0(ys, §¢) for learner
predictions § = (91, ..., Yn) Where g, = fio1 = zjﬂil Tj+—1Yj where m; ;1 are measurable
functions of the past {yo,...,y—1}. The estimate obtained in Theorem 3.1 is called a
second order bound after the seminal paper [11].

10



3.2 A new adaptive method for exponential weights

From Theorem 3.1, it is tempting to optimize the second order bound of the regret with
respect to n:

= { 1 IC(T(',?TQ)}7

M
maxi<¢<p+1 Maxi<;<m i, Vin+1

where Vi1 =2 1 6? ++1, to obtain the regret bound

R(f) < min {R( ) + 4E, [\/Vj,nﬂ} VK, WO)}.

However, in practice, the optimal measure 7 is unknown and the term (7, mp) is not
explicit and thus also n*. Moreover, the resulting BOA procedure will not be recursive
as 1* depends on the observations (X, Y;) through ¢;;, 1 <t < n+ 1. It is possible to
adapt the BOA procedure by tuning the inverse temperature parameter n recursively with
respect to the observations. We described in Figure 2 the adaptive version of the BOA
algorithm. Notice that the adaptation of the exponential weights

i exp(=2""n;4Lj 1) mj0
M _ )
> =1t exp(—271 ;e L) 0

7Tj7t -

is new as the learning rates 7;; depends on the element of the dictionary j and appear
into the exponential and as a factor. Adaptative procedures with such multiplicative forms
have been studied in [15] to solve the impossible tuning problem, but with weights that are
not exponential. Notice that the adaptive weights are only well defined when the learning
rates are positive: n;; >0, 1 < j < M, 0 <t < n and that such multiplicative adaptive
form can be investigated for other exponential weights than for those of BOA. We obtain
the regret of this procedure:

Theorem 3.2. If the learning rates are non increasing and satisfy
Uj,tflfj,t_’_ <1, 1<t<n+1, 1<J<M, (11)

then the cumulative loss of the adaptive BOA procedure satisfies

R() < min {R(f2) + 28,3 iul ] + B [W}
t=0 ,n
n M ' o
e e (e ()]}

Proof. We denote 7;; the weights satisfying

_ o exp(=27 el )0
ijt_ M —1 T ’
> =1 exp(=27 ;L)) 0

11



for Iijvt = Zizo lis+ 277]’,86?,57 and 7; the measure on {1,..., M} such that 7,(j) = 7.
We use the same notation than in the proof of Theorem 3.1. Under (11) we apply the
transport inequality (6) to —n; ;41 for P = 7, and @ the Dirac mass on {j} for any
1<j <M. Forn=4in (6) we obtain

Er, 27 0jalini1) < 27 Njmlinr1 + 05005 ni1 — 108(7jn)-

We remark that by definition we have Ez, [27 19 njnt1] = 0,

2 inlimit + 0 nlonsr =2 jn(Ljnsr — Ljn)  and

M
—log(7jn) = 2" 'njnLjn +log(m ]0 —i—log(Z >

Combining these identities, we derive that for any 1 < j < M,

M
0 <2 L + log(n;d) + log (Z ﬁjvn>.
j=1

To estimate the last term of the upper bound, we will prove that for all 1 < ¢ < n we have

Zﬂjt<z7@t 1+ - (th ! 0—1> (12)

We remark that for any 1 < j < M

it I - .
=% = exp(—27 L) = exp(=27 il — njamje—165 ) exp(—27 ;e Lj41) (13)
5.0

= (exp(=2 "y 1bs — 07105 ) exp(—27 g1 Ly q)) Tt/ M1,

As n;+ is non increasing with ¢ for any j, we have that a = n;+—1/1;+ > 1. Then, following
the reasoning in [15], we use the inequality x < 2® + (v — 1) /e for any > 0 and o > 1
to derive that

~ - ~ L /i1
Fia < exp(=27 by = 1) + 2 <—Z7t - 1) 5,0
j?

