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Effectivized Holder-logarithmic stability estimates
for the Gel'fand inverse problem

M.I. Isaev and R.G. Novikov

Abstract

We give effectivized Hélder-logarithmic energy and regularity depen-
dent stability estimates for the Gel’fand inverse boundary value problem
in dimension d = 3. This effectivization includes explicit dependance of
the estimates on coefficient norms and related parameters. Our new es-
timates are given in L? and L* norms for the coefficient difference and
related stability efficiently increases with increasing energy and/or coeffi-
cient difference regularity. Comparisons with preceeding results are given.

1 Introduction and main results

We consider the equation

~AY +v(z)p = Ep, €D CR?, (1.1)

where
D is an open bounded domain in R®, 9D € C?, (1.2)
v e L>®(D). (1.3)

Equation (1.1) can be regarded as the stationary Schrodinger equation of quan-
tum mechanics at fixed energy E. Equation (1.1) at fixed F arises also in
acoustics and electrodynamics.

As in Section 5 of Gel'fand’s work [9] we consider an operator establishing
a relationship between ¢ and 9v/dv on 9D for all sufficiently regular solutions
¥ of equation (1.1) in D = D UJD at fixed E, where v is the outward normal
to dD. As in [26], [16] (for example) we represent such an operator as the
Dirichlet-to-Neumann map ®(E) defined by the relation

A oY
P(FE = — 1.4
(E)(¥lop) = " lop, (1.4)
where we assume also that
E is not a Dirichlet eigenvalue for operator —A + v in D. (1.5)

The map P = i)(E) can be regarded as all possible boundary measurements
for the physical model described by equation (1.1) at fixed energy E under
assumption (1.5).

We consider the following inverse boundary value problem for equation (1.1):

Problem 1.1. Given & for some fixed FE, find v.



This problem is known as the Gel'fand inverse boundary value problem for
the Schrédinger equation at fixed energy E in three dimensions (see [9], [26]).
For E = 0 this problem can be regarded also as a generalization of the Calderén
problem of the electrical impedance tomography in three dimensions (see [5],
[26]). Problem 1.1 can be also considered as an example of ill-posed problem;
see [4], [23] for an introduction to this theory.

Let, for real m > 0,

H™(R?) = {we L2 (R : F'1+[¢)2 Fw e LA(R%)},

m 1.6
lollie ) = [F70+ P E Pl gy s

where F denote the Fourier transform

1

Fw(€) = @y /eifxw(:n)dx, £ € R3.
R3

In addition, for real m > 0, we consider the spaces W™ (R?) defined by
Wm(R?) = {w e LYR3) : (1+ |¢)% Fw e L®(R?)},

m 1.7
llwn sy = |1+ €V E POl oy

We note that for integer m the space W™ (R3) contains the standard Sobolev
space W™ 1(R3) of m-times smooth functions in L' on R3.
In the present work we obtain, in particular, the following theorems:

Theorem 1.1. Suppose that D satisfies (1.2) and vy, vy satisfy (1.8), (1.5) for
some real E. Suppose also that: ||vj||pe(py < N for some N >0, j = 1,2;
supp(vz —v1) C D, va —vy € H™(R?), |Jvg — 1| gm 3y < Ngm for some m > 0
and Ngm > 0. Let

§ = ||®2(E) — ®1(E)|| 1= (o)1= (0D) (1.8)

where qsl(E), éQ(E) denote the Dirichlet-to-Neumann maps for vy, vy, respec-
tively. Then, there exist some positive constants A, B, a, 8 depending on D only
such that

vz — va|z2(p) < A (aE +B(1—7)2(In (3+ 5*1))2) i

4m
3

. (1.9)

3

+B(1+N)F Nyn (aB+B(1=1)2 (n (3+67))°)
for any 7 € (0,1] and E > 0.

Besides, estimate (1.9) is also fulfilled for any 7 € (0,1) and E < 0 under
the following additional condition:

aE +B(1—7)% (In(3+671))* > 0. (1.10)

Theorem 1.2. Suppose that D satisfies (1.2) and vy, ve satisfy (1.8), (1.5) for
some real E. Suppose also that: ||vj||p=p)y < N for some N >0, j = 1,2;
supp(vz —v1) C D, va —vy € W™(R?), |[vz — vi]|wmrs)y < Nwm for some



m >3 and Nwm > 0. Let § be defined by (1.8). Then, there exist some positive
constants A, B, &, 8 depending on D only such that

[[v2 = v1[Le(p) < A (dE +B(1 —7)? (1n (3 +5—1))2)5 5o

2(m—3)
3

(1.11)

_m—

6

+B(1+N)

NWm ~ ~ _ 2
—— (@B + 501 - 1) (n (3+071))*)
for any 7 € (0,1] and E > 0.

