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Abstract

This work focuses on an improved fractional Sobolev inequality with a remain-
der term involving the Hardy-Littlewood-Sobolev inequality which has been proved
recently. By extending a recent result on the standard Laplacian to the fractional
case, we offer a new, simpler proof and provide new estimates on the best con-
stant involved. Using endpoint differentiation, we also obtain an improved version
of a Moser-Trudinger-Onofri type inequality on the sphere. As an immediate con-
sequence, we derive an improved version of the Onofri inequality on the Euclidean
space using the stereographic projection.
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1 Introduction

The sharp Sobolev inequality and the Hardy-Littlewood-Sobolev inequality are dual in-
equalities. This has been brought to light first by Lieb [19] using the Legendre trans-
form. Later, Carlen, Carrillo, and Loss [6] showed that the Hardy-Littlewood-Sobolev
inequality can also be related to a particular Gagliardo-Nirenberg interpolation inequality
via a fast diffusion equation. Since the sharp Sobolev inequality is in fact an endpoint
in a familly of sharp Gargliardo-Nirenberg inequalities [10], this eventually led to Dol-
beault [11] pointing out that a Yamabe type flow is related with the duality between the
sharp Sobolev inequality, and the Hardy-Littlewood-Sobolev inequality. Still relying on
that flow, he proved an enhanced Sobolev inequality, with a remainder term involving the
Hardy-Littlewood-Sobolev inequality and also provided an estimate on the best multiplica-
tive constant. This was soon extended to the setting of the fractional Laplacian operator
by Jin and Xiong [18]. This approach heavily relies on the use of the fast diffusion equation,
which introduces technical restrictions on the dimension or the exponent of the Laplacian
operator. A simpler proof is provided in [13], which lifts some of these restrictions, and
provides better estimates on the best constant.

Let us now go into more details. The sharp fractional Sobolev inequality states (see
e.g. [23, 8, 19]) that

(/ |u(x)|qd:p) D < Sasllul? for all w e (R, (1.1)

n

where 0 < s < 7, ¢ = —=%-, and the best constant S, ; is given by

Sn,s - (

2 [(n) \ "
T <"+;s>< (g)) ' -

)forsomecGR t >0,

Moreover, equality in (1.1) holds if and only if u(z) = cu. (%5
zo € R" and where
() = (14 |of?) 72

is an Aubin-Talenti type extremal function.

The best constant .S, ; has been computed first in the special cases s = 1 and n = 3 by
Rosen [22], and later for s = 1 and n > 3 by Aubin [2] and Talenti [24] independently. For
general 0 < s < %, this best constant has been given by Lieb [19] by computing the sharp
constant in the sharp Hardy-Littlewood-Sobolev inequality,

L) (e
’//R |x_y|Ad xdy| < F( mpy (F(%)> 1oy » (1.3)

in (1.3) if and only if f(z) = CH,\(JC_—;CO)

where 0 < A <n and p = 33
where

Ha(x) = (1+ [2[) "2,
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with ¢ € R, ¢ > 0, and zp € R". For 0 < s < %, Q*QSW_%F((";(?)/Q) m,}_Qs is the Green’s

function of (—A)®, so that the inequality (1.3) can be rewritten in the following equivalent
form, by taking A =n — 2s

-~ F(=D)73(f) da| < Sl e - (1.4)

The sharp Hardy-Littlewood-Sobolev inequality was first proved by Lieb based on a rear-
rangement argument (see [19]). Recently, Frank and Lieb (see [16]) have given a new and
rearrangement-free proof of this inequality. Their method was also used to prove the sharp
Hardy-Littlewood-Sobolev inequality in the Heisenberg group (see [17]). See also [6, 15] for
the other rearrangement-free proofs for some special cases of the sharp Hardy-Littlewood-
Sobolev inequality.

Using duality, Jin and Xiong state in [18, Theorem 1.4] that when 0 < s < 1, n > 2,
and n > 4 s, there exists a constant C,, ; such that the following inequality

(|2 o T -5, T
Snell 12 2 /RM A)urda
8s
-2 2 2
SCmsHuHng%S(Rn) S"’SHUHS_HuHLnQJLQS(Rn) ) (15)

holds for any positive u € WS(R"), where r = ngz Moreover, the best value Cj, ; for the

constant C), s is such that Cf;s < %25 (1 - e’fns) Sh.s- This adapts to the fractional setting
the original result of Dolbeault [11, Theorem 1.2] which was restricted to the case s = 1.

In (1.5), the left-hand side is positive by the Hardy-Littlewood-Sobolev inequality (1.4),
and the right-hand side is positive by Sobolev inequality (1.1), so this is an improvement
of the Sobolev inequality.

The strong condition on the dimension required for (1.5) stems from the heavy reliance
on a fast diffusion flow to achieve these results. Although the constraint on n can be
removed by lifting the flow to the sphere, Dolbeault and Jankowiak propose in [13] a new,
simpler proof that brings a number of benefits in the case s = 1: the role of duality is
made more explicit, and it holds for any n > 3.