Summing up this bound for 1 < j < M, using the fact that zjﬂil mjo0 = 1, we obtain that
M M 1, M .
- _ - it—1
Do < Y exp(=27 il = 0316 ) e + —< Lm0 — 1)
— — € N— TMjzt
7j=1 7j=1
But we remark that

M -1 2 2\~
Zj:l exp(—27 "1l — 77j,t71£j,t)77j,t71

M~
> =1 -1

= B,y [exp(=27 10 — 07 -1 651)]

12



and the inequality (12) follows from an application of Theorem 2.3 with A =271 P =7, ;
and X = 1,14, that is centered by definition of f;. Using recursively (12) and noticing
that Zj‘il 70 = Zj‘il mj,0 = 1 we obtain

log(jiﬁjm) §10g<1+gé(jzl7ht 1 ]0_1)>

iR
Combining the obtained bounds, by definition of L; 41, we have for any 1 < j < M

ZEt (Yig1, fir (X)) [ 6( X)) <2Et Y;f—i—laf]’t(Xt—i—l))]fj(Xt-i—l)
t=0

+2Z77J)t€?,t+1+ 210g( jO) +—log <1+ZZWJO(77“ 1 —1>).

t=0 Mjn t=1 j=1 Mj.t

The minimum for 1 < j < M of this upper bound is equal to the linear optimization
problem in the measure 7 on {1,..., M}

. n 2log(77 )
B[l (Yeqr, fir0(Xeg1)| fr(Xig1) + 2B, {Z nj,teitﬂ} + Ex [TJO]
t=0 Jm
5,0 (Tj,t—1
—log (1+ —2= -1
NI )
We conclude by the sub-gradient trick as in the proof of Theorem 3.1. U

Notice that the proof and the upper bound of Theorem 3.2 has a different flavor than
those of Theorem 3.1. The proof of Theorem 3.1 is based on a recursive argument. It
asserts the optimality of the exponential weights for such sequential transport problem
via the variational formula of the entropy (4). The upper bound involves the Kullback-
Leibler divergence IC(m, mg) as the proof relies on a transport problem to any measure 7 on
{1,...,M}. The proof of Theorem 3.2 is rougher in the sense that the transport problem
is now restricted to Dirac measures on {1,..., M}. We can still compare the accuracy of
the procedure with the best deterministic aggregation of the experts because of linearity.
However, we cannot assert the optimality of the adaptive weights with such multiplicative
form and the upper bound involves E [log(w;(})] that is a rough upper bound of K(m, ).
Finally notice that classical adaptive exponential procedures involve learning rates that
do not depend on {j} and thus the multiplicative form disappears:

~exp(=2"'m Lm0
7Tj,t = M 1 .
Zj:l exp(—=27"neLj¢)ms0

Then a recursive argument similar to the proof of Theorem 3.1 can be used (see the
Appendix D of the preliminary version of [6] available on arXiv:math/0703854). It assert
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the optimality of such adaptive procedure via the variational formula of the entropy (4).
Then we conjecture that the impossible tuning can be solved only by relaxing the transport

problem to Dirac measures only and the regret bounds with a complexity term larger than
K(m,mo).

3.3 The adaptive BOA procedure when the range is known

First consider the case where the effective range of the linearized error is known: it exists
E >1such that [£;;| < E,1<t<n+1,1<J < M. We tune the learning rates in the
following way

)1 | log(M) }
Nyt = M § —, ) t > 0. (14)
{E 22:1 g?,s

The learning rates are similar than those of Section 4.1 in [11] except that they depend on
7 through the quadratic variation proxy z a1 ] s- We restrict to the cases where M > 1
to consider only positive learning rates 7n;; > 0. Notice that here the constants in the
bound should be sharper if adding a multiplicative constant to the quadratic variation

proxy S L, JS as in [11].

Theorem 3.3. If [(;;| < E, 1 <t<n+1,1<J <M (M>1) and the learning rates
are tuned as in (14) then the adaptive BOA procedure achieves, for alln > 1,

R(f) < min {R(fx) + 2B [/ Vi | ( ”jilofjlw + %)} + E(2log M + 2B, + 1),

where Vi1 = Sig @,y and By p = log (14 ZHEEL 4 logn)

ey/log(M)
Proof. We estimate
n

M
log (1+ZZ 7?("” L_ 1)) < Bup.
7j=1

t=1 M-t

Using that v/14+ 2 —1 < x/2, z > 0, we have

n t 2
<77j,t—1 . 1) < ’ gL 1‘ Zs 1£j,s .
N it log(M maX{Z’; ﬁffs,E\/log(M)}
> e
L R 1+ -
log max{> 1~ 116357 E\/log(M)}
1 " 0,

