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Abstract

In this paper we provide new conditions for the Malliavin differentiability of solutions
of Lipschitz or quadratic BSDEs. Our results rely on the interpretation of the Malliavin
derivative as a Gateaux derivative in the directions of the Cameron-Martin space. Inciden-
tally, we provide a new formulation for the characterization of the Malliavin-Sobolev type
spaces DMP,
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1 Introduction

Backward Stochastic Differential Equations (BSDEs) have been studied extensively in the last
two decades as they naturally arise in the context of stochastic control problems (for instance
in Finance see [5]), and as they provide a probabilistic representation for solution to semi-linear
parabolic PDEs, via a non-linear Feynman-Kac formula (see [12]). Before going further let us
recall that this class of equations has been introduced in [2, 11, 12| and that a BSDE can be
formulated as:

T T
Yt:£+/ f(s,Ys,Zs)ds—/ Z.dW,, te[0,T), (1.1)
t t

where T' is a fixed positive number, W := (W}),gjo,) is a one-dimensional Brownian motion
defined on a probability space (€2, Fr,P) with natural filtration (F);co,r)- The data of the
equation are the Fp-measurable r.v. ¢ which is called the terminal condition (as Y7 = ) and
the mapping f : [0,7] x © x R? — R which is a progressively measurable process and where
according to the notations used in the literature we write f(t,y,z) for f(t,w,y, z). A solution
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to the BSDE (1.1) is then a pair of predictable processes (Y, Z) (with appropriate integrability
properties) such that Relation (1.1) holds P—a.s.

When dealing with applications, one needs to obtain regularity properties on the solution (Y, Z),
such as the Malliavin differentiability of the random variables Y;, Z; at a given time ¢ in [0, 7]
(note that for the Z component this question needs to be clarified a little bit because of the
definition of Z, cf. Theorem 5.1 for a precise statement). More precisely, one needs to answer
the following question:

Which conditions on the data & and f in (1.1) ensure that Y;, Z; are Malliavin differentiable?

This question was first addressed in the paper [12] in a Markovian setting, that is when £ :=
g(X7) and f(t,w,y,2) := h(t, X;(w),y, 2) where g : R — R and h : [0,7] x R? — R are regular
enough deterministic functions and X := (X¢)c[o,7] is the unique solution to a SDE of the form:

t t
X, = X, +/ o(s, Xs)dWs +/ b(s, Xs)ds, te€]0,T],
0 0

with regular enough coefficients o,b : [0,7] x R — R. In that framework, Pardoux and Peng
proved in [12, Proposition 2.2] that, under (essentially) the following conditions:

(PP1) g is continuously differentiable with bounded derivative.
(PP2) h is continuously differentiable in (z,y, z) with bounded derivatives (uniformly in time),

Y; is Malliavin differentiable at any time ¢ (with a similar statement for Z) and the Malliavin
derivatives of Y and Z provide a solution to an explicit linear BSDE. To be more precise,
in [12| the authors make one assumption for the whole paper which is stronger than (PP1)-
(PP2) above, however a careful reading of the proof of [12, Proposition 2.2| enables one to
conclude that Conditions (PP1)-(PP2) are sufficient to obtain the Malliavin differentiability of
the solution. Assumptions (PP1)-(PP2) look pretty intuitive since they basically require the
Malliavin differentiability of the terminal condition £ and of the generator f once the component
(y, z) are frozen, i.e., of the process (t,w) — f(t,w,y,z) for given (y,z). Hence, it is natural
to except that the latter conditions can be easily generalized to the non-Markovian framework.
Unfortunately, the first result in that direction which was given by El Karoui, Peng and Quenez
in [5] requires more stringent conditions than the aforementioned intuitive ones. More explicitly,
the main result in [5] concerning the Malliavin differentiability of the solution to the BSDE (1.1)
(essentially) involves the following conditions (see |5, Proposition 5.3] for a precise statement):

(EPQ1) ¢ is Malliavin differentiable! and E[¢]*] < +oo.

(EPQ2) At any time t € [0,7], the r.v. w — f(t,w,Y;, Z;) is Malliavin differentiable? with Malli-
avin derivative denoted by D.f(t,Y;, Z;) such that there exists a predictable process K% :=
(Kf)te[O,T} with fOT E[(fOT |K?|2ds)?]df < +oo, and such that for any (y1,ye, 21, 22) € R?
it holds for a.e. 6 € [0,T] that:

‘Def(tawaylazl) - Def(t7w7y2722)‘ < Kf(w)(‘yl - y2’ + ‘Zl - 22‘)'

lis in D"?
2in fact as an adapted process it belongs to D2, we refer to the space LL{ 5 whose precise definition is recalled
in [5, p. 58]



Roughly speaking, this means that £ and w — f(t,w,y, z) have to be Malliavin differentiable
(which is intuitively the minimal expected requirement), but in order to prove that Y and Z
are Malliavin differentiable, one needs to enforce an extra regularity conditions on each of the
data: that is & has a finite moment of order 4, and that the Malliavin derivative of the driver
f is Lipschitz continuous in (y, z) with a stochastic Lipschitz constant K which is sufficiently
integrable. Note that a careful reading of the proof allows one to conclude that the moment
conditions on ¢ and Df can actually be relaxed to hold only in L**¢ for some ¢ > 0. Besides,
as noted in [5, Remark at the bottom of p. 59|, if K is bounded then the proof can be modified
so that the extra integrability condition on ¢ (i.e. E[|¢]*] < +o0) can be dropped. However,
even in that case, one can check that in the Markovian framework, Conditions (EPQ1)-(EPQ2)
are strictly stronger than Conditions (PP1)-(PP2).

The aim of this paper is to provide an alternative sufficient condition to (EPQ1)-(EPQ2) for
the Malliavin differentiability of the solution to a BSDE of the form (1.1) in the general non-
Markovian setting. Our main result in that direction is Theorem 5.1 below, which uses a
fundamentally different approach from [5, 12], as well as different type of assumptions. Since
they involve some notations concerning the analysis on the Wiener space, we refrain from
detailing them immediately, and rather explain informally what are the main differences between
our approach and the one of [5]. A natural way to solve a BSDE of the form (1.1) when the
driver f is Lipschitz in (y, z) is to make use of a Picard iteration, that is to say a family (Y, Z")
of solutions to BSDEs satisfying

T T
=g [ pyrlzyhis [ zaw, e o) (1.2)
t t

where Y0 = Z% = 0. Then, a fixed point argument allows one to construct, in appropriate
spaces, a solution (Y, Z) to Equation (1.1). If £ and f(¢,y, z) are Malliavin differentiable (that
is in the domain of the Malliavin derivative D"? which is a Banach space equipped with a
Sobolev type norm), then so is (Y™, Z™). Then, it just remains to prove that this property
extends to Y, Z which are limits (in the appropriate spaces) of respectively Y™ and Z". More
precisely this is done by a uniform (in n) control of the Sobolev norms of Y™, Z" or equivalently
by proving that the Malliavin derivatives (DY™, DZ™) of (Y™, Z™) converge to the solution of
a linear BSDE whose solution will be the Malliavin derivatives (DY, DZ) of Y and Z. This
last step is exactly where the extra regularity (EPQ1)-(EPQ2) is needed. It appears quite
clearly that for this approach, the conditions of [5] cannot be optimized in the general case.
Even though this idea seems pretty natural, it is based on a choice which is somehow arbitrary.
Indeed, a necessary condition for DY} to be well-defined (at a given time t) is that there exists
a sequence of random variables (F"™), which converges to Y; in L? such that each variable F™
is Malliavin differentiable with derivative DF™ and such that DF™ converges (with respect to
a suitable norm) to DY;. As a consequence, in a sense in the approach described above one
believes that this sequence (F™),, can be chosen to be the Picard iteration (Y™),. Once again,
this idea looks very natural (according to the same type of proofs for SDEs) but then one sees
that in the BSDE framework this intuitive idea leads to pretty heavy assumptions. We elaborate
a lithe bit more on this point in Section 6.3.