The aim of this paper is to extend and unify these results in the fractional setting.
We provide a better estimate on the best constant and by taking limits in s, we also
derive an improved Moser-Trudinger-Onofri inequality, and recover the Onofri inequality
for n = 2. Our paper is organized as follows: in Section 2 we detail our results, both in the
Sobolev (Theorem 1) and Moser-Trudinger-Onofri (Theorem 2) settings. Sections 3 and
4 are dedicated to the proof of our main theorem using a completion of the square and
linearization techniques, respectively. Next we provide a proof of Theorem 2 in Section 5,
by taking the limit s — &. Finally, in Section 6, we complete the proof of Theorem 1 using
a fractional nonlinear diffusion flow.




2 Results

Let us first introduce notation. First recall the definition of the homogeneous Sobolev space
W*5(R") with s € R. A Borel function u: R” — R is said to vanish at the infinity if the
Lebesgue measure of {z € R" : |u(x)| > t} is finite for all t > 0. For s € R, we define the
fractional Laplace operator (—A)*u by the distributional function whose Fourier transform
is [€]?a(€), where 4 is the Fourier transform of u. For a test function u in the Schwartz space
S(R™), 4 is defined as @(§) = [p, e @S u(zx)dz. From the Plancherel-Parseval identity,
we have [|ul|gzgn) = (27) 72 ||@]|p2@gn). We know that the Fourier transform is extended
to a bijection from the space of the tempered distributions to itself. Then WS(R”) is
defined to be the space of all tempered distributions u which vanishes at the infinity

and (—A)zu € L*(R"). For u € W*(R"), we define

1

lull? = (=2)2ullZ2@n) = @) /R 1% |a()[* dg = Rnu(ﬂf) (—=A)*u(z)d .

With these notations, our main result is the following

Theorem 1. Letn>2, 0 < s < 2, and denote r = 2+28

27 n—2s
(i) There exists a positive constant C,, s for which the following inequality

Sn,SHu”Hi o —/ u" (—A)u"dx
R’ﬂ

8s
n—2s
< ChslJull "2,
[, n—2s

2 2
— ||u 2.1
25 ) (Sn,s”lb”s || ||Ln272s (]R")) ( )

S

holds for any positive u € W*(R").
(ii) Let Cy  be the best constant in (2.1). It is such that

n—2s+2

—————— 5, <C; . <S5 2.2
n+2s+2 T T T (22)

Additionally, in the case 0 < s < 1 we know that:

Crs < Sns- (2.3)

Theorem 1 contains both the result of Dolbeault and Jankowiak [13, Theorem 1] in the
case n > 3 and s = 1 and the one of Jin and Xiong [18, Theorem 4.1] in the case s € (0, 1),
n > 2 and n > 4s for positive u. The proof of Jin and Xiong is based on a fractional
fast diffusion flow and some estimates on the extinction profiles. They also provide the
upper bound Cj , < ™25(1 — ¢72:), a bound which is larger that 1 when n > 4s, so that
Theorem 1 not only extends the result of Jin and Xiong to all n > 2 and s € (0, %), but
also improve the constant C,, s on the right-hand side of (2.1).
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Before continuing, we introduce the logarithmic derivative of the Euler Gamma func-
tion ¥(a) = (logI'(a))’ for a > 0, and also define Hy, the space spanned by k-homogeneous
harmonic polynomials on R" ! restricted to S™. In the following, do denotes the normalized
surface area measure on S™ induced by the Lebesgue measure on R" !,

In the spirit of [3, 7], we consider the limit s — § and obtain an inequality between
the functionals associated with the Moser-Trudinger-Onofri and the logarithmic Hardy-
Littlewood-Sobolev inequalities. Details will be given below, but let us first state our

result.

Theorem 2. There exists a positive constant C,, such that for any real-valued function F
defined on S™ with an expansion on spherical harmonics F' = Zkzo Fy where F, € Hy,
then the following inequality holds:

C, (/ eFda)2 [%Z%/S \Fk\2d0+/sn Fdo — log (/ eFda)]

k>1

= /S e logle — ol " Vd(€)do(r)
f ([ crao) [ (wm -0 (3) ~oga) + BN oy

where Ent, (f) = fsn flog f do — (fsn f do) log(fsn f do). Moreover, if C denotes the

best constant for which the above inequality holds, then

] <C,<1. (2.5)
The inequality (2.5) is proved in the same way as item (%) in Theorem 1. We will
expand both sides of the inequality (2.4) around the function F' = 0 which is an optimal
function for the Moser-Trudinger-Onofri inequality (2.9).
A direct consequence of Theorem 2 written for n = 2 is an improved version of the Eu-
clidean Onofri inequality with a remainder term involving the two dimensional logarithmic
Hardy-Littlewood-Sobolev inequality. We will use the following notation

dule) = p(z)dz,  p(x) !