-1+ = .
log (M) 2t max{> "~ ﬁ@?s,E\/log(M)}
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Then we use similar arguments than in the proof of Theorem 5 of [11]; We denote by T

the first time that ZS 1 J , > E?. Because 77] - < E? we obtain

n 62 2E n 62
Z t—1 p2 + Z t— 1 2
1= max{) ., £ Ey/log(M } log(M) 277 2= s

We use the Lemma 14 of [15] with a; = K?TH/EQ, i>1,a0 =31 05 /E* > 1 and
f(z) = 1/xz. We obtain

n

@,
3 ok T <1+10g(z t/EQ)JrSl—i—logn.

t=T+1 sljs

We conclude the proof of Theorem similarly than the conclusion of the proof of Theorem
5 in [11]. O

3.4 The adaptive BOA procedure when the range is unknown

When the effective range of the linearized error is not known, we have to estimate it.
To adapt the reasoning of [11], we consider the same kind of estimator E; of the range:
E; = 2¥ where k € N is the smallest integer such that max;<s<; maxj<j<ps |{j4] < 2.
Then we define the learning rates as

1 log M
r=mind —, , [ —/——— t>0. 15
i mn{E = Zz} > (15)

s=1"%j,s

This rule for updating learning rates is similar than the one in [11] except that it depends
on j and that E; > 1.

Theorem 3.4. If [{;;] < E with E>1,1<t<n+1,1<J <M (M >1)and
the learning rates are tuned as in (15) then the adaptive BOA procedure achieves, for all
n>1,

R(f) < min {R(12) + 28, [V ((omB Do )} +4B(og M + Brp + 1),

V2 -1 log M
. EE+]D) 1ogn
where Vjp11=>1", jt+1 and BnE =log(1+ s + +log E.

Proof. With no loss of generality, we can assume that maxi<j<as [7nljn+1| < 1. Then we
can apply the same reasoning than in the proof of Theorem 3.2 and we have to estimate

the term log (ZJM:1 ﬁj,n) < Bn,E. We have to distinguish two cases.

First, we consider the set of indices that 7 = {¢;,...tr} such that Ey _; < E;, . Then,
we use the identity (13) to derive, as 7j¢—1 > 1;+, the inequality

>

ﬁ‘ﬂl

M
Z exp(—27"n;el;e — 15 105 ,) exp(—2 7 i Lj—1).
=1
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Then we apply Theorem 2.3 with A = 271, P({j}) o exp(—27 ;4 L; 1) and X = n;+0; 4
that is bounded by 1 but not centered to estimate the upper bound by

exp(2'Ep[n;.l;.4]) ZGXP (=27 L)
7=1

But 7n;4+(;: < 1 and thus for ¢t € T, following the same reasoning than in the proof of
Theorem 3.2, we obtain

Zw]t<\/’<zmt 1+ = <th’1 ]0—1>) (16)

Second, we consider the the set of the indices ¢ that do not belong to 7 and such that

E, =E, and max, -1 <1, teT. (17)

Then the same reasoning than in the proof of Theorem 2.3 apply and the recursive formula
(12) holds.
To conclude, we apply recursive formulas (12) and (12) and we obtain the upper bound

M n 1 M )
D T < (1 +> ‘<Z Bt g — 1))
j=1 =1 € 5= it

Thus, the logarithm log(z 1 Tjn) is bounded B, g and an additional term smaller than

R/2 < [(logy E) ]/2 < log E and the Theorem is proved replacing B, g with By and
using similar arguments than in the proof of Theorem 6 in [11]. O

The second order estimates provided in Theorem 3.4 is optimal in the sense that we
solve the impossible tuning problem described in [15]. The advantage of the adaptive
BOA procedure compared with the procedures studied in [15] s that it also adapts to the
unknown range £ > 1 of the linearized loss.