Regarding the discussion above, one could think of trying to find a sequence of processes which
are known to approximate the Malliavin derivative of Y (and Z) when Y is Malliavin differen-



tiable. This approximation is provided by the well-known interpretation of the Malliavin deriva-
tive as a Gateaux derivative in the directions of the Cameron-Martin space. More precisely, a
necessary condition for Y; to belong to D2, is that for any absolutely continuous function h
starting from 0 at 0 with derivative denoted h, the difference quotient e~ (Y;(w + eh) — Y;(w))
converges (in a sense to be made precise) as £ goes to 0 to (DY},h>L2([07T}). This fact was
initially given by Malliavin and then extended by Stroock, Shigekawa, Kusuoka and Sugita in
a series of papers [9, 15, 14, 8, 16|. In addition, Sugita proved in [16] that a r.v. F is Malliavin
differentiable if it is ray absolutely continuous' and if it is stochastically Gateaux differentiable.
Using the main ideas of [16] we provide incidentally a new formulation of the characterization
of the Malliavin-Sobolev type spaces D' in Theorem 4.1. Since we did not find explicitly this
characterization in the literature, we believe that this result is new and maybe interesting by
itself. The main point is that this formulation is especially handy when dealing with stochastic
equations like BSDEs. With this result at hand, we obtain new conditions (see Assumptions
(D), (Hy) and (Hs) at the beginning of Section 5) for Y, Z to be Malliavin differentiable, see
Theorem 5.1. Our assumptions refine those of [12, 5] in the Markovian case, and our approach is
directly applicable to quadratic growth BSDESs since we do not rely on any approximation pro-
cedure. We refer the reader to Section 6 for some examples and a discussion on the differences
between our approach and the one of [12, 5].

We proceed as follows, we start below with some preliminaries. Then we turn to some elements
of analyze on the Wiener space in Section 3. Our characterization of the sets D' is given in
Section 4, and the material on the Malliavin differentiability of BSDEs itself is contained in
Section 5. We provide applications and a comparison of the results in Section 6. Finally, we
extend our approach to quadratic growth BSDEs in Section 7.

2 Preliminaries

2.1 Notations

We fix throughout the paper a time horizon 7' > 0. Let € := Cy([0,T],R) be the canonical
Wiener space of continuous function w from [0, 7] to R such that w(0) = 0. Let W := (W}).c(0,1]
be the canonical Wiener process, that is, for any time ¢ in [0, 7], W; denotes the evaluation
mapping: Wi(w) := w; for any element w in 2. We set F° the natural filtration of W. Under
the Wiener measure Py, the process W is a standard Brownian motion and we denote by
F := (Fi)tefo,r) the usual augmentation (which is right-continuous and complete) of F under
Pg. Unless otherwise stated, all the expectations considered in this paper will have to be
understood as expectations under Py, and all notions of measurability for elements of Q will be
with respect to the filtration F or the o-field Fr.

For any Hilbert space K, for any p > 1 and for any ¢t € [0, T], we set LP([t,T]; K) to be following
space

T
LP([t, T];K) := {f : [t,T] — K, Borel-measurable, s.t. / [ f(s)|leds < —i—oo},
t

where the norm ||-||, is the one canonically induced by the inner product on K. We denote, for

Lwe refer to Section 4 where this notion is defined



simplicity, by $ := L?([0,T];R) and by (-, -)g its canonical inner product, that is to say

T
(f.9)s = /0 f(s)g(s)ds, (f,g) € L*([0,T;R) x L*([0,T]; R).

Let now H be the Cameron-Martin space that is the space of functions in £ which are absolutely
continuous with square-integrable derivative and which start from 0 at 0:

H .= {h:[O,T] — R, JheH, h(t) :/th(:n)dzn, Vt e [O,T]},
0

which is an Hilbert space equipped with the inner product (hy,ho)y = (;7:1,]7:2>5§, for any
(h1,h) € H x H, and with associated norm ||h|%; := (h, h)g. For any h in H, we will always
denote by h a version of its Radon-Nykodym density with respect to the Lebesgue measure.
Define next LP(K) as the set of all Fp-measurable random variables F' which are valued in an
Hilbert space K, and such that HFHZP(K) < 400, where

IF N oy = (E[IFIR])Y7

Let S be the set of polynomial cylindrical functionals, that is the set of random variables F' of
the form

F=fW(hy),...,W(hy)), (h1,...,hn) € H", feR"[X], for somen > 1, (2.1)

where W (h) := fOT hedW, for any h in H. For any F in S of the form (2.1), the Malliavin
derivative VF of F is defined as the following H-valued random variable:

n
VEF =" fo,(W(h),...,W(hn))hi, (2.2)
i=1
where f;, = j—:{;. It is then customary to identify VI with the stochastic process (V¢ F)c(o,77-
Denote then by D the closure of S with respect to the Malliavin-Sobolev semi-norm || - |1,
defined as:

|F|l1p = (E[|FP] +E [vaum)l/y

We set DL .= ﬂp>2 D'P. In order to link our notations with the ones of the related papers
[12, 5] we make use of the notation DF to represent the derivative of VF as:

t
VF = / D.Fds, te[0,T].
0

We denote by 6 : LP(H) — LP(R) the adjoint operator of the operator V by the following
duality relationship:

E[Fé(u)] = E[(VF,u)yg], VYue dom(d), where

dom(0) := {u € LP(H), Je, > 0, [E[(VF,u)g]| < cul|Fll o), VF € DV}

0 is also known under the name of Skorohod (or divergence) operator. Recall that any element
u of the form u := Gh with G in S and h in H belongs to dom(d) and that

5(Gh) = GW (R) — (VG, ), (2.3)



see for example [10, Relation (1.46)].

We conclude this section by introducing the following norms and spaces which are of interest
when studying BSDEs. For any p > 1, we set SP the space of R-valued, continuous and F-
progressively measurable processes Y s.t.

Y], = E [ sup [Yif? | < +oc.
0<t<T

We denote by HP the space of R-valued and F-predictable processes Z such that

T £
1 2]/ = E [</0 |Z4|? dt>

3 Some elements of analysis on the Wiener space

< +00.

One of the main tool that we will use throughout this paper is the shift operator along directions
in the Cameron-Martin space. More precisely, for any h € H, we define the following shift
operator 73 : 0 — Q by
Th(w) := w + h.

Note that the fact that h belongs to H ensures that 7 is a measurable shift on the Wiener
space. In fact, one can be a bit more precise, since according to [17, Lemma B.2.1| for any
Fr-measurable r.v. F the mapping h — F o7, is continuous in probability from H to L°(R),
the space of real-valued and Fp-measurable random variables, see Lemma 3.2 below. Taking
F = 1d, one gets that 7, is a continuous mapping on §2 for any h in H. We list below some
other properties of such shifts.

Lemma 3.1 (Appendix B.2, [17]). Let X and Y be two Fr-measurable random variables. If
X =Y, Py—a.s., then for any h in H,

Xom=Yor, Py—a.s.

We recall, the quite surprising result that any r.v. is continuous in probability in the directions
of the Cameron-Martin space. More precisely:

Lemma 3.2 (Lemma B.2.1, [17]). Let F be a Fr-measurable random variable. The mapping
h+—— F oy, is continuous from H to L°(R) where the convergence is in probability.

One of the main technique when working with shifts on the path space is the famous Cameron-
Martin formula.

