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Gauss-compatible Galerkin schemes for time-dependent Maxwell
equations

Martin Campos Pinto* and Eric Sonnendriicker

Abstract

In this article we propose a unified analysis for conforming and non-conforming finite element
methods that provides a partial answer to the problem of preserving discrete divergence con-
straints when computing numerical solutions to the time-dependent Maxwell system. In partic-
ular, we formulate a compatibility condition relative to the preservation of genuinely oscillating
modes that takes the form of a generalized commuting diagram, and we show that compatible
schemes satisfy convergence estimates leading to long-time stability with respect to stationary
solutions. These findings are applied by specifying compatible formulations for several classes
of Galerkin methods, such as the usual curl-conforming finite elements and the centered discon-
tinuous Galerkin (DG) scheme. We also propose a new conforming/non-conforming Galerkin
(Conga) method where fully discontinuous solutions are computed by embedding the general
structure of curl-conforming finite elements into larger DG spaces. In addition to naturally
preserving one of the Gauss laws in a strong sense, the Conga method is both spectrally correct
and energy conserving, unlike existing DG discretizations where the introduction of a dissipative
penalty term is needed to avoid the presence of spurious modes.

1 Introduction

Preserving a discrete version of the Gauss laws has always been an important issue in the devel-
opment of numerical schemes for the time-dependent Maxwell equations. At the continuous level
indeed, an important property of the Ampere and Faraday equations

OFE —curlB=—-J

(1.1)
0¢B+curlE =0

is to preserve the divergence constraints on the fields

divE =p
(1.2)
divB =0

provided they are satisfied at initial time and the sources p and J satisfy the so-called continuity
equation
Op +divd = 0. (1.3)

However when numerical approximations are involved this may not be true.
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In that regard, the different classes of Galerkin approximations do not come with equal prop-
erties. For instance curl-conforming finite element methods present a rather favorable situation,
in that they usually preserve the Gauss laws in a natural finite element sense, see e.g., [42, 16].
This is not the case with non-conforming methods such as finite volume or Discontinuous Galerkin
(DG) schemes where it is known that on general meshes the most natural discrete version of the
divergence constraints cannot hold [26]. A practical consequence of that theoretical weakness is
the development of small errors in the computed electromagnetic field which accumulate to large
deviations for long simulation times [37, 43].

When the sources themselves are obtained by a numerical treatment, as is the case with particle
simulations of the Vlasov-Maxwell system, such numerical artifacts are often designated as a lack
of charge conservation. Indeed the growing inconsistencies that one observes in the fields may be
related, through the Gauss laws, to a lack of charge separation: particles tend to stick together,
which is normally prevented by Gauss’s law. Nevertheless, part of the problem lies in the dis-
cretization of the Maxwell equations themselves, as can be seen in e.g. [43] where such unphysical
behavior appears with analytical sources that do satisfy the balance equation (1.3).

In order to make DG — and other schemes lacking a proper discrete charge conservation —
physically acceptable, one usually resorts to correction techniques such as projection methods or
divergence cleaning methods based on generalized Lagrange multiplier formulations of the Maxwell
equations [30, 36, 37]. This works well in many cases, in particular when the investigated problem is
close to electrostatic. However it introduces an artificial non locality in the numerical scheme which
can have disastrous effects in some situations, for example in laser plasma interaction problems
where these non localities can trigger an instability before the laser hits the plasma.

We note that the preservation of the Gauss law for time dependent problems is strongly related
to the non existence of spurious eigenvalues for the discrete curl curl operator, which has triggered
a lot of efforts in the applied mathematics community, see e.g. [19, 10, 6, 9]. The problem is that
when Gauss’s law is not explicitly applied, the eigenspace corresponding to the zero eigenvalue
is infinite dimensional and not compact. Good numerical methods generally avoid mixing the
eigenspaces corresponding to vanishing and non vanishing eigenvalues, but not all of them do.

Be it for the time dependent or the eigenvalue problem, solutions have been developed using
appropriate exact sequences of discrete spaces along with commuting projections [11, 20, 22, 42, 2].
In addition to classical finite element spaces, this framework has been extended to spline finite
elements in [15]. By construction, these solutions are restricted to conforming methods.

In this article we extend these results to non-conforming methods and propose a unified anal-
ysis. Our findings are twofold. First we formulate a compatibility condition for semi-discrete
schemes with sources that takes the form of a generalized commuting diagram, and we show that
methods verifying this condition are long-time stable with respect to exact stationary solutions,
which solves most of the large deviation problems described in the literature without resorting
to divergence cleaning techniques. Specifically, by applying this analysis to conforming and non-
conforming Galerkin methods we describe several approximation operators for the sources that
make the usual curl-conforming finite element method and the centered DG scheme compatible in
the above sense.

Second, we propose a new conforming/non-conforming Galerkin (Conga) method that closely
follows the structure of the curl-conforming finite element schemes but uses fully discontinuous
spaces just as standard DG schemes. In contrast to existing DG discretizations where the in-
troduction of a dissipative penalty term is necessary to avoid the presence of spurious modes
[27, 44, 14] the Conga method is shown to be both spectrally correct and energy conserving, just
as curl-conforming finite element schemes. Moreover, it naturally preserves one of the Gauss laws
in a strong sense.



The outline is as follows. In Section 2 we express the time-dependent Maxwell system 9,U —
AU = —F in the abstract setting of Hilbert complexes with exact sequences of differential operators,
and we ask ourselves in which sense a numerical method of the form 9,U;, — A,U, = —F}, should
be compatible with the Gauss laws. By studying first the homogeneous case F' = 0 we observe
that in this abstract setting the Gauss laws is naturally interpreted as a constraint relative to the
existence of stationary modes, for which it is straightforward to derive a discrete analog that can
be imposed on the numerical solutions.

In Section 3 we then extend this constraint to the case with sources by formulating a compati-
bility condition of the form Fj, = II;, F with I A = ApIT, and we show that compatible schemes are
long-time stable with respect to exact stationary solutions. In this abstract setting we then provide
compatible formulations for several conforming and non-conforming Galerkin methods, including a
novel Conga method that is shown to be spectrally correct in Section 4. Finally, compatible opera-
tors for the current approximation are provided in Section 5 for several explicit semi-discretizations
of the 3d Maxwell equations. Numerical results using an elementary test-case in 2d validate the
effectiveness of the proposed approach.

2 An abstract setting for time-dependent Maxwell problems

Because our analysis relies on the spectral properties of the Maxwell evolution operator and that of
its approximation by mixed methods, we reformulate the problem in the abstract setting of Hilbert
complexes, following the framework and notation from Ref. [3].

2.1 Exact sequences in Hilbert complexes

We consider a Hilbert complex (W,d) = (W', dl)l:(],_.m consisting of a finite sequence of Hilbert
spaces W' with closed and densely-defined linear operators d' : W' — W'+! that satisfy

dd=t=o. (2.1)

In particular, the range of d"~! is contained in the domain of d', denoted V!. We further assume
that the sequence (V, d) is ezact, in the sense that the range of d'~! actually coincides with the null
space of d', which we denote by 3. Thus, we have

3l i=kerd = d VIt (2.2)

In our applications the W’s will be L? spaces, and the d'’s will correspond to differential operators
such as — grad, curl or div. To reformulate the time-dependent Maxwell system in this abstract
setting, following [3] we let dj,, be the adjoint of d': it is a closed, densely-defined operator
from W1 to W' and its domain is denoted Vi,. For instance if d' is the unbounded operator
curl : L?(Q)? — L?(€2)* with domain V! = H(curl; Q), its adjoint di ; will also be a curl operator
but with domain V;* | = Ho(curl), see e.g. [41, Sec. 0]. And the reverse situation is also possible
since the closed, densely-defined d' coincides with (d; +1)". In particular, we have

(di v,u) = (v,du),  veVi, ueVh (2.3)

Here we use the same notation (-,-) for the scalar products in any of the (L?) spaces W', and
accordingly we shall use ||-|| for the corresponding norms. Applying (2.3) to u = d'~'¢ with
¢ € V=1 we infer from (2.1) that df,, maps Vi | to V;* and

dids,, = 0. (2.4)



Using the density of V=1 in W'~! we then see that dju = 0 holds iff (u, d~lp) =0forall p € Vi1,
hence (2.2) yields
ker df = 3!+w (2.5)

where the |y exponent denotes an orthogonal complement in the proper space from the complex
W, here W'. Note that in the sequel we will use the L exponent alone to denote an orthonal
complement in (the proper space from) the complex V', see e.g. (2.6) or (2.13) below. We next
verify the following estimates.

Lemma 2.1 (Poincaré inequalities). There is a constant cp = cp(V,d) such that
lull < cplldul, — we3twnvi= 3t (2.6)

and
|wl| < eplldiwll,  we 3TNV (2.7)

Proof. The first estimate is given in [3, Eq. (16)]. It is obtained by observing first that 3!+
is the orthogonal complement of 3! in the Hilbert space V! equipped with the scalar product
(u,v)y = {u,v) + (du,dv), and second that d' defines a bounded bijection between the Hilbert
spaces (3'*,(-,-)y) and (31, (-,-)), the latter being closed according to (2.2). Estimate (2.6)
then follows by Banach’s bounded inverse theorem. To obtain estimate (2.7) we finally consider
w e 3N Vi, and let u € 3’ be such that d'a = w. The definition of the adjoint operator gives
then

(w,d'u) _ (w,d'a) _ [wllld'a]

|djyqw|| = sup > = — > ¢ wl|
i wevi vl ] [l !
where the last inequality is (2.6). O

Our analysis will use some of the properties of the inverse K of the abstract Hodge Laplacian
operator L = dkildz +dj, +1dk corresponding to a particular index k that will be chosen so that
both d* and its adjoint d}.,, correspond to curl operators. To do so we will assume in Section 4
that the inclusion from the dense intersection V¥ N V* in W* is compact. According to [3, Sec. 3]
we then know that K is compact and selfadjoint, as an operator from WF to itself.