The bound on the regret obtained in Theorem 3.4 provides a confident interval for the
excess loss in term of a proxy of the variance

n+1
Vin+1 < ZE U(Ys, fia- 1(Xt)))2(fj,t71(Xt) - fj’,t—l(Xt))QH-
Let us give an example where this proxy is small and where . For the square loss

Uy, f(z)) = (y — f(2))?, we have '(y, f(z))* < 4L(y, f(z)) and thus if |f;.—1(X;) —
fic1(Xy)| <bforb>0and any 1 <j < M and 1 <t <n+ 1, using the notation of (10),
we have

Vint1 < 4PEA[R(f)).
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Thus, abusively considering loglogn as a constant, it exists a constant C > 0 such that

n+1
0< Zfﬂwb\/m@ (f;)]log M + CElog M,

n+1 2
Cb*log M
< i+ nER[R(f)] + ———

t=1

+ CFElog M,

for any n > 0. Then, the minimum in j of Z?Ill ;4 coincides with the minimum in 7 of
E[>27H! £;4]. By the sub-gradient trick Bz [R(f;)] — R(fx) < —Ex[3171 ¢, ] we obtain

Cbv?log M

(1~ E+[R(f)] < minR(f) + +CBlog M.

Now we remark that as ¢ is the quadratic loss we have the decomposition
n
Ex[R(f)] = R(fz) + Y En[(£50(X0) = fulX0))?).
t=0
As the Young inequality holds for any n > 0, if

minR(fx) < (1=") min R(f5)+ 3 Brl(fi0(Xe) = (X))
t=0

for sufficiently small n*, we obtain the regret bound

2

R(P) < BlR() < min R(f)+ 2D (B4 20).
The rate is optimal [16] but the constant (not explicit here) are certainly not, see [28].
Notice that the stabilization term in the BOA procedure can be avoided as the simpler
Exponential Averaging algorithm of [23] satisfies the inequality with a better constant in
situation of exp-concavity. It is natural as the regret is not defined as the expectation
of the loss. Only the accuracy of the learner predictions are taken into account by the
regret criterion. The exp-concavity of the square loss on compact sets is enough to assert
optimal procedure without any second order bounds. However, the BOA procedure does
not depend on the exp-concavity properties of the quadratic loss and thus is adaptive to
the unknown range which is not the case of the EA algorithm of [28, 23].

4 Optimality of the BOA procedure in a stochastic environ-
ment

4.1 Confidence interval on the cumulative predictive risk

We now turn to a stochastic setting where (X, Y;) are random elements observed recur-
sively with 1 < t < n. The main motivation the introduction the BOA procedure the
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presence of a proxy of the quadratic variation that is calibrated to extend the second order
bounds on the cumulative error to the cumulative predictive risk. We are now ready to
state the main result of the paper:

Theorem 4.1. If |(;4| < E with E>1,1<t<n+1,1<j<M (M >1)and the
learning rates are tuned as in (15) then the adaptive BOA procedure achieves, for allmn > 1

xT

and with probability 1 —e™7,

Ry (f) < min {Rn(fﬂ) 1 el Vins] ”"“]((\er 1)2,/log M

+1

Bn7E—|—x>} 4E(log M + Bpp + 3 + )
n+1

)

log M

where Viny1 = D (g Jt+1 and BnE = log <1 + \}%—E) + logn> tlogE and 7 is any

aggregative procedure that does not depend on the observations JF.

Proof. We analyze the concentration of the conditional excess of predictive risk E[¢; 1],
where E; denotes the expectation Ep, where P, is the law of (X;y1,Y:11) conditionally
on F;. For t ¢ T, we apply the transport inequality (6) to —n;¢—1¢;; for P,_; and any
measure ;1 defined conditionally on F;_;. For n =4 in (6), we obtain

Ei_1[—4j4] <Bq,_,[—44] + 2nj—1Eq,_,[65,] + ; 1K(QH, P_1)
jvt_
2
< EQtfl[_gji] + 277j7t_1EQt71[€?,t] + f’C(Qt—la Pi1).
]7n

Here we use the fact that the 7;;_1s are F;_1-measurable and constitute a non increasing
sequence. For t € T, we simply use that E;_1[—¢;;] < E;. Summingup fort =1,...,n+1,
integrating with respect to Q and using that ), - F; < 4E we obtain

[ZEt Cj 1 ] < EQ[Z L1 + 205005 41 + —Z’C (Qi, 1) +4E} (18)
t=0 i =0
Now we use the bound on ) ;" ;¢ ++1 obtained in the core of the proof of Theorem 3.2:
5,0 (Tj,t—1
_Z£]t+1 < Qantgjt—f—l + (log( jo) + log <1 +ZZ —= ( ;;t - 1)))
t=1 j=1 )