Besides, estimate (1.11) is also fulfilled for any 7 € (0,1) and E < 0 under
the following additional condition

GE +B(1—7)% (n(3+671))* > 0. (1.12)

Theorems 1.1 and 1.2 are proved in Sections 3 and 4, respectively. These
proofs are based on Lemmas 2.1, 2.2 and 2.3 given in Section 2. Then these
proofs are based on the intermediate estimates (3.7), (4.8) which may be of
independent interest.

Remark 1.1. The estimates of Theorem 1.2 can be regarded as a significant
effectivization of the following estimates of [16] for the three-dimensional case:

[va — v1| L (py < C1(N, D,m, E) (In (3+671)) (1.13)
for £ € R;

[[ve = v1]|Lo (D) < C2(Np, D,m, 7)(1 + VE)§™+

(114
+C3(Np, Dym, 7)(1L+VE) ™ (In (3+071)) "

for E > 0, 7 € (0,1) and any s € [0,s1]. Here 4 is defined by (1.8) and
s1=(m—3)/3.

In addition, estimates (1.13) and (1.14) were obtained in [16] under the
assumptions that: D satisfies (1.2), v, satisfies (1.3), (1.5), suppv; C D, v; €
WL (R3), [Jvj|lwmi@sy < N, j = 1,2, for some integer m > 3 and N, > 0.

Actually, Theorem 1.2 was obtained in the framework of finding the depen-
dance of Cy, Cy, C5 of (1.13), (1.14) on N,,, m and 7. One can see that the
estimates of Theorem 1.2 depend explicitely on coefficient norms N, Ny~ and
parameteres m, 7 and imply (1.13), (1.14) with some C;, Cs3, C3 explicitely de-
pendent on N,,, m, 7 as a corollary. Besides, in Theorem 1.2 we do not assume
that each of potentials v1, vo is m-times differentiable and is supported in D (in
a similar way with Theorem 2.1 of [34]).

By the way we would like to note also that even for E = 0 the reduction of
Holder-logarithmic stability estimates like (1.9), (1.11) to pure logarithmic esti-
mates like (1.13) is not optimal for large m because of the following asymptotic

formula:
7
=0 ((E) efl?) as [ — +00.
T

In particular, even for E = 0 the Holder-logarithmic estimates (1.9), (1.11) are
much more informative than their possible pure logarithmic reductions.

Sup 5—_
se0,1) | (In(3 +0-1))~*




Remark 1.2. Theorem 1.1 was obtained as an extention of Theorem 1.2 to
the L2-norm case. In addition, it is important to note that the second (“log-
arithmic”) term of the right-hand side of (1.9) is considerably better than the
analogous term of (1.11). In particular,

R=0(m@E+5)"F) fors—o,
R=0(E™%) for E — 400,

whereas

m—3

R:o<(1n(3+51))‘ & ) for § — 0,

R:O(E*mTfs) for £ — +o0,

where R and R denote the second (“logarithmic”) terms of the right-hand sides
of (1.9) and (1.11), respectively.

Remark 1.3. The estimates of Theorem 1.1 should be compared also with the
following estimate of [21] for the three-dimensional case:

—(2m—3)
[va — v1]| gr-mgs)y < C <E25+ (\/Eﬂn(s—l) > (1.15)

where C' = C (N, D,supp(va —v1),m) > 0, ||[vjllgmppy < Nm (5 = 1,2),
supp (va —v1) C D, m > 3/2, 6 is the distance between the boundary measure-
ments (Cauchy data) for vy, vy and is, roughly speaking, similar to ¢ of (1.8)
and where 6 < 1/e.

A vprincipal advantage of (1.9) in comparison with (1.15) consists in esti-
mation vy — v in the L?-norm instead of the H~™-norm. Besides, estimate
(1.9) depends explicitely on coefficient norms N, Ny = and parameteres m, T
in contrast with (1.15). In addition, in (1.9) we do not assume that each of vy,
vg belongs to H™.

