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Abstract

Let I" be a graph equipped with a Markov operator P. We introduce discrete fractional Littlewood-
Paley square functionals and prove their LP-boundedness under various geometric assumptions on
the graph I'.
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Throughout the paper, we use the following notations. If E is a nonempty set and A and B are
some quantities depending on = € E, the notation A(z) < B(xz) means that there exists C' such that
A(z) < C B(z) for all z € E, while A(z) ~ B(z) means that A(z) < B(z) and B(z) < A(x).

If £ and F are Banach spaces and T': E — F is a bounded linear operator, ||T'||,_,  stands for the
operator norm of 7. When E = LP and F' = L% for 1 < p,q < 400, ||T]|»_, ;. Will also be denoted by

HT”p,q'

1 Introduction

This paper is devoted to the LP-boundedness of Littlewood-Paley type square functionals on graphs.
The prototype of these functionals is the g-function in the Euclidean space, defined in the following way.
If f is, say, in D(R™) and u(z,t) denotes “the” harmonic extension of f, that is u(x,t) = P * f(x) for
all t > 0 and all x € R"™, where P; stands for the Poisson kernel, define

1/2
oo [ 0u 2 ou 2\ at
= = (x,t —(z,t)] | =
wie= ([ ([greo] + X [gen] )]
It is a well-known fact ([20, Chapter 4, Theorem 1]) that, for all p € (1, +00),
g fllLo@ny ~ 11l @ny - (1.1)

This result was extended in various directions, and we only recall some of them. In the Euclidean
framework, the harmonic extension can be replaced by e *”, where L is a second order uniformly elliptic
operator in divergence form. In this case, the range of p in (1.1) is related to the LP boundedness of
e tE or tVe L (see [2, Chapter 7).

If, in the functional g, one is only interested in the “horizontal” part, i.e. the derivative with respect
to t, then the LP boundedness of the corresponding Littlewood-Paley functional holds in the much more
general context of measured spaces endowed with appropriate Markov semigroups ([21, Corollaries 1 and
2]). Notice also that similar results can be proved when the derivative % is replaced by a “fractional”
derivative ([7]).

Littlewood-Paley functionals were also considered in the context of complete Riemannian manifolds. Let
M be a complete Riemannian manifold, V be the Riemannian gradient and A the Laplace-Beltrami
operator. Consider the “vertical” functionals

Gf(x):= </0+°° ‘tVeft‘/Zf(:c)‘Q %)1/2

and
+o0 2 g\ /2
i@ = ([ Mvesof §)
0
Several LP-boundedness results for G and H are known. Let us recall here that, when 1 < p < 2, G
and H are LP(M)-bounded when M is an arbitrary complete Riemannian manifold ([9, Theorem 1.2]),
while the L?(M)-boundedness of G and H for p > 2 holds under much stronger assumptions, expressed
in terms of the domination of the gradient of the semigroup by the semigroup applied to the gradient
([8, Proposition 3.1]).
Littlewood-Paley functionals on graphs were also considered. In [15], if A is a Laplace operator on a graph
T, a “vertical” Littlewood-Paley functional, involving the (continuous-time) semigroup generated by A, is
proved to be LP(T')-bounded for all 1 < p < 2 under very weak assumptions on I'. In [5], “discrete time”
Littlewood-Paley functionals are proved to be L?(T")-bounded under geometric assumptions on I' (about
the volume growth of balls, or L? Poincaré inequalities), while similar results are obtained for weighted
LP-norms in [4]. Note also that the LP-boundedness of discrete time Littlewood-Paley functionals in
abstract settings was recently established in [1].
The present paper is devoted to the proof of the LP-boundedness on graphs of some discrete time
fractional Littlewood-Paley horizontal or vertical functionals. Before stating our results, let us present
the graphs under consideration.



1.1 Presentation of the discrete framework
1.1.1 General setting

Let I' be an infinite set and fizy = iy > 0 a symmetric weight on I' x I'. The couple (T, i) induces a
(weighted unoriented) graph structure if we define the set of edges by

E={(z,y) €T xT, gy > 0}.

We call then x and y neighbors (or x ~ y) if (z,y) € E.

We will assume that the graph is connected and locally uniformly finite. A graph is connected if for all
x,y € I, there exists a path = zg, z1,...,2ny = y such that for all 1 <i < N, ;-1 ~ x; (the length of
such path is then N). A graph is said to be locally uniformly finite if there exists My € N such that for
allz e T, #{y € T, y ~ x} < My (i.e. the number of neighbors of a vertex is uniformly bounded).

The graph is endowed with its natural metric d, which is the shortest length of a path joining two points.
For all z € T and all » > 0, the ball of center x and radius r is defined as B(z,r) = {y € T, d(z,y) < r}.
In the opposite way, the radius of a ball B is the ounly integer r such that B = B(xp,r) (with x5 the
center of B). Therefore, for all balls B = B(z,r) and all A > 0, we set AB := B(xz, A\r) and define
C;(B) = 2T1B\2B for all j > 2 and C}(B) = 4B.

We define the weight m(z) of a vertex x € I' by m(z) = }_, _, fizy. More generally, the volume of a
subset ' C I is defined as m(E) := Y m(x). We use the notation V(z,r) for the volume of the ball
B(z,r), and in the same way, V(B) represents the volume of a ball B.

We define now the LP(T") spaces. For all 1 < p < 400, we say that a function f on I" belongs to LP(T",m)
(or LP(T)) if

I fllp == (Z |f(z)[Pm(x ) < o009,

xzel

while L>°(T") is the set of functions satisfying
[flloo == sup | f(x)] < +oc.
zel’

Let us define for all z,y € I' the discrete-time reversible Markov kernel p associated to the measure m
by p(z,y) = The discrete kernel p;(z,y) is then defined recursively for all [ > 0 by

{ po(,y) = 24 (1.2)
p1(w,y) = D cp (@, 2)pi(2, y)m(2).

m(w)m(y)

Remark 1.1. Note that this definition of p; differs from the one of p; in [18], [5] or [13], because of
the m(y) factor. However, p; coincides with K in [14]. Remark that in the case of the Cayley graphs of
finitely generated discrete groups, where m(x) =1 for all z, the definitions coincide.

Notice that for all [ > 1, we have

(e, My =D pil@y)my) = Y pile,y)my) =1 Vo eT, (1.3)
yel d(z,y)<l

and that the kernel is symmetric:
p(@,y) =p(y,xz) Va,yel. (1.4)

For all functions f on I', we define P as the operator with kernel p, i.e.

=Y plxy)fy)mly) Vrel. (1.5)

yel
It is easily checked that P! is the operator with kernel p;.

Remark 1.2. Even if the definition of p; is different from [18] or [5], P! is the same operator in both
cases.



Since p(z,y) > 0 and (1.3) holds, one has, for all p € [1, +0o0] ,

[1Pllp—p < 1. (1.6)

Hp%p <1, the operators (I — P)? and (I + P)”
are LP-bounded for all § > 0 (see [12], p. 423).

We define a nonnegative Laplacian on I' by A = I — P. One has then

< =P)f.f >r2) = Y plae,y)(f(x) = fy)f(@)m(x)m(y)

z,yel’

—2: (@, 9)| f(x) — ()| Pm(z)m(y),

z,yel’

(1.7)

where we use (1.3) for the first equality and (1.4) for the second one. The last calculus proves that the
following operator

2

5 b))~ P |

yel

called “length of the gradient” (and the definition of which is taken from [10]), satisfies
<{I=P)f, f>r2m)= V) (1.8)

1.1.2 Geometric assumptions and estimates for the Markov operator

Under suitable geometric assumptions on I', the iterates of P satisfy various L — L? estimates, which
We NOwW review.
Our first assumption is:

Definition 1.4. A graph (T, u) satisfies (LB) if there exists € > 0 such that
faz > em(z) Ve el. (LB)

Remark 1.5. Let us state a stronger assumption than (LB): there exists € > 0 such that for all x € T,
T ~x and
Py > €m(x) Vo ~y. (LBs)

Even if (LBs) plays a crucial role in some parabolic reqularity estimates on graphs ([13]), it will play
no role in our results.