SR S— € R%
TR D

Corollary 3. There exists a positive constant Cy such that for any f € L'(u) and Vf €
L*(R?), the following inequality holds:

2
1
e, ( / efdu) {KIIWII%Q(RH [ g0 ( / efdu)}
R2 ™ R2 R2

2 f f
el el
> eld 1+ logm + lo ( )d:c)
</R2 lu) ( g R2 fRQ efd,u g f]R2 €fd,u

— 47 /Rz @ p(x) (=A) (e p) (z) da. (2.6)




Moreover, if C5 denotes the best constant for which the inequality (2.6) holds, then
1 *

As above, the right-hand side of (2.6) is nonnegative by the logarithmic Hardy-Littlewood-
Sobolev inequality since Green’s function of —A in R? is given by —5-log (|z]). The in-
equality (2.6) is a straightforward consequence of (2.4) since W(2) —W(1) = 1, and the fact
that if f(x) = F(S(z)) with S is the stereographic projection from R? to S?, then

|V f(z)|?dr = 47T/ \VF|*do.
R2 52

Another proof of Corollary 3 is provided in Theorem 2 of [13] by using a completely
different method. More precisely, Dolbeault and Jankowiak use the square method to
obtain an improved version of the Caffarelli-Kohn-Nirenberg inequalities on the weighted
spaces, and then take a limit to get (2.6).

The proof of (2.1) is similar to the one of Dolbeault and Jankowiak [13] which is based
on the duality between the Sobolev and Hardy-Littlewood-Sobolev inequalities, in fact a
simple expansion of a square integral functional. The first inequality in (2.2) is proved
by expanding both sides of (2.1) around the function (1 + |#|2)~"2" which is an extremal
function for the fractional Sobolev inequality, and thus is a zero of both the left-hand side
and right-hand side. To solve the linearized problem, we recast it to the unit sphere S
using the stereographic projection, and then identify the minimizers using the Funk-Hecke
theorem (see [14, Sec. 11.4]). The Funk-Hecke theorem gives a decomposition of L?(S™)

into the orthogonal summation of the spaces H,;’s, that is
LX) = P, (2.7)
1=0

Moreover, the integral operators on S™ whose kernels have the form K ((w, 7)) are diagonal
with respect to this decomposition and their eigenvalues can be computed explicitly by
using the Gegenbauer polynomials (see [1, Chapter 22]).

By using stereographic projection, we can lift the sharp Hardy-Littlewood-Sobolev in-
equality (1.3) to the conformally equivalent setting of the sphere S™ as follows

2
F(F P
[ EE ey < 1 ( [ Fepaste)) 2
nxsn €= g
with \
=) r 2
B)\ZQ_)\ (22 (72)’ p= n ’
and do is the normalized surface area measure on S™. Note that the distance |- | is the

distance in R"*!, not the geodesic distance on S™. Some geometric and probabilistic infor-
mations can be obtained from this inequality through endpoint differentiation arguments

6



(see [3]). Carlen and Loss, but also Beckner considered the limit case of (2.8) when A =0
while studying the two dimensional limit of the Sobolev interpolation inequality on the
sphere, pioneered by Bidaut-Véron and Véron in [4, Corollary 6.2]. In this limit, they
proved the following Moser-Trudinger-Onofri inequality. For any real valued function F
defined on S™ with an expansion F' = )", ., Fi, where F}, € H, the following holds

log ( / ne”f’da(&)) < [ P+ 5.3 / Yi©)Pdo(e).  (29)

I<:>1

Moreover, equality holds in (2.9) if and only if

F(&) = —nlog |1 = (£, Q) [+ C,

for some |(| < 1 and C € R.
When n = 2, the inequality (2.9) becomes the classical Onofri inequality on S? (see
[20, 21]). Under the stereographic projection, this inequality is equivalent to the following

inequality
log (/ eg(x)d,u(:c)) —/ g(x)dp(z) < / Vg(z)|?dz (2.10)
R2 R2 16

for any g € L'(n) and Vg € L*(R?).

The Onofri inequality (2.10) plays the role of Sobolev inequality in two dimensions, see
for example [12] for a thorough review and justification of this statement. This inequality
has several extensions, for instance to higher dimensions, which are out of the scope of this
paper.

Just like the dual of the fractional Sobolev inequality is the Hardy-Littlewood-Sobolev
inequality, the Legendre dual of (2.9) is the logarithmic Hardy-Littlewood-Sobolev in-
equality, first written in [7] and [3]. It states that for nonnegative function F' such that
f gn Fdo =1,

. / /  F€)log € —n| F(n)do(€)dor)

n

< <\I/(n) — (g) . log4) + /nFlogF do, (2.11)

where we recall U(a) = (logI'(a)). We remark that the appearance of the logarithmic
kernel —21log |€ — 7| is quite natural since it is Green’s function on S?. We can rewrite
inequality (2.11) in two dimensions and on the Euclidean space, and get that for any

nonnegative function f € L'(R?) such that [, f(z)dz = 1, with flog f and (1 +log|z|?)f
in L'(R?), we have

flogfda:+2// x)log |z —y| f(y)dedy + (1 + logm) > 0. (2.12)
R2 R2 xR2



This more common version of the logarithmic Hardy-Littlewood-Sobolev inequality is the
Legendre dual of the Onofri inequality (2.10). It has already seen a number of applications,
e.g. in chemotaxis models [5].