The space discretization methods studied in this article will involve finite-dimensional subcomplexes
(Vi,d) of (V,d), i.e., sequences of conforming discrete spaces satisfying V,f c Vland le,f C fo“.
These spaces will serve either as primary discretization spaces in conforming methods, or as auz-
iliary discretization spaces in the considered non-conforming methods. It is well-known (see, e.g.,
[12, 28, 3]) that the quality of a mixed method based on the subcomplex (Vj,, d) strongly relies on
the existence of projection operators Wﬁl mapping some conforming domains V! C V? to the discrete

spaces V,f, such that the following diagram commutes

Ji-1 o dl i Ji+1
u W;LH
Ji-1 v d Vé*l J+1 -
in the sense that
d'nt = 7r§l+1dl holds on V. (2.9)



Here the projection operators may be bounded in V or in W, but for some applications they do
not need to be so, and the V¥’s can be proper subspaces of the VV’s. Either way, it can be verified
that if the diagram (2.8) commutes then the discrete subcomplex inherits the exactness of (V,d),
in the sense that
l l I ! I—1y,1—1
3, :=3"NV; =ker (d |fo) =dV, (2.10)

An important tool in the study of mixed methods is the adjoint dj, , , : V,f“ — V,f of the operator
d" restricted to V,ﬁ. It is characterized by

<d;(+1,hv7u> = <’U¢ dlu>a v E V}E—Ha u € V}f (211)

Using (2.1) we then find (d} ,d}', v, ) = <d;‘+1’hv,dl*1<p> = (v,d'd"p) = 0 for all v € V™ and
¢ € V}71. Thus,
) (2.12)

Finally, one easily derives from (2.10) a characterization of the adjoint kernel,
3L = 315 NV = kerdj,. (2.13)

2.2 The abstract Maxwell evolution system

In the above setting, an abstract version of the time-dependent Maxwell system can be given in a
form that is standard in the literature, see e.g., [1, 21]. It reads

oU — AU = —-F (2.14)
U0 =0ev, '
where A is the linear operator defined from W := W* x W+ to itself by
0 —dp, . . k x
A= g 0 ,  with dense domain V := D(A) = V" x V' ;. (2.15)

Indeed in the applications k will be chosen such that both d* and its adjoint dy. . are curl operators.
The source F = (f, g)! corresponds to a generalized current density. In Section 5 we will consider
either terms of the form F' = (0, J)! corresponding to a strong formulation of the Ampere equation
(in which case U represents (B, E)?), or terms of the form F = (J,0)! that correspond to a strong
formulation of the Faraday equation (in which case U represents (E, —B)?).

From the properties of d* and dj., we can see that A is closed and skew-symmetric. Indeed
for any U = (u,v)? and U’ = (v/,v')! in V, (2.3) gives

(AU, U") = (d¥u, o) = {df o, = (0, djp ) — (v,d") = (U,—AU").  (2.16)

Since dF is closed and densely-defined one can actually infer from the skew-symmetry that A and its
adjoint A* have the same domain, hence A* = —A. In particular, A generates a contraction semi-
group of class Cy ([46, Sec. IX.8]) and the following result is a direct application of Corollaries 2.2
p. 106 and 2.5 p. 107 in [40].

Lemma 2.2. If F € C}([0,T); W), then the Cauchy problem (2.14)-(2.15) has a unique solution
U € C%[0,T[;V) that is continuously differentiable on |0, T].



In addition to the evolution equation (2.14), the Maxwell system consists of a two-component
Gauss law

: d;, 0
DU(t) = R(t), t=>0, with D= <0’C dk+1) . (2.17)
Here D corresponds to a two-components divergence operator and R = (6, p)* € W corresponds to
a generalized charge density. In particular, (2.17) implies that U(t) belongs to the domain of D,
V¥ x VF1 From the cochain (2.1) and chain (2.4) relations one sees that D.A = 0, hence (2.17)
actually amounts to a property being satisfied by the data. Namely,

0 : _
(femmom | (Ao
Before studying the Galerkin approximations to (2.14), we verify the following result.
Lemma 2.3. The kernel of A reads
ker A = 3% x 3k+1iw (2.19)
and its orthogonal complement in W = W x Wkt coincides with the range of A,
Im(A) = (ker A)tw = 3FLw 5 3ht+l (2.20)

Proof. The identity (2.19) simply follows from (2.5) and the definition of 3*. To prove (2.20) we
can show that the range of A is closed. The claimed identity will then follow from the closed
range theorem and the fact that A* = —A. Thus, let (u,,v,)! be a sequence in V such that
(uly, )" == A(tn,vn)" converges to some U’ in W. Setting uy, := (I — Psr)upn and 0y := Psri1vy,

we then infer from (2.2) and (2.5) that

d*u,, d"uy, vy, Uy, € Vk*+1 N 3kt
The convergence of the sequence (i, v, )" to some U (in W) follows then from the Poincaré in-

equalities (2.6)-(2.7), and since A is closed (U, U’) is in the graph of A. Hence Im(.A) is closed and
the identity follows. O

2.3 Conforming Galerkin approximations and the Gauss law

To derive Galerkin approximations to the abstract Maxwell evolution system (2.14), we write the
latter in variational form using (2.3), as

(O, 2) + (v, dF2) = —(f, 2) zeVk
(2.21)
(O, w) — (dFu, w) = — (g, w) we Vi .

Here the standard Galerkin approach (see, e.g., [31, 42, 45]) defines (up, vy,) in C1(]0, T'[; ViF x thJrl),
solution to
(Oup, 2) + (v, d¥2) = —(fn, 2) zeVF
(2.22)
<at7.1h,UJ> - <dkuh7w> = _<ghaw> w e V:Jrla

with proper approximations (f, g,) and (u%, 1)2) to the source terms and initial data. Clearly, the
embedding V,f C V¥ is required for (2.22) to be well defined, and for this reason the method is



said conforming. As for vy, we note that other spaces could be chosen, and indeed in Refs. [32, 33]
similar schemes are considered, where vy, is sought for in a fully discontinuous space. For additional
examples and literature on conforming approximations, see e.g. [28, 12].

Here, the motivation for taking v, (and w) in th+1 comes from the fact that the method
preserves a strong discrete version of the second Gauss law in (2.17). Indeed, if the discrete data
v2 and g, are in th+1 and if they satisfy a strong discrete version of the second equations in (2.18),
namely

dk+11)2 — Ph(o)

thH, and using (2.1) we find

{ oo +d" g, =0

for some approximation p, to p, then dyvy, is also in
d" Lo (t) = pu(t), t>0. (2.23)

As for the first Gauss law in (2.17), it can only be satisfied in a weak sense since dyuy, has no reason
to be in V}*. Specifically, the first equation from (2.22) reads

Ovun + diy1 500 = —fn

where dj ), : VL 5 VE is the adjoint of dk\v}f, see (2.11). Thus if the data u) and f;, satisfy

00y, + d;;hfh =0
dj. ptp = 0,(0)

for some approximation 0 to 6, then using (2.12) we obtain
d}z’huh(t) = Hh(t), t> 0. (2.24)

Now, as for any weak equation, the question arises as to whether (2.24) should be considered too
weak to be numerically relevant. A partial answer to that question is obtained by observing that
(2.24) amounts to satisfying

(up, d*71p) = (Oh, ) forall p € VFTL (2.25)

In the applications d*~! will be a — grad operator, hence (2.24) is a standard finite element version
of the Gauss law involving H! test functions. In particular, if u, = d*1¢;, is an electric field
deriving from a discrete potential ¢, € th_l, then (2.24) simply means that ¢y solves a conforming
Galerkin approximation of the abstract Poisson equation (d*~1)*d*~1¢;, = ), which in itself can
be considered as numerically relevant.

2.4 The fundamental homogeneous Gauss law

To give another argument that validates the relevance of the above discrete Gauss laws, we rewrite
the conforming approximation (2.22) as an evolution equation

oUp — ApUp = —Fy, (2.26)
Un(0) = Up € W, '
where the skew-symmetric operator
0 _A*
Ap = (dk k0+1,h> maps V== V¥ x thH to itself. (2.27)
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The discrete Gauss laws (2.23)-(2.24) read then

d*
DyUp =R,  with  Dp = ( ]E)’h dko+1> (2.28)

and here R, = (0, pn)! is a generalized discrete charge density. The preservation of this two-
component Gauss law by the conforming scheme is then expressed by the relation DpA, = 0.
Parallel to (2.26), one also finds non-conforming Galerkin approximations to (2.14), of the form
{ LU, «fthh— ~Fh ) (2.20)
Un(0) = Up € W,
where A}, is a skew-symmetric operator approximating A on a non-conforming space of the form
Vi = VF x ~hk+1 with V¥ ¢ V*. For example in TE 2d centered-flux DG schemes [27, 24], the
discontinuous scalar magnetic field vy, = B, is strongly divergence-free by construction and hence
belongs to the conforming space V**1, whereas the electric field @y = (Ey, E,) belongs to some
non-conforming approximation of *. One can then show (see, e.g., [24, Prop. 3.7]) that @, satisfies
a weak Gauss law involving the same test functions as in (2.25). Thus, in the source-free case a
two-component constraint of the form

DU, =0 (2.30)

holds with essentially the same discrete divergence operator than in (2.28), extended to V),. Now,
because 1y, belongs to a presumably larger space than in the conforming case, one intuitively feels
that in order to be numerically relevant, a weak Gauss law should also involve a larger space of
test functions.

An algebraic argument supporting the relevance of (2.28) compared to (2.30) can then be obtained
by observing that in the homogeneous case (R, F' = 0), the Gauss law amounts to a constraint
relative to the oscillating modes of the solutions to the Maxwell equation 6,U = AU.

Definition 2.4 (oscillating modes). Since A is skew-symmetric, all its eigenvalues are imaginary
and correspond to solutions that oscillate. But not all are genuinely oscillating: the orthogonal
decomposition

W =ker A @ (ker A)

corresponds to a separation between the stationary solutions (U = 0) and those which really
oscillate (0;U = iwU, w # 0). Only the latter will be said oscillating.

Specifically, we observe that in addition to the inclusion Im(.A) C ker D equivalent to DA = 0
which expresses the preservation of the Gauss law DU = 0 by the Maxwell equation, what we
actually have is an identity: using (2.5), (2.19) and (2.20) we find indeed Im(A) = (ker A)W =
3FLw x 3k+1 = ker D. Thus in the absence of sources, the Gauss law (2.17) is equivalently rewritten
as

U(t) € (ker AP, >0,

which states that U(t) can only be composed of oscillating modes. Since the discrete evolution
operator is also assumed skew-symmetric, it is straightforward to formulate an analog property at
the discrete level.