The second assumption is the following one:

Definition 1.6 (Doubling property). The weighted graph (T, u) satisfies the doubling property if there
exists C' > 0 such that
V(z,2r) < CV(z,r) Ve eT, Vr>0. (DV)

Recall that, under the assumption (DV), there exists d > 0 such that
V(Ox,r) S0V (x,r)  Vr>0,zel,0>1. (1.9)
In the sequel, a local version of (DV') will also be needed:
Definition 1.7. Say that (T', u) satisfies (LDV) if there exists ¢ > 0 such that
V(z,2) < em(x) Vo el (LDV)

Let us also state the Poincaré inequalities needed in the sequel.



Definition 1.8 (Poincaré inequality on balls). Let s € [1,400). The weighted graph (T, u) satisfies the
Poincaré inequality (Ps) if there exists C > 0 such that, for all x € T, all v > 0 and all functions on T

1 s rs R
V) ;) 1) = fal'mly) < Opa—os B;) V£ ()I'm(y), (P)
where )
/B = VB %f(:c)m(:c). (1.10)

Remark 1.9. It is a known fact that (P, ) implies (Ps,) if s1 < s2 (cf [17]).
Let us now introduce some estimates on p;, which will be needed in the statement of our results.

Definition 1.10 (On diagonal upper estimate of p;). We say that (', i) satisfies (DUE) if there exists
C > 0 such that, for all x € T and all | € N*,

C
2,z) < —— . DUE
pi(z, @) VD ( )
Definition 1.11. Let p € [1,+00]. Say that a weighted graph (T, ) verifies (GG,) if
C,
IVP'fllrs < 7§|\f|\m Ve N, Vf e LP(I). (GGy)

Remark 1.12. Note that the assumption (GG ) holds when T is the Cayley graph of a finitely generated
discrete group (as well as assumption (P1), see [17]). Indeed, in this case,

Vi) 5 (zv<x, TR ) o (“'d%zg’ 2).

1.2 Main results

For all g > 0, all functions f on I' and all z € ', define

=

gef(x) = [ S0P - PP P f ()|

1>1

For all g > —%, all functions f on I and all z € ', define

=

gaf(x) = | Y122 [V~ Py P ()]

1>1

Here is our main result:
Theorem 1.13. Let (T, u) be a weighted graph satisfying (DV'), (LB) and (DUE). Then

1. gg is of weak type (1,1), which means that there exists C' > 0 such that, for all A > 0,

C
m({z €Ty gpf(x) > A}) < by Il oy s
and of strong type (p,p) for all 1 < p < 400, i.e. there exists a constant C > 0 such that

lgsfllze < Cllfllzr  Vf € LP(T) N L*(T).

2. ggp is of weak type (1,1), and of strong type (p,p) for all 1 < p < 2. Moreover, if (', u) satisfies
(Py) and (GGy) for some q > 2, then §g is of strong type (p,p) for p € (2,q).



3. For all1l < p < +o00,
Ifllzr < Cllgafllr  Vf € LP(D)NLA(T),

forall2 <p< +c0
Ifllr < Cllgsflles  ¥f e LP(T) N L*(T)

and if (P2) and (GGg) are true for some q > 2, then for all ¢ < p < 2 (with % + % =1),

Ifllzr < Cllgafllr  Vfe€LP(T)NLA(T).

Our second result deals with the LP-boundedness of §g, under very weak assumptions on I':

Theorem 1.14. Let (T',pu) be a graph satisfying (LB) and (LDV). Then §o is LP-bounded for all
pe (1,2

Remark 1.15. The range 8 > f% for the LP-boundedness of g is related to the presence of V in gg.

Remark 1.16. 1. The LP-boundedness of g1 was proved in [5, Theorem 1.16]. Theorem 1.13 extends
this fact to a fractional version of gi. Moreover, we prove a similar estimate for the wvertical
Littlewood-Paley functional §g and also establish converse inequalities.

2. The LP-boundedness of gs can be deduced from arguments in [1]. Indeed, since g1 is of strong
type (p,p) for all p € (1,400) by [5, Theorem 1.16], [1, Theorem 3.1] yields that P is an R-Ritt
operator, and the fact that gg is of strong type (p,p) for all p € (1,+00) follows from [1, Theorem
3.3]. Howewver, these arguments do not yield the fact that gg is of weak type (1,1). Moreover, they
do not provide any information about §g.

Section 2 is devoted to the introduction of the tools used in the sequel. In particular, we state various
off-diagonal estimates of the Markov kernel, which are proven in the Appendix A. Theorems 1.13 and
1.14 are respectively proven in Section 3 and 4.

Acknowledgements: the author would like to thank C. Le Merdy for pointing out reference [1] to
him.

2 Preliminary results

2.1 Estimates on the kernels

In this paragraph, we gather various estimates on p; which will be instrumental in our proofs. The
conjunction of (LB), (DV) and (DUE) provide us with further estimates on p;. First, one has ([11,
Theorem 5.2, Theorem 6.1]):

Proposition 2.1. Let (T, ) be a weighted graph satisfying (DV') and (LB). Then, assumption (DUE)
is equivalent to the off-diagonal upper estimate:

! Eex _ch(ac,y) i *
V(:c,\/Z)V(y,\/Z)) p( z ) Va,y €T, VI € N*. (UE)

Remark 2.2. An immediate consequence of (DV') is that, for all z,y € T and | € N*,

Remark 2.3. Assume that T is a graph satisfying (DV'). It is easily checked that assumption (UE) is

equivalent to
2
d (916, y)) 2.1)

pi(z,y) < C(

pi(z,y) <

or

pi(z,y) < exp

o (-
C
V(e VD) ( l

cd%’y)) . (2.2)



We will now state some “time regularity” estimates for higher order differences of p; (first proved for
first order differences by Christ ([6]) but an easier proof was given by Dungey in [14]).

Theorem 2.4. Let (', ) be a weighted graph. Assume that T satisfies (DV'), (LB) and (DUFE). We
define D(r) as the following operator which acts on sequences

(D(r)u); = up — g

Then, for all j > 0 there exist two constants Cj,c; > 0 such that, for alll > 1 and all x,y € T,

j Oj ex _C‘d2($ay) o
(DY) < e (—e S ) (D~ UE)

Theorem 2.4 (actually a slightly more general version) will be established in Section A.1l in the
appendix. From the previous estimates, we derive the following result, the proof of which will be given
in Section A.2 in the appendix.

Theorem 2.5. Let (T', 1) be a weighted graph satisfying (DV'), (LB) and (DUE). The following Gaffney
type inequalities hold: for all j € N, there exist ¢,C' > 0 such that for all sets E,F C T', all xg € T', all
l € N* satisfying one of the following conditions

(Z) Sup{d(x(), )a ) S F} S 3d(E5F))

(i) sup {d(zo,y), y € F} < VI,

(iii) sup{d(zo,z), z € E} < 3d(E,F),
)

(i) sup {d(zo,z), z € B} < VI,

Y
Y

and all functions [ supported in F', we have, for all j € N,

. C 1 _odE.F)?
I(I = PY P f||2m) < e Tl (GT)

= UV (w0, V)3

and
; c 1 _od(r.F)?
IV = PYPflliae) € —xo—F71e " Iflewm
PV (@0, VI3 (GGT)
il C _dE.R)?
IV = PY P fllrae) < oge™ T e

Remark 2.6. The theorem above will be used for

(E,F)e{(B,Cj(B)), B ball ,j > 2} U{(C;(B),B), B ball ,j > 2}.