Remark 1.4. In the literature on Problem 1.1 estimates of the form (1.13) are
known as global logarithmic stability estimates. The history of these estimates
goes back to [1] for the case when s; < 1 and to [33] for the case when s; > 1.

In addition, estimates of the form (1.9), (1.11), (1.14), (1.15) are known in
the literature as Holder-logarithmic energy and regularity dependent stability
estimates. For the case when 7 = 1 in (1.9), (1.11) or when s = 0 in (1.14)
the history of such estimates in dimension d = 3 goes back to [29], [31], where
such energy and regularity dependent rapidly convergent approximate stability
estimates were given for the inverse scattering problem.

Then for Problem 1.1 energy dependent stability estimates changing from
logarithmic type to Holder type for high energies were given in [20]. However,
this high energy stability increasing of [20] is slow. The studies of [29], [31], [33],
[20] were continued, in particular, in [25], [16], [21] and in the present work.

Remark 1.5. In Theorems 1.1, 1.2 we consider the three-dimensional case for
simplicity only. Similar results hold in dimension d > 3.

As regards to logarithmic and Holder-logarithmic stability estimates for
Problem 1.1 in dimension d = 2, we refer to [35], [37], [38]. In addition, for prob-
lems like Problem 1.1 the history of energy and regularity dependent rapidly
convergent approximate stability estimates in dimension d = 2 goes back to [28].



Remark 1.6. In a similar way with results of [17], [18] and subsequent studies
of [36], estimates (1.9), (1.11) can be extended to the case when we do not
assume that condition (1.5) is fulfiled and consider an appropriate impedance
boundary map (Robin-to-Robin map) instead of the Dirichlet-to-Neumann map.

Remark 1.7. Apparently, estimates analogous to estimates of Theorems 1.1
and 1.2 hold if we replace the difference of DtN maps by the difference of corre-
sponding near field scattering data in a similar way with results of [10], [14], [19].

Remark 1.8. The optimality (in different senses) of estimates like (1.13), (1.14)
was proved in [24], [12], [13]. See also [6], [15] and references therein for the case
of inverse scattering problems.

Remark 1.9. Estimates (1.9), (1.11) for 7 = 1 are roughly speaking coherent
with stability properties of the approximate monochromatic inverse scattering
reconstruction of [29], [31], implemented numerically in [2]. Estimates (1.9),
(1.11) for E = 0 are roughly speaking coherent with stability properties of the
reconstruction of [32].

In addition, estimates (1.9), (1.11) can be used for the convergence rate anal-
ysis for iterative regularized reconstructions for Problem 1.1 in the framework of
an effectivization of the approach of [10] for monochromatic inverse scattering
problems.

2 Lemmas

Let © denote the Fourier transform of v:

0(€) = Fo(€) = (2717)3 /eif%(x)d:c, ¢ eR3. (2.1)

R3
Lemma 2.1. Suppose that D satisfies (1.2) and vi,vs satisfy (1.3), (1.5) for

some real E. Suppose also that ||vj||p=py < N, j = 1,2, for some N > 0. Let
d be defined by (1.8). Then

[62(€) — 51.(6)] < 1 (1 + N)?2 (6 + w) (2.2)

VBT
for any p > 0 such that
€| <2VE+p%, E+p*>(1+N)7,
where L = ZHel%)B |x| and constants c1,71 > 0 depend on D only.
Some version of estimate (2.2) was given in [16] (see formula (4.13) of [16]).

Lemma 2.1 is proved in Section 6. This proof is based on results presented in
Section 5.

Lemma 2.2. Let w € H™(R3), ||w||gmrsy < Ngm for some real m > 0 and
Ngm > 0, where the space H™(R3) is defined in (1.6). Then, for any r > 0,

1/2

/ Fw©)2de | < caNggm =, (2.3)

gl>r



where Fw is defined according to (2.1) and co = (2m)~3/2.
Proof of Lemma 2.2. Note that

(1+ €)% Fu |

/ |Fuw(€)dé < H - . (2.4)
HE HED
Using (1.6), (2.4) and the Parseval theorem
| F0| p2msy = (27T)73/2HU~’||L2(R3) (2.5)
for w = F~ 11+ |€2) % Fw, we get estimate (2.3).
|