Definition 2.5. We say that a scheme of the form (2.29) satisfies the fundamental homogeneous
Gauss law if the solutions to the homogeneous equation (Fj, = 0) are only composed of oscillating
modes (see Def. 2.4) for the discrete evolution operator Ay, i.e., if they verify

Un(t) € (ker Ap)™v,  t>0. (2.31)



We note that in addition to being a natural property to expect from the discrete solutions,
(2.31) is related to a classical condition in the study of spectrally correct methods for the Maxwell
eigenvalue problem, see e.g., [19, 22]. Turning back to the relevance of the discrete Gauss laws, we
observe that:

(i) In the conforming case (2.26)-(2.27) the discrete operators satisfy a relation analog to the
continuous one, namely

ker Dy, = 35+ x 3]2“ = (ker A,)™ NV, = Tm(Ay). (2.32)

As a consequence, in the absence of sources the discrete Gauss law DUy, = 0 is strong enough
to guarantee the fundamental Gauss law in the sense of Definition 2.5.

(ii) In the non-conforming case (2.29) where the discontinuous space Vj, may be much larger,
there is no reason why we should have ker D, C (ker flh)LW. Therefore the discrete Gauss
law ﬁhﬁh = 0 is a priori too weak to guarantee the fundamental Gauss law in the sense of
Definition 2.5.

In the remainder of the paper we will design non-conforming Galerkin methods of the form
(2.29) that satisfy the fundamental homogeneous Gauss law, although no divergence constraint
stronger than (2.30) is specified. And when sources are present, we will look for schemes that are
compatible with the property stated in Definition 2.5, in the sense that they should satisfy

U(t) € (ker AP, t>0 = Un(t) € ker(Ap)tv, t>0. (2.33)

In Section 3 below we shall give a somehow stronger definition for compatible schemes. But before
doing so we observe that since Aj is assumed skew-symmetric, solutions to (2.29) clearly satisfy

8tUh + Fh € (kerfih)LW.

In particular, it is easily seen that satisfying property (2.33) essentially relies on the data approxi-
mation. An obvious sufficient property reads indeed

U Fe(ker A" = U F € (ker A) . (2.34)

3 Compatible Galerkin approximations

In this section we propose an abstract compatibility property for generic approximations to (2.14),
based either on conforming or on non-conforming spaces.

3.1 The Gauss law meets commuting diagrams

Following our observation that for skew-symmetric Galerkin approximations, being compatible
with the fundamental Gauss law in the sense of (2.33) is essentially a matter of proper data
approximation, we make the latter part explicit and consider semi-discrete schemes of the form

0.0, — A U, = 1, F
{ tYUh hYh h (3.1)

Uh(O) = U;? € ]}h-
Here,

e V), is a discrete subspace of W = W* x W*T1 but not necessarily a subset of either V* x Vk+1
or V="VFkx Vi1, the domain of A ;



o A :V, — V) is a skew-symmetric bounded operator approximating A :
e II, is a projection on V, that may not be W-bounded but has a dense domain in W.

Thus, the conforming method corresponds to taking V), = V, and A, = A, as in (2.27), i.e.,

»
Ap, = (;k _d%ﬂvh) V=V, with V= VE x VL (3.2)
Non-conforming methods are obtained with spaces V}, that consist of totally discontinuous func-
tions, typically piecewise polynomials with no continuity constraint between neighboring elements.
Note that the semi-group arguments used in Section 2.2 guarantee the well-posedness of (3.1).

We now specify the condition (2.34) for a scheme of the form (3.1). According to Lemma 2.3 and
the identity Im(A) = (ker A)", what we may require is essentially that the data approximation
maps the range of the continuous evolution operator A into that of the discrete one A,. In
other terms, for any F = AZ with Z € V there should be a discrete field Z, € V), such that
I, F =11, AZ = AhZh, at least when Z is sufficiently smooth. And because A}, is meant to be an
approximation to 4, it is natural to ask that Z; be an approximation to Z.

In order to derive error estimates we formalize the above property in terms of an auxiliary
approximation operator ﬂh.

Definition 3.1 (Gauss-compatible schemes). A scheme of the form (3.1) is said compatible on a
subspace V of V = D(A) if there exists an approximation operator II, : ¥V — V), that converges
pointwise to the identity as h — 0, and for which

. A .
vV AV
f[h I, (3.3)
A Ay, A
1%3 Vy,

is a commuting diagram, in the sense that I A = AxIL), holds on V.

Interestingly enough, we observe that although (3.3) has been primarily derived to preserve the
oscillating nature of the solutions at the discrete level (see Def. 2.4), it also yields a compatibility
property relative to stationary solutions. Indeed, if the continuous source is associated to an exact
steady state, i.e., if F = AU with U € f), then its approximation I, F' is associated to the steady
state ﬂhU ~U.

Remark 3.2. In fact, the commuting diagram (3.3) implies two key embeddings for the involved
projection operators. Specifically, we have

I, ((ker A2 N AV) C (ker Ap)™  and 1T, (ker ANYV) C ker Ay, (3.4)

Following the discussion in Section 2.4, these relations can be interpreted by saying that “II
maps the continuous divergence-free fields into discrete divergence-free fields”, and “II;, maps the
continuous curl-free fields into discrete curl-free fields”.

It is then easily verified that compatible schemes enjoy the following properties.
Theorem 3.3. If the semi-discrete scheme (3.1) is compatible, then
(i) when associated to the initial data UY = T1,U°, it satisfies Property (2.34) (on AV ) and hence

the fundamental homogeneous Gauss law ;
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(ii) if the solution U to the Cauchy problem (2.14) is in C°([0,T[; V), we have a W-error bound
(T = TRU) (@] < |UF, = TLU°| + /Ot”(Hh ~)0U(s)llds,  ¢>0 (3.5)

(i1i) and an additional estimate for the discrete derivatives (again for t > 0)
(AT = I AU) (8[| < [ ARDR — T, AU|| + /Ot”Ah(Hh —T13):U (s)|| ds. (3.6)

Proof. Property (i) readily follows from the first embedding in (3.4) and the observation that (2.34)
is a sufficient condition for (2.33). To show (i) and (%ii) we next observe that U satisfies

0,0,U = I, AU — I, F = A1, U — 11, F,
hence for the discrete solution we have
AUy, — LU = (8,Uy, — M,0.U) + (ITy, — I1,)0,U = Ap(Up, — LU + (I, — 11,)8,U.
Applying Aj, to the latter and using the commuting diagram (3.3) further gives
(AU, — IR AU) = Ay (ApU, — T, AU) + A (0, — 11,)0,U,
and (3.5)-(3.6) follows since Aj, generates a contraction semi-group. O

From Theorem 3.3 we readily derive a long-time stability result.

Corollary 3.4. IfU €V is a steady state solution to (2.14), the discrete solution Uy, satisfies (for
all t > 0)

U (t) —ILU|| < |UQ —IL,U||  and || ALUL(t) — T, AT | < || ARUY — 11, AT .

Remark 3.5. A priori error estimates leading to long-time stability results with respect to steady-
state solutions have already been obtained for conforming schemes, see e.g., [32, 33, 31]. One interest
of our estimates is that they can be applied with similar success to non-conforming schemes, where
we are not aware of such long-time stability results.

Remark 3.6. We may emphasize that Theorem 3.3 and its corollary involve no assumptions on the
discrete operator Ay, other than the skew-symmetry and the existence of the commuting diagram
(3.3). In particular the above estimates do not rely on any of the properties of the discrete complexes
described in Section 2.

3.2 The case of conforming Galerkin approximations

Before designing non-conforming compatible schemes, we first show that the conforming Galerkin
method (2.26)-(2.27) is compatible when equipped with a source approximation Fj, = II,F' that
involves a projection ﬂﬁ“ from the commuting diagram (2.8).

Theorem 3.7 (Compatibility of the conforming Galerkin method). If An = Ay, is the conforming
operator (3.2) defined on Vy, = Vy,, the scheme (3.1) equipped with

P 0 _
I, = ( Vit k+1) P (WE X VEF oy, (3.7)
0 m
is compatible. In particular, it satisfies the commuting diagram (3.3) with
2 Wﬁ 0 \: \: 7k *
=1 Pt V=V where  V:=V" x V7. (3.8)
h

11



Remark 3.8. Here fIAh is obviously defined on VF x W, but for the diagram (3.3) to commute A
must be defined on V, i.e., we need V C ¥V = V¥ x V.|, hence (3.8).

Proof. With the above operators, the compatibility relation (3.3) reads

W}’fﬂdk = dkﬂ'ﬁ on V¥ (3.9)
Pypdip = djy pPyen on Vi '
The first relation is simply (2.9). Using the properties (2.3) and (2.11) of the continuous and
discrete adjoints of d*, we then compute for w € Vi and z € th

(th@dz+1w, 2) = (djqw, 2) = (w,d"2) = (PV:Hw,dkz) = <dz+17hPVf+1w,z>.

O]

We end this section with a classical observation. Since d* maps V,f to thﬂ and wi“ maps

into thﬂ, the second equation from 0,Uj, — AUy, = —II, F' defined with (3.2) and (3.7) holds in a
strong sense in thH. Thus, an equivalent formulation of the compatible conforming approximation
is (writing Uy, = (up,,vp)t € ViF x VFF)

(3.10)

(Opun, on) + (vn, d*on) = —(f, n), for ¢y, € ViF
Opop — dFuy, = —Wﬁ“g (in V,f“).

3.3 Conforming / non-conforming Galerkin (Conga) approximations

We now turn to the problem which first motivated this work, namely the design of compatible
schemes based on discontinuous spaces V), for which an explicit time discretization does not require
to invert a global mass matrix. Although it is possible to make standard DG schemes Gauss-
compatible by equipping them with proper approximation operators for the data, as will be seen
in Sections 3.4 and 5.4 below, in this section we begin by describing an approximation method
that aims at preserving the computational structure of the conforming scheme (3.10), but in the
framework of discontinuous function spaces. In this new scheme the fields are sought in a product
space made of conforming and non-conforming functions, i.e.,

Vi 1= VE x vt with  VFcvFg vk

Here the fact that the second space (thH) is conforming should not be a concern: indeed our new

scheme will preserve the fact that, just as in (3.10), the second equation holds strongly in V}fﬂ.