Proposition 3.1. (Cameron-Martin Formula, see e.g. [17, Appendixz B.1]) Let F be a Fr-
measurable random variable and let h be in H. Then, when both sides are well-defined

E[For]=E [Fexp (/OT h(s)dW, — % /OT yh(s)Pdsﬂ :



For further reference, we also emphasize that for any h € H and for any p > 1, the stochastic

exponential £ <f0 h(s)dWs) = exp (fo h(s)dW, — 3 IN |h(s)|2ds) verifies

£ (/0 h(s)dWs> esP, Vp>1. (3.1)

Lemma 3.3. Let t in [0,T] and let F' be a Fy-measurable random variable. For any h in H, it
holds that

Form,=Fo Thig Py — a.s.
In particular, F o Ty, is Fi-measurable.
Proof. It is well-known that by definition of Py, any F;-measurable r.v. admits a Ff-

measurable version. Therefore, there exists some measurable map ¢ : 2 — R, such that
F=pWn), Po—a.s.
Hence, we deduce by Lemma 3.1 that for Py-a.e. w € )

Fomy(w) =eWat(w)) omh = ¢(War o mh(w)) = p(w(- At) + h(- A1) = Fompy, 4 (w).
O

We conclude this section with the following lemma which might be known. However since we
did not find it in the literature we provide a proof in order to make this paper self-contained.

Lemma 3.4. Let Z € H2 and h in H. It holds that
T T T )
/ ZsdWs o1, = / ZgorpdWs + / Zs ot h(s)ds, Py — a.s.
0 0 0

Proof. Let & be the class of simple processes X of the form

Xy = Z )‘til(ti,tiﬂ}(t)’
=0

where n € N*, tg = 0 < t; < ... < t, = T and where for any 0 < i < n, (N, )i=1,..n are
Fi,-measurable and in L?(R).

We start by proving the result for Z in & and then we prove the result for any element Z in
H? using a density argument. Let Z € & with the decomposition

Zs = Z)\til(tiyti+1}(3)7 s € [O,T].
=0

Then, for any h € H and for every w € 2,

</0T ZsdW; o Th> (w) = <ZZ:; Aty (Wi, — Wg)) o Th(w)

= zn: >\ti (w + h)(Wti+1 - Wti)(w + h)
1=0

=> A, 0 Th(w) (W(tip1) — w(ti) + h(tisr) — h(t;))
=0

T T
= / Zs o ThdWs(w) + / Zsotp(w)dhsg,
0 0



which gives the desired result since h is absolutely continuous. We extend this result to processes

Z in H?. Let Z € H?, then there exists a sequence (Z"),en in & which converges to Z in H?2.
Hence,

T T T
E[/ stWsOTh—/ ZSOTdeS—/ ZgoTh dhg
0 0 0
T T
/ZgOTdes—/ Zs o mpdWs
0 0

T T
§E[/ ZSdWSOTh—/ Z;‘dWSOTh]—I—E[
0 0

T T
/Zgorhdhs—/ Zsonldhs}
0 0

T
OTh:|+E|:/ (Z2 — Zg) o T dW ]
0

Let us estimate these three terms. First, using Proposition 3.1, Burkholder-Davis-Gundy In-
equality, then Cauchy-Schwarz Inequality, we have

T; 1T |2 T v
oo W) dWs—3 [§ |h(s)| ds] <E [/ 1Zs — Z;L‘z ds]
0

£ </0 h(s)dm)] - .

By (3.1), this clearly goes to 0 as n goes to infinity. Similarly, using Burkholder-Davis-Gundy
Inequality, we have

B"<E </0T((Z§L—Zs)om)2ds>; ) (/OT(ZQ—ZS)%s);oTh

Therefore, we can use Proposition 3.1 and Cauchy-Schwarz Inequality, to also deduce that
B™ — 0. Finally, we have

|

T
]—FE[/ (Z2} — Zs) o1, dhy
0

=:B" =:Ccn

+E|

T
<E [ | @~ zmyaw.
0

=:An

T
A" =K [ / (Zy — ZM)dW,
0

x E

st
"R :5 ( /O ' h(s)dWs> /0 N2 Zi(s)ds
| TIME[(ATM?—ZAM@ﬂw)jlﬂ
<E :5 </OT h(s)dWs>2: E [/OT \Zn — Zsdes} v (/OT \h(s)Pds) 1/2,

[ T
<E|¢& </ h(s)dWs>
0
11/2
which also goes to 0 as n goes to infinity. Therefore the proof is complete.

O

This result entails the following useful consequence. Let ¢ in (0,7] and h in H such that he =0
for s > t. Then for any Z in H?, it holds that:

T T
/ ZdWg o, = / ZsomdWs, Py—a.s., (3.2)
t t

since ftT Zs o, h(s)ds = 0.



4 A characterization of Malliavin differentiability

Before going further we would like to recall the main finding of [16] which is that any Malliavin-
Sobolev type space D! as defined in Section 2 (originally defined by Malliavin [9] and Shigekawa
[14]) agrees with the Sobolev space (due to Stroock [15] and Kusuoka [8]) D' which consists
in the set of r.v. F in LP(R) which are Ray Absolutely Continuous (RAC) and Stochastically
Gateauz Differentiable (SGD) where these notions are defined as follows:

(RAC) For any h in H, there exists a r.v. F, such that Fj, = F, Py—a.s., and such that for any
w in Q, t — Fj(w + th) is absolutely continuous.

(SGD) There exists DF in LP(H) such that for any h in H,

F - F

Ok T (DF,h)y, in probability. (4.1)
£ e—0

In addition, for any F in D'?, VF = DF, Py—a.s. Note that according to the statement of

Step 1 in the proof of [16, Theorem 3.1|, if F'is (RAC) and (SGD) then for any h in H and any

€ > 0 it holds that

e
6_1(Fh ot — Fp) = 6_1/ (VF o 1gp, h)gds, Py — a.s.
0

Furthermore, by Lemma 3.1, we have for any ¢ there exists a set A such that Py[A°] = 0 and
Fory, = E,o1., and F = F), outside A¢. Hence, for any ¢ in (0, 1), the relation above rewrites
as:

3
e (Forg —F)=¢! / (VF oTgp, hygds, Py — a.s. (4.2)
0

The main result of this section is the following theorem whose proof is postponed to the end of
the section.

Theorem 4.1. Let p > 1. F belongs to DYP if and only if there exist DF in LP(H) and
q € (1,p) such that for any h in H

q

] 0.

We recall the following lemma which can be found e.g. in [16, Corollary 2.1] and which charac-

lim E

e—0

— (DF,h)y

Fory —F
€

terizes the Malliavin derivative using the duality formula involving the Skorohod operator (also
called divergence operator).

Lemma 4.1. Let ¢ > 0 and 1 < p < +oo. Suppose that ' € L**¢(R) and assume that there
exists DF in LP(H) such that:

E[F5(Gh)] = E [G(DF, hyu]
for every G € S and h € H. Then, it holds that F € D", DF = VF, Py — a.s.

We now prove the following lemma for the Malliavin differentiability of a given random variable.



Lemma 4.2. Let p > 1. Let F be in DYP. Then, for any q in (1,p) and for any h in H,

Fory—F
S T L (VF, Ry in LU(R).

I3 e—0
Proof. Fix g in (1,p), h in H and n > 0 such that ¢+ n < p. We know from [16, Theorem
3.1] that since F' is in D'?, F is (SGD), (RAC), and Relation (4.2) holds true. We thus have
by Jensen’s inequality,
q+n]

E UE_l(F o Top — F)‘q-i-n]
£
< e E [/ |(VF o 7'sh,h>H]q"'_77 ds]
0

€
/ (VF O Tsh, h>HdS
0

14
<eg! / E [|(VF, Ry |9 o Toh) ds
0

5 T
:&?_1/ E [y<VF,h>qu+"5<s/ hrdW,,)] ds
0 0
T P
‘5 <t/ h,,dWT> ] < +o0.
0

Hence by de La Vallée Poussin Criterion, we deduce that the family of random variables
(|E_1(F ot — F) |q)e €(0,1) is uniformly integrable which together with the convergence in prob-
ability (4.1) gives the result. O

<E[(VE,R)x[P)+" sup E
te(0,1)

Remark 4.1. Note that the conclusion of the previous Lemma may fail for ¢ = p.
We can now proceed with the proof of Theorem 4.1.