Lemma 2.3. Let w € W™ (R?), ||w||wm®rs)y < Nwm for some real m > 3 and
Ny > 0, where the space W™ (R3) is defined in (1.7). Then, for any r > 0,

N m
W 5 p3=m (2.6)

/ Fu(©)lde < &

1€1=r

m —

where Fw is defined according to (2.1) and éx = 4.
Proof of Lemma 2.3. Note that

™ Fw(€)] < (14 [€)2)™2| Fw(€)| < Nym  for €] > 7. (2.7)

Using (2.7), we obtain that

+oo
N m 4 N m
/ | Fw(€)|de < / %47#2(115 < %rs—m. (2.8)
[g]=>r r

3  Proof of Theorem 1.1
Using the Parseval formula (2.5), we get that
[vz = w1l z2(py = (2m)* 2|l — d1|2qes) < (2m)*2(L(r) + La(r),  (3:1)
for r > 0, where ©; is defined according to (2.1) with v; =0 on R*\ D, j =1,2,
1/2

L(r) = / loa(€) — (O | .

gl<r
1/2

L(r) = / [0 (€) — i1 (6) 2

gl>r



Let

_ 1 [/167c? -1/3
r=q+N)TE+ ), g= o (Tl) ’ (3.2)

where ¢; is the constant of Lemma 2.1.
Then, using Lemma 2.1 for [£| < r, we get that

o\ 1/2
47y lvr = v2|lL2(p)
IL(r) < A1+ N)* | e?hs 4 ———=— <
(< [ Thda e -
< (27073/2 <\/E + p2e?rls n lor — 'U2||L2(D)>
2 2
for g(1+ N)=4/3(E + p?)Y/* < 2\/E + p? and E + p*> > (1 + N)*2.
In addition, using (2.3), we have that
IQ (T) S CQNHm r—m, (34)
Let ro = ro(D) > 71 be such that
E+p*>r = qE+p)Y? <2VE+ p2 (3.5)
Using (3.1), (3.3)—(3.5) with r defined in (3.2), we obtain that
VE+p?e?ts o — a2
||1)27’U1||L2(D) S /2) + 5 ( )
LN (3.6)
3 m
+(27T)3/2627( + ) NHm(E+p2)_T,
qm
1 VE + p2e?rL§
Sllva = villz2(p) v TPE 2,
2 2
(1+N)% (3.7
+ TNH’"(E + p2)7%,

for E+ p? > (1 + N)?r, where L, co are the constants of Lemmas 2.1, 2.2 and
g, T2 are the constants of formulas (3.2), (3.5).
Let 7 € (0,1) and

o l—7 - 1
eyt p=yIn(34+467"). (3.8)
Due to (3.7), for § such that
E+ (yIn(3+67Y) > (1+N)%2, (3.9)
the following estimate holds:
1
§H01 —v2|2(p) <
1 —1\\2 1/2 —_1\2vL
<5 (B+(mE+67))") " 3+67) o+ (3.10)
14 N)% -z
T (Z#NHWL (B+(m(s+1)7)



where 7 is defined in (3.8). Note that
(B4 5= (14367765 <467 for s < 1. (3.11)

Combining (3.10), (3.11), we get that
l[ve — v1||r2py < A1 (A (E++% (In (34671 V) o+
2= villiao) < A1 (A (B4 (n (3+571))%)) o1

+B1 (1+ N) T Ny (A (E+92 (n (3+671))) 7
for § < 1 satisfying (3.9) and some positive constants A1, By, A depending on D

only.
In view of definition (1.6), we have that
l[ve — v1llp2(py < l|v2 — villgm@s) < Ngm

E+7*(In(340671))° (3.13)

2

Hence, we get that, for 0 < E + (yIn(3 + 571))2 <(1+N)*3,
-

||’U2 _U1||L2(D) < (1 +N)Tm Ngm <

On other hand, in the case when E + (vIn(3 + 5*1))2 >(1+N)*3 and 6 > 1

we have that
l[v2 —v1|L2(p) < esllve — vil[ Lo (p) < 32N <
1
E++2(n(3+61)%\" (3.14)
S 203 < ,Y ( 1 (2 )) 57"
T3
where
1/2
c3 = /1dm (3.15)
D

Combining (3.8), (3.12)—(3.14), we obtain estimate (1.9). This completes

the proof of Theorem 1.1.