Hence it will involve no mass matrix in that space. Specifically, the Conga scheme is based on a

projection operator
PE.VE S VECVE (3.11)

seen as a bounded operator from the non-conforming space f/,f C WF to itself. We ask that it
satisfies a moment preserving property,

(I =Phyu,z) =0, ze MF, (3.12)
with spaces M ,’f that have a dense union in W* for h — 0, so that the adjoint operator satisfies

(Pf]f)*Pf/}fv —v as h—0 (3.13)

12



for all v € W*. We then define the Conga evolution operator as

i 0 —=(PE)diiin) .+ ¥ : Y Sk vkl
Ap = ik MV = Vg with Vi =V, x V5, (3.14)
d Py 0
indeed this will guarantee that the second equation of atUh — AhUh = —IZIhF holds strongly in
V;f“. Since~ (P,’f)*d,’gﬂyh is the adjoint of dkP,’f seen as an operator from Vf to thH, we easily
check that Ay, is skew-symmetric and bounded on Vj,.
As for the data approximation, we consider

PFY* Py, 0 _ .
Hh — <( h)O V}f‘ k+1> . (Wk % Vk+1) N Vh7 (315)
Th

where 7T2+1 o AL V,f“ is a projection operator that satisfies a commuting diagram of the form
(2.8). We then have the following result.

Theorem 3.9 (Compatibility of the Conga method). The method (3.1) defined by (3.14) and
(3.15) satisfies the compatibility relation (3.3) with the same projection operator 11, and domain

~

V=Vkx Vi1 as in Theorem 3.7.
Proof. Given (3.14) and (3.15), the claimed relation (3.3) now reads

{Tr}]f"'ldk = dkP}]foL on VF

. , . (3.16)
(P}]f) Pf/}fdltz-s-l = (P;:)*dk""l,hpv}iﬂ_l on Vk+1'

Here the first equality follows from the commuting diagram (28) and the fact that ﬁ;’j maps into
V¥, where PF = I. We next infer from the embedding V;¥ C V¥ that (PVh - PV’{C)P}f =0, as well
as the adjoint identity

(PE)* (P — Pyp) = 0,
hence the second equality in (3.16) follows from the second one in (3.9). O

We may now give an explicit form for the Conga scheme. Using (3.15), the source F' = (f,g) is
approximated by II,F = ((P,’f)*Pfo, wﬁ“g) and the first term gives

<(77;L€)*P(/}5f7 ¢n) = (Pyrf, Prgn) = (f, Pign) for ¢ € ViF.

Next, using the embedding dehk C thH we see that the second equation from 8,0 — AU} =
—II;, F' holds strongly in V,f“, as announced. It follows that the compatible Conga scheme reads
(with Uy, = (@i, o)t € ViF x VFT)

{ (Osti, ) + (On, d*PEGR) = —(f, PEon) for @j, € VF

3.17
Oy, — d"Pray, = -7 g (in V). (3.17)

Remark 3.10 (Conga as an intermediate method). Given a non-conforming space f/}f ¢ VF we
observe that the Conga method is an intermediate approach in that it allows to switch from the
conforming Galerkin method to non-conforming ones, just by changing the conforming projection
P,’f. In particular if P,’f is defined as the orthogonal projection on th , then (3.17) is equivalent to
the conforming scheme (3.1)-(3.2). Indeed, using the fact that (I — (PF)*)iy, is always a constant
in (3.17) we find that the Conga solution reads (ap,0n) = (up + Wp,vy) where (up,vp) is the
conforming solution and wy, = (I — PVf)ah = - PV,f)ag'

In Section 5.3 we will describe some operators P}]f that can be applied locally, so that the
resulting Conga scheme can be implemented using only sparse matrices.
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3.4 The case of discontinuous Galerkin approximations

Non-dissipative DG approximations to (2.14) can be cast into the form (3.1). In 3d they correspond
to taking the same discontinuous space V}, for both th and Vf“, and to setting

A = <£ _((éh) > V=V, with V=V, xV, (3.18)
h

where dj, : Vi, = Vj, is the corresponding approximation to the differential (curl) operator dé. In
Section 5.4 we will show that in the case of unpenalized centered DG schemes it is possible to
rewrite this discrete operator as

i _ p. gkpk

dy, = thd Py, (3.19)

where P}’f is a projection mapping Vi on an auziliary conforming space th C V¥ that is not
necessarily a subspace of Vj,, and a similar result holds for (Jh)* It will then be possible to build a
data approximation operator II;, that makes the semi-discrete DG scheme (3.1) Gauss-compatible.
Indeed, if ﬂL, l=Fk,k+ 1, are operators mapping on V}f NV, and V, respectively, such that

k
vk d {diax"
ik s (3.20)
N dk N
vEav, Vi
is a commuting diagram, then we have (on the domain V* of 7F)
7}, = Py d*PiRY = Py d*af = Py 7ptld = 7t dP, (3.21)

by using (3.19), the fact that P}'f is a projection on th, ‘the above commuting diagram and the fact
that 77! maps into Vj. A similar identity holds for (dj)*, hence the following result (see Th. 5.7
below for a specific statement).

Theorem 3.11 (Compatibility in the DG case). If the operators ﬁ,’f and 7~rl,§+1 are such that the
diagram (3.20) commutes, then the method (3.1) defined with the centered DG evolution opera-
tor (3.18) and complemented with

I, = 0 (VR VR Sy (3.22)
h 0 &) h ‘

is compatible. In particular, it satisfies the commuting diagram (3.3) with

A ~k ~ ~ ~ — —
I, = (781 7&) V=W where V= V¥ x V¥, (3.23)
h

4 Spectral correctness of the non-conforming Conga scheme

In this section we show that the eigenmodes of the Conga operator Ay, defined in (3.14) converge
towards the continuous ones, provided that

(H1) the dense intersection V¥ N V;* in W* is compact,
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(H2) there exists a cochain projection 7, (i.e., projection operators for which the diagram (2.8)
commutes) that is uniformly W-bounded with respect to h,

(H3) the conforming projection PF involved in Aj, satisfies (3.11)-(3.13).

In addition to being of interest per se, we note that the spectral correctness of a discrete operator
is a fundamental property for the approximation of the associated evolution equation, see, e.g.,
[27, §].

For the subsequent analysis we let f’)’fb be the null space of dkP,]f : f/hk — Vf“. Note that

35 == ker(d"Py) = ker(d"|x) @ ker P = 35 @ (I — PV (4.1)
We henceforth use a short notation for the following orthogonal projections,

PJ- — PBkLW , P;f‘ = P3§i and P}f‘ = SIfLJ' .

4.1 Characterization of the continuous eigenmodes

To begin our analysis we characterize the eigenvalues and eigenvectors of A in terms of those of
the compact operator K defined in [3, Sec. 3], see Section 2.1. Specifically, it will be convenient to
restrict K to the orthogonal complement of 3. Thus we set

G:=KPt (4.2)

and we observe from [3, Eq. (19)] that for any v € W*, Gu is the unique element of 3% (see (2.6))
that satisfies
(dFGu,d*z) = (u,z),  ze3Ft (4.3)

In particular, we see that G = P K P is a compact and selfadjoint operator from W¥ to itself. As
such it has a countable set of nonnegative eigenvalues, each of finite multiplicity, that accumulate
only at 0. We denote by

O< A< <. (4.4)

the inverses of its positive eigenvalues, each one being repeated according to its multiplicity. From
the density of V* we infer that ker G = 3%, hence the complement space 3% % admits an orthonor-
mal basis (e;);>1 of eigenvectors corresponding to the \;’'s. We denote by €&; the one-dimensional
space spanned by e;.

Proposition 4.1. We have the following results.
(i) The eigenvalues of A are of the form iw with w € R.

(i) The kernel of A reads

ker A = 3% x 3F+1iw,
(iii) Given w # 0, U = (u,v)! is an eigenvector of A associated to iw iff
Gu=w2u

U € (ker A)"Y d
€ (ker A) an {v — (i) Vb
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Proof. Assertions (i) and (ii) are direct consequences of the skew-symmetry (2.16) and of (2.5).
Using again the skew-symmetry of A, we then observe that U is an eigenvector associated to
the eigenvalue iw # 0 iff U € (ker A)tW NV satisfies iwU = AU, which is equivalent (writing
U = (u,v)) to

ueakj_wmvkzzskj_ UE3kJ‘
iwu = —dj v — < (Wu,z) = (dFu,d*z), =z¢c 3kt
iwv = d*u iwv = d*u
so that (iii) follows from the characterization (4.3) of G. O

4.2 Characterization of the conforming discrete eigenmodes

In Cor. 3.17 of [3], it is shown that under the assumptions (H1)-(H2) listed at the beginning of
Section 4 the operator Kj, : th — V}f characterized by

(df nKnu, di p2) + (d"Kpu, d¥z) = (u,2),  z €V, (4.5)
is a convergent approximation to K, in the sense that
||K — KhPV’i“H[,(Wk,Wk) —0 as h — 0. (46)

Since K}, is selfadjoint and obviously compact, this norm convergence is equivalent to the conver-
gence of the discrete eigenmodes towards the continuous ones, in a sense that will soon be recalled,
and corresponds to [5, Def. 2.1]. We shall then characterize the eigenmodes of the conforming
operator Ay, in terms of those of K. As above, what we are actually interested in is the restriction
of Kj to the complement of 3’; in th . Thus we set

Gh = KhP]i_ (47)

and taking v € 3§ in (4.5) yields (di nGru, dy ,z) = (dj, , Knu,dj, 2) = 0 for all z € 3k, Now,
since ker dZ,h = BZL this also holds for all z € th, hence we can take 2z = Gpu which shows that
Gru € SQL. It follows that for any u € W*, Gpu is the unique element of 3ﬁl that satisfies

(d*Ghu, d*2) = (u, 2), z € 3Ft (4.8)

Thus Gp, = PhLKhPhL is a compact and selfadjoint operator from W¥ to itself, and as such its
eigenvalues are nonnegative and of finite multiplicity. We denote by

0<An < Agn <o S Ayt g, (4.9)

N, hL = dim SZL, the inverses of the positive eigenvalues of GGj,, each one being repeated according to
its multiplicity. Similarly as for the continuous case we see that SQL admits an orthonormal basis
(ein)i>1 of eigenvectors corresponding to the \;j’s, and we denote by €&, the one-dimensional
space spanned by u; j,.

We then have the following proposition that characterizes the eigenvalues and eigenvectors of
the conforming operator (2.27) in terms of those of Gj,.

Proposition 4.2. We have the following results.