We integrate it with respect to () and we use the arguments in the proof of Theorem 3.4
to obtain for any 1 < j < M

n
0<EQ[ZEt 1] +4th€]t+1+ (1ogM+Bn,E+ZK(Qt,Pt)>+4E]. (19)
t=0 t=0 Mjn t=0
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Considering @) as the restriction of P to the event

A= {?W(Zuzt e +4antéjt+1+4E)+logM+BnE< —a}
t=0 t=0

we obtain Eq[> ) K(Q¢, P)] = K(Q, P) = log(1/P(A)) > x and the desired result follows
using the computations in the proof of Theorem 3.4 and the sub-gradient trick applied to
the cumulative predictive risk: Ry (f) — Rn(fr) < Ex[> 1o Etl€)e1]]/(n + 1). O

In the stochastic context, a proxy of the variance in the upper bound of any predictive
risk is not avoidable for fast rates of convergence in n. It always appears during the online
to batch conversion through the necessary Bernstein inequality, see [22]. Here we prefer
to use the empirical Bernstein inequality for martingales given in Theorem 1.1 because it
provides a confidence interval that is easily approximated. As an illustration, considering
log log n constant, for some C' > 0 we have

2 ) C+/lo CFElog M
Ral) < min Ro(f) + DB e (V0 B

n-+1 1<]<M

As the term maxi<j<ay Vjny1 can be estimated by maxi<j<as 2?21 Kft, it is a natural
candidate to assert the complexity of the problem of aggregation; the more the V; ;1 are
uniformly small and the more one can aggregate the elements of the dictionary optimally.

Notice that the generality of the result is remarkable; we do not assume any depen-
dent structure nor boundedness on the observations. Indeed, in Theorem 4.1, F is not
necessarily deterministic and can always be taken as equal to

E = max max [{;.
1<t<n+11<j<M

The range of the prediction F is also a good candidate to assert the complexity of the prob-
lem of aggregation. It is almost observable (one can estimate it by maxj<¢<, maxi<;j<nr [¢;¢|)
and is small for stationary ((¢;+)1<j<m)tcz with light margin tails.

The complexity of the aggregation problem depends on the range and the proxy of the
quadratic variation Vj 1. We will detail below the very restrictive context of bounded iid
variables with strongly convex losses where the range and the proxy of the quadratic vari-
ation can be estimated easily. In more general contexts, as maxi<¢<, maxi<j<u |[¢;¢| and
Yoy E?,t are observable, it is interesting to develop a parsimonious strategy that will only
aggregate the elements of the dictionary with small complexity terms max;<;<, maxi<;<as |¢;|
and > ), ¢%,. Estimating F, Vj 11 and M, the upper bound in 4.1 can be controlled at
the price to restrlct the dictionary and thus the corresponding best deterministic aggre-
gation strategy min, R, (fr). Such extensions of the present work will be developed in
future researches.
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4.2 Optimal learning in the iid case

As there is no warranty of the optimality of the general result given in Theorem 4.1, we
restrict our study to the context of Lipschitz strongly convex losses with iid observations.
in the iid framework where (X;,Y};) are iid copies of (X,Y"), for any fixed constant f we
have R, (f) = R(f) = E[¢(Y, f(X))]. Thus it is always preferable to convert any online

~

learner f to a batch learner by averaging

_ 1 .
f—nHtZ;ft

as an application of Jensen inequality gives R(f) < Rn(f). We have the following notion
of optimality due to [27]:

Definition 4.1. The batch learner f is optimal if it exists some constant ¢ > 0 such that

_ ) log M + x
< e T
R(f)_?él}__lR(f)‘i‘C 1

with probability 1 —e™", z > 0.

This optimality is called in deviation as it holds with high probability and by com-
paraison of the weakest notion of optimality in expectation where

_ log M
Ep[R(/)] < min R(f) +e7 2

Such fast rates cannot be obtained without regularity assumption on the loss ¢, see [19, 6].