4 Proof of Theorem 1.2

Due to the inverse Fourier transform formula
v(x) = /e_i&”ﬁ(«f)df, r € R3, (4.1)
]RS
we have that
o vallc) < sup | [ €7 (a(6) = 01(€) de| < D)+ Btr) (42
re
3



for r > 0, where

Let

(4.3)

8meycs —1/3
3 )

r=ql+N)HE+ ), = (

where ¢ is the constant of Lemma 2.1 and ¢3 is defined by (3.15).
Then, combining the definition of I;, Lemma 2.1 for |€] < 7 and the inequal-
ity
[[ve — v1l|z2(p) < e3llva — vil|Le (D),

we get that

~ A3 . .
I(r) € a1+ N)? <e29L5+C3|“1 ol <D>> <

E + p?

X (4.4)
< — E+p2 62PL5+ Hvl 7U2HL°°(D)
203 2
for G(1+ N)"2/3(E + p*)/¢ <2\/E 4 p2 and E + p> > (1 + N)?r2.
In addition, using (2.6), we get that
- Ny 5
L(r) < czmvf S (4.5)
Let 7o = 79(D) > r1 be such that
E+p*>7 = GE+p)Y <2E+ p2. (4.6)
Using (4.2), (4.4)—(4.6) with r defined in (4.3), we obtain that
1 V] — V2|| oo
s — o1l (py < =—/E + p2e2H5 + M-ﬁ-
263 2
(1 + N) 2(m373) (47)
~ _m-=3
+CQWNW’"(E+P2) i
1 1 5 9L
5”1}2 —’U1||Loo(D) < Yen E+ p? e+
3
2(m—3) (4.8)
1+ N 3 _m—:
+4WWNWm(E+p2) 63

for E+ p* > (1+ N)?73, where L, ¢ are the constants of Lemmas 2.1, 2.3 and
¢s, g, T2 are the constants of formulas (3.15), (4.3), (4.6).
Let 7 € (0,1) and

1—71
2L’

v = p=~ln (3—1—(5_1). (4.9)



Due to (4.8), for § such that
E+ (yIn(3+671) > (1+ N)*7, (4.10)
the following estimate holds:
1
llvr = v2llpe(p) <

2vL

1 2\ /2 .
SQ—CB(E+(71n(3+6 ))) (B3+67 1)+
e N (E+(m@E+0)?) (:111)

where 7 is defined in (4.9). Note that
(346" 6= (1436776 <46 fors< 1. (4.12)
Combining (4.11), (4.12), we get that

|lvz = v1]| Lo () < A (5\ (EJFVQ (In(3+ 571))2)) o+
e, UM 2 e (3 (g2 (3457)%))
for § < 1 satisfying (4.10) and some positive constants A;, By, A depending on
D only.

Using (1.7) and (4.2), we get that

l[v2 = v1|Lee(p) < / ((1 + €)™ 2 vy — 1)1||Wm(1R3)) d¢ <
RS

(4.13)

m—3

i (4.14)
<N / 4rt? gt < em—3 N
m —_— cyg—— m
< Nw TENDIER 4w
0

for some ¢4 > 0. Here we used also that

—+oo

1 “+ o0
47t? 4rt? 1 em—3
——_dt < | 4nt’dt dt < 1 < .
/(1+t2)m/2 _/ m +/ m _04( +m3)_C4m3
0 1

0

Using (4.14), we get that, for 0 < E + (yIn(3 + 571))2 < (1+N)*r3,
vz = v1l[Le(p) <

(14 M) Ny (E +42 (In (3 + 5—1))2>_T (4.15)

<C4

m—3 eb72

On other hand, in the case when E + (71n6_1)2 > (1+ N)%%2 and § > 1 we
have that

2 “1y) 2\ 2
||UQ—U1||L<,0(D)g2N§2<Eﬂ (In (3+071)) ) 5. (4.16)

=2
T3

Combining (4.9), (4.13), (4.15) and (4.16), we obtain estimate (1.11). This
completes the proof of Theorem 1.2.

10



5 Faddeev functions

Suppose that
veL™®(D), v=0onR3*\D, (5.1)

where D satisfies (1.2). More generally, one can assume that

v is a sufficiently regular function on R?

. . o (5.2)

with sufficient decay at infinity.

