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TOEPLITZ OPERATORS AND CARLESON MEASURES IN STRONGLY
PSEUDOCONVEX DOMAINS

MARCO ABATE, JASMIN RAISSY*, AND ALBERTO SARACCO

ABSTRACT. We study mapping properties of Toeplitz operators associated to a finite positive
Borel measure on a bounded strongly pseudoconvex domain D CC C"™. In particular, we
give sharp conditions on the measure ensuring that the associated Toeplitz operator maps the
Bergman space AP(D) into A"(D) with r > p, generalizing and making more precise results by
Cuckovié¢ and McNeal. To do so, we give a geometric characterization of Carleson measures and
of vanishing Carleson measures of weighted Bergman spaces in terms of the intrinsic Kobayashi
geometry of the domain, generalizing to this setting results obtained by Kaptanoglu for the unit
ball.

1. INTRODUCTION

Let X be a Hilbert algebra, Y C X a Hilbert subspace, and P: X — Y the orthogonal pro-
jection. If f € X is given, the Toeplitz operator of symbol f is the operator Ty: X — Y given by
Ty(g9) = P(f9)-

In complex analysis, the most important orthogonal projection is the Bergman projection of
L?(D) onto A?(D), where D CC C" is a bounded domain, AP(D) = LP(D)NO(D) is the Bergman
space of LP holomorphic functions, and O(D) is the space of holomorphic functions on D. The
Bergman projection B is an integral operator of the form

Bf(2) = /D K (2, w) f(w) dv(uw) |

where K: D x D — C is the Bergman kernel, and v denotes the Lebesgue measure. The Bergman
projection has often been used to produce holomorphic functions having specific additional (e.g.,
growth) properties; to do so it has been necessary to study its mapping properties on more general
Banach spaces, for instance LP spaces or Holder spaces. This has been done for large classes of
domains, e.g., strongly pseudoconvex domains and finite type domains (see [35], [4], [32], [6], [26]),
where enough information on the boundary behavior of the Bergman kernel is known.

It turns out that usually the Bergman projection maps continuously the given Banach spaces
into themselves; and this in general is the best one can expect, because if ¢ > p > 1 we have
AY(D) c AP(D) C AY(D), and the Bergman projection (see, e.g., [35] and [6]) is the identity
on A'(D). However, in applications an operator creating holomorphic functions with better growth
conditions might be useful. Thus Cuckovié¢ and McNeal in [10] proposed to study special Toeplitz
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operators of the form
Ty f(2) = B(5"f) = /D K (2, w) f(w)3(w)" dv(w)

where > 0 and 0(w) = d(w, dD) is the euclidean distance from the boundary, and they were able
to prove the following result:

Theorem 1.1 ([10, Theorem 1.2]). Let D CC C™ be a bounded strongly pseudoconver domain,
and let n > 0.

(a) If0<n<n+1, then:

(i) if 1 <p < o and njerlrin < 5, then Tsn: LP(D) — LPTE(D) continuously, where

G=p"/ ("T“ —p);
(i) f 1 < p < oo and nj——ﬁn > Py, then Tso: LP(D) — L7(D) continuously for all
p<r<oo.
(b) If n > n+1, then Tsa: L*(D) — L>°(D) continuously.

Related operators have also been studied (but only for D = B™, the unit ball of C", and without
discussing possible improvements in growth conditions) in [16], [21] and [25]; in particular [21] deals
also with the problem of deciding when such operators are compact.

Cuckovi¢ and McNeal raised the question of whether the gain in the exponents obtained in
Theorem 1.1 is optimal, and gave examples showing that this is the case when n = 1; but they left
open the problem for n > 1. As a consequence of our work (see Theorem 1.2 below), we shall be
able to answer this question; more precisely, we shall be able to characterize completely, in a class
of operators even larger than the one considered by Cuckovié and McNeal, the operators giving a
specific gain in the exponents.