In this paper, we take a step towards unification of the results of [11, 13, 18]. However,
a number of questions remain unanswered. The restriction 0 < s < 1 in (2.3) comes
from the representation of the fractional Laplace operator, is this purely technical? To
extend this part of the result to Theorem 2, it would make sens to consider a fractional
logarithmic diffusion flow. However, this raises difficulties which are already presented in
[11, Proposition 3.4], so we cannot exclude the case C* = 1 yet. Finally, the computation
of the exact value of (7} , is still open and probably requires new tools.

3 Upper bound on the best constant via an expansion
of the square

In this section, we give a proof of Theorem 1 by the completion of the square method.

Proof of Theorem 1. By a density argument, it suffices to prove the inequality (2.1) for any
positive smooth function v which belongs to Schwartz space on R™. For such functions,
integration by parts gives us

/ |v<—A)1¥Sv\2dx:/ o(—A) v da,
R™ R"

n+2s
n—2s?

/Rn V(—A) 7T uV(=A)"

where ¢ = nQ_’;

0< /
= 82 ull g Jull? — 25l e, / u(a)t de + / aH(A) S da. (3.1)

Further, since ¢ = pr, we have ||u||7, &) = ||u||LpT(Rn u" ||}, (gny- This shows that

and, if v = " with r =

1+s

2y de = / w(z)v(z) do = / u(z)? dz,

. Using these equalities, we have
S

2

dx

_4s_ s—1 1+s

Snslltll faen V(=2) T u = V(=A)" % v

_4s q—2

lull 2 ey /Rn u(z)? de = [ju" ||Lp(Rn 7o gy = "l Zogan)-
Since the left hand side of (3.1) is nonnegative, it implies
Sl 7o gen) —/R u'(=4)7° d~”€<5ns|!u|!£q&§n (Snsllulls = 1ullZa@n)) -

This is exactly (2.1) with C,, s = S, 5. O



4 Lower bound via linearization

Let us start this section by briefly recalling some facts about the stereographic projection
from the Euclidean space R™ to the unit sphere S™. Denote N = (0,---,0,1) € R*™! the
north pole of S™ and consider the map S: R" — S™ \ {N} defined by

2r  |x]P -1
S —
(@) (1+\x|2’ 1+|:c\2) ’

the Jacobian of S is then given by

Jol) = (1 +2|x|2>n'

If I is an integrable function on S™ then F(S(x))Js(z) € L'(R™) and

| FS@)Is) de= [ P,

where dw is the unnormalized surface area measure on S™ induced by the Lebesgue mea-

sure on R™. The inverse of S is given by S71(w) = (17‘;;“, cee 173’;“) with Jacobian
Js1(w) = (1 —wny1) ™™, where w = (w1, ws, -+ ,wny1) € S*\{N}. Given f € W*(R") and
q= n2—7125’ we define the new function F' on S™ by
1
F(w) = f(§7(w))Js-1(w)7. (4.1)
Then we have Fa)?
x
e dz =27 [ F(w)’d 4.2
| it de=2 [ PP (4.2)

and

//R f(x)? g fy)? iz dy

nxgn (14 [2[?) (14 [yl?)>
=274 // F(w)|w—mn|""" F(n) dw dn. (4.3)
SnxSn

Equality (4.3) is derived from the fact that

() — S(y)? = —2

1t Ep"”

Next, we prove inequality (2.2). For this purpose, let us denote F and G the posi-
tive functionals associated with the Sobolev and Hardy-Littlewood-Sobolev inequalities,
respectively:

Flul = Spsllull? = llullfuen, — ue W R,

Glv] = Sn78||v||%p(Rn) — / v(—A)"%v dz, ve PR,



and recall that Fu,] = 0 and G[u]] = 0. The inequality of Theorem 1 thus reads

8s

Ch,s HUHZ;—(Q[én)F[u] > Glu'l,
and we are interested in a lower bound for
C, = sup —iS[U ] .
W {Ju]| 7o Gy Flu]
Consider now u = u, + €f where f is smooth and compactly supported such that
/ %fﬁ) dr =0, (4.4)
re (14 |2[%)%
By using the fact that w, is a critical point of F and as such solves

() M) )

<—A)SU/*<I‘) = TU*CL’)T = 9 y (45)
r (=) L) (4 faf)™
we in fact have the following.
Proposition 4. With the above notation and f satisfying (4.4),
Flud 2 ,  2%T (%) / f(x)? 2
= — d . 4.6
R (= R R

Proof. By a direct computation, we have

d

2
e (Flud)—g = 250 | f(=A)u, do—2 (/ ud dx) / ul™ f do =0,
Rn n n

here, we use the fact that (—A)%u, and u?~! are proportional to u,(z)(1+ |x|*)~2*. Taking
the second derivative of Flu] at € = 0, we obtain

2 2-1
G Tl =282 -2 -0 ([ ) [t a

) , 2T (n22) f(z)?
=255 (Hf“s T (n=2st2) /Rn (1+ Jz|?)% dx | .