(i) The eigenvalues of Ay, are of the form iw with w € R.
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(i) The kernel of Ay, reads
ker A, = 371+ x 35 (4.10)

(iii) Given w # 0, U = (v,u)! is an eigenvector of Ay, associated to iw iff

Ghu = w2u
v = (iw) " td*u.

Proof. Assertions (i) and (ii) are direct consequences of the skew-symmetry of A, and of (2.10),
(2.13). Using again the skew-symmetry of Ay, we then observe that U = (v,u)! is an eigenvector
associated to the eigenvalue iw # 0 iff

weGhAvE=SE  (ues!
iwv = dFu — < iwv = dru
iwu = —dj | v (Wu, z) = (d*u,d*z), =€ 3FL
so that (iii) follows from the characterization (4.8) of Gj,. O

4.3 Characterization of the Conga eigenmodes

Turning to the non-conforming case we let G, : W* — BQL be the operator characterized by
(d*PEGLu, d*PE2) = (u,2),  ze 38, (4.11)

It is easily verified that this operator is compact and selfadjoint. In fact, in Lemma 4.4 below
we shall specify the link between G} and its conforming counterpart GGp. Similarly as for the
conforming case, we denote by

0<Ap<hop<..< 5\]\7}i b (4.12)

NhL = dim BQL, the inverses of its positive eigenvalues, each one being repeated according to its
multiplicity. We let (€in)i>1 denote an orthonormal basis of eigenvectors for Sﬁl, corresponding
to the \;;’s, and we denote by €&, ) the one-dimensional space spanned by ;5. We may then
characterize the eigenmodes of the non-conforming operator (3.14) in terms of those of GJ,.

Proposition 4.3. We have the following results.
(i) The eigenvalues of Ay, are of the form iw with w € R.

(ii) The kernel of A, reads . )
ker Ay, = 351+ % 3F. (4.13)

(iii) Given w # 0, U = (v,u)! is an eigenvector of Ay, associated to iw iff
{@hu =w u

v = (iw) " td*Plu.

Proof. Assertion (i) follows from (2.13) and the skew-symmetry of~/~lh. Next we observe that
(Pf)*di,1 is the adjoint of d*PF : ViF — V;'*! which range is d*PFVF = dPEVF = 35! thanks
to (3.11) and (2.10). Therefore we have

k k+11 k+1 k+1L
ker((Py)*diyrp) =3, " NV =330,

17



and 32 is the null space of dkP,]f, hence (ii). Using again the skew-symmetry of Ay, we observe
that U = (v,u)! is an eigenvector associated to the eigenvalue iw # 0 iff

Gl ATESSE (ued
iwv = d*Phlu = Siwv = d*Plu
iwu = —(P,{fu)*d}zﬂ,hv (w2u, 2) = (d*PFu,d*Plz), =z ¢€ SQL
so that (4ii) follows from the characterization (4.11) of Gj,. O

We end this section by providing an expression of the non-conforming operator G, in terms of
the conforming one.

Lemma 4.4. The operators Gy, and Gy, characterized by (4.8) and (4.11), satisfy (on W*)

Gn = PG, P (4.14)
Proof. The identity clearly holds on (BM-)J-W =(I- lf’}f-)I/V’“~ We consider then v € zlfﬁ and
denote 7 := PLGhPlv = PLGhv Given w in Sh (or even in th), we compute

(d*PFo, d*Pw) = (Pi-Go, (d*PF)*d"Plw)
G, (d"PF)*d"Plw)
dkPhGhv d*PFw)
d* Gy, d*PFw)
dehv d* P Plw)
Pi-Plw)

v Phw>

Uw)

/\/\/\/\/\/\/—\/\

Here the respective equalities use (i) the definition of (d*PF)* as the adjoint of d*Pf : VF — VT
(i) the fact that its range is in 3§+, (iii) the embeddings 3f+ C VF € V¥, see (3.11), (iv) the
identity P = I on Vi¥, (v) the observation (used with w = PFw) that

d*w = d*(Pi-w + (I - Pr)w) = d"Prw,  w eV, (4.15)

(vi) the characterization (4.8) of G, (vii) the fact that (I — P-)w € 3§ C 3F hence orthogonal
to v, and (viii) the fact that (I — PF)w is in 3%, hence also orthogonal to v. The result & = Gjv
follows from the characterization (4.11) of GJ,. O

4.4 Convergence of the discrete eigenmodes

We are now in position to show that both the conforming and non-conforming discrete eigenmodes
converge towards the continuous ones in the sense of [5, Def. 2.1], that we now recall. For any
positive integer N we let m(/N) denote the dimension of the space generated by the eigenspaces
of the first distinct eigenvalues (4.4). Thus A\,(1), ..., Ay are the first N distinct eigenvalues
and & +--- + €, is the space spanned by the associated eigenspaces: it does not depend on
the choice of the eigenbasis (u;);>1. With these notations we say that the discrete eigenmodes
(Aih,€in)i>1 converge to the continuous ones (A;, e;);>1 if, for any given € > 0 and N > 1, there
exists a mesh parameter hy > 0 such that for all h < hg we have

m(N) m(
i — il < d &, Enl < 4.16
, Sgggﬁm\ pl<e  an gap ( Z Z h) £, (4.16)
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where the gap between two spaces is classically defined as

gap(€&,F) := max | sup inf|lu— v, sup inf|ju—2v]| |. (4.17)
uce VES vey uee
lull<1 [[v]l<1

Obviously the same applies to the non-conforming eigenmodes (\; 4, €;)i>1 as well. A key result
in the perturbation theory of linear operators (see, e.g. [5] or [3]) is that, for eigenmode problems
corresponding to the compact selfadjoint operators G and Gy, (resp. éh), the above convergence
holds if the operators G, (resp. GJ,) converge to G in L(W*, WF).

It is well known that this convergence holds in the conforming case, see e.g., [4, 35, 20]. In this
abstract setting this is essentially a consequence of the uniform convergence (4.6). Specifically, the
following result holds.

Theorem 4.5. The operator G, : WF — Blfbl C WF defined by (4.8) satisfies
|G — Ghllc — 0 (4.18)
in the operator norm |||z = ||l cowr wey-

Proof. Using the embedding 3Zl C th and Definition (4.7) gives G, = KhPthP,f-. Using next
(4.2), i.e. G = KP*, we decompose

|G~ Glle < (K — KnPy) Pl + K (P~ P o
< |1~ KnPyslle + 1 (P* — BOK .

where the second inequality uses the unit bound on orthogonal projections and the fact that a
bounded operator and its adjoint have the same norm (here all the operators are selfadjoint). By
right composition with the compact operator K the pointwise convergence of P+ — PhL to 0 that
is proved in Lemma 4.7 yields the norm convergence of (P+ — P;-)K to 0. The limit (4.18) follows
then from (4.6). O

Corollary 4.6. The conforming discrete eigenmodes (\i p, u;p)i>1 converge to the continuous ones
(Niywi)i>1 in the sense of (4.16).

In Theorem 4.8 and Corollary 4.9 below we will show that a similar convergence holds true in
the non-conforming case. We begin with an auxiliary lemma.

Lemma 4.7. The distance between the closed subspaces BEL and 351w is estimated by the bounds
I(Z = Pir) Pl < [I(I = Pys)Pro] (4.19)

and
1B (I = Pyl < (T = 7)) (I — P (4.20)

for all v € WF. In particular, we have
(Pr—PHv—=0 as h—0. (4.21)

Proof. Let vt € 384w : we have Pv}iyuL € V¥ and <PV}51)L, w) = (v,w) = 0 for w € 3% C 3*. Thus,

Pvf3k Lw -3kt
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and estimate (4.19) follows, indeed

IR L1 B 1
(I = Py)v ||—vﬁmfZLHv i | < NI = Py ).

Next we observe from the commuting diagram (2.9) that 7% maps 3* to 3%. Since (I — PLH)W* =

(3k+w)Lw = 3k this yields 7 (I — PT)W* C 3F, hence we have
1P (I = PH)ol|? = (I = PH)o, P (I = PH)v) = (I = m)(I = PH)v, P (I — P)v)

which gives (4.20) with a Cauchy-Schwarz inequality. The pointwise convergence (4.21) is then
easily inferred from the fact that 7r,’f and Pv}f are projections on the discrete spaces fo‘ which union

Uh_>0th’ is assumed dense in W¥. O

We are now in position to establish a uniform convergence result for the operator Gy, charac-
terizing the Conga eigenmodes.

Theorem 4.8. The operator Gy, : Wk — BIZJ- C WF defined by (4.11) satisfies
|G = Ghll e ey =0 as h—0. (4.22)
Proof. Using Lemma 4.4 and the arguments in the proof of Theorem 4.5, we write
1Gh = Grlle < (= B )Grlle + 1Py GalI = Bi)lle < 2|(I = P )Galle
and using the fact that Gj maps into Bfﬁ, we continue with
I = Fi)Galle = I = B) Py Grlle < (I — B ) P Glle + |G — Gallc.
We next observe that (PF)* maps 3§+ into 3F+. Hence

I(1 — P") Py Gol| = ~/161%£L||P}1LGU — || < ||(I = (PF)*) P G|
veay,

Here the operator (PF)* can be replaced by (Pf’f)*Pf/}f which is assumed to converge pointwise to

I, see (3.13). Thus, (I — P;-)P;*Gv converges pointwise to 0, which by right composition with the
compact operator GG leads to a norm convergence,

(I = BH)PGll; =0 as h—0.

The proof then follows from (4.18). O

Corollary 4.9. The non-conforming discrete eigenmodes (\;p, Ui p)i>1 converge to the continuous
ones (Ai,u;)i>1 in the sense of (4.16).