To express our results, let us first introduce the larger class of operators we are interested in.
Given a finite positive Borel measure o on D, the Toeplitz operator associated to u is given by

T, f(2) = /D K (2, w) f(w) dpu(w) :

clearly the Toeplitz operators Ts» considered by Cuckovié and McNeal are the Toeplitz operators
associated to the measures §7v. Similar operators were considered by Kaptanoglu [21] on the unit
ball of C™, by Li [27] and Li and Luecking [28] in bounded strongly pseudoconvex domains, and by
Schuster and Varolin [37] in the setting of weighted Bargmann-Fock spaces on C™. They noticed
relationships between the mapping properties of the Toeplitz operator T}, and Carleson properties
of the measure p (but without considering possible gains in integrability). In this paper we shall
precise, extend and considerably generalize these relationships in the setting of bounded strongly
pseudoconvex domains; to do so we shall also prove a geometrical characterization of Carleson
measures for weighted Bergman spaces.

Carleson measures have been introduced by Carleson [7] in his celebrated solution of the corona
problem in the unit disk A of the complex plane, and, since then, have become an important tool
in analysis, and an interesting object of study per se. Let A be a Banach space of holomorphic
functions on a domain D C C"; given p > 1, a finite positive Borel measure p on D is a Carleson
measure of A (for p) if there is a continuous inclusion A — LP(u), that is there exists a constant
C > 0 such that

VfeA /D|f|pdusc||f||i;
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we shall furthermore say that u is a vanishing Carleson measure of A if the inclusion A — LP(u)
is compact.

Carleson studied this property taking as Banach space A the Hardy spaces HP(A), and proved
that a finite positive Borel measure p is a Carleson measure of H?(A) for p if and only if there
exists a constant C' > 0 such that p(Sg,n) < Ch for all sets

Soon ={re? € A|1—h<r<1,|0—0| <h}

(see also [12]); in particular the set of Carleson measures of HP(A) does not depend on p.

In this paper we are however more interested in Carleson measures for Bergman spaces (but
see [5] for relationships between Carleson measures for Hardy spaces and Carleson measures for
Bergman spaces). In 1975, Hastings [17] (see also Oleinik and Pavlov [34] and Oleinik [33]) proved
a similar characterization for the Carleson measures of the Bergman spaces AP(A), still expressed
in terms of the sets Sp . Later on, Cima and Wogen [9] have characterized Carleson measures
for Bergman spaces in the unit ball B" € C", and Cima and Mercer (8] characterized Carleson
measures of Bergman spaces in strongly pseudoconvex domains, showing in particular that the set
of Carleson measures of AP(D) is independent of p > 1, a typical feature of this subject.

Cima and Mercer’s characterization of Carleson measures of Bergman spaces is expressed using
suitable generalizations of the sets S p; for our aims, it will be more useful a different characteri-
zation, expressed in terms of the intrinsic Kobayashi geometry of the domain. Given zy € D and
0 < r <1, let Bp(zp,7) denote the ball of center zp and radius %log %f: for the Kobayashi dis-
tance kp of D (that is, of radius r with respect to the pseudohyperbolic distance p = tanh(kp); see
Section 2 for the necessary definitions). Then it is possible to prove (see Luecking [29] for D = A,
Zhu [38], Duren and Weir [13] and Kaptanoglu [21] for D = B", and our previous paper [3] for
D strongly pseudoconvex) that a finite positive measure p is a Carleson measure of AP(D) if and
only if for some (and hence all) 0 < r < 1 there is a constant C, > 0 such that

/J(BD (2’07 7")) < CTV(BD(ZOV T))

for all zp € D. (The proof of this equivalence in [3] relied on Cima and Mercer’s characterization [8];
in this paper we shall instead give a proof independent of [8], and of a more general result: see
Theorem 3.3.)