Proof of Theorem 4.1. The necessary part follows from Lemma 4.2. We turn to the converse
implication. Let F' be such that there exists DF in LP(€); H) and g € (1,p) such that

F - F g
Forp—F ]:0,

€
The proof consists in applying Lemma 4.1 by proving the duality relationship
E[Fo(Gh)] =E[G(DF,h)g|, Ge€S, he H (4.3)

lim E [

e—0

— (DF,h)g

which, by taking € = 0, is itself a consequence of the following relation
E[F o1 6(Gh)] = E[{((DF) o 7ep, h) g G] . (4.4)
By Lemma A.1 (in the Appendix) it holds that

E[F o7, 6(Gh)] = diiE (ForpG]

1
= %1_% EE [(F O T(eqymn — F' 0 Teh)G]
n—0 n
+E[{((DF) o 7ep, h) G
= E[((DF) o 7en, ) G, (4.5)

—(DF) o 7, h>H> G}

10



where the proof that the first term on the right-hand side goes to 0 is reported below.

Note that E[|((DF') o 7.p, h)uG|] < 400 since ((DF) o 7ep, hyg = (DF,h)g o 7ep, Po—as., G
belongs to all the spaces L"(R) for » > 1 and

E[(DF, h)u[") < | Rl E [IDF|}] < +oc.

The Equality (4.5) is justified by Holder’s inequality since

E H (FO T(e+n)h — £ 0 Ten
7

~ (DF) ofeh,hm) GH

- F —F T B
< || T (D)o r | | EIGITH
- 1
2 _F T - B
-E OT+—<DF,h>H OTeh} E(|G|]7
I 1 L
[|Fory—F i T 1 mner
<E OT+—<DF,]I>H ]qug (6/0 h(S)dWs> ] E[G[]7

where 1 < r < g and o := 4 and where 7 (resp. @) is the Holder conjugate of r (resp. a), which
establishes (4.4). O

Remark 4.2. Note that according to Lemma 4.2 the necessary part of Theorem 4.1 can be
strengthen since the convergence of the difference quotient holds in any space LY(R) with q < p.

Remark 4.3. From (4.4) we prove that for any ¢ > 0 and any h in H, F o 1., belongs to D'P
and that V(F o 1op) = (VF) o 72p,.

5 Malliavin’s differentiability of BSDEs

In this section we derive a sufficient condition ensuring that the solution to a BSDE is Malliavin
differentiable. To simplify the comparisons of the results with the companion papers [5, 12| we
adopt the notations used in these papers concerning the Malliavin calculus. More precisely, for
any F in DY (for p > 1) we have defined the Malliavin derivative VF as an H-valued random
variable. Recall that denoting DF the derivative of VF' that is V  F' = fot DsFds, DF coincides
with the Malliavin derivative introduced in [5, 12, 10]. In particular (VF,h)g = (DF, h)g for
any h in H.

We consider now the following BSDE:
T T
Y, :§+/ (.Y, Z2)ds —/ Z.dW,, 1€ [0,T], P— a.s., (5.1)
t t

where ¢ is a Fp-measurable r.v. and f : [0,T] x Q x R? — R is a F-progressively measurable
process where as usual the w-dependence is omitted.

The aim of this section is to show that for any t € [0, 7], we can apply Theorem 4.1 under the
following assumptions:

(L) The map (y,z) — f(-,y,z) is differentiable with uniformly bounded and continuous
partial derivatives.

11



(D) & belongs to D2, for any (y,z) € R?, (t,w) — f(t,w,y,2) is in L*([0, T];D"?), f(-,y,2)
and Df(-,y, z) are F-progressively measurable, and

T
EU ID.f(s,Ys, Zs)||5 ds| < +oc.
0

(Hp) There exists p € (1,2) such that for any h € H

i = | ) | o

(Hz) Let (e)nen be a sequence in (0, 1] such that ll)r}rl en, =0, and let (Y, Z™),, be a sequence

of random variables which converges in SP x HP for any p € [1,2) to some (Y, Z). Then

fsteh Yo Zo) = fs0Ye Za) b vz s

€

for all h € H, the following convergences hold in probability

”fy('7w + Enhv Y-n7 Z) - fy(‘,W, Y‘? Z)Hﬁ n—>_+>oo 0

||f2('7w + 6nh7yn7 Zn) - fZ('vwv Y? Z)Hﬁ n—>—+>oo 0’ (52)
or

ny('vw + Enhv Y-nv Zn) - fy('7w7Y7 Z)”f} n—>—+>oo 0

||fz(‘,w + €nh7Y7Z-n) - fz('7w7Y7Z')||j§ n—>—+>oo 0. (53)

Before turning to the main result of this section, we would like to comment on Assumption (Hs).
On the one hand, by Lemma 3.2, at given (s,y, 2), fy(s,w + eph,y, z) converges in probability
to fy(s,w,y, z) as n goes to infinity. On the other hand, f,(s,w,-) is continuous by assumption.
Thus, Condition (Hz) is just requiring joint continuity of f, in L*([0,7],R). The same comment
holds for f,. Note finally, that since f, is assumed to be bounded, a sufficient condition for (Hs)
to hold true is that f,(¢,Y;", Z;) converges in probability to f,(t,Y;, Z;) for dt-almost every ¢
(and the same for f,).

Theorem 5.1. Let t be in [0,T]. Under Assumptions (L), (D), (H1) and (Hz), Y; belongs to
DY2 and Z € L*([t, T]; DY?).

Proof. We proceed in two steps and only consider the case where (5.2) holds in Assumption
(Hs3), since the other one can be treated similarly.

Step 1: We prove that Y; belongs to DY? where p € (1,2) is the exponent appearing in
Assumption (Hi). To this end we aim at applying Theorem 4.1. Let h in H. Since Y is F-
progressively measurable, by Lemma 3.3, we can assume without loss of generality that hg = 0
for s > t. Let ¢ > 0. By Lemmas 3.1 and 3.4, it holds that!

T T
Yoty =01+ / fr, Y, Z,) o tepdr — / Zyp o TepdW,, Vs € [t,T], Py — a.s.
S S

"note that by Cameron-Martin formula the process (Ys o 7;,)s is continuous which enables us to get that the
-exception set does not depend on s.

12



As a consequence, setting for simplicity
€ 1 € 1 € 1
Yo = E(}/soTah_}/s)v Zg = E(ZsoTah_Zs)y § = E(goTah_£)7 s € [t,T],

we have that (Y€, Z) solves the BSDE:

T T
Ye— ¢ / AS + AVEYE 4 A2 z8dr — / ZEdW,, (5.4)
S

s

with

—

A= Z(f(r,- +eh, Yy, Zo) — f(r, Yo, Z0)),

™

AVe = fy(r, +eh, Y20 Z,),
Aivﬁ = fz(T‘, ~+eh,Y, oty Z?h)’

where V" (resp. Zf’h) is some intermediary point between Y, and Y, o 7. (resp. Z, and
Zy 0 Tep).