2.2 Results on the Hardy-Littlewood maximal function
Definition 2.7. Denote by M the Hardy-Littlewood mazimal operator
1
Mf(xz) = sup m y;g |f(y)Im(y)

where the supremum is taken over the balls B of I' containing x.
In the same way, for s > 1, My will denote

1
s

Mf = MIf1P)~

The following observation will turn to be useful: under the assumption (UE), for all k¥ > 1, all
functions f on I and all zg,x € T with d(z, o) < V&,

| P¥ f ()| < M (o). (2.3)



Indeed,

|P*f(x)| = Zpk(z, y) f(y)m(y)

yel
_ ex fcid(z’ v m
S;V(L\@ p( . )If(y)l ()
1 e—c2”
S m Z |f(y)Im(y) +Zm Z |f(y)Im(y)

d(z,y)<Vk 720 20 VE<d(z,y) <29+ 1VEk

1
< E m

9(j+1)d,—c2%

> R > )

320 2iVE<d(z,y) <2tk

< |1+ Z 20+ Dde=¢2 | Af £ (o)

j=0
S M f(wo),
where we use for the fifth line the doubling property and the fact that d?(x,zo) < k.

Proposition 2.8. Let (I, 1) be a weighted graph satisfying (DV). If (¢, qo,8) € (1,4+00]? x [0,1) satisfy
L qio — B, then M?” is bounded from L%(T") to L9(T).

q
We also recall the Fefferman-Stein inequality.

Theorem 2.9. Let (I', u) be a weighted graph satisfying (DV') and s > 1. Then, if p,q € (s,400), there
exists Cp 4 > 0 such that for all sequences (fn)nen of measurable functions defined on T',
1

+00 too
[Z(Msfnw] < Cpq Zlfnrl]

n=0

1

q

This result is proven in R? in [16] and the proof easily extends to spaces of homogeneous type.

2.3 L? boundedness for Calderén-Zygmund operators

We will make use of the following theorems about Calderén-Zygmund operators “without kernels”, which
can be found in [5], Theorem 1.14 and Theorem 1.17. See also [2], Theorem 1.1 and 1.2.

Before stating these results, recall (see Theorem 1.13) that a sublinear operator T is of weak type (p,p)
(1 <p < +o0) if there exists C' > 0 such that, for all A > 0 and all f € LP(T"),

C
m{x el |Tf(x)] > A}) < IV ||f||§p(r) :

Furthermore, T is said to be of strong type (p, p) if there exists C' > 0 such that, for all f € LP(T),
1T oy < C Loy -

Theorem 2.10. Let pg € (2,400]. Assume that T' satisfies the doubling property (DV') and let T be a
sublinear operator of strong type (2,2) defined on I'. For all balls B, let Ag be a linear operator acting
on L*(T). Assume that there exists a constant C' > 0 such that, for all f € L*(T"), all x € T and all balls

B>z,
1

V(B)% 1T(1 — AB)f||L2(B) < CMaf(x) (2.4)
and .
VB [T ABf | ro () < CMa|T f|(). (2.5)

Then, for all p € (2,po), T is of strong type (p,p).



Theorem 2.11. Let po € [1,2). Assume that T' satisfies the doubling property (DV') and let T be a
sublinear operator of strong type (2,2). For all balls B, let Ap be a linear operator acting on L*(T).
Assume that, for all j > 1, there exists o(j) > 0 such that, for all B C T and all functions supported in
B and all j > 2,

1 1
——|[TU - A , < o » 2.6
Tyt 17U = 40, o < #0) 5l (2:6)
and for all 7 > 1
1 1
———— [[ABfllr2(c; ) < ©U £l zro- 2.7
OET [AB S 20,8y < ¢ )V(B)%H [| Lvo (2.7)

Ifz ©(5)27% < 400, where d is given by Proposition 1.9, then T is of weak type (po,po), and therefore
j=1
of strong type (p,p) for all po < p < 2.

3 Littlewood-Paley functionals

3.1 L*(T')-boundedness of g3

In order to prove Theorem 1.13, let us introduce an extra functional.

Lemma 3.1. Let (T', 1) be a weighted graph. Let P be the operator defined by (1.5).
Define, for all B > 0 and all functions f € L?(T), g%f by

B =[S b |- PP f ()

1>1

where 5y biz'=1 is the Taylor series of the function z v (1 —2)72%. Then g5 is L*(T) bounded. More
precisely, g[% is an isometry on L?(T'), which means that, for all f € L*(T),

g5/ L2ry = 1 f L2 r)-
Proof. Since ||P||2 < 1, by spectral theory, P can be written as
1
P= / ME(N).
-1
It follows that for all [ > 1, one has

(I —P?)Ppi-1 = /1 (1= X)PALaE (L)
-1
so that, for all f € L?(T') and [ > 1,
I(1 = P2 P |7 = /11(1 = NNV B (V).
The L*-norm of g3 f can be now computed as

lgafllz= =D bl = P*)P P £
1>1

1
= / (1= 22> 2D dEy §(\)

-1 >1

= / 1 dEf.;(A)

-1
= I £1Z-

where the third line is a consequence of the definition of b;. O



Lemma 3.2. Let (I', 1) be a weighted graph satisfying (LB).
Then gz and gs are L*(T)-bounded.

Proof. Since I satisfies (LB), —1 is not in the L? spectrum of P (see for instance Lemma 1.3 in [14]).
Therefore there exists a > —1 such that

p- /a1 ME(),

Proceeding as in the proof of the Lemma 3.1, we obtain

1
a5 = [ (1= 027 30D (1
a >1

S [ 0= B )

1
1
:/a deﬁf()\)
S ANz

where, for the second line, we use Lemma B.1.
For §g, just notice that, by definition of V,

195/ 1l22 = 95+ 4 fll 2.

3.2 LP(I')-boundedness of g3, 2 < p < +00

The proof of the LP- boundedness of gg for p > 2 is based on the following Lemma and Theorem 2.10.
The idea of the proof comes from Theorem 1.16 in [5].

Lemma 3.3. Let (I', 1) be a weighted graph satisfying (DV'), (LB) and (DUE).
For all n € N*, there exists a constant C,, > 0 such that, for all balls B = B(xg,r) of T, all j > 2
and all f supported in C;(B), one has

Jostr =7y

a4 V(B) \*
< C, 252 : 2
e SO V(2iB) 112

Proof. First fix n € N*. Denote by 7 the only integer such that n+1 > g > n > 0. We use the fact that

(I— PPt =3 "arP*
k>0

where > axz* is the Taylor series of the function (1 — 2z)#~7~1. Note that the equality holds on L?(T")
by spectral theory and (1.6). Moreover, notice that if 8 is an integer, then ax = do(k).
By the generalized Minkowski inequality, we get

=

Hgﬁ(I*Pﬁ)”f

2
< a 125_1 H I*P 1+7]Pk+l—1 I* PT2 ’rlf
i = ook | T P @i

We divide the sequel of the proof in 3 steps.
1- Estimate of the inner term
Notice that I — P"" = (I — P) Zﬂ:ol P, Then, we get

s=

— Tz n n n S—
(I — PY" 1 PRI — P™Y fll 2y < 7 HSHP . [(I = P)tmtn pRts=1 g 1o g
se[0,nr

10



We now estimate the terms ||(I — P)* 1 P*Hs=1 g5 5y For 0 < s < nr?, since f is supported
in C;j(B) and by Remark 2.2, one has,

|(I = P)ttntn pri=tts 1o g

1 (27 —1)%r2
< - el T .
SUThts)im GXP( “Tnas ) Mz ey
1 2
5 (l +k+8)1+77+71 exp <cl+k/’+8) H'fHLZ(Cj(B))

1 .
id V(B) 2 1 492
S2 , _
< (va) arrraee o (o ) e
where the first line follows from (GT5) and Cauchy-Schwarz and the third one from (DV').

Consequently, we obtain

I(Z = Y PMH T = P fll 2y

(47r? N
B i Gc::) (V<B> )2|f|
~ wetomee) | T+ E+ s | \Viipy) Ik (3.1)
47 r
. exp( Cl+k+s) V(B)
< p2rpno% |
- Sw N Trrr e | \vers) s

2- Reverse Holder estimates

According to Proposition C.2 below , the set of sequences {Af’r’j, keN, reN* j>2} where

| oo (Cert)
Af’m = 197" sup — 7 3
s€[0,nr?] (l +k+ S)1+n

is included in
1
Ey = {(az)l>1, VieN* 0<a < MkEGNL Eak}

for some M > 0. Therefore, Lemma C.1 below yields

=

VB E g - PRy L StV e e | 3D (Al
(B) k>0 1>1
2noid j " 1 k,r,j
< r2"2%5V(2/B) 2||f||LQZakZYAl 1,
k>0 1>1
3- End of the calculus
Note, thanks to Lemma B.1, that, when § is not an integer,
m—1 m—1
ag(m — kB 1— n<1+zkn Bm k)ﬂ n—1

k=0 k=1

1 m—1 k n—p3 k B—1-n
m m m
k=1

1
1 +/ #1781 — )P4t < 4o,
0

11



The integral converges since n — 3 > —1 and § — 1 —n > —1. It follows that

m—1
ar(m — k)Pt <1, (3.2)
k=0
Since ay, = do(k) and 8 —1 — n =0 when § is an integer, the result above holds for all 5 > 0.