Thus we have a geometrical characterization of Carleson measures of Bergman spaces, and it
turns out that this geometrical characterization is crucial for the study of the mapping properties
of Toeplitz operators; but first (see also [21]) it is necessary to widen the class of Carleson measures
under consideration. Given 6 > 0, we say that a finite positive Borel measure p is a (geometric)
0-Carleson measure if for some (and hence all) 0 < r < 1 there is a constant C,. > 0 such that

0
H(BD(ZO7 T)) < CT‘V(BD(Z()a T))
for all zg € D; and we shall say that p is a (geometric) vanishing 6-Carleson measure if for some

(and hence all) 0 < r < 1 the quotient /J,(BD(ZO,T))/V(BD(ZOJ’))G tends to 0 as zp — 0D. In
particular, a 1-Carleson measures is a usual Carleson measures of A?(D), and we shall prove (see
Theorem 1.4) that 6-Carleson measures are exactly the Carleson measures of suitably weighted
Bergman spaces. Furthermore, it is easy to see that when D = B™ a g-Carleson measure in the
sense of [21] is a (1 4 17)-Carleson measure in our sense.

As a first example of the kind of results we shall be able to prove, we have the following theorem
(see Corollary 5.25), implying in particular Theorem 1.1, and answering Cuckovi¢ and McNeal’s
question about sharpness of the exponents:
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Theorem 1.2. Let D CC C" be a bounded strongly pseudoconver domain. Let p be a finite positive
Borel measure on D, and take 1 < p < r < 400. Then the following statements are equivalent:

(i) Tu: AP(D) — A"(D) continuously (respectively, compactly);
(ii) w is (respectively, vanishing) (1 + % - %)—Carleson.

It is not difficult to prove (see Lemma 3.8) that §7v is a (1 + #)—Carleson measure; since
% — ﬁ = nLH if and only if G = p2/ ("TH —p)7 it follows (see Corollary 5.6 for more de-
tails, explaining in particular why, in this case, mapping properties for AP spaces imply mapping
properties for LP spaces) that Theorem 1.2 does imply Theorem 1.1 and gives the best gain in
integrability.

The measures §"v are just one example of §-Carleson measures; a completely different kind of
examples is provided by uniformly discrete sequences. A sequence {z;} C D is uniformly discrete if
there exists € > 0 such that kp(z;, z) > ¢ for all j # k. Then (see Theorem 3.11) it turns out that
asequence {z;} C D is a finite union of uniformly discrete sequences if and only if >, 6 (z;)(n D5,
is a f-Carleson measure, where ¢, is the Dirac measure in z;, and as a consequence of Theorem 1.2
we obtain the following

Corollary 1.3. Let D CC C" be a bounded strongly pseudoconvex domain, take 1 < p < r < 400
and let {z;} C D be a sequence of points in D. Then the following statements are equivalent:
(1) {#;} is a finite union of uniformly discrete sequences;
(ii) for every f € AP(D) the function
1

9(z) = ZK(z, Zj)f(zj)5(zj)("+1)(1+%7;)

belongs to A" (D).

On the other hand, }, §(z;)"*t196,  is a vanishing ¢-Carleson measure if and only if {z;} is a
finite sequence; see Theorem 4.16.

To link #-Carleson measures and mapping properties of Toeplitz operators we use three main
tools. The first one is a detailed study of the intrinsic (Kobayashi) geometry of strongly pseudocon-
vex domains, as performed in our previous paper [3] and summarized in Section 2. The second one
is a precise estimate (see Theorem 2.7) of the integrability properties of the Bergman kernel, done
adapting techniques developed by McNeal and Stein [32] and Cuckovié¢ and McNeal [10]. The third
one is a characterization of (vanishing) #-Carleson measures involving both the Bergman kernel
and an interpretation of #-Carleson measures as usual Carleson measures for weighted Bergman
spaces. Here, given 3 € R, the weighted Bergman space AP(D,(3) is LP(6°v) N O(D) endowed with

the norm
1/p

1l = [ [ 1fore @ ane

To express our results, for each zp € D we shall denote by k,,: D — C the normalized Bergman

kernel defined by
K(z,20) K(z, 20)
k.o (2) = =% .
K(20,20) (5 20)ll2
The Berezin transform of a finite positive Borel measure p on D is the function Bu: D — RT
given by

Bu(z) = /D e () 2 dpa()
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Then we shall be able to prove (see Theorems 3.3 and 3.7 for more details) the following character-
ization of 6-Carleson measures, generalizing the characterization of Carleson measures given in [3]
(see also [11]):

Theorem 1.4. Let D CC C" be a bounded strongly pseudoconver domain. Then for each 1_#-1 <
0 < 2 the following assertions are equivalent:
(i) p is a Carleson measure of AP(D, (n+ 1)(0 — 1)), that is A?(D, (n+1)(6 — 1)) < LP(u)
continuously, for some (and hence all) p € [1,+00);
(i1) p is 0-Carleson;
(iii) there ewists C > 0 such that Bu(z) < C6(z)™+tV0O=1 for all z € D.