Under Assumptions (D) and (L), the following linear BSDE on [t, T is also well-posed

T T
}/tsh = <D§7h>f]+/ <Df(r7'7YT’7ZT)7h>f]+thfy(T7'7YT’7ZT)—’_Zr}’le(T?’uYT’uZT)dT_/ ZjﬂldWT
’ (5.5)
Besides, we have (Y", Z") € $? x H2. Using a priori estimates (see Proposition 3.2 in [3]) in
L?, we have for some constant C), independent of €

</tT’Z§ - Z?Pds)p/z]
</0T ‘Ai —(Df(s,-,Ys, Zs),il%‘ ds>p]>
</0T ‘Aé’E — fy(8,+, Y, Zs) ds>p]

</OT A2 = L5, e, Z0) ds)p] . (5.6)

Since ¢ is in DY2) lim. o E [\55 — <D§,h>ﬁ‘p:| = 0 by Lemma 4.2. By Assumption (H;), the

second term in the right-hand side of (5.6) goes to 0 as € goes to 0. For the last two terms, we will

E| sup [Y7 Y| +E

s€[t,T)

<G (E (165 — (Dg, s ] +E

+ C,E v

+ C,E zZh

use Assumption (Hsg). First, the above estimate implies directly that (Y o1, =Y, Zo1, — Z).
goes to 0 in S? x HY for any ¢ € (1,2). We can therefore conclude with Assumption (Hz)
together with the fact that f, is bounded that by the dominated convergence theorem:

T B B p
E (/ ‘Ag’e—fy(s,.,ys,Zs) yh ds>]
0
T, 9 \P/2 T, o \P/?
< CE </ |4y — £y (s, Y2, 2,) ds) E </ vl ds) ]
0 0
—7e—0 0.
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We can show similarly that the last term on the right-hand side of (5.6) also goes to 0, by using
the fact that Z" € H2. Hence by Theorem 4.1, Y; belongs to D,

Moreover, Burkholder-Davis-Gundy’s inequality implies that there exists ép > 0 such that

T T T _ P
E || < / Z,dW, o7, — / ZrdWr> - / Zhaw,
t ¢ t
s p
<E | sup / e W Zotan — 2,) — r
t<s<T | J¢

T ~ p/2
( [ 1z - Zﬁﬁdr)
t

which tends to 0 as € goes to 0. Thus ftT ZsdWy is in DVP.

< C,R

)

Step 2: Let ¢ in (0,7]. We now prove that (Y, Z1y 1) € D2 x L2([t,T];D5?). Let (hy)n be
a complete orthonormal system of H. We have that

T 2
e 1wl +1v [ zawij] = e \<wt,hn>m2+\<v / zsdws,hnm]
n>1 ¢
5 - )
=Y E |Yth”|2+' | Ziaw,
n>1 L t
- -
=S| [ 2P
n>1 - t
<CZE[ Ve, P +/ (Y F(5, Yar Z2), b P2
n>1

T
— CE[|Ve|3) + /0 B[V £(s, Y, Z5)|4]ds

T
— CE[|Dg|I3] + /0 E[|Df (s, Yy, Z)|3]ds < +oc,

where we have used the fact that (VYy, hy)y = (DY}, hy)s = Y/ (and the same for the Z
component) from Step 1, and a priori estimates (see e.g. [5, Proposition 2.1]) in S? x H? (which
involves a generic constant C' > 0) for BSDEs of the form (5.5) since the data are square
integrable. Hence, Y;, and ftT Z,dW, belong to D2, and by [12, Lemma 2.3], Z belongs to
L%([t, T); DY?). Finally note that a version of (DsY;, DsZ;)o<s<to<t<T is given as the solution
(a priori in SP x HP) to the linear BSDE:

T T
Ds}/t :Ds£+ Dsf(ra'7}/;“72r)+fy(7‘7'7Y;“7Zr)Dsy;“"i'fz(r"7Y;“7Zr)DsZrd7‘_ DsZrdWra
t
(5.7)
which admits in fact a unique solution in S? x H? by our assumptions. [l

Remark 5.1. We would like to point out that since the process Z is defined as a $H-valued 71.v.,
one may be careful not to study Z directly at a given time, as Z; is not well defined for a given
t. Hence, in the proof we rather study at any time t the random variable ftT ZsdWy and prove
that it belongs to DY2. Then by [12, Lemma 2.3] the latter result is equivalent to the fact that
Z belongs to L*([t, T]; DY?).
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6 Applications and discussion of the results

6.1 Application to FBSDEs
We consider in this section a FBSDE of the form
t t
X = Xo +/ b(s, Xs)ds +/ o(s, Xs)dWs, t €10,T], P— a.s.
0 0

T T (6.1)
Y: = g(X7) +/ f(s, X, Ys, Zs)ds — / ZsdWs, t € [0,T], P — a.s.
t t

We make the following Assumptions:

(A1) b,0 : [0,7] x R — R are continuous in time and continuously differentiable in space for
any fixed time t and such that there exist kp, k, > 0 with

bult,)] < k102t )| < b, for all 7 € R.
Besides b(t,0),0(t,0) are bounded functions of .

(Az) (i) g is continuously differentiable with polynomial growth.

(i) f :[0,7) x R® — R is continuously differentiable in (x,y,z) with bounded first
partial derivatives in y, z uniformly in ¢, such that E[fOT |£(5,0,0,0)|? ds] < +o0 and
satisfying for some C' > 0

I, #) € Ry x[0,2), |folt,z,y,2)] < COA+yl"+]2]"+]2]?), V(t,2,y,2) € [0, T]xR>.

The well-known following lemma provides the existence of a Malliavin derivative for X; for all
t € [0,7] under Assumption (A;) (see e.g. [10, Theorem 2.2.1]).

Lemma 6.1. Under Assumption (A1), for anyp > 1, X; € DY for all t € [0,T], and X € SP.

The theorem below shows that in the Markovian case, Theorem 5.1 holds directly under As-
sumption (A;) and (As).

Theorem 6.1. Let t € [0,7] and assume that (A1) and (Az) hold. Then, Y; € DY? and
Z € LA([t,T);D%?).

Proof. We aim at applying Theorem 4.1. Property (D) holds by the chain rule formula and
(L) follows from our assumptions. It remains to prove (Hp) and (Hz). We start with (Hy). Let
1 <p<2andhin H. Below C denotes a positive constant which can differ from line to line.
Recall that from our assumptions,

E

T r/2
sup |Yi|" + (/ |Zt|2dt> ] < oo, Vr<2. (6.2)
t€[0,T] 0
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Denoting by X; a random point between X; and X; o 7., where we suppressed the dependence
on ¢ for notational simplicity. We have for any ¢ in [0, 7], that

E Ha—l(f(t, Xy 0Tons Yes Z0) — f(t, X0, Yo, Z4)) — Fult, Xo, Ve, Z)(D Xy, h) ﬂ

:EHXtOTEh—Xt ﬁp:|
3

(L Y3 + | Z4]* + [ X[ + | Xt 0 7en ) |
_ . p
+ C]E |:‘f1‘(t7Xt7 }/tu Zt) - fx(t7Xt7}/;fu Zt)‘p ‘(DXH h>f_)‘ ]

fm(tyXbY;fa Zt) - fw(ttha Y;fy Zt)<DXt7 h>

< CE He_l(Xt o7 — Xt) — (DX, il%ﬁ‘p

P L
< CE [|e7 (Xy 0 7un — X1) = (DXu, hs| | "B [(1+ Vil + 1 Zel™ + | Xl + X 0 menP9)7]7

_ . p
+ C]E |:‘f1‘(t7Xt7 }/tu Zt) - fx(t7Xt7}/;fu Zt)‘p ‘(DXH h>f_)‘ ]
Al a2,

where 7 > 1 and p are chosen so that pk7 < 2 and r denotes the Holder conjugate of 7. Using
the above estimates, we deduce

T 4
E g_l(f(thtoTahanyzt) _f(t7Xt7Y;th)) _fw(t7Xt7Y;7Zt)<DXt7h>ﬁ dt
0

< /OT <At175 + Af"f) dt.