Using the expression of A;”’J , we have

V(B) 2 |lgs(I—P")"f SV B) 7727 | f 2 E sup  { —— -
L2(B) r — se[0,nr?] (m + 8)1+n

But, for some ¢’ € (0, ¢),

4772
too exp (fc—m_‘_s)
sup _
1
m—1 S€[0,nr?] (m + S) tn

1 X 47y a2 \ T
~ @iy mzzl wetome] T (Cm T s) (m + s)

492 ; 400 ; 14+n
1 4712 1 4772
< - o /
~ (49r2) Z exp( ¢ m+nr2> + (47r2)14n Z < m )

m=1 m=4ir241

5 47]717,7271.

The proof of Lemma 3.3 is now complete.

O

Proof. The proof of the LP-boundedness of gg for p > 2 is analogous to the one found in [5], Theorem
1.16, when 2 < p < +o00. Let us give the argument for the completeness. We are aiming to use Theorem
2.10. Tt is enough to verify the validity of the assumptions (2.4) and (2.5). We choose Agp = I—(I— pr’ )",
where 7 is the radius of B and n > %.
Proof of (2.4)
We need to check that, for all f € L2, for all zp € I' and all balls B 3 x¢, one has
1
V(B)z

lgs (I — P™*)" fll oz < (MIfI2)? (o).

We can decompose

F=> flom =) I

Jjz1 Jjz1

First, since gg and [ — Ap = (I — P’”Q)” are L?(T")-bounded and by the doubling property,

=

T2 n
llgs(I — P" )" fille2sy S

1
T 1£llz2amy S (MIFIP)? (o).

V(B )é

For j > 2, Lemma 3.3 provides:

_p* ) J(E—QW); ;
V(B)%Hgﬂu P fill e sy S 2 ij)%nfjnL
< 2E2 (M f12) % (o).

Since n > %, we can sum in j > 1, which gives the result.

12



Proof of (2.5)

What we have to show is that, for all m € [1,n], all f € L?(T') N L*>(T"), all zp € T and all balls
B > xg, one has,

lgsP™" fllL=(s) S (Mlgsf1?)Z (o).
First, since } 5 p(z,y)m(y) = 1, and by the use of Cauchy-Schwarz inequality, we obtain, for all
z €l and h € L*(T),

]Pm”h(z)] < (Pm’”2|h|2(z))5 .
Hence, it follows that for all [ > 1
2
P (L= PY P @) < P - PP ),

so that, summing up in [,

(g6P™ f)(@)? = > PP (1 = PY P ()

1>1

S Pmr2 ZZQB—ll(I_P)BPl—1f|2 (w)
>1
=P (IgfP) (@)
< M (lgsf1?) (o),

where the last line is due to (2.3). Here ends the proof of (2.5), and the one of the LP-boundedness
of gg for p € (2, +00).

O

3.3 LP-boundedness of gz, 2 < p < py

Lemma 3.4. Let (T', 1) be a weighted graph satisfying (DV'), (LB) and (DUE).
For all n € N*, there exists a constant Cy, such that, for all balls B = B(xg,r) of T, all j > 2 and
all f supported in Cj(B) = 2971 B\27 B, we get

<, 252 <M) : 1 f1l e

Hﬁﬁ(I*PTQ)"f VD)

L*(B)

Proof. (Lemma 3.4)
The proof is analogous to the one of Lemma 3.3, and we only indicates the main differences.
Define 7 as in the proof of Lemma 3.3. By the use of the generalized Minkowski inequality, we get

2

~ r2\n - r2\n 2
Hgﬁ(lfp ) f L2(B) < Zak Zl2ﬂ HV(I*P)LFUP/C-H 1([7 P ) f

L2(B)
k>0 1>1

We now distinguish the cases 3> 0 (i.e. n€N)and —3 <B<0 (ie n=-1).

First case: (> 0. In this case, the proof is analogous to the one in Lemma 3.3, using (GGT5)
instead of (GT5).

Second case: f% < p<O0.

1. By (GGTQ),

49 ¢2
. exp (—C—l+k+s) V(B) 1
VPR — PT2 " <9272 gy - ) .
I ( ) f||L2(B) ~ sE[[O,'rI;)'rz]] +k s)”*é V(27 B) HfHLz(C](B))

13



2. Define now Blk’r’j by

exp <fc 472 )
Blkmj —B+3  u l+k+sl
s€[0,nr2] (l +k+ S)nJrE

Remark C.5 below therefore shows

=

—_

V(B)“%||gs(I — P7)"f

id S 1 n e
S2EVEB)E|fllar™ Y an | Y (B
k>0 1>1 (3.3)

< 2BV (2 B) 73| f|| por?™ Sy 73{”’3.
k>0 I1>1

L2(B)

3. Thanks to Lemma B.1, one has

m—1
1
ap(m —k)P~2 <mP~
k=0

=

m—1
+ > K - k)P
k=1

1 1
< — t
vm Jo
if g€ (f%, 0). If 8 =0, we have ap = do(k), so that, in both cases,

A1 — 1)zt

=

m—

1 1
> arm -k S —. (3.4)
k=0 m
Using (3.3) and (3.4), one obtains
1 2
V(B) 2 I—pP )"
(B)~7 ||9a( )" f )
00 _ 4772
Jd < eXp( cm—i—s)

S2TV(B) | fll ™ sup L
nmzzl s€[0,nr2] \/ﬁ(m + S)n

+
=

However, one has,

4772
too exp (—cm+s)
sup =T ol
1 selonr?] | V/m(m+ )"t

1 2 9y 432 "3 492
T @z WZ: VI selome] <m+ ) o <Cm+ >

2 .
< 1 ‘i 2y N 1 Ji’o (4Jr2)"+1
S et 2o =T e
(4972) — vm o (49r2?) e A

5 47]'717,7271.
It yields the desired result

< 2E2IV (2T B) | f| 2

B)"% ||gs(I — P™)"
V(B)™7 ||gs( )" f o)

O

Proof. ( LP-boundedness of jg for 2 < p < po)
We use Theorem 2.10 as well. The proof of (2.4) for gs is analogous to the corresponding one for gg, by
use of Lemma 3.4. Let us now check (2.5). We argue as in [3] pp 932-936, using (P>) and (GG,,).

14



We want to prove that, for all 2 < p < pg, there exists C), such that for all balls B C I of radius r,
all m € [[0,n], all functions f on T and = € B,

L 3
; )Hg gy < Cn (MU13s1)* (2): (3.5)

Vv (B
Let f € L?(T'). Since P'1 =1 for all | € N, we may write, if g' = (I — P)P!=1f,
VP (I = P)PPTf=VP™ (g = (g),,)-

Write ¢! — (gl)4B = Zgi with gl = (gl — (gl)4B) lc,(py- Fori=1, Lemma 4.2 in [5] and (P%) yield

i>1

=
)

Z/\

2
2
212,3( ) vpmr 911|LP(B)>

1 § Z Hngl/2 4B
1 ( )
>1 [/ (4B)2

>1

N

< le > Ve w)Pm(y)
I>1  yesB
S M2 (gsf) (x).