Remark 4.10. To our knowledge, the Conga method is the first non-conforming method that is
shown to be energy-conserving and spectrally correct. For instance the centered DG method is
known to have a large number of spurious eigenvalues [27, 44], and penalized DG schemes are
spectrally correct [14, 13] but they dissipate energy.
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5 Application to the 3d Maxwell equations

To apply the above analysis to the Maxwell equations in a bounded domain  of R? with metallic
boundary conditions, we can take

grad curl div

H'(Q) —— H(curl;Q) — H(div;Q) L?(2)
(5.1)
for the primal domain complex V? — V! = V2 — V3 and
rad i
Q) B2 Hycurl: ) <UL modivio) UV 12() )
5.2

for the dual one V5' — V' — V|* — Vj, or vice-versa. Here we assume that €2 is a bounded
and simply-connected Lipschitz domain of R3, so that the above de Rham complexes are exact
sequences, see e.g. [47, Sec. 3.2]. In each case we define the Hilbert spaces as W9 = W3 = L?(Q)
and W' =W? = L?(Q)3, and we take k = 1 so that both d' and its adjoint d% are curl operators.
Using bold-face fonts to distinguish vector-valued fields, the evolution problem (2.14)-(2.15) reads
then

with (5.3)

{@E —curlB=-J E° ¢ Hy(curl; Q)
OB + curlE =0 B° ¢ H(curl; Q)

and Lemma 2.2 states that for J € C'([0,T]; L*(Q2)3) there exists a unique solution (E,B) in
C°([0, T[; Ho(curl; Q) x H(curl;Q)) that is continuously differentiable on |0, T[. As for the Gauss
law (2.17), it reads

{ divE(t)=p " { E(t) € H(div;9Q) 54)

divB(t) =0 B(t) € Ho(div; )

and the continuity equation verified by the sources is just (1.3).

Although it makes no difference on the continuous problem whether one takes (5.1) or (5.2)
for the primal complex, on the conforming Galerkin approximation (2.22) it leads to two different
methods. As will be seen in Section 5.2, the first choice leads to a strong discretization of the Ampere
equation with natural boundary conditions (i.e., in the discrete spaces), whereas the second choice
leads to a strong discretization of the Faraday equation with essential boundary conditions.

5.1 Exact sequences of conforming finite element spaces

To build conforming approximations of the above complexes, we assume that €2 is partitioned by
a regular family of conforming simplicial meshes (7)p~0. By Fn and &, we denote the sets of
faces and edges of the mesh, and we assume that the latter are oriented by some arbitrary choice
of unit vectors my and 7., respectively normal to the faces f € Fj, and tangent to the edges
e € &,. Following [2, Sec. 3.5] we can then choose between several sequences of standard finite
element spaces. These sequences are based on the piecewise polynomial spaces P,.AY(Q, 7;) and
P, AY(Q, T5) that consist of differential I-forms of maximal degree 7. For the sake of completeness
we recall the correspondences given in [2, Table 5.2], and specify our notations. Note that we often
write X (75) = {u € L?(Q) : u|r € X(T), T € T} to denote functions spaces with given piecewise
structure X, as in (5.10) below. Thus,
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e P.A%(€,T}) corresponds to the continuous “Lagrange” elements
L (2, Tp) == Pr(Tn) NC(), (5.5)
where IP,.(T') contains the polynomials of maximal degree < r on T € Ty,
e P.AY(Q,T4) corresponds to the second-kind Nédélec elements

NYQ, 7)== P,(T:)> N H(curl; Q) (5.6)

e P AY(Q,T,) corresponds to the first-kind Nédélec elements
N1 (@, Th) == N1 (Th) N H (curl; Q)
with N (T) :=P,_1(T)% @ (x A PIOU(T)3)
where }P’?T{l is the space of homogeneous polynomials of degree r — 1

e P.A?(2,T4) corresponds to the Brezzi-Douglas-Marini elements (also called second-kind H (div )
Nédélec space),

BDM,(Q,Ty) :=P.(Tp)?> N H(div; Q) (5.8)
e P A2(Q,T,) corresponds to the Raviart-Thomas elements (also called first-kind H (div ) Nédélec
spaces),
RTr—1(2,Tr) :=RTr—1(Tn) N H(div ;) (5.9)
with RT._1(T) := Pr_1(T)% & (xP'%(T)) '
e P.A3(£2,T4) corresponds to the fully discontinuous elements
P.(T) == {v € L*(Q) : v|r € P.(T), T € Ty} (5.10)

Using the above spaces we can then invoke [3, Th. 5.9] which says that for each of the following
sequences of discrete spaces Vh0 — Vh1 — th — V}?,

grad 1 di
£p(2,Th) Nl (@ Th) = BDMya(Th) ——— Pps(Th)
grad 1 di
Lo Th) —— MLQT) =5 RTp2(QTh) ——— Bpa(Th)
(5.11)
grad 1 di
£p(2Th) Ny () 55 BDMyoa(Th) ——— Bpoa(Th)
grad 1 di
£,(2,Ty) N T) === RTpa(Th) ——— Byor(Th)
there exists a sequence of projection operators 77%1 Vh— V}f, 1=0,---,3, on the primal sequence

(5.1) that is uniformly L2-bounded with respect to h and for which (2.8) is a commuting diagram
(with V! = V!). Note that if one defines the primal spaces V! with essential boundary conditions
as in (5.2), then the boundary conditions need to be incorporated in the definition of the finite
element spaces as well, by forcing the classical degrees of freedom associated to boundary faces to
vanish.
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5.2 Compatible conforming finite elements

According to Theorem 3.7 we know that compatible conforming Galerkin methods can be obtained
by approximating the sources with a generalized projection IIj of the form (3.7), based on two
projection operators TI'}IL and 77,2Z for which (2.8) is a commuting diagram. Here we could take the
L2-bounded projection operators just mentionned, which existence is guaranteed by [3, Th. 5.9].
However, because these operators may not be simple to implement we can use instead standard
finite element interpolations which also verify a commuting diagram property, even though they
are defined on smaller spaces V! of smooth functions. Let us denote these projection operators by
reurl . 1 vl and 7Y 0 V2 — V2. For instance if the last sequence from (5.11) is taken for

d’ = —grad 1 2 _ i
V0 g y! d' = curl V2 d° = div e 519
(with essential or natural boundary conditions), we can define
T HA(Q)F = Vy = Ny (2, Th) (5.13)
Y HY Q) = V2 =RT,1(2,Th) '

as the standard Nédélec and Raviart-Thomas interpolations. For a precise definition see, e.g.,
(2.5.49)-(2.5.32) and (2.5.26)-(2.5.10) in Ref. [7], where they are respectively denoted ¥;, and IIj,.

Error estimates are then available: we have
(=7l < bl 2<m<p _
(1 = ™ Yul| < ch™|w|m, 1<m<p '

where ||, denotes the usual H™(2) semi-norm, see, e.g., Propositions 2.5.7 and 2.5.4 in [7]. Similar
estimates hold for the orthogonal projection operators, namely

I = Py)ull < ch™fuly,  and |1 - Pa)ul < ch™fulm,  0<m<p.  (5.15)

In particular, the projection operators corresponding to (3.7) and (3.8), i.e.,

Pyi 0
I, = < Vi div) D (L2(Q)3 x HY(Q)?) = V! x V2

0
and
. Wcurl 0 . R
m,=(" VA VA with  V:= H*(Q)3 x H(curl; Q)
satisfy the following a priori estimates,
I =TV < ch™[Ul, 1 <m<p 516
(I = TL)U|| < ch™U|pm, 2<m<p. '

With the above material, Theorem 3.7 yields two compatible conforming schemes depending
whether one takes (5.1) or (5.2) for the primal complex. The first choice corresponds to a strong
discretization of the Ampere equation: the discrete spaces (5.12) are defined as one of the sequences
from (5.11) with natural boundary conditions, and the scheme computes the solution (By, E}) €
Cr(10, T Vit x Vi2) to

(0¢Bh, ") + (Ep,curl ) =0 " € V! ¢ H(curl; Q)

. (5.17)
(Ey,, ¢°) — (curl By, ¢°) = —(7iV J, ) ¢ € V2 C H(div; Q)
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and the embedding curl Vh1 C Vh2 allows to rewrite the second equation as
) E), — curl B, = —miv J (in V;2).

Moreover if one wants the scheme to be compatible with the fundamental homogeneous Gauss law,
one may set (B, Ep,)(0) := (thl B, v E%) as specified in Theorem 3.3.

The second choice corresponds to a strong discretization of the Faraday equation: again the
sequence of discrete spaces (5.12) is defined as one of those from (5.11), now with essential boundary
conditions, and the scheme computes the solution (Ey,, By) € C*(]0,T[; Vil x V}2) to

(OcEn, ¢°) — (Bp,curlp®) = —(J, ¢%) ¢° € Vil ¢ Hy(curl; Q)
(5.18)
(OyBp,, ") + (curl Ej, o) =0 " € V2 C Hy(div; Q).

Here the embedding curl Vh1 C Vh2 allows to rewrite the second equation as
OB +curl E, =0 (in V).

And again if one wants the scheme to be compatible with the fundamental homogeneous Gauss
law, one can follow the statement from Theorem 3.3 and set (Ep,, By)(0) := (th1 E° miv BY).

Finally, for any of the above methods the error bound (3.5) and the stability result apply. For
instance in the case where the finite element spaces are defined as the last sequence from (5.11),
using the a priori estimate (5.16) one obtains

t
|(Ey. — E. By, - B)(1)]| < ch™ (|<E°, B)| + (B, B)(t)] + /0 0h(E, B><s>|mds> (5.19)

for 2 < m < p and a constant ¢ independent of h and t > 0.

Remark 5.1. Since ngv never appears in the scheme (5.18), we may equivalently define IT;, and 11,

with the L2-bounded operators 7r§L from [3, Th. 5.9] instead of 7T,°L“r1 and 7721". Now, as these satisfy
(I = mt)ul| < ch™||ul|lm for 0 < m < p, this shows that in Estimate (5.19) we can take the same
values for m.

As pointed out in Remark 3.5, a priori error estimates leading to long-time stability results are
well-known for conforming schemes, see e.g., [32, 33, 31]. In the following sections we will see that
the abstract analysis of Section 3 can be applied to non-conforming schemes, where we are not
aware of long-time stability results.

5.3 Compatible conforming/non-conforming Galerkin (Conga) schemes

We may now construct Conga schemes based on non-conforming spaces f/hl ¢ V1 that are Gauss-
compatible in the sense of Definition 3.1. Following Section 3.3, the main ingredients are:

e an exact sequence of conforming spaces (5.12) satisfying V;! C f/hl

e a projection operator on the conforming space Vhl,
PV = VL, (5.20)

that preserves spaces of moments with dense union in L?(Q)3, see (3.13).
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Since every conforming space listed in (5.11) has the form V! = X1(7;,) NV, discontinuous spaces
containing their conforming counterparts can be taken as Vhl := X(T), but standard spaces of
piecewise polynomials with sufficiently large degrees also can be used. We shall then construct the
projection operator 73,% by averaging locally the standard finite element interpolation, as follows.
To each of the above spaces X'(T) are classically associated d! (i.e., curl)-conforming degrees of
freedom, either of “volume” type which involve integrals over single elements T' € Tj, or “interface”
type which may involve integrals over faces and edges. Then, for some u € f/hl we may define the
projection Plu by assigning the values of its degrees of freedom: either to those of u if they are
of volume type, or to those of an average trace of w if they are of interface type. The resulting
operator is simple to implement in a finite element code, and it is local.