Then, we have

T T . pri2/r 1/2
/ Acar < © (/ E Hs—l(xt o on — Xy) — (DX, h)g ] dt>
0 0

T _ 1/2
< ([ Bl ez P sy )
0

(6.3)

In addition by Lemma 3.4, we have that M*" := X o 7., — X is solution to the linear SDE:
AME" = ME" (b, (t, X,)dt + 04 (£, X,)dAW:) + ea(t, Xy o 7o) hudt,

where X . denotes once again a random point between X and X;o07.,. Hence using Assumption
(A7) and standard estimates for SDEs, we get that for any ¢ > 1,

HImE | sup |[X;o7y — X7 =0.
=0 14efo,17]

Following the same lines as above, and recalling that N* := (DX, h>5§ is solution to the SDE:
AN} = N[ (b (t, X¢)dt + 05(t, X )dWy) + o (t, X¢) hedt,
we get that the process PS" := ¢~ 1(X o 7., — X) — (DX, h)g is solution to the affine SDE:

AP = dHE + PO (by(t, X, )dt + 04 (t, X,))dWr,
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with
dH; = (<DXt, h) g (ba(t, X;) — ba(t, X4)) + (o (t, Xy 0 7o) — 0(t, Xt))> dt
+ (DX, h)g (0o (t, X,) — 0p(t, X)) dW;

Using the fact that o, b, are bounded, ¢ has linear growth and is continuous, we get by similar
computations than those done several times in this paper that:

imE | sup |H|?| =0, Vg>1,
=0 14ef0,17]

from which we deduce using the explicit representation of solutions to affine SDEs (see e.g. [13,
Theorem V.9.53|) that

ImE | sup e Y (X orp — X) — (DXy, h)gl] =0, Vg>1.
=0 liefo,1)
2/r
pr]

which goes to 0 as € goes to 0, since we recall that we have chosen p,7 > 1 so that xkpr < 2,

As a consequence, combining this estimate with (6.3), we get that:
1/2

T
/ AFFdt < C | E | sup ‘6_1(Xt oTep — Xt) — (DX, h)g
0 te[0,T

which implies by (6.2), Lemma 6.1 and the Cameron-Martin formula that
T _
| EL+ I+ 20+ P+ X0 b dt <
0

Concerning the term fOT A? €dt, choosing p > 1 so that pp < 2, it holds by Holder and by Jensen
inequalities that

1/p

T T g
/ AEdt < C </ E Ufm(t,Xt,Yt,Zt) - fx(thth’Zt)‘pp} dt) ’
0 0

since
q
E | sup DXt, h)s, ‘ < oo, Vg>1
t€[0,T]
As
ImE | sup |[Xyorp —X¢|? =0, Vg>1
=0 |tefo,17]

it holds that i
lim [ fo(t, X0, Y5, Ze) = falt, X, Y, Z0) | = 0, PR dt — ace.
E—r

Furthermore, for any 2 > p > 1,

T .
sup / E |:|f1‘(t7Xt7}/t7Zt) - fx(taXh}/ta Zt)‘ppp] dt
e€(0,1) JO

T "
< C sup / E [(1 + | X |7 + | Xy o Ten|? + |YVi]F + \Zt\“)ppp] dt < oo,
e€(0,1) Jo
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by choosing p small enough so that kppp < 2. So by Lebesgue’s dominated convergence theorem,

T
lim [ AP°dt =0,

e—0 0

which proves (Hp). Concerning, (Hz) we just mention that f, (respectively f,) is bounded,
jointly continuous in (z,y, z) and we make use of Lemma 3.2. O

6.2 Affine BSDEs

The aim of this section is to prove that with our condition, we can provide weaker conditions
compared to [5] for affine BSDEs. We take a driver of the form

flt,w,y, 2) = a(w) + Br(w)y + 1 (w)z

with bounded F-progressively measurable processes, and ¢ in DY2. The conditions given in [5,
Proposition 5.3| for proving that the associated solution (Y, Z) is Malliavin differentiable read
as follows (together with some measurability conditions):

T 2497 1/(2+n)
</ \Kg(s)]2d3> ] df < +o0,
0
(6.4)

T
In > 0 such that E[|¢*T™] < oo and / E
0

with Ky(s) := |DpB(s)| + [ Doy (s)|-

In our setting, one needs to check assumptions (L), (D), (H;) and (Hz). As mentioned below
by Lemma 3.2 Condition (H3) comes for free, and Assumptions (D) and (L) are also trivially
satisfied. The interesting point is that (H;) is true as soon as (6.4) is replaced with:
T ) . 1247
3n > 0 such that lin% E “5_ (g o Tepy — i) — <D,U,t,h>y_)‘ ] dt =0, for p e {8,7}.
E—> 0

(6.5)
Hence our condition only involve a condition on v and § and not on £. For instance if 5 and ~
are given as:

515 = Qpl(Xt)7 Yt = 902(Xt)7 te [OvT]7

with 1, ps two smooth functions with polynomial growth and X is the solution to an SDE of
the form of the one considered in Section 6.1, then the requirements of Conditions (6.4) and
(6.5) are satisfied for 8 and ~y, however in contradistinction to Condition (6.4), Assumption
(6.5) does not put extra regularity on the terminal condition &.

We make precise our result.

Proposition 6.1. Let & in D2, and o, B, bounded F-progressively processes in L*([0,T]; D2)
such that Do, DS and D~y are F-progressively measurable. Assume that Assumption (6.5) is in
force. Then for any t in [0,T), Y; belongs to DY, Z € L*([t, T); DY2) where (Y, Z) is the unique
solution in S®> x H? to the affine BSDE:

T T
Y, =§+ / s+ B:Ys + ’73st3 - / ZsdWs, te [OyT]
t t
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Proof. Once again we check that assumptions of Theorem 4.1 are in force. Properties
(D) and (L) are immediately satisfied. Let f(t,w,y,2) = ay(w) + Bi(w)y + y(w)z. Since
fy(t,w,y,2) = Bi(w), and f,(t,w,y, 2) = 7(w) we immediately get by Lemma 3.2 and since 3,y
are bounded that (Hs) is in force. Concerning (Hy), we have for any 1 < p < 2 and h in H,
that

T . p
E [</ ’E_l(f(t7 -+ Eh,}/t,Zt) - f(t7 ’7}/%7Zt)) - <Df(t7 7}/;7Zt)7h>f]‘dt> ]
0

<CE [(/OT e~ (o 0 7o — ) — (Dat,mﬁ\dt)p]

! P

+CE </0 Yy(e7 By o Ten — Br) — <D5t,il>y))]dt> ]

! P

+ CE </0 |Ze(e Ny o Ten — 1) — <D’Yt,il>y))\dt> ]
TR (6.6)

where C'is a constant. By Lemma A.2 we have that lim._,g A7 = 0. We consider the term A5.
We have that:

A3 <E [/OT ‘Zt(ﬁ_l(% O Teh — Vi) — <D%,h>ﬁ>(p dt}

<C (/0 E [|Z:]?] dt>p/2 (/OTE “5_1(% o 7en — 1) — (D1, b ;pp} dt) - :

Choosing p such that prp = 2+ n we get that A5 converges to 0 as ¢ tends to 0 by (6.5).
Similarly, lim._,y A5 = 0 for this choice of p. [l

T .
< C/ E[|1Z:])" E Us‘l(%om—%)—(D%,/%
0
T

Remark 6.1. Note that, since the BSDE is affine, Y; can be expressed explicitly as:

T
Yi=E [Mt,TS —/ Mt,sasdslf.t:| ;
t

S 1 S S
M, s := exp </ VudWy — 5/ Va|?du +/ Budu> , s €T
t t t

Hence, on the one hand, Y; belongs to D2 if and only if the coefficients o, B,~ belong to
L2([0,T);DY2) and € is in D2, The same conclusion follows for the Z component. Hence,

neither our condition (6.5) nor the one of [5] namely (6.4) are sharp. However, both are sharp

where

in the case where B =~ = 0. On the other hand, Conditions (6.4) or (6.5) give more information
that the simple fact that Y, Z are Malliavin differentiable, since they imply that the BSDE solved
by (DY, DZ) is limit in S* x H? of respectively (DY™, DZ™) (where (Y™, Z™) is the solution to
the Picard iteration equation at order n approzimating (Y,Z)) for (6.4), and of the difference
quotient (e X (Y o1, —Y),e N (Z o1, — Z)) in our case (6.5).
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6.3 Discussion and comparison of the results