For i > 2, Lemma 4.2 in [5] shows that

W=

2 2 .
—c4’
mr? 1 e 1 23
(IVP gi') < , V(B E l ng||L2 Ci(B))

>1

s

)

But for all [ > 1,

gt z2cumy < Nlg' = (9') 45 L2y

< ”gl - (gl)2i+lB ||L2(2i+1B) + V(2i+1B)% | (gl)QjB - (gl)2j+13 |

=2
For all j € [2,i], (P) implies
(95— ()i | S e llg = (0501 o
(g )2]‘3 g 2i+1RB | ~ V(2J+1B) g — 2i+1 L2(2J+IB)
<2j+1 — ||V ! 209541
~ Tv(2j+1B)% || g HL (21+1B)>,
while
lg" (g )21+1B 2221y S 27F1r ||vgl||L2(2i+lB) ’
so that

V(2i+1B)

ngHLZ(C (B)) < ZQJ (QTlB); HvylHLZ(2j+1B) :

j=2

As a consequence, by the Minkowski inequality,

1 1
3 3
1 281,112 J 28 12
(V(2i+1B) E l |gi||L2(Ci(B))> E 2'r V(21 B) % E Vg ||L2(2:'+2B)

<
1>1 1>1
S sz'rmgﬂf(x)
Jj=2
< 2'rMags f(x).
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3.4 LP-boundedness of gz and gg, 1 <p <2
The proof of the LP-boundedness of gz for 1 < p < 2 relies on Theorem 2.11, via the following lemma:

Lemma 3.5. Let (I', u) be a weighted graph satisfying (DV'), (LB) and (DUE).
For all n € N*, there exists a constant C,, such that, for all balls B = B(xo,r) of ', all j > 2 and
all f € LY(T) supported in B, we get

o V(2/B)?
g2 V@B, o

2
I—pryn <c,
Jos " Miacymm = V()

Proof. The proof of Lemma 3.5 is very similar to the one of Lemma 3.3, and we will therefore by sketchy.
First, we still have

Hga(f—Prz)"f

1
2
2 2
S an l2571 (I _ P)1+nPk+l71([ _ P'r )nf
12(0;(B)) 2 (Zm 12(0;(B))

)
where ay, is defined as in the proof of 3.3.
1- Estimate of the inner term

Let B = B(x¢,r). As in Lemma 3.3 and using (G15),

- 7‘2 n
17 = Py PRSI = PTY™ £l oo ()

Jp2
» 1 exp (—clikJrS)
S flleysy  sup T T
sefonr?] \ V(zo, VI+k+5)2 (I +F+s) (3.6)
. 1 4772
_V(27B)2 EXP\ ~CTirts
5 =" ( ) HfHLl sup ( 1+)
V(B) s€[0,nr?] (l +k+ S) "

where we use for the second line the following fact, consequence of (DV')

V(B) P2\ 4y
< Sexp|-—c— .
V(zo,VI+k+s) l+k+s l+k+s
2/3- Conclusion

The proof is then the same (with obvious modifications) as the proof of Lemma 3.3, using the same

sequence Af’r’j as in the proof of Lemma 3.3.

O
We can now conclude for the LP-boundedness of gg and gg for 1 < p < 2.

Proof. ( LP-boundedness and weak (1, 1) type of gg for 1 <p <2 )

We apply Theorem 2.11. It is enough to check (2.6) and (2.7) with g(j) = 277. We take Ap = pr’
where 7 is the radius of B. The inequality (2.6) is then a consequence of Lemma 3.5 for n = 1. For the
estimate (2.7), it suffices to prove that, for all balls B of T', all j > 1, and all f supported in B,

V(2it1B)z

— 4

1P flle2cesm)) S
The case j > 2 is a consequence of (GTz) and (DV), while the case j = 1 follows from (UFE) and
(A.10). O

Proof. ( LP-boundedness and weak (1, 1) type of gg )
For 8 > 0, the proof is the analogous to the one of the LP-boundedness of gg, using (GGT:) instead of
(GTy).
The case 8 € (—%, 0] is analogous, with minor changes identical to the corresponding case in the
proof of LP-boundedness of gg for p > 2.
O
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3.5 Reverse L” inequalities for gz and gz

Let us now end up the proof of Theorem 1.13. What remains to be proved is:

Theorem 3.6. Let (T', 1) be a weighted graph satisfying (DV'), (LB) and (DUE). For all1 < p < +00
and 3 > 0, there exist three constants Cy,Co,C3 > 0 such that

£l < Cillgsfllzr < Collgafllce < Csllflle V€ LP(T) N L*(I).

Remark 3.7. Notice that Theorem 3.6 implies Theorem 1.13 for gg. A statement analogous to Theorem
3.6 holds with gg, with the same proof, which ends the proof of Theorem 1.13.

Proof. By Lemma B.1, we get
G2f(@) = sl + PV f(a)  ¥f e LP(T)NLA(T), Vo € T.

As a consequence of this fact and Remark 1.3, for all p € (1, +00), we have the inequalities

g8 f e S Nlgs(T +P) fllee ST+ P) fllee SIIFllzo- (3.7)
The proof will then be complete if we establish, for all 1 < p < 400,
[fllee < Ng3fllee  Vf € LP(D). (3.8)

Indeed, assume that (3.8) is established. The conjunction of (3.7) and (3.8) provide the equivalences
g3 flle = I flle  Vf € LP(I)NLAT)

and
lgsfllee = flle Ve A={(I+P) g, geLPNL?
and it is therefore enough to check that A is dense in LP(T").
To that purpose, notice that (3.7) and (3.8) also provide the equivalence || (I +P)? f|| Loy = || f|| o) for
all f € L*(T')NLP(T), then for all f € LP(T") by the LP-boundedness of (I + P)? and since L?(I') N L?(T")
is dense in LP(I"). This entails that (I + P)” is one-to-one on L? (T') (with % + % = 1), which implies
that A is dense in LP(T").
The inequality (3.8) can be proven by duality. Actually, for all f,h € L?(T"), Lemma 3.1 shows that
A< fih>=|f+hl5—|f—hll3
= llga(f + W)z = lg5(f — hI3
< llg3f + g5hll3 — llgaf — g3hll3
:4<g§f,g§h>.

For the third line, notice that

95 f — g5h < g3(f — h),
and interverting the roles of f and h, we obtain

\95.f — g3h| < g3(f — h),
so that

95 = 95hll 2 < llg5(f = W[ -
Thus, if % + % =1, we have for all f € LP(T)NL*(T), 1 < p < +o0,
Iflerary = sup < f,h>

her?nL?’
IR, pr <1

< sup < gif.gih >

her?nrL?’
IR, 5 <1

IN

lg5fllee  sup  [lg5hll Lo
her?nr’
1Al <1

Slgafllee  sup (]l
her?nrr’
(IR, o <1

= llg5fllz»
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where the third line is a consequence of Hélder inequality and the fourth one follows from the boundedness
of g% on L” (T'). We obtain the desired result

I£lze < g3 fllz.

|
4 [P-boundedness of gy, 1 <p <2
Define, for all ¢ € (1,2] and all functions f on T,
Nof == afAf — [PIAf
and, for all functions u,, : N xI' —» R,
Nyt = qun[0n + Alu,, — w270, + Alul = Nqun + QU Ontty, — uZ" 10, ul.
Here and after, 0,u, = up4+1 — u, for all n € N.
Remark 4.1.  « Dungey proved in [15] that 0 < Ny(f) < £|Vf|>.
e The Young inequality shows at once that
Opul > qufflanun, (4.1)

and then Ny(u,) < Ny(uy,).

o As will be shown in Proposition 4.7 below, Ng(P"f) > 0 for all nonnegative functions f and all
n € N.

We also introduce the functional

doaf(x) = | Y No(Puf)(@)

n>0
Theorem 4.2. If q € (1,2], then there exists a constant ¢ > 0 such that

190.aflla < €l fllq

for all nonnegative functions f € L' N L>.

Corollary 4.3. Let (T',u) be a graph satisfying (LB) and (LDV) and let ¢ € (1,2] Then there exists
cq > 0 such that

n C
IVP*ly < Sl

Remark 4.4. In [15], using semigroup arguments, Dungey proved the conclusion of Corollary 4.3 under
the weaker assumption that —1 does not belong to the L? spectrum of P.
4.1 Proof of Theorem 4.2

The proof of this result is based on Stein’s argument in [21], Chapter II, also used in Riemannian
manifolds in [9] and on graphs with continuous time functionals in [15].