In the sequel ¢ : R?> — R is a loss function satisfying the following assumption called
(LIST) after [22]

(LIST) the loss function ¢ is Cy-smooth and Cjp-Lipschitz continuous in its second coor-
dinate on a convex set C C R.

Recall that a function g is ¢ strongly convex on C C R if there exists a constant ¢ > 0 such
that

glaa+(1—a)d’ < agla) + (1 - a)g(a) — Sa(l - a)(a —a)?,

for any a,a’ € C, 0 < o < 1. Under the condition (LIST), few algorithms are known to
be optimal in expectation, see [5, 20, 21]. One of the most popular one is the Progressive
Mixture Rule studied in detail in [8]. However PRM cannot be optimal in deviation, see

[5].
Notice that Assumption (LIST) is restrictive and can hold only locally; on a compact
set C, the minimizer f(y)* of f(y) € R — {(y, f(y)) exists and verifies, by strong convexity,

Wy, f(W) = Uy, fFW)") + = (fy) — F()*)*
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Moreover, by Lipschitz continuity, ¢(y, f(y)) < £(y, f(y)*) + Cb|f(y) — f(y)*|- Thus, nec-
essarily the diameter D of C is finite CyD < 2Cp. Then we deduce that the linearized loss
is bounded by a deterministic constant £ = CyD:

max max |{;] < CpD.
1<t<n+11<j<M

Theorem 4.2. In the iid setting, under condition (LIST), with probability 1 — e™" we
have

2
R() < 1£n1<nM RU;) + Cy + Cylog M + Cs(log(1 +logn) + 3log(1 + E)) + Cyx + Csz
n+1

with C1 = 12C,D + 144C%/Cy, Cy = 6C,D + 2016C2/Cy, C3 = 6C,D + 216CE/Cy,
Cy = 7CyD and Cs = 216C2/C.

Proof. We denote by P the measure of (X,Y) independent of F,. As we consider the
batch version of BOA, we have the identities

1 n+1 n+1

" tzl Er [R(f;1)] = Ez[R(f;)]  and ZEP E: [Ez[¢2]].

n+1

We start with the inequality (19) and we estimate the upper bound by its expectation;
the second term in the sum of (19) can be bounded using Young’s inequality

n+1 2

4 4
4Znﬂeﬂ+1 \f \/ Vimi1logM +8E < = Z£+20nE21ogM+8E n>0.

The third term in the sum of (19), where > ;" K(Q¢, P;) = K(Q,P), is bounded with

2 ~ _ 2 n+1 g?t
T(logM + Bu.p + K(Q,P)) <4E(log M + B, p + K(Q,P)) + . 3 =
j?n t:1

3 Bor  K(Q,P)?
2 E2<1 ", ) )
+ 2" * log M + log M

Now we use the boundedness of E [Eit]/Ez < 1 for any measure 7w on {1,..., M} and the
classical Bernstein inequality for (X,Y’); via the variational form of the entropy (4), we
have for any measure @ on (X,Y")

n+1 2 n+1 p2 n+1 4

Bo[Es [Z )| < Ee[E [;;HW[E [Z ]| +x@p)
< 2Fp [EW [ni %H +K(Q,P). (20)



Collecting all those identities and bounds in (19) we obtain

8 Bn,E(n)

EQ[Ex[R(f))I] < Eq|R(fx)+

1\ K(Q,P)  3nE’K(Q.P)°
Z) n+1 ' 2logM(n+1)
(21)

E.[E:[Ep [e?]]]] + +4 (E+

nk? n+1

where @) is now any measure on F,, and

N 3 3B, E
B —4E(2+1log M + B E2<— 20 log M m )
(1) (2+logM + By g) +1 5 +20log +210gM

We estimate the proxy of the quadratic variation using the Cy-Lipschitz continuity of ¢:
E[E+[Ee(6]] < CYER[Ex[Ee[(fi — fir0)’]l] < CH(V(r) + V(7) + Es[(f(X) — fx(X))?])

where V(m) = Ex[Ep[(fj(Xt) — fx(X¢))?]]. Then, we use as in [21] the convexity of the
function H: 7 — R(fr) + 8CEV (r)/(nE?) when n > 16C¢/(CyE?*). Moreover, if one
denotes m* a minimizer of H, we have

8CEV (m)

nkE?