Under assumptions (5.2), we consider the functions v, u, h

U(z, k) = e*p(x, k), (5.3)

(e t) =1+ [ gte ~ ykoy)nly. by

R3

5.4
9(z, ) / e dg 54

£2 + 2k¢’

where 2 € R3, k € C3, Imk # 0,

h(k,1) = (2#)73/ei(kfl)xv(ac)u(x,kz)dx, (5.5)

R3

where k,l € C3, k? =2, Tmk = Im[ # 0. Here, (5.4) at fixed k is considered
as a linear integral equation for u, where p is sought in L>°(R3).
The functions 1, h and G = e”*®g are known as the Faddeev functions,
see [7], [8], [11], [26]. These functions were introduced for the first time in [7], [8].
In particular, we have that

(A + Ek*)G(z, k) = 6(x),

(—A +v(@)e(x, k) = kK (, k),

where z € R3, k € C3 \ R3.

We recall also that the Faddeev functions G, v, h are some extension
to the complex domain of functions of the classical scattering theory for the
Schrodinger equation (in particular, h is an extension of the classical scattering
amplitude).

Note also that G, ¥, h in their zero energy restriction, that is for k2 = 0,
12 = 0, were considered for the first time in [3]. The Faddeev functions G, 9, h
were, actually, rediscovered in [3].

For further considerations we will use the following notations:

p={keC®: k*=ki+ki+ki=E},
Op={keXp, €3 :Imk=Iml},
|k| = (|Rek|? + |Im k|*)*/? for k e C3.

Under assumptions (5.2), we have that:

p(z, k) =1 as |k| = oo, (5.6)

11



where z € R3, k € Xg;

" = i h I{/’,l fi c Rg’ 57
U(g) (k1) € @};I,nk _l=c¢ ( ) or any & ( )
[Imk| = |Im!l| — oo

where ¢ is defined by (2.1).

Results of the type (5.6) go back to [3]. Results of the type (5.7) go back
to [11]. These results follow, for example, from equation (5.4), formula (5.5)
and the following estimates:

g(x, k) = O(|z|™) for x € R?,

5.8
uniformly in k € C*\ R?, )

AT g(k)A™ %] L2m3)— L2 (r3) = O(|k|_1), for s > 1/2, (5.9)
as |k| — oo, kG(CB\RB, '

where g(x,k) is defined in (5.4), g(k) denotes the integral operator with the
Schwartz kernel g(z — y, k) and A denotes the multiplication operator by the
function (1 + |2|?)'/2. Estimate (5.8) was given in [11]. Estimate (5.9) was for-
mulated, first, in [22]. Concerning proof of (5.9), see [40]. In addition, estimate
(5.9) in its zero energy restriction goes back to [39].

In the present work we use the following lemma:

Lemma 5.1. Let D satisfy (1.2) and v satisfy (5.1). Let |[v||p~py < N for
some N > 0. Then

lu(z, k)| < cs(1+ N)  for z€R3 |k| >r3(1+ N), (5.10)

where p(x, k) is the Faddeev function of (5.4) and constants cs,r3 > 0 depend
on D only.

Lemma 5.1 is proved in Section 6. This proof is based on estimates (5.8)
and (5.9).
In addition, we have that (see [27], [30]):

ho(k,1) — hi(k,1) = (27r)_3 /7,/}1 (x, =) (va(x) — v1 ()2 (z, k)dx

R (5.11)
for (k,1) € Op, Imk| = [Im!| # 0,

and v1, vo satisfying (5.2),

ha(k,1) — ha(k, 1) = (2m)~° / b (a, —1) [(cﬁg f <i>1) o, k:)} (2)dz

oD (5.12)
for (k,1) € O, [Imk| = [Im!| # 0,

and v1, ve satisfying (1.5), (5.1),

where 1, h; denote 1 and h of (5.3) and (5.5) for v = v;, and &; denotes the
Dirichlet-to-Neumann map ® for v = v; in D, where j =1, 2.
In the present work we also use the following lemma:

12



Lemma 5.2. Let D satisfy (1.2). Letv; satisfy (5.1), ||vj||pepy < N, j =1,2,
for some N > 0. Then

. . N (1 + N)||v1r — vz 12
606) = 82(6) (k. 1)+ o, )] < S )

for (k,1) € ©p, {=k—1, [Imk|=|Iml| =p,
E+p*>ri(1+ N)?,

(5.13)

where E € R, 0; is the Fourier transform of v;, h; denotes h of (5.5) for v = vj,
(j = 1,2) and constants cg,r4 > 0 depend on D only.