We would like before going to the quadratic BSDE case to make a comment about the difference
between our approach and the one of [12, 5] and our approach. In these references, the authors
consider the sequence of BSDEs:

T T
Y, :§+/ f(s,YS"_l,Zg_l)ds—/ Zw,, te0,T],
t t
which approximate in S x H? the solution to the original BSDE:

T T
Y = £+/ f(s,Ys, Zg)ds —/ ZsdWs, te€[0,T].
t t

Now, under mild assumptions on f, the processes (Y, Z™) are Malliavin differentiable and it
holds that a version of (D, Y}, D, ZJ") satisfies for t € [0,T], r < t:

T T
DY = ¢+ / (D, f (5,077 4+ 0, f (5,02 YD, Y +0,f(s,0071)D, Z0]ds — / ZrdWs,
t t

with @71 .= (Y= Z7=1). v’ 7’ On the other if (Y, Z) where Malliavin differentiable we would
have that a version of (D, Y;, D, Z;) would satisfy for ¢t € [0,T], r < t:

T T
DYy =&+ / [Drf(8,Ys, Zs) + 0y f (5, Y5, Zs) DrYs + 0: f (8, Y5, Z5) Dy Zs|ds — / ZsdWs.
t t

In other words, assuming that J,f and 0,f to be continuous, we would get formally that
(DY™, DZ") converges to (DY, DZ) (in S? x H?) as n goes to infinity provided that at the
limit one can replace D, f(s, Y"1, Z"~1) by D, f(s,Ys, Zs) which is exactly where comes the
main assumption in [5, 12| which impose D, f to be (stochastic) Lipschitz continuous in (y, 2)
with integrability conditions on the Lipschitz constant to make the aforementioned argument
rigorous. However, it is not a necessary condition for (Y, Z) to be Malliavin differentiable
that (DY™, DZ™) to converge to (DY, DZ), this is why this assumption is somehow arbitrary.
However, for Y; to be in D2, it is necessary (and sufficient) to have that e=1(Y; o 7., — ¥;) to

converge in LP for some p < 2 to (DY}, h)g for any h in H (according to Theorem 4.1). Hence,
we feel that our conditions are more precise.

7 Extension to quadratic growth BSDEs

The aim of this section is to extend our previous results to so-called quadratic growth BSDEs.
Such results already exist in the literature, see in particular 1, 7] or the thesis [4], however they
are generally limited to specific forms of the generators or to a Markovian setting. We will show
that our approach to the Malliavin differentiability is flexible enough to be able to treat this
problem without major modifications to our proofs.

We will now list our assumptions in this quadratic setting

(Ds) € is bounded, belongs to D> and its Malliavin derivative D¢ is bounded, for any (y, z) €
R? (t,w) — f(t,w,y, z) isin L2([0, T]; DY), f(-,y,2) and Df(-,y, 2) are F-progressively
measurable, Df(-,y, z) is uniformly bounded in y, z.
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(Q) The map (y,z) — f(+,y, 2) is continuously differentiable and there exists some constant
C > 0 such that for any (s,w,y,z,2') € [0,T] x Q x R3

‘f(S,W,y,Z) - f(S,W,y,Z/)‘ S O(l + |Z| + ‘Z/D |Z_ Z/|, |f(87w7070)| é 07
]fy(s,w,y,Z)\ S Ca ’fZ(S,OJ,y,Z)’ S C(l + ‘Z‘)

(Hi,00) For any p > 1 and for any h € H

lim E [(/OT ds)p] -

(H2,00) Let (en)nen be asequence in (0, 1] such that ll)r}rl en, =0, and let (Y, Z™),, be a sequence

of random variables which converges in SP x HP for any p > 1 to some (Y, 7). Then for

f(87.+5h,Y;,ZZ) —f(s, Y5 Zs) (Df(s,-, Yy, Zs), h)s;

all h € H, the following convergences hold in probability

. n _ .
||fy(,W+€nh,Y ’Z) fy(v("JvY’Z')Hﬁ n—>—+>o<>0
n—+oo

or

ny('vw + Enhv Y-nv Zn) - fy('7w7Y7 Z)”ﬁ n—>—+>oo 0

||fZ('7w+€nh7Y7Z~n)_fz('7w7Y7Z')||j§ — 0. (72)

n— 400

Let S° be the set of F-progressively measurable processes Y such that sup,¢(o 77|Y;| is bounded
and H%MO the set of predictable processes Z such that:

T
essup E [/ |Zs|2ds‘]-}] < 400, Py —a.s.,
TET T

where 7 denotes the set of F-stopping times with values in [0,7]. We start by recalling the
following by now classical results on quadratic growth BSDEs and stochastic Lipschitz BSDEs,
which can be found among others in [7].

Proposition 7.1. Under Assumptions (Ds) and (Q), the BSDEs (5.1) and (5.5) both admit a
unique solution in S x HzBMO'

We have the following extension of Theorem 5.1.

Theorem 7.1. Let t be in [0,T]. Under Assumptions (D), (Q), (Hi) and (H2 o), Yi
belongs to DV and Z € L>([t, T]; D%?).

Proof. We follow the proof of Theorem (5.1), using the same notations. Since the BSDEs are
now quadratic, we can use the a priori estimates of Lemma A.1 in [7] to obtain that for any
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p > 1, there exists some ¢ > 1 such that

T ~ P
(/ |Z5 — Z£|2ds> ]
t

<G, E[\§€—<D§,h>ﬁ\m]”q+E (/OT(Ag—(Df(s,-,n,zs),mﬁ(ds)pq]
d8>pq] v

ds) pq] " : (7.3)

Since ¢ € DY the first term on the right-hand side above goes to 0 thanks to Theorem
4.1. Moreover, the second term also goes to 0 thanks to Assumption (Hs). Then, since f, is
bounded by Assumption (@) and since Y € $*® by Proposition 7.1, we can easily conclude
with Assumption (Hj3) and the dominated convergence theorem that the third term on the
right-hand side also goes to 0. Let us now concentrate on the fourth term involving the control

+E

E | sup [Ys— Y]
s€(t,T)

1/q

_ T i
+CPE </0\ ‘Ag,a_fy((S",}/Lg’Zs) Y:gh

24

[/ rT
+CpE </ ‘A?e_fZ(svK;st)
0

variable. By Cauchy-Schwarz inequality we have that

([ A - £torv0 2 ds)pq]
e s e [T Y

Since (Y", Z") is the solution to the stochastic linear BSDE (5.5) with bounded coefficients D f
and f, (by (Doo)) and f.(s, Yy, Zs) is in Hjy, o since | f2(s, Y, Zs)| < C(1+]Z]) (by Assumption
(Q)), we deduce that Z" € H%,\1o which implies that Z" € H™ for any m > 1 by the energy
Inequalities. Furthermore, for any 1 > 0 it holds that

T _ pg+mn
( | vz - fz<s,-,Ys,Zs>HZ£rds> ]
0

T ~ pg+n
< CE </ (1+!Zs!+!Zsoreh\)\Z£‘!d8> ]
0

E zh

1/2

<E E Zg

E

Pg+n pg+n

T 2 T
< CE (/ <1+|zs|+|zsom|>2ds> (/ |Z£|2ds>
0 0

T, pg+n7 /2 T pa+ /2
<CE </ (1+|Zs|+|Zso7'Eh|)2ds> ] E[</ |Zg|2ds> ]
0 0
T P’ 1/q
([ s
0

1/2

T A
E [</ |Z£L|2ds> ] < 00,
0
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where p’, ¢’ > 1 using Holder Inequality and Proposition 3.1. Hence, taking limit as € goes to
- - P

0 in (7.4) we get that lim._oE [supse[m e - Ysh\%} +E [( Sz - ZQPds) } — 0. This

proves that Y; and ftT Z,dWy belongs to D> by Theorem 4.1. In particular, Z 1y ) belongs

to L2([t, T]; DY2) (see [12]). Moreover, since (D;Y, D;Z) is the solution of the stochastic linear

BSDE (5.7) for any t € [0,T] and Assumptions (Ds,) and (Q) hold, from the relation D;Y; = Z;
for all t € [0,T] we obtain VATIARS L2([t, T); DY2). .