Since Flu,] = 0, using Taylor’s expansion, we get (4.6). O

Let us denote

o dx.

R e
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Now, we introduce the new functions

fole) = (), fie) = —E @) = L n (o) = L)
0\L) = UgT), 7 —1+|[L'|2* ) — 4 5 Iy n+1 _1+|[L‘|2* .
We remark that 5
(1) = — u, =1,---,n,
fi(z) s Oy, i () i n
and )
fo1(z) = e O\ (Af(s*f)u*()\:c)))\zl )

Using these relations and (4.5), we get

Lemma 5. The following assertions hold:

_ 22T (%28) fo()

<_A)Sf0<x) - T (n_TQS) (1 T ‘SL’|2)25’ (47)
Lo T g
(—A)*filz) = — B (T P 1, ,n+1. (4.8)
We also notice that
file)fi(x) . o o
/andaz—o, 1,7 = 0,1, n+1, 1 #£ .

Next, we consider the other functional G associated with the Hardy-Littlewood-Sobolev
inequality as defined above.

Proposition 6. With the above notation and f satisfying (4.4), we have

n + 2s
n — 2s

Gl + cf)] = & ( ) Q] + o), (4.9)

where

I NS L R N (NN A (SR
i1 = et [ s 2~ o b ()

Proof. First, u solves the following integral equation which is the Euler-Lagrange equation
assoclated with G:

I (r=2s
(=A) " ul = %u (4.10)
2
Then
d 25,.. o
%(g[(u*+6f)r])620: p’q (/nuz dx) /nuz L dx

— QT/ u " f(=A) ! de = 0,

11



since u?~* and u’ 1 (—A)"%u’ are proportional to u,(z)(1+ |z|*)~*. By taking the second
derivative, we get

29
j—; (Gl (s + ef)]) g = 25"#5‘1—1) (/uq dx)ﬂ / P

—2r(r—1) /n u 2 fAH(=A) " da
o [ Ay ) de
| T f(z)?

o [ L

22sT" (n+22$+2) 1 + |:L,|2)28

[t () dx] |

This concludes the proof. O

Next, by Legendre duality, we have

Lemma 7. Suppose that g satisfies the following conditions:

L)
/Rn 1+ 2= d 0, 1, ,n+ 1. (4.11)
Then
Vg fwele) L[ @
2 /]R" (L+ |z[?) ! I (/]Rn (14 |z[?)2s s /]R" (14 |z[?)2s ! ) ’
and

where supremum is taken over the functions f satisfying the conditions (4.11).

Proof. The proof of this proposition is elementary and is completely similar with the one
of the dual formulas in [13]. O

Given f € W*(R"), we consider the function F defined by (4.1) and its decomposition
on spherical harmonics

F(w) =) Fi(w), (4.12)

where F), € Hy. Using the Funk-Hecke theorem and the dual principle for || - ||s, we obtain
the following.

12



Lemma 8. With f and F taken as in (4.1)-(4.12), we have

o0 T (2k+n+28)
1912 =3 iy |, e (413)
k=0 2 ) Sm

Proof. We have

112 =sup (2 [ fia)g(o) o - / () (=2) g() dx)

n 25
— sup (2 o) de— ) [ eyt @ dy) .
g R™ Rn XR"

Defining the function G on S™ by

2n

Glw) = 987 @) s (@), p=—,

and considering its decomposition G = > 7, Gy, Gk € Hy, we then have
n 25
2 [ sy - i) / [ g@le =yl gt) de dy
Rr R"XR"
= 2/ F(w) G(w)dw — /2 // w)|w —n| "G (n) dw dn.
n ﬂ-n nXSn

Since |w — g "2 = 27" (1 — (w ,n>)*%%, by [17, Propostion 5.2] the integral operator

v

W T

with kernel is diagonal with respect to the decomposition (2.7), and

its eigenvalues are given by (see [17, Corollary 5.3])

r (2k+;—25)

This implies that

2 [ g di—g s [ gl =) dody

R

13



As a consequence, if f satisfies the conditions (4.11), then f satisfies the following
Poincaré type inequality:

2 2T (M5H) fl@)?
1£1I5 = o /Rn( dx (4.15)

n7225+4) 1 + |ZL‘|2)28 .