~ R(fy - SOV (GG

i > (5 BRI — £ (X))

Now, using Cy-strong convexity as in Proposition 2 of [21], we have

R(f2) < E-R () - 220,
Applying these inequalities to 7, we obtain
Cy 16CE . C¢ C
(G~ Bl )~ £ (O)] < EalRUI=-RU+ (St =5 ) V(R = g B e Bl 2]

Choosing n* = 64C%/(E?Cy), integrating with respect to @ and using the estimate in (21)
we derive that

K(Q,P) 3U*E2’C(Q,P)2>

- - 4 * 1
Eq[Er|(F(X) — £2(X))2)+V(®)] < = (Busn)+4(E+ ;) n+l @ 2logM(n+1)

4

Plugging in this estimate into (21) we obtain

BolEs R()) < Bq[RUA+ SV ()] +5 (Bustrr o (B4 )

K(Q.P) 35" E*K(Q, P)?
n+1 210gM(n+1))'

We conclude by a crude estimate on the last term, noticing that

By, g <log(1+logn)+ 3log(1 + E),

choosing () similarly than at the end of the proof of Theorems 1.1 and 4.1 and noticing
that lan{R(fﬂ—) + CgV(T&')/4} < minlSjSM R(fj) |
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The result in Theorem 4.2 is a direct consequence of Theorem 4.1 obtained by a rough
estimate of the confident interval obtained there. Thus, the result in Theorem 4.1 is always
more precise than the one in Theorem 4.2. The interest of Theorem 4.2 is that it is an
online to batch conversion that expresses the condiment interval on the cumulative risk as
an oracle inequality. This framework is very classical in mathematical statistics and lower
bounds are given in [27]. The main advantage of the approach of the individual sequences
consisting in

The awful constants and the loglogn terms seem to be the price to pay for adaptiv-
ity, i.e. the whole procedure does not depend on any constants involved in Assumption
(LIST). Moreover, the batch version of BOA is explicitly computed here with linear
complexity O(Mn). It is a real advantage of the BOA procedure compared with the Q-
aggregation procedure given in [21]. We obtain much better constants for the batch version
of the non-adaptive BOA procedure:

Theorem 4.3. In the iid setting, under condition (LIST), for any initial weights 7y and
any learning rate n = ~/(CyD)* with 0 < v < C;/(24C¢), with probability 1 — e~ we have

R < i (705 5 nc+V 1 (z(cbD)i/c(m,ol) . <((C:D)z o))

_ 6y

where Cy =1 + (CoD)?(Cy/2—13077)

Proof. The proof follows from the result in Theorem 3.2 and an application of the varia-
tional form of the Bernstein’s inequality of [14] on ¢;; (instead of the empirical one used
in the proof of Theorem 4.1):

7T[£?,t+1] + EP[EF[E?,H&]H +E2(2/C(7T,7T0) + /C(Q,IP’)).

" EolE
Eq[Ex[R(f)]] < Eq [R(fﬂ)]+272 o E%2(n+1) v(n+1)
t=0

Then we use the variational form of the Bernstein’s inequality on E, [fit] /E? as in (20) to
obtain

67EP[EW[€§]]} 2E2K(, m0) N <E2 >K(Q,P)

EQIE: [Ru(f;)]] < Eq|Rulfr) + — 1 RSV Y A

Following the same reasoning than in the proof of Theorem 4.2, we obtain

1 2E%K(m, 7o) (E? K(Q,P)
Cy/2 — 12057< v(n+1) + <7 +27> n+1 >

Eq[Ep[E[]]] < V(r) +

We conclude the proof using that £ = CyD and choosing @) similarly than at the end of
the proof of Theorems 1.1 and 4.1. O

The BOA procedure is here non adaptive, in the sense that it depends on the assump-
tion (LIST) but it is still independent of the observations (except of their range E). For
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instance, if we choose the square loss and we restrict us on the interval [—1/2;1/2] then
we can choose vy =71 =1/13 <1/12, mjo = M~" and we obtain, with probability 1 — e™*

)

= . 14(13log M + 7x)
< : :
R(f) < min R(f;) + ]

The constant in front of log M is twice as large than in the result in [21] in the same
context but we do not assume here that |Y| < 1/2 and we do not have an extra parameter
to calibrate, as it is always the case for Q-aggregation, see [12] for practical issues.
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