Remark 7.1. We would like to point out that our conditions cover the case of Markovian
quadratic BSDEs presented in [6, Theorem 2.9]. Indeed, assume that we consider a forward-
backward system of the form (6.1) under assumptions, (D), (@), (A1), (A2)(i) and where
(A2)(ii) is replaced by the following assumption:

(A2)(id") f : [0,T] x R} — R is continuously differentiable in (x,y,z) and satisfying for some
C>0
3g € Ry, |falt,z,y,2)] < C(L+ [yl + |21* + [2]9), ¥(t,2,y,2) € [0,T] x R®.

Under these assumptions, we can check that (Hi ) and (Ha o) are in force. To see this we
Just make a comment about how the proof of Theorem 6.1 has to be modified to obtain (Hi ),
whereas (Ha ) ts met trivially. Using the notations of this proof one can manage a term of the

form:
T _ B P
E [</ ‘E_I(Xt O Teh — Xt) — <DXt,h>5§‘ ’fx(t,Xt,Y;f,Zt)‘dt> ]
0
as follows:
T . B P
E </ ‘5—1(Xt O Teh — Xt) — <DXt,h>5§‘ |fx(t,Xt,Y%,Zt)|dt> ]
0
[ X, — X . |P T P
< CE | sup % — (DX, h)g </ (14 | Xe|7+ | X o en|? + Y| + |Zt|2)dt> ]
| t€[0,7] 0

1/2
.2
< CE | sup ‘5_1(Xt 0T — Xt) — (DXtvh>f)‘ p]
| t€[0,7]

1/2

T 2p
x E (/ (1+]Xtyq+thoT€h\q+!m+th\2)dt> ] ,
0

which goes to 0 as € goes to O since Z belongs to H%MO and since Y is bounded. The term
involving A>¢ can be treated similarly.

A Appendix

The following lemma was remarked in [16, Remark 2|, we provide a proof for the comfort of the
reader.

Lemma A.1. Let p> 1 and F be in LP(R), G € S and h € H. The mapping t — E[F o 14, G|
1s differentiable in t and

d

%E[FOTHL G] :E[FOTth (5(Gh)] (Al)
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Proof. Let s > 0, by the Cameron-Martin formula, we have that
-1 (E[F o T(s+t)hG] —E[F o TthG])
Gorsnexp (s fi hwdw, — 5 [ [h(w)Pdu) - G

S

=K FOTth

Hence

lim s~ ! (E[F o T(s4t)nG] — E[F o TthG])

s—0
Gormexp (s fy W, — B [ [h(w)Pdu) - G
=K FOTth hm
s—0 S
[ N exp (s Jy hwdw, — 5 [ [h(w)Pdu) —1
=K FOTthlim M+GOT_Sh 0 0 N
s—0 S S

where the exchange between the limit and the expectation is justified by the fact that

B T . |S|2 T )
sup s IE ||GoT_gpexp | s h(u)dW, — — |h(u)|*du | — G
s€(0,1] 0 2 Jo

for any ¢ > 1 and by the fact F' o 7y, is in LP by the Cameron-Martin formula. Indeed for any
r in (1,p) we have by Holder Inequality:

q] < 00 (A.2)

Gor gwexp (s fy bW, — 5 [ h(w)Pde) - G|
E Fo Tth
s
rp24 1/p2
GOT_sheXp( fo w)dW, — —fO | (u |2du> -G
E[|Form"]"" E ; :
=:F
=:F>

where 7 < p; < p and py is the Holder conjugate of p1 /7. Using Cameron- Martin Formula for
Eq, Relation (3.1) and Holder Inequality with r1 = —1 and 75 such that 1 + — =1, we deduce

that:
T o 1/r2
‘5 </ hSdWS> ] < +o0.
0

E; <E[|F[F]"/PE

We now turn to Ey, for any ¢ > 1

Got_g& (s fOT h(u)qu) velk

sup E
s€(0,1] §
q
T q E s/, -1
< sup E ‘GOT‘S’L G5<s/ I )dW> + sup E ( 0 ) G| |,
5€(0,1] S 0 5€(0,1] S
:ZAl ::‘(42
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hence, on the one hand there exists aq, as > 1 such that:

1
g2 oy
] <400

using the fact that G is polynomial, so G is locally Lipschitz and we conclude by Relation (3.1).

T
Ay < sup sTIE[|GoT_ g, — G|qa1]'711 E ”5 <s/ h(u)qu>
s€(0,1] 0

On the other hand, using the mean value Theorem and Relation 3.1, we obtain also As < 400.
We deduce that Relation (A.2) holds. Moreover, given that G € S is polynomial, we deduce
that L‘?—G _e —(VG, h)g a.s.. Hence,

5—

lim s~ ! (E[F o T(s+t)hG] —E[Fo TthG])

s—0
_ exp f dW——f |h(u)2du) —1
- Forthlin%) GOT_S—ShG—I—GoT_Sh < 0 0 )
s5—

=E[F oy, (—(VG,h)g + G5(h))] = E[F o 7y, 6(Gh)],
by (2.3), so (A.1) holds. O

Lemma A.2. Let o in L%([0,T];DY2). Then for any p in (1,2),

T
lim E |:/
e—0 0

Proof. Note first that the space L%([0,7]; D!?) can be identified with the space D%?(§)) which
is the completion of the set of $-valued r.v. of the form:

Qg OTcp — (X

p
—(Vas, hyg ds] =0.

€

n
> Fui, F €S8, ueL*(0,T]), n>1,
=1

with respect to the norm || - || 2.2 defined as:
HU||%,2,2 = E[HUH%?([O,T])] + E[Hqu%{@LQ([O,T})]'

Alternatively, an element u in DY2(L2([0,77])) is identified with a stochastic process such that
for almost avery ¢ in [0, T, u; belongs to D2 and such that

E[Val%g 2oz [/ / Dy dsdt] < 4oo.

Hence we can assume that a belongs to DY2(L?([0,77])). Thus by [16, Theorem 3.1], « satisfies
(RAC) and (SGD), which entails in this setting that for any h in H, there exists a L?([0,T])-
valued 1.v. @y, such that &, = o in L?([0,T]), Pp-a.s., and for any & > 0

~ _ = €
w = E_l/ (Voo 7g,, hYgrds, in L([0,T)), Py — a.s..
0

25



Using Lemma 3.1 we thus get that for any r € (p,2), it holds that:

E [/OT|E_1(asngh—a8)|rds} =" UOT\E—l((ah)( ) o Ten — (@n)(s))]" ds}

T €
<E {/ 5_1/ [(Vas o Tuh,h>H\Tduds]

< C/ [(Vaw, k) g |P]/P ds

r/p
<CE [ / (Vas, >H|pds]
0
< CAIIGE [IVallfgs] " < +oo,

where we have used Cameron-Martin formula and similar computations to those of the proof

of Lemma 4.2, and C' denotes a positive constant which can differ from line to line. Hence, the

family (fOT |€_1 s o Tep — ag) — (Vag, h) H|p ds) o) is uniformly integrable. In addition, by
€

)

Property (SGD), e ™! (aor.y — a) Converges in probability to (Va, h) g (with respect to the norm
L?([0,T])) which implies that fo e o 0 Tep — as) — (Va, b H| ds converges in probability
to 0 as € goes to 0, which provides the result. O
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