Indeed, using the stereographic projection, we have
| Fo= [ @m0+ ) de=o,
and
/ F(w)w; dw = /R f(@) fi(z) (1 + |z*)" dx = 0, i=1,2,--- ,n+1.

This shows that Fiy = F; = 0 in the decomposition (4.12) of F', then

(n+2s+4)

V> s [ P

_ 225F (n+223+4)/ f(ZL‘)2
T2 Je L+ 1P)

o dz.

To sum up, we have

Proposition 9.
(i) If f € W*(R™) satisfies the conditions (4.11) then

4s 2231" (n+25+2) f(l‘)Q
Fifl2 —55 T (nz,;iQ) /R T LE dz. (4.16)

(i) If g satisfies the conditions (4.11) then

As r (w) g(:E)2
> 2 d. 4.1
Glg] > n+ 25+ 2 92T (n+223+2) /R" (1+|z[2)% T (4.17)

Proof. Ttem (i) follows immediately from the definition of F[f] and (4.15), while for (i),
from (4.15) and Corollary 7, we have

g@) o g(@) Lo L) g(x)®
/. A e (<1+|:c\2>2s) S o (e /. T+ e

Using the definition of G[g], we obtain (4.17). O
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Corollary 10. If f € W5(R"™) and satisfies the conditions (4.11), then

—9 2 T n—2s5+42 2

and equality holds if and only if the function F' defined by (4.1) belongs to Ha.

Proof. Considering the function F defined by (4.1) and its decomposition F' = > "7, Fy,

we know that
I =3 [ A,

k:>2

where 7y is given by (4.14). Using equality (4.2), we also have

From these equalities, we get

e \ Tk )
k=2 Sm

with

r (n+2;+2k) T (n—228+2) -T (n—Z;-‘,—Qk) r (n+228+2) |

r (n—2§+2k) r (n—225+2)

. =

Denote g(z) = f(x)(1+]|z|?)~2%. Using the integral expression of (—A)~* and equality (4.3),

n 28
[ on-argw = L0 T pe 2w
n ™ Snx Sm

=27 482’}%/ dw

k>2

Therefore, we get

n 2s+2 Vi
LA Fi(w)?d
:1 24sF n+25+2 243 /S" k<w) w

1
2dw, (4.20)

|M8
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with

T (n+25+2k> r (n7225+2) -T (n72s+2k) T (n+25+2) |

Br = : n+2s+2k n+232+2 :
D (=5550) T (542)

We have ay, B > 0 for all £ > 2. Moreover, we can prove that

@<@_n—25+2 <F("_225+2)

ar — ay  n+2s+2 I‘("+225+2)

2
) , forall £ > 2,

and equality holds if £ = 2. From this inequality, we have

B 1 00 , _48n_2$+2 F(n—28+2) 2
G[f]_%;ﬁk/san(W) dw <2 n+2s+92 (F(n+2zs+2) Fl71.

This proves the inequality (4.18). Additionally, we see from the proof that equality in (4.18)
occurs if and only if [y, Fi(w)?do(w) =0 for all k > 3, hence F € Hs. O

As a consequence, we have

n—2s+2 2
sup GU) =274 no stz (; En+22s:2§> ) (4.21)

i F(f) n+2s+2 >

where supremum is taken over f € W9(R"), f # 0, and f satisfying the conditions (4.11).
We can now prove the first inequality in (2.2) of Theorem 1.

Proof of (2.2). For all f € W*(R"), f # 0 and f satisfies the conditions (4.11), denote
Ue = Uy + €f, then

2 Gl
C* . n722 > € .
n,s”u HLng% (R - .F[ue]
Let € — 0T, we get
o s 1 (n+23)2G(f)
n,s = Hu*”n%sgs Sns n —2s F(f)
nJL25 (Rn) ’

Taking supremum over f € W5(R"), f # 0, and f satisfying the conditions (4.11), us-
ing (4.21) and the fact that

/Rn ()5 d — / (14 |22) " do = 73 FF((EL))

Rn
we get
cr > w -
’ n+2s+2 7
as desired. 0
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5 Improved Moser-Trudinger-Onofri inequality via end-
point differentiation

This section is dedicated to the proof of Theorem 2. By an approximation argument, it

suffices to prove the inequality (2.4) for bounded functions. We first prove for functions F
such that [, F(£)d§ = 0. We define a new function u on R" by

n

u(z) = (1 e 23F<s<x>>) Js(a)y D). (5.1)

Since F' is bounded, then wu is positive when s is close enough to 3. Considering the

expansion of F' in terms of spherical harmonics F' = 21@1 Fy, with F), € Hy, it follows
from Lemma 8 that

[l = 15" =
F( 22 ) 4n?2 = F<2k+2 2 )

n+2s o 2 F 2k+n+2s
Sn

Using the stereographic projection, we get

n—2s

2n
n n—2s n — 28 n=2s "
157 ([ (12%520) )