Let us first state the maximal ergodic theorem for Markov kernels ( see [19], see also [21], Chapter IV,
Theorems 6 and 9 ):

Lemma 4.5. Let (X, m) be a measurable space. Assume that P is a linear operator simultaneously
defined and bounded from LY(X) to itself and from L°°(X) to itself that satisfies

i. P is self adjoint,

ii. |Pllp s < 1.

18



Let f*(x) = sup,,>q |P" f(z)|. Then there exists a constant c; > 0 such that

1f*Mlq < €qll fllg
for all q € (1, +o0].

We can now turn to the proof of Theorem 4.2.
If u, = P"~1f, then [0, + A]u, = 0 and, as will be proved in Proposition 4.7 below, one has

Nyu, = —u279, + AJud > 0.
Consequently, we have

Jo.uf (@)? =Y Ny(P"f)(w) = = Y _[P"f(2)]* [0, + A[P" f (2)])

n>0 n>0

< 1@ [0 + Al([P" f(2))7).

n>0

It follows, with J(z) = = 3=, - o[0n + AJ([P™ f(x)]4) > 0,

lgo.af 18 < 37 £ (2) 5™ J(2) Em(a)
- 2-a g (4.2)
< (Z f*(:c)qm(w)> (Z J(m)m(m))

Yet, by Lemma 4.5,

(Z f*(w)qm(w)> S 1 (4.3)

zel

and since Z Ag(x)m(x) =0 for all g € LY(T),
zel

Y J@m(z) ==Y m(@) Y 9[P" f(2))

zel zel’ n>0

<> f@)im@) = [If].

zel’

The inequality in the last line is due to the fact that, for all NV € N,

D0 Y [P f(@))ma) = A1~ [ PV

zel’

Using (4.2), (4.3) and (4.4), we thus obtain the conclusion of Theorem 4.2.

4.2 Proof of Theorem 1.14
Recall some facts proved by Dungey in [15]. Define the “averaging” operator A by setting

AN@ = > fy=> )
yEB(Z,Q) y~zx
for x € I" and functions f : ' — R.

Proposition 4.6. Suppose that (I', u) satisfies property (LDV), and let ¢ € (1,2]. There exists ¢ > 0
such that )
IVfP(2) < eq AN f) ()

for all x € T and all nonnegative functions f € L>. Moreover, there exists c; > 0 such that
JAF| 3 < | Fll4 (4.5)

for all nonnegative functions F on T'.
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Note that 4 <1 in (4.5), and that we use the notation || F|, := (Z m(z)|F(:c)|T> for r € (0,1].

zel’
In order to prove Theorem 1.14, we need the following result.

Proposition 4.7. Let (I', 1) be a weighted graph and let g € (1,2]. Then N (P™f) > 0 for all functions

0< felL>.
Moreover, if (T, 1) satisfies (LB), there exists a constant ¢y > 0 such that

0< Nq(Pnf) < Cqu(Pnf)'

Proof. (Theorem 1.14)
Proposition 4.6 yields the pointwise estimate

VP fI* S ANy (P £))
for 0 < f € L*°, so that, by Proposition 4.7,

@of)*=>_|VP"f?

n>0

S AN, (P

n>0

= A SONJP) | = A@Goaf)

n>0

Theorem 4.2 and (4.5) provide the conclusion of Theorem 1.14 for all nonnegative functions f. We obtain

then L7-boundedness of gy by subadditivity of gg.
It remains to prove Proposition 4.7.

Proof. (Proposition 4.7)
Taylor expansion of the function ¢ +— 9, ¢ € (1,2], gives

t
t9 — 59 = qsqfl(t —s)+q(qg— 1)/ Tq72(t —7)dr

(1 —wu)du
1—u)s+ut)?—4

1
— st (e 9) +alg - (-9 [

o ((

for ¢, s > 0 with s # ¢t. From this expansion, one has, for ¢ € (1,2],0 < g€ L>® and z € T,

2) =Y pl,y)m(y) [q9(=)(9(z) - 9(v)) — 9(2)* (g(2)* - g(»)")]

yel’

—aa-1) 3 pemee) - o) | e

dt
1—t)g(z) + tg(y))>9
y:g9(y)#g(x) )g(z) +tg(y))

—ata- 0@ [0 3 plemt o I

t(g(y) — g(x))?

y:g9(y)#g(w)

Let 0 < f € L* and n € N. Define g := P"™f and notice 0 < g € L*°. Therefore,

On(P"f)(w) = (P = Dg(x) =Y p(x,y)m(y)(g(y) — g(x))

y~z

and with (4.6), one has
On(P" f(2))?—q(P" f ()"~ 0n(P" f)

- (1—t)dt
= ala=D(P = Do) | e

20
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so that
[Ny = Nolg(x) = g(x)*~ 980, (P f(2))? — qg ()8 (P" f)
1 2
- (P —1)g(x))
:qq—lngq/ 1—1 dt
= Do O =G 4P - Da@P

If g(x) = 0, then N,(g)(z) = [N, — Ny]g(x) = 0, therefore the conclusion of Proposition 4.7 holds at

2. Assume now that g(z) # 0. Define, for all y € T, h(y) = % > —1 and, for all ¢t € (0,1) and all
€ [-1,+00),

2

Fi(s) = eSO
One has )
No(@)a) =ala - DglaP ™ [ 4=0) S plepym()F i)
0 v g(y)#g(x)
and

1
Ny = Nilg(e) = ala = Vg [ 1=0F | 3 plepmwhiy) | dr
0 v 9(y)#9(x)
Assume for a while that it is known that F; is convex on [—1, +00) for all ¢ € (0,1), and let us conclude
the proof of Proposition 4.7. One has N,(g)(z) > [N, — N,]g(z), which means that N,(g)(x) > 0.

Moreover, since p(z, ) > €, then > 100 M <1, so that

3 p(z,yzﬂz(y)]__t(h(y))zft 3 p(w,y)m(y)h(y)

1 1—¢
y: 9(y)#g(x) y:g9(y)#g(x)

> (1—e) " F > playmyh) |,

y:g9(y)#g(x)

where the first inequality is due to the convexity of F; and the last one to the definition of F,. We
deduce ~ }
[Ng = Nglg(a) < (1= €)""Ny(g)(x),

which means

It remains to prove the following lemma
Lemma 4.8. The function F; is convex on [—1,400) for all t € (0,1).

Proof. Let F(x) = # Easy computations show that F' is convex on (—1,+00). Since, for all
€ (0,1), Fy = 5 F(tx), F; is convex on (—1,+00) D [—1,400). O

4.3 Proof of Corollary 4.3
First we will prove the following result. If ¢ € (1,2], n € N* with n > 1 and 0 < f € L' N L*°, one has

INZ (P )|, < %anq (4.8)
Let u, = P"f and J,, :== —(0p, + A)(ud). Then
INZ (P f)ll2 = ) NI/2(u,) ()
q(2 4)
= x)u 2)4/2
B ; n? Ju(a) (4.9)
< [Z m(x)unmq] [Z Jn<z>m<z>]
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where the last step follows from Hélde inequality. Yet,

Y m(@)un(@)” = | P fIE < IFN

zel

and

S Ta@m(@) = = 3 0, (uf) (x)m(x)

zel zel’

< —q ) m(z)ul ™ ()0 un ()
< qllun |V | Onunlq

where the first line holds because > . Ag(z)m(x) = 0 if g € L', the second line follows from (4.1),
and the third one from Hélder inequality again (with % + % =1). Here |lunllq < ||f]lq while ||Onun|q =

[Aunllq < 2| fllq by the analyticity of P on L?. Thus
< 1 q
> Julame) < <1
xzel

Substitution of the last two estimates in (4.9) gives

1 1
NG (P" )l S ﬁllfllqa

which ends the proof of (4.8).
Now just use Propositions 4.6 and 4.7 to get Corollary 4.3.

A Further estimates for Markov chains

A.1 Time regularity estimates

The theorem we prove here is slightly more general than (and clearly implies) Theorem 2.4.