Some versions of estimate (5.13) were given in [16], [27], [30] (see, for exam-
ple, formula (3.18) of [16]). Lemma 5.2 is proved in Section 6.

6 Proofs of Lemmas 2.1, 5.1 and 5.2

Proof of Lemma 5.1. Using (5.1), (5.4) and (5.9), we get that
k) = sy < | [ o€ = ot Ry <

3 L2(D) (61)

<C7| |||M( E)ll 2oy,

(s B)llz2 oy < es+ S |||H( L2y, (6.2)

where c¢3 is defined by (3.15) and ¢7 is some positive constant depending on D
only. Hence, we obtain that

(-, k)l L2py < 2¢3  for  |k| > 2¢7N. (6.3)
We use also that
1 1 9
D D lz—y|<1

where cg = ¢g(D) > 0. Using (5.1), (5.4), (5.8), (6.3), (6.4), we get that

(e, k)| <1+ / (z — y)o(y)uly. k)dy| <

1/2 (6.5)
<1+ / PPy | Nl R <
D
<es5(D)(1+ for z €D, |k| > 2c;N.
]
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Proof of Lemma 5.2. Due to (5.1), (5.11), we have that
ha(k, 1) — hi(k,1) = (27r>_3 /1/)1(;07 =) (ve(x) — v1 ()2 (, k)dx =
- (277)—3/61-@_1)@”1(95, D) (va(z) — 1 (2)) s (@, k)de = (6-0)

D
=do(k—1)—in(k—1)+Ia

for (k,1) € O, |Imk| = [Iml| # 0, where
I = 20 [ua(o. D) = 1)(ea(a) ~ oa(0)pae, Wi+
D
+(27r)*3/u1(x, —)(v2(@) = v1(x)) (2 (2, k) — 1)dz+ (6.7)
(2m) / (2 (2, 1) — 1)(a() — v1(2)) (a2, ) — 1)l

Note that, for (k,l) € O, E € R, [Imk| = [Im!| = p,
k| = V/|Re k2 + [Im k|2 = /K2 + 2 [Tm k|2 = VE + 2p2 = |I|. (6.8)
Using estimates (6.1), (6.3), (6.5) in (6.7), we get that

In < (2m)7° <||M1('7 =) = Ul z2(pyllve — vill2(py |2 (s =D Los 0y +
1 (5 =Dl Lo (pyllva = vill2(pyllp2 (s =1) = L L2(py+
Hlpa (s =) = oo (pyllve = vill2(pyllpa (s =1) — 1||L2(D)> <

2c3crN|lv1 — v2| p2pyes (L +N)  es(1+ N)|lvr — val|L2(p)2ezer N
B (27)? |K| (2m)2 i
n (1+cs(1 4 N))llvr = val[r2(p)2ese7 N <
(2m)2l| -
N1+ N)|lv1 —vall22(p)

VE + 2p?

for (k,1) € Op, Imk| = [Im!| = p and |k| = |I| = \/E + 2p? > 2¢7N.
Formula (6.6) and estimate (6.9) imply (5.13).

< cs(D)

Proof of Lemma 2.1. Due to (5.11), we have that

lha(k,1) — ha(k,1)] < collin (-, =D)lle=(op) I [|¥02(-, k)l L~ (o),

6.10
(k,1) € Op, [Imk| = |Imi| # 0, (6.10)

where

co = (27r)_3/dx.

oD
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Using formula (5.3) and Lemma 5.1, we find that

H’l/)]( )HL“’(BD) < 05(1 +N) |Imk\L7 1 2

)= (6.11)
for k€ Xg, |k| >rs(l+ N),
);

where L = max |z|. Combining (6.8), (6.10) and (6.11

we get that
z€dD

|ho(k,1) — ha(k,1)| < coc2(1 + N)2e?PE§,
for (k,1) € ©g, p=|Imk| = |Iml|, (6.12)
E+p*>7r21+ N)%

Note that for any £ € R3 satisfying |¢] < 24/E + p? (where p > 0) there exist
some pair (k,l) € Op such that £ = k — [ and [Imk| = |Im!| = p. Therefore,
estimates (5.13) and (6.12) imply (2.2). ]
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