. .« . o 72
For simplicity, we denote ¢t = “5=*, then

_8s
SN C TR T

- |Sn|% [(/ “”F)ida)Ht— (/ (1+tF)1da)2_2t]

n tQP(nt)Q F(k+n(1—t)) , : 2—4t
15" 5 — L; NG /anda </n(1+tF) da) . (52)

Since I'(nt) ~ 1/(nt) when ¢ — 0%, by taking ¢t — 0% (or s — %) in (5.2), we obtain

8s
. n—2s 2 2
g[Sl (Sualll = 1l s )]

_ _3577;') ( / n eFda)2 log ( / n eFda)

1S"] I'(k+n) >
T 2T ) [Z (k) / Ficdo

k>1

</ eFda>2. (5.3)

17



We also have

w2 o _|S™T(nt) / N
n—2s = — 1 F t 4
/ WEE (CA) 0 (5.5)
ISP // (1+tF(€) & (1+tF(n)
= do (&) do
4572l Snxsn 1§ — n|*™ (&) dotn)

%(/ (14 tF)F da)2
, |80 L+ tF(€) "+ (L4 tF(m) +
457T2T //snwn (1€ = n|=2rt = 1)~

Letting s — & (i.e. t — 0) in (5.4)-(5.5), we obtain

do (&) do(n) .

. n—+2s n+2s . n+2s
lim | Sy flun—2s* 2, — un=2s (—=A)Pun-2s dx
s— L n+2s (Rn) R

_ 5;‘) (/ eFda)2 (\Il(n) _v (g) “logd + %%)
o [ o (= aP) " Vd(€)dota), (56

where Ent,(f) = [, flog f do — <f5n fdo)log([s. f do).
Now, applying the inequality (2.1) to function u defined by (5.1), then letting s — %
and using the equalities (5.3) and (5.6), we obtain

(/ eFda>2 [% ; % /5 | Fy|*do — log (/ eFda>]

n

= //Sn o " log (|&€ — nl?) "M do(&)do(n)

# ([ cras) [ (v -0 () ~oge) + BRI o

For any bounded function F', applying (5.7) to function F' — fsn Fdo, we obtain (2.4) with
C,=1
The above proof shows that C* < 1. Let us now prove C > —-. Indeed, for any

n — n41°
function F' such that fsn Fdo = 0. Considering an expansion of F' by F' = Ek21 Fy, with

18



Fy. € H;, and applying inequality (2.4) to the function e/’ with € > 0, we get

* eF ? 62 P(k+n) 2 eF
([ ) |52 2 T Vi —os ([ o d")]

k>1

/ /Snx o e Jog (1€ —nf*) eFVdo(€)do(n)
+ oF g “[n W) — 0 () ~log4 +Ent07§6F)  58)
" 2( (2) ) [ eFdo

When € is small, we have

>

o3

2
/ eFdo = 1+% |F|%do + o(e?),
n Sn

2
Ent, (') = % |F|2do + o(2).
Sn

Moreover, since

| g (1€ = ) dot) = = (w(w) — ¥ (3) ~10g4) = A(w)

then
JI e g (16 = a) e Ddote)dotn)
Snx S
— A(n) + @A(n) / Fdo -y il n+k / Fil'de + o)
S?’L

k>1
Substituting these above estimates into (5.8), we obtain
620*2 F(n+k 1 / \Fi[2do + o(€?)
— — o+ o(e
9 n T(n+ DI g

k>2
2

€ I(n+ 1)I'(k) 5 9
> 53 (1- AN [ mras o),

k>2

since I'(n+1) =nl(n)I'(1). If Fy # 0 for some k > 2, then dividing both sides by % and
letting e — 0, we get

T'(n+1)
Zk>2 ( (F(JFT> fsn | Fy|*do

T'(n+k
Ek>2 ( n(+1)1“2k - ) fsn |Fk|2dJ

*
n
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Taking supremum over F' = 2@1 Fy, Fy # 0 for some k > 2, we obtain

C(n+1)T(k
Ek22 (1 - %) fsn |Fk|2dJ

C, > sup :FZZFk,Fk%Oforsomek>2
- T'(n+k —
2k (r(nif)r%k) - 1) Jon |1Fi|?do k>1
B 1
Con+4 1

This completes the proof of Theorem 2.