Theorem A.1. Let (I', 1) be a weighted graph satisfying (LB), (DV') and (DUE). Then, for all j > 0,
there exist two constants Cj,c; > 0 such that, for all (r1,...,r;) € N* for all | > max;<;r; and all

z,y el
Cjry...rj . ( d*(z, y))
. —exp | —¢; )
BV (@ DV VDE T

We first recall the following result (Lemma 2.1 in [14]).

|(D(r1) ... D(rj)ph(x,y)| <

Lemma A.2. Let P be a power bounded and analytic operator in a Banach space X. For each j € N
and p € (1,400), there exists a constant ¢; > 0 such that

(I —P™)(I —P")...(I —P"9)PYpp < cjri...70 70
for all j1,....5x €N, all (r1,...,7;) € N and all | € N*.
j

Proof. let us now establish Theorem A.1. We follow closely the proof of Theorem 1.1 of [14], arguing by
induction on j.

The case j = 0 is obvious since the result is the assumption. The case j = 1 and r; = 1 is the one proven
by Dungey in [14] and we will just here verify that the proof for j = 1 can be extended to all j € N.
Assume now that, for some j € N, the kernel p; satisfies for all (r1,...,7;) € N*J and all [ > max; r;

CyTl...Tj ox A,C.d2(z’y)
UV (z, V)2V (y,V1)? p( T > (A1)

where the constant C; depends only of the graph I' and j.

|D(rj) ... D(ri)pi(z, y)| <
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Let (r1,...,7j41) € N *(7+1) | We then use the abstract identity (which can easily be proved by induction
on k) for all linear operators A and all k € N:

k
I—A=2"0D( - A2 1 N oG (1 - 472 (A.2)
=0

where I denotes the identity operator. Hence we have, applying (A.2) with (Au); = w4,

k
D(rjr) =27 FTIDE@ )+ 27D D274 )?
1=0

and if we apply this formula to (D(r;)...D(r1)p);, we obtain, for alll € N, k € N and z,y € T,

ID(rj41) ... D(r)pi(z, )| < 27D e ) D(ry) ... D(r)pi(,y)|

- | A3
+3 27D 2r10)* D(ry) . D(r)pu(, ). Y
1=0

Suppose that 0 < 2%r;.1 <, hence [ + 281y, < 3l and (A.1) provides the estimate

ID2* 7 11)D(ry) ... D(r1)pi(z, y)|
<|D(rj) ... D(ri)pi(z,y)| + [D(rj) .. -D(Tl)Pz+2k+1rj+1(9Uay)|
r...rj dQ(ZC,y)

(A.4)
SlejV(x,\/Z)%V(y,\/Z)% exp (—cj By )

Besides, observe that
[D(n)*D(r;)... D(ri)pi(, y)|
= (I = P*)*(I = P"7)...(I = P")P' Li((y))—r(fa}) (A.5)
<P les (g (T = PYY?(I = P77) oo (I = P™) P |l P2| 11 gyy) - 2.
whenever | = I; + ls + I3. Moreover, let us notice that for all [p € N* and all z € T', (DUE) provides

1

2

Z[plo (:L', y)]Qm(y)

yel’

[P L2y poo (goy) = 1P|l 22 (ga})— 12

1
= p210($,$)2

C

= V(‘Ta \/ZO)% .

The two last results ((A.5) and (A.6)) combined with Lemma A.2 and the doubling property (DV)

give, with ly,lp,l3 ~ &

2 .
D(n)*D(r;)...D(r x, < R AR .
D) Drs) (rpule y)] < T2V (2, V1)V (y, Vi)
k .
Collecting estimates (A.3), (A.4) and (A.7) and using that Z 2071 < 2% we obtain
i=0

(A7)

CoTy d*(z,y)
D(rjy1)...D(r z,y)| < 27D UEERLF ex (—07’
[D(rj+1) ... D(ro)pi(z,y)| S Ve vV P

k ) 2%ip2 i
+ Z 2—(z+1) Jj+1°J
1=0 ljJrQV(za \/Z)%V(y, \/Z)%

C Ty d*(z,y)
< 9—(k+1) ERRELF/ ex (—0 ’
R R AV I E R N

N 2k . TjTJ2<+1
1342V (2, V1)
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foralll > 1, k € N with 2krj+1 <.
We will now choose k to obtain the desired inequality. If [, j, z, y satisfy

d2
lexp (cj (z,y)) > T

4l

We choose k such that

d2
2k7’j+1 S lexp <Cj (ﬁfl’y)) < 2k+17’j+1

which gives

|D(rj41) ... D(ri)pi(z,y)| S

T T4 p( cj d2(z,y))
12 l '

. —exp | ——=%
EHV (2, VD)2V (y, V1)
In the other case, i.e. lexp (fcj%) < rjt1, observe that by (A.1)

|D(rj41) - - D(r1)pi(@, y)|
< |[D(rj) ... D(ri)pi(@, y)| + [D(r)) ... D(r1)pisr; i (T, )]
) T ... Tj ox e d2(,jc7 y)
Sq”V@AﬁﬁV@W®% p< ”+UH>
T1...Tj eXp<ﬁd(x,y))

<} - 1 1
T UV, V)RV (y, Vi) 2 1
1. Tj41 ¢ dQ(x,y))
C; S —exp | ————
=V VDV VT (-
where the third line holds because I > ;1. O

A.2 Gaffney-type inequalities

This paragraph is devoted to the proof of Theorem 2.5. Actually, we establish more general versions in
Theorem A.3 and Corollary A.4.

Theorem A.3. Let (T, u) be a weighted graph. Assume (LB), (DV) and (DUE). Then, for all j € N,
there exist ¢,C > 0 such that for all (r1,...,7;) € N7, for all sets E,F C T and xo € I such that
sup {d(zo,y), y € F} <3d(E, F) and all functions f supported in F,

cl T 1 a(E,7)?
) (I —P™)...(I— PP | pam < C2d _e—e"% .
(i) II( ). ( VP fllr2m) < T V(xo,\/Z)Ee I fllcy e,
for all (r1,...r;) € N* and all | > max;<; 7;.
. - . L. . T 1 _odB.F)?
(ii) V(I = P™)...(I = P7)P'f||2g) < C lj+%] Voo VI T | fllr ).
for all (r1,...r;) € N* and all | > max;<; 7;.
r . (5 TR O Y (€N
(iii) |V(I = P"™)...(I = P")P'f|12m) < C 1lj+% Lem T || fllL2 ey,
for all (r1,...r;) € N* and all | > max;<; 7;.

Corollary A.4. Let (T, u) be a weighted graph satisfying (LB), (DV) and (DUFE). The conclusions of
Theorem A.3 still hold under any of the following assumptions on E, F,xq and [:

L Sup{d(any)v Y€ F} < \/Z7
2. sup{d(zo,z), v € E} < 3d(E, F),
3. sup{d(zo,z), z € E} < V1.

The proof of Theorem A.3 relies on:
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Lemma A.5. Let (I',u) be a weighted graph satisfying (DV'), (LB) and (DUE), then we have the
following estimates: for all j € N, there exist C;,c; > 0 such that for all (r1,...7;) € N*J and all
l Z maxr;<;T;

2 22
ST D) . D)), (g, 2)Pess T miy) < 0T (A.8)
yer PV (z, \/Z)
and ) )
STV, (D(ry) .. D(r1)p), (y, @) 2 ““H=miy) < Oy (A.9)
yer 12541V (2, V1)

The proof of this Lemma is analogous to Lemmas 4 and 7 in [18], where we use the estimates in
Theorem A.1 instead of the estimate (UE).