To build a projection on the first-kind Nédélec space Vhl = Ng,l (Q, Tp) for instance, we may use

the fact that the local element X(T) = Ng,l(T ) is equipped with degrees of freedom of volume,
face and edge type, see [38] or [25, Sec. 111-5.3],

Myo(u) :={[ru-7 : we P,_3(T)3, T € Tn}
Miace(w) = {[(unny) 7 : 7€ P,_o(f)? f € Fn} (5.21)
Medge(uw) :={[ (u-Te)m : m€Py_i(e), e € Ex}.

These linear forms are unisolvent in the sense that when restricted to some element 71" they charac-
terize the functions of X(T'), and they are V!-conforming in the sense that an element of X*(7y) is
in V! = H(curl; Q) if an only if its one-sided traces over any mesh interface define the same degrees
of freedom. Thus, given a smooth u the relations Mo (up — u) = {0}, Miace(up — u) = {0} and
Medge(un, — u) = {0} define a unique interpolate uy, € V,!, and as previously said, for a piecewise
smooth u we can average the multivalued traces. Namely, we define 77,1 : f/hl — Vhl by

Myo(Pru = u) = {0}, Mesce(Pru— {u}y) = {0}, Meage(Phu — {u}e) = {0} (5.22)
with {u}; := L(u|r- + u|p+)|s and similarly for {u}. on the edges.

Proposition 5.2. Let f/hl be a piecewise polynomial space containing the curl-conforming V! =
/\/’;_1(9,7@), say IN/hl := P,(Tn)3. On this space the projection operator (5.22) is uniformly L>-
bounded with respect to h, .

IPrull < cllull, — weVy, (5.23)

and it satisfies the moment preserving property (3.12) with
M} =By s(Th)". (5.24)
Moreover, seen as an operator on ‘N/hl, it has an adjoint (PL)* : f/hl — f/hl such that
(I — (P,%)*thl)uu < ch™|w|pm, 0<m<p-—2. (5.25)

Proof. Relation (5.24) readily follows from the definition (5.21) of the volume dofs. As for Esti-
mate (5.23), it is easily obtained with classical arguments: Denoting

Fr:x— xp + Brx
the affine transformation that maps some fixed reference element T onto T, we let
&7 u— h2Bh(uo Fr) (5.26)

so that [25, Lemma III-5.5] reads @T(N;_l(T)) = N§_1(T)- Here the h2 scaling is such that
|| Prul| L2y ™ |w|[z2¢7) holds with constants independent of h, T" and w, assuming the shape
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regularity of the mesh. A localized version of P} is then defined as follows. We let 7,(7T) := {I" €
Tn : T'NT # 0} be the patch of elements around T' and define 77 : C°(T,(T)) — N,_;(T) by the
following relations which, among the degrees of freedom from (5.21) only involve those that are
defined on the element T and its boundary:

M7 vol(Fru —u) = {0}, My ace(Fru — {u}s) = {0}, My cqge(Fru — {u}e) = {0}.
In particular, we have 7ru = (Pyu)|r and the above observation yields
1Prwl c2ery = IFrull 2y ~ 197wl 127 (5.27)

Using the same arguments than those leading to [25, Eq. III-(5.35)] and the fact that we have
Bl {u}so Fr = {Bh(uo FT)}F;1(f) on the faces of T" and similarly for the edges, one then finds

dr(rru) = 77(Pru) where in the latter projection the averaging involves the values of ®7u on
the cells F.'(T"), T" € T(T). A straightforward computation using (5.21) gives then

|0 rw)l sy = (@l pagry S | mase |97l sy (5.28)

with a constant depending on p. Using the equivalence of norms over the finite dimensional space
P,(F(T"))? and the same scaling argument as in (5.27) we compute next

|"I)TU|’Lm(F;1(T/)) ~ |’@TU|’L2(F;1(T/)) ~ HUHL2(T’)7 u < Vhl

Estimate (5.23) follows by summing over T' € 7}, and by using the fact that ”Pf/hl lzez2@s) < 1.
Finally, the error estimate (5.25) follows from the fact that the operator

(Ph)*Pyy  LX(Q)° = V)

preserves the polynomials of degree less than p—2 and that it is uniformly L?-bounded with respect
to h, as the adjoint of P\N/hlpflz- ]

In particular, if ﬂ'giv is as in (5.13) then the projection corresponding to (3.15),

div
0 T,

T, = <(P%>*PV;3 0 ) (L2 x H(Q)P) = T x V72

satisfies the following a priori estimate derived from (5.14) and (5.25),
(I =Ip)U|| < ch™|U|m, 1<m<p-2 (5.29)

Applying Theorem 3.9 we then obtain two compatible non-conforming Conga schemes, depend-
ing whether one takes (5.1) or (5.2) for the primal complex. As in the conforming case, the first
choice corresponds to a strong discretization of the Ampere equation: again the conforming finite
element spaces (5.12) are defined as one of the sequences from (5.11), using natural boundary
conditions, and the non-conforming space ffhl must contain its conforming counterpart Vhl. The
scheme computes then the unique solution (By,, Ey) € C*(]0,T7; Vil x V2) to

(8, By, ") + (Ej,, curl P} M) = 0 @t e V! ¢ H(curl; Q)

~ ~ . (5.30)
(E},, ¢°) — (curl P} By, ¢°) = —(mV T, ©f) ¢ € V2 C H(div; Q).
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Here the embedding curl V}! C Vh2 allows to rewrite the second equation as
WEj, — curl PLB), = —miv J (in V;2)

and if one wants the scheme to be compatible with the fundamental homogeneous Gauss law, one
can set (By,, E,)(0) := ((P,}b)*Pf/}lBO, v EY), see Theorem 3.3.

As for the second choice, it Lcorresponds to a strong discretization of the Faraday equation
just as in the conforming case: again the sequence of conforming discrete spaces (5.12) is taken
among those from (5.11), using essential boundary conditions. The non-conforming f/hl must then
contain its conforming counterpart Vhl, and the scheme computes the unique solution (Eh, B n) €
Cr(10, T Vil x V2) to

(0,E,, °) — (By,, curl P ¢°) = —(J, PLp®) @° e Vil ¢ Hy(curl; Q)
N N (5.31)
(0,Bp, ¢") + (curl PLE},, o) = 0 Pt € V2 C Ho(div; Q)

where the expression for the source follows from the discussion in Section 3.3. Here the embedding
curl Vhl C Vh2 allows to rewrite the second equation as

By +curlPLE, =0  (in V).

And again, to be compatible with the fundamental homogeneous Gauss law one can apply Theo-
rem 3.3 and set (Ej,, B,)(0) := ((P,%)*PV}IEO, miv BO).

Remark 5.3 (Coupling with particle methods). It is interesting to note that in the Conga scheme
(5.31) the proposed discretization of the source is well suited to the case where the Maxwell solver
is coupled with a point particle scheme. Indeed, in a time-discrete setting where the sources need
to be averaged over each time step in order to satisfy a discrete continuity equation, the resulting
particle current takes the form of weighted Dirac measures supported on the individual trajectories
and we know that the product of the latter against the curl-conforming finite element function
P,%c,bg is well defined, see [16, Lemma 3.1]. This is not be case in general when the product is taken
against ¢°, because some particles may be following the mesh interfaces where the functions of f/hl
are fully discontinuous.

Finally, for any of the above methods the error bound (3.5) and the stability result apply. For
instance in the case where the conforming finite element spaces are defined as the last sequence from
(5.11) and the conforming projection operator P} is given by (5.22), using the a priori estimates
(5.16) and (5.29) one obtains

I(Ey, — E, By — B)(1)]| < ch™ <|(E°, B)|im + (B, B)(t)|m + /0 |0:(E, B)(S)Imd8> (5.32)

for 1 <m < p—2 and a constant ¢ independent of h and ¢ > 0.

Remark 5.4. Arguing as in Remark 5.1 we can see that for the scheme (5.31) Estimate (5.32)
actually holds for 0 <m <p — 2.

The following result derives from the spectral analysis in Section 4.

Theorem 5.5. Let p > 3. If the non-conforming space ffhl contains its conforming counterpart
Vil = Né,l(Q, Th), then the evolution operators Ay, corresponding to the schemes (5.30) and (5.31),
with P,lL defined by (5.22), are spectrally correct: their eigenmodes converge to those of the exact
Mazwell system in the sense of (4.16). In particular, these two Conga schemes are free of spurious
discrete eigenvalues and eigenvectors.
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Proof. Let us verify that Assumptions (H1)-(H3) listed at the beginning of Section 4 hold. First,
the Conga schemes (5.30) and (5.31) correspond to taking (5.2) for the primal (resp. dual) complex
and (5.2) for the dual (resp. primal) one, so that the intersection V' N V}* is the classical space
X7 = H(curl;Q) N Hy(div; Q), resp. Xy = H(div;Q) N Hp(curl; Q). These spaces are known
to be dense and compactly embedded in W! = L?(Q2)3, see e.g., [34, Cor. 3.49], so that (H1) is
satisfied. Next, (H2) holds according to [3, Th. 5.9], as recalled in Section 5.1. Finally (H3) holds
for P} the projection (5.22) on the auxiliary conforming space V;! contained in Vi, indeed for p > 3
the preserved moments (5.24) form a dense union in L?(Q)3, which yields (3.13). Thus Corollary
4.9 applies: the eigenmodes of the Conga operator Ay, (3.14), converge to the exact ones and the
spectral correctness follows. ]

5.4 Compatible DG schemes

When built on conforming triangulations 7T, of ), DG approximations to the time-dependent
Maxwell equation (5.3) typically involve spaces of piecewise polynomial functions with no con-
tinuity requirements across inter-element faces, such as

Vi =Py, (Tn)®  with  pgg € N. (5.33)

The semi-discrete centered DG scheme reads then (see, e.g., [24, Eq. (22)]): find (En, By) €
C'(]0,T[; Vi, x V},) the unique solution to
(OcEn, %) — (B, curly, @°) + ({Bn}, @) 7, = —(Tn, @°) eV,
~ ~ . ~ (5.34)
(0:Bh, ¢") + (En, curl, @) — ({En}, [¢"]) 7 = 0 @' eVh

with given initial data and approximated source Jj, € Vj,. Here curly is the piecewise operator
given by (curly u)|r := curl(u|r) for all T' € Ty, and

1 .
{ulpi=g(ulr- +ulps)ly and - [uly:= (07 Aulp- + 0" Aulp)ly, €T,
denote the average and tangential jump on an internal face f shared by two elements T'* (for which

n* are the outward unit vectors). On a boundary face they are defined as

{uly:=u and [u];:=nAu, feFu\F.