6 Fractional fast diffusion flow

At this point, we know using the expansion of the square that C} & < 5, 5, so that if we

define
O

Sn,s ’
we know C < 1. In this section we will show that in fact C < 1 when 0 < s < 1. This

condition is enforced throughout this section. With the notations above, we consider the
following fractional fast diffusion equation:

C

1 -2
ov+ (=A™ =0, t>0, zeR", me— T
T n+ 2s

(6.1)
v(0) = vy .

which is well posed for vy € L' () L¢ for some ¢ > ni’;g according to [9, Theorem 2.3]. We

will take initial datum v with sufficient decay at infinity, e.g. in the Schwartz space.
Let us define

Go = Glve]  J[v(1)] :/ VP :/ u?,  Jo:=Jvg].
which is such that
L i . _ANS 2
J.—dtJ— p/n}( A)u},

We can now consider the evolution along the flow of the functional G associated to the
Hardy-Littlewood-Sobolev inequality. An easy computation gives

2s

—G'lv] =2 (/v) | Fm) =205 Flul,

which is nonnegative according to the fractional Sobolev inequality (1.1). Hence, — G[v] is
nondecreasing and stationary only when wu is an extremal function for (1.1). This and the
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following computations are a straightforward extension of those done in [11]. Going one
step further, we compute

— g = —Jjg'—4msn,5ﬁ|<,

with K = [0 |(=A) 0™ — Av, A = ";’fSJTI Then, using the fact that G’ < 0, we have
the following;:

Lemma 11. With the above notation and assuming 0 < s < 1,

" !/
.
g - J
Using Lemma 11 and (1.1), we have
o
—G' <Kol with k= Qj 0)
0

Since J is nonincreasing in time, there exists Y : [0, Jo] — R such that

Differentiating with respect to t gives
—Y' (NS =—-G < koJ,

then, substituting J' in the inequality of Theorem 1 (ii) we get

J1+% 2s
cf-20s2 =" 45, N | +y<o.
p ) Y/ )

With Y = d%Y, we end up with the following differential inequality for Y:
% (c Sy 21 Y) < c% S2. A Y(0)=0, Y(Jo)=G(0).  (6.2)

We have the following estimates. On the one hand
v<lsg, 2%
Ko
and, hence,

1 2s
Y(z) < 5 o Spsz T Vzel0,Jo].

On the other hand, after integrating by parts on the interval [0, Jo], we get

n

1 2s 1 is 2 do
3 G(0)* +C S, Jé*n G(0) < cho S,isJ? w g s CSps / 2 Y(2) dz.
0
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Using the above estimate, we find that

2 ooy 1 o4ds
— Shs / 2w Y(2)dz < = J§+ "
p 0 4

and finally
1 2s 1 as
595 = C S 1 G < 5 Cro Sy, a2t

Altogether, we have shown an improved inequality that can be stated as follows.

Theorem 12. Assume that 0 < s < 1. Then we have
0< S, JH5 (J%—lﬂu]) ~ G, YueW R, v=u" (6.3)
where p(x) :==+/C>+2Cx —C for any z > 0.

Proof. We have shown that for u € S, y*+ 2Cy — Cro < 0 with y = Go/(Sn. J(1)+f) > 0.
This proves that y < 1/C? + Cko — C, which proves that

Go < Spo JTT (VerTem -c)

after recalling that

1 96 25
— = —_—— J n F .
2T, [
Arguing by density, we recover the results for u € W*(R"). O

Remark 1. We may observe that = — = — ¢(z) is a convex nonnegative function which
is equal to 0 if and only if z = 0. Moreover, we have

plx) <z Vx>0

with equality if and only if z = 0. However, one can notice that

o) <Czx <= 1’22%.

We recall that (6.1) admits special solutions with separation of variables given by

n+2s

vy (t, x) = A2 (T ) g () (6.4)
where u,(z) = (1 + |z][%)~"%" is an Aubin-Talenti type extremal function, z € R" and

0 <t <T. Such a solution is generic near the extinction time 7', see [18, Theorem 1.3].

Corollary 13. With the above notations, C < 1.
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Proof. Argue by contradiction and suppose C = 1. Let (u;) be a minimizing sequence for
gf[ [u}].
with J, fixed, so that in fact G[u}] is a bounded sequence. There are two possibilities.

Either limy_,o G[u}] > 0, and then, up to a subsequence, limy_,o Flug] > 0, and then

the quotient u Thanks to homogeneity, we can assume that J[uy] = J. = J[u,]

0= lim (Sn,s J?S]—"[u;@] - QW])

k—o00
2

= lim (8,07 Flug — S, 077 0 (37 Fu)))
1

k—00

. 1+2 2s_

+ lim (Sms Jo o (J*” F[uk]> - g[uk]> :
k—o00

The last term is nonnegative by Theorem 12, and since limy_,, Flug] > 0, the first term

is positive because of the properties of ¢, see Remark 1. This is a contradiction, so in fact

we have limg_,o, Glu}] = limg_,oo Flug] = 0. Since J[uy| = Ji, vy = uj, maximizes

{/ v(=A) v dr : ||v||% :J*}

According to [19, Theorem 3.1], up to translations and dilations, v;, converges to v, = ul,
T [uk]
Glu]

and then the limit of the quotient is given by the linearization around the Aubin-

Talenti profiles. That is

. Flug] - n+2s+2 1
= lim > ,
Sns koo Gluf] T m—2s+25,,

which is a contradiction. Thus, C}, ; < S, . O

Inequality (2.3) holds by Corollary 13, and the proof of Theorem 1 is complete.
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