Proof. (Theorem A.3)

(i) We can assume without loss of generality that || f||,1 = 1. Then

I(T = P™)...(I = PY)Pif|[72p)

= m) (Z (D(rj) ... D(r1)p), (LZ)f(Z)WZ))

rzel zeF

<Y m(@) Y [(D(ry)... D(ri)p), (@, 2)*| £ (2)m(z)

zEE zeF
( d(E, F)Q)
< exp —cf

2 2

{1 d(E, F)? 1
M e (M )gf(znm(z)—v(z, G

2 2 2
<l (_CM)
123V (w0, V1) I

S @) 3 m@)\D(r) .. Do) ex (4520

l
zeF zeE

where, for the 4* line, we use the estimate (A.8) and, for the last line, the doubling property shows

V(ZL'(), \/Z)
V(z, V1)

<

V(z,\/f+3d(E,F))§<1+w>d§exp<gd(ﬂ7}7)2>

Tl = S (A.10)

which leads to the result (with a different value of ¢).
(ii) Similar to (i) using (A.9) instead of (A.8).
(iii) This result is a consequence of (i). In fact,

r...7T; 1 _cd(E,F)2

- e ! 1
57E Vi, VD)3 11l

ri.ry [ m(F) > _dpy?
< — e i
=it <V(zo,x/i) 17llzzce)

SRR P R |
- e
17+

IV = P™) ... (I = PY)P fll12m) S

<

| fll2(ry

where, for the last line, the doubling property yields

m(F) _ V(wo,3d(E, F)) < (1+ Sd(E,F))d cd(E:

N cd(E, F)?
VoV Vo, V) <ep( ) (A1)

Proof. (of Corollary A.4)
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1. Under this assumption, the proof is analogous to the one of Theorem A.3, replacing (A.10) by
V(an \/Z)
V(z,V1)

which is provided by (DV) and (A.11) by

<1 Vz € F,

m(F)
— = <
V(an \/Z)
which is due to the fact that F' C B(zq, V).

)

2. Decompose F' = U F;, with
>0
Fi=Fn{yecl,3d(E,F)<d(y,E) <3T'd(E,F)}.
Remark that, if F; # (),
sup d(zo,y) < (34 3FHd(E,F) < (3+3'"))d(E, F;) < 6d(E, F;).

yeF;
Let T be one of the operators involved in the left-hand sides in Theorem A.3. Let ¢y > 0 be such

that, for all (E, F) such that sup d(zo,y) < 6d(E, F) and all f supported in F, we have
yeF

d(E

AR
1Tl L2y < cre T f gy

(Remember that Theorem A.3 can be proven with constant 6 instead of 3.) Then, one has

+o00 too
7Cd(E,F,L-)2 7Cd(E,F)2
ITf |2y < D NT(FUR) 2y <er Y e T ey < cre”™ T [ f ),
1=0 1=0

which proves the second point of the corollary (note that the above sum can be restricted to the
indexes 7 such that F; # 0).

3. Let R = sup,cpd(x,zo). Decompose F = U F; with
i>1
F1 =FnN B(ZL'(),4R)
and if i > 2 . .
Fi=Fn{yeT, 2R < d(y,z) <2""'R}.

Write

+oo

ITfll2emy < D IT (AR 2 sy

i=1
(where T is one of the sublinear operators of Theorem A.3 and f is supported in F). We want to
estimate each | T'(f1F,)||2(g). First, notice that sup {d(z,z¢)} < 4R < 4v/1. Use then point 1 of

zeF?
Corollary A.4 to obtain
L d(E,F)?
IT(fUr )2y < cre™ T [ fllzary
(B, )2
<cre” T |[fllzam)-

Next, remark that, if i > 2 and since d(E, F;) > (2° — 1)R,
i+1

: 2
sup {d(z,z0)} <2""'R < 5 d(E,F;) < 3d(E, Fy).

xeF; =1
Hence, using Theorem A.3, one has

a(E,F;)?

IT(fAp ) L2m) < cre™ T I fllam)

_Cd(E,F)2
<cre Tl

Summing up over ¢ yields the desired conclusion. O

26



B Estimates for the Taylor coefficients of (1 — z)~”

Lemma B.1. Let v > —1. Let Zalzl be the Taylor series of the function W We have

1>1
a; ~ 17 Vi € N*.
A consequence of this result is
172! Vz € [0,1).
B

Proof. For |z| < 1, the holomorphic function W is equal to its Taylor series,

ﬁ ZH(1+ T)at vse Be(0,1),

>0 =1

Let us check that

Indeed, one can write

Yet, one has

Hence we get
l
v
1 (1 —): i+ 0(1),
nil;ll +i yInl+0O(1)

which yields (B.1) by applying the exponential map.
From the last result, and since the convergence radius of the series under consideration are 1, we deduce

Zl'yzlzZﬁ(l—l—%)zl Vz €[0,1)

1>1 1>1 i=1
_ 1
S (=2t
1—(1— )t
N z
BECESEE

-1
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C Reverse Holder estimates
for sequences

For all M > 0, define the following sets of sequences

1
E]\/I = {(an)nzla vnv 0< an < M Z Eak}

keN*
and
) 1
Ey = (an)nZL VTL, 0<a, < MZ Ea’k
k>n
First, we state this obvious lemma:

Lemma C.1.

2

IELANESEDS
n n>1

n>1

Let A= {(Af’r’j)leN*, keN, reN* j>2} where

3

A, V(an)n S E]\/].

| oo (certs)
A;”’J = 157" sup — 7
s€[0,nr?] (l +k+ S)1+n

The parameters § and 7 are chosen as in section 3 and therefore 5 —n € (0, 1].
Proposition C.2. There exists M > 0 such that A C Ey;.
In order to prove Proposition C.2, we will need the following Lemmata:
Lemma C.3. One has the next three results:
i. Exr C B,
i. if M > 0 and {(a®),, p € I} is a set of sequences such that for all p € I, (af), € Eyr, then

(sup a’;) € Eyv,
pel n

iii. For a positive sequence \, we define, for all sequences a € RN, py(a) by

An
[px(a)]n = )\—an+1-
n+1

An ~
Then, if (An)n is non decreasing and <—> is mon increasing, FEyr is stable by py.
n n
Proof. (i) and (ii) are easy to prove. Let us check (iii).
Since (ay)n € Ey, we have for all n € N*
An

[p)\(a’)]n = )\n+1 An+1

An 1
Lo

k>n+1
An

)\nJrl

<M

)\n+1

=M

Y e

T L Uk+1
Lk

An 1 EAgi

Nt 2= R (kT Ok

<MY lorlalk
k>n

=M

because (%) ,, 18 non increasing and (A )y is non decreasing. O
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Define for ¢, a > 0,

AY = {(an)nen-, Ing € N* such that Vn < ng, an, < any1

ng\ ¢ 1 a
and Vn > ng, can, (—O) <ap < —ap, (—) } .
n c

n
Lemma C.4. For all (ay), € AY and all n > ng (where ng is given by the def of AY),
1
ay Z 7 0k
k>n
In particular, there exists M (only depending on o and ¢) such that AS C FEur.
Proof. One has if (ay)n € AY and n > ng

Z %ak & UG Z ﬁ

k>n k>n

()
~an [—
°\n

~ Q.

We are now ready for the proof of Proposition C.2.

Proof. (of Proposition C.2)
According to Lemma C.3 and Lemma C.4, we only need to prove that

492
exp (—c 7 )
Ao = P 7

ll+n

,reN*" 7>2
leN*

is in some AgZ. Indeed, once we proved Ay C A7, Lemma C.4 implies that there exists M > 0 such that
Ao C Ejr. The use of Lemma C.3(iii) with \; = 777 yields, since 8 —n € (0,1],

4972
exp (—c e )
U+ k)

Ari=J(oa) (Ao) = § [ 1777

keN

,TGN*,keN,jZQ CE]\/[.
leEN*

Lemma C.3(ii) thus provides that A C Ej; and Lemma C.3(i) that A C Ejy.
It remains to prove that Ay C AY. The result is a consequence of the following facts.
For v € [0,1] and n > 1, the function

Fiter, o1

1
satisfies
e F(0)=0and tEIEOOF(t) =0,
e [ reaches its unique maximum at ty = #‘L'r’
ey—n—l
T e < F(t) < pr— for all ¢ > t.
O
Remark C.5. If § € (—3,0] and
i 2
TP i Gz <))

3

s€[0,nr?] (l + k + 5)n+%

a careful inspection of the proof of Proposition C.2 shows that the conclusion of Proposition C.2 also

holds for Blk’m .
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