To provide a compatible DG scheme we need to recast (5.34) as an evolution equation of the
form (3.1) and identify proper projection operators Ilp, IIj, following the lines of Section 3.4. Thus,
we let dj, : Vi, — Vj, be the DG approximation to the operator curl : H(curl; Q) — L?()3,

(dpu,v) := (u,curl, v) — ({u}, [v]) 5, w,v €V,
and similarly let Cih,o : Vi, = Vj, be the approximation to the adjoint operator curl : Hy(curl; Q) —
L*(Q)?, ) .
(dpou,v) = (u,curl, v) — {u}, [v]>]_-;bm, u,v €V},

so that the DG evolution operator involved in (5.34) reads

Ay o= 9 dh :Vh = Vy with V=V, x Vi (5.35)
—dno O

We can verify that A}, is indeed skew-symmetric: using local Green formulas

(curl(u|p),v)r = (u, curl(v|y))r — <u|T,nT Av|r)or, TeT,
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and the identity ([u], {v})s + X1 ps(p) (ulr,nT Av|r) s = ({u}, [v])f valid for f € Fi"*) we find
that (dju,v) = (u,dpov) holds for all u,v € V,, hence

In Section 3.4 it was announced that a compatible DG scheme could be designed by defining Vh1 as
an auziliary curl-conforming space associated with a projection 73,% V= Vh1 for which a relation
like (3.19) holds for both dj, and (d),)*. Note that unlike in the Conga case, here the space V,l does
not need to be a subset of Vj,. The following result specifies this construction for the DG space
(5.33).

Lemma 5.6. On the DG space Vj, := deg(ﬁl):", let
PV, — V= Ngdg_i_l(Q;'ﬁl) C H(curl; Q) (5.36)

be the averaged finite element interpolation operator defined as in (5.22) using the degrees of freedom
from (5.21) with p = pag + 2. Similarly, we define

77,%70 V= Vhl’[) = N;dgH(Q; Tr) N Hy(curl; Q) (5.37)

by forcing the boundary degrees of freedom to vanish in the curl-conforming Nédélec space. Then
the DG curl operators involved in the centered scheme (5.34) read

dy, = Py, curl P, and  dpo = Py, curl Py, (5.38)
Proof. For u,v € Vi, applying local Green formulas we compute

(Py, curl Plu,v) = (curl Plu,v) = Z (Plu, curl(v|r))r + (nT A Plu, v|r)sr
T€Th

= Y (u,curl(v]r))r + (0 A {u},vlr)or
TeT

= <u7 curly, U> - <{u}7 [U]>.7:h = <Czhu7'v>

where we have used the definition of 7?,1 in the third equality, in particular the fact that the
polynomial pieces curl(v|r) and v|s are of respective degrees pq; — 1 and pqg, thus matching the
degrees of freedom (5.21) with p = pgg + 2. The identity d, = PVh curl P,ll easily follows, and the
same computation proves the result for the homogeneous operators in (5.38). Note that here the
orthogonal projection PVh is required since curl does not map Vh1 into Vj,. 0

To conclude the construction described in Section 3.4 we must find operators 7?,‘;‘”1 and ﬁgi" that
satisfy a commuting diagram and map into the proper spaces as required by (3.20). For the auxiliary
conforming space V! introduced in (5.36) we have V! NV}, = Py, (Th)? N H (curl; ) = J\/gig(ﬂ, Th)
so that we can define

A HA(Q)? = NG (. Th) and 7Y HY(Q)? = BDMy,, 1(2,Th)

as the interpolation operators corresponding to the second-kind Nédélec elements defined in [39,
Sec. 3.1 and 2.1]. By construction, these operators map into the proper spaces as required by
(3.20), and they can also be used for the homogeneous auxiliary space V}! introduced in (5.37).
Specifically, we have 7

geurl .yl deg(ﬁ)?’ NH(curl; Q) =VinV, for V!:=H*Q)?
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and
AV By (TP 0 Holewrls@) = Vig NV for Vo= V' 1 Hy(eurl; )

~div

as for 781V it clearly maps V? := H'(Q)? into V},. Finally, Prop. 2 from [39] gives

7 curl = curl 75U on both V! and V{,
so that (3.20) is satisfied in both cases. In particular, using (5.38) we can compute as in (3.21),
dprsr! = Py, curl Plagurl = Py, curl ool = po 7rd“’ curl = 7V curl (5.39)
on V! = H?%(Q)3, and similarly for the homogeneous operators,
dp ois ! = Py, curl Ph feurl = Py, curl geurl — Py, 7, curl = 7 curl (5.40)
on Vit = V1N Hy(curl; Q). This leads to the following compatibility result.

Theorem 5.7 (Compatible DG methods). In the case where A, is the centered DG evolution
operator (5.35), the scheme (3.1) complemented with the projection

~div ~ ~ ~
I, = ( ﬁgv) C(HY Q)P x HY(Q)?) = V=V, x V, (5.41)
h

is compatible. In particular, it satisfies the commuting diagram (3.3) with

R ~curl R ~ R _ _
I, = <”h ~C?,r1> V=V with V=V x V19 (5.42)
0 Y
Proof. Given (5.35) and (5.41)-(5.42), relation (3.3) amounts to (5.39)-(5.40). O

In more classical terms, what the above result states is that the DG scheme
OB, &) — (Bn,curly @) + (Bh,[¢7) 5, = (7 J,6°) @7 eVi
(0B, @") + (B, curly @) — ({Ep}, [@"]) zm = 0 Pt eV,
is compatible in the sense of Def. 3.1. To apply next the error bound (3.5) we use

~cur1 m
- u|| < ch™|u|m, 2<m< +1
{ 12 = 5y < P .43

11 —ﬁglv)uﬂ < ch™|ulm, 1 <m < pag
derived from [39, Prop. 1 and 3], which yield
t
|(By — B, By, — B)(®)] < ch™ (|<E°, B+ (B B0l + [ (0B B ds) (5.44)
0

for 2 < m < pge and a constant ¢ independent of h and ¢ > 0. We observe that the convergence
order is the same than in [24, Th. 3.5], but the time dependence is improved. Indeed in (5.44) the
upper bound is a constant for steady state solutions.
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5.5 Numerical validation in 2d

To validate the relevance of the proposed approach we now run 2d versions of some of the above
schemes on a test-case proposed in [29, 23] to study the numerical charge conservation properties
and also considered in [43] to assess the long-time stability of DG solvers with hyperbolic field
correction. Here the Transverse Electric (TE) mode of the normalized Maxwell system is posed in
a metallic cavity € = [0,1]? with a current density given by

J(t,2,y) = (cos(t) — 1) <7r cos(mxw) + mix sin(ﬂy)> — cos(t) (x sin(ﬂy)>

7 cos(my) + w2y sin(7x) ysin(mx)

and the initial data is E° = 0 and B® = 0 so as to approximate the exact solution

E(t,x,y) = sin(t) <~”E Sin(w))

ysin(mx)

B(t,x,y) = (cos(t) — 1) (my cos(rz) — mx cos(my)).

In Figure 1 the curves show the time evolution of the L? norm of numerical E;, fields obtained
as follows. In the left panel a 2d version of the standard finite element method (5.18) is used
with curl-conforming elements V,! = NI(,T), whereas the center and right panels show a 2d
version of the Conga scheme (5.31) with a DG space V;! = P3(73)? for the electric field and
Vhl = N(Q,Th) C f/hl for the auxiliary space, using a conforming projection 73,1L defined as an
averaged Nédélec interpolation similarly as in (5.22). In the center panel the current density is
then approximated by an L? projection J), = PffhlJ which corresponds to replacing in (5.31) the

products (J,P}°) by the standard ones (J, $°). Finally in the right panel a compatible current
approximation Jj = (Pb*Pf/hlJ is used, corresponding to (5.31). (For a detailed presentation of
theses schemes in 2d and for more numerical results we refer to the forthcoming articles [17, 18].)
Here all the runs implement the same leap-frog time scheme, and in each panel the norm of the
exact solution is plotted with dashed lines for comparison. These results clearly demonstrate the
importance of discretizing the sources in a compatible way.

T 8 T

1.4+ E 1.4 L i
ran i
1.2 1 - 5 12| 4
0.8 4l i 0.8
0.6 1 3| ] 0.6
04 E 2 L B 04 |
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1 L) 1 1
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Figure 1: Time evolution of the L? norm of electric fields computed with 2d versions of some of the
above schemes: in the left panel a standard curl-conforming finite element method corresponding
to (5.18), in the center panel a Conga scheme (5.31) using a standard L? projection for the current
density, and in the right panel the same Conga scheme using the compatible approximation for the
source corresponding to the actual right hand side in (5.31).
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6 Conclusion

In this work we have formulated a generic compatibility property for energy-preserving approxi-
mations to the time-dependent Maxwell equations with sources. This property takes the form of a
two-component commuting diagram and derives from a spectral interpretation of the homogeneous
Gauss law that is also related to the study of spurious modes in the numerical approximation to
the Maxwell eigenvalue problem.

We have shown that semi-discrete schemes satisfying this compatibility property are long-time
stable with respect to steady state solutions in both L? and energy norm, which solves the problem
of the large deviations developed by certain classes of numerical schemes on long simulation times.

In addition, we have introduced a new mixed method called conforming /non-conforming Galerkin
(Conga), defined as a relaxation of the standard conforming approximation. Like DG schemes this
method can be implemented using only local discrete operators, and it preserves some of the struc-
tural benefits of conforming approximations such as the spectral correctness of its discrete evolution
operator, and the ability to preserve one Gauss law in a strong sense.

Finally, we have described several approximation operators for the sources that make Galerkin
methods Gauss-compatible in the above sense, be it for the standard conforming Galerkin method,
for centered DG schemes or for this new Conga method.
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