Actually, it turns out that the implications (iii)<=-(ii)==-(i) hold for any § > 0; see Remark 3.4.

We also have a similar characterization (see Theorems 4.13 and 4.10) for vanishing #-Carleson
measures, that, as far as we know, in the setting of strongly pseudoconvex domains is new for § = 1
too:

Theorem 1.5. Let D CC C" be a bounded strongly pseudoconver domain. Then for each 1—# <
0 < 2 the following assertions are equivalent:
(i) p is a vanishing Carleson measure of AP (D, (n+1)(0—1)), that is the inclusion AP (D, (n+
1)(0 — 1)) < LP(n) is compact, for some (and hence all) p € [1,+00);
(ii) p is vanishing 0-Carleson;
(iil) we have §(2)" VA= B(2) — 0 as z — OD.

Again, the implications (ili)==(ii)==-(i) hold for any 6 > 0; see Remarks 4.11 and 4.14.
The connection between Toeplitz operators and Berezin transform is given by the following
useful formula (see Proposition 5.12):

Bu(z) = /DTHkZ(w)kZ(w) dv(w) .

Using this, estimates on the normalized Bergman kernel and a few basic functional analysis ar-
guments, we obtain information on the growth of By from mapping properties of T},, and thus,
via Theorems 1.4 and 1.5, information on Carleson properties of the measure y. Conversely, the
integral Minkowski inequality and the estimates on the Bergman kernel allow us to relate Carleson
properties of p—that is, by Theorems 1.4 and 1.5, inclusions of suitable weighted Bergman spaces
in LP(u)— with mapping properties of the associated Toeplitz operator. In this way, we obtain
a large number of results, valid for p € [1,+00], the case p = 1 typically requiring a bit more
care. The more general statements (see Theorems 5.2, 5.8, 5.9, 5.10, 5.13, 5.19 and 5.20) are a bit
technical; but a few particular cases can be stated more easily. One instance is Theorem 1.2; other
examples are the following (see, respectively, Corollaries 5.28, 5.29, 5.30 and 5.31):

Corollary 1.6. Let D CcC C™ be a bounded strongly pseudoconver domain. Let p be a finite
positive Borel measure on D, and take 1 <p <r <p (1 + %) Then the following statements are
equivalent:

(i) T.: AP(D, (n+1)p(+ — %)) — A"(D) continuously (respectively, compactly);

(ii) p is (respectively, vanishing) Carleson.

Corollary 1.7. Let D CcC C" be a bounded strongly pseudoconver domain. Let p be a finite
positive Borel measure on D, and take 1 < p < 400. Then the following statements are equivalent:
(i) T.: AP(D,—(n+ 1)e) — AP(D) continuously (respectively, compactly) for all & > 0;

(i) p is (respectively, vanishing) 8-Carleson for all § < 1.
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Corollary 1.8. Let D CC C™ be a bounded strongly pseudoconver domain. Let p be a finite
positive Borel measure on D, and take 1 < r < 4+oo. Then the following statements are equivalent:

(i) T,: A (D, —(n+ 1)5) — A"(D) continuously (respectively, compactly) for all € > 0;
(ii) w is (respectively, vanishing) 6-Carleson for all § < 2 — L.

Corollary 1.9. Let D CcC C" be a bounded strongly pseudoconver domain. Let p be a finite
positive Borel measure on D, and take 1 < p < 4+o00. Then the following statements are equivalent:

(i) T,: AP (D7 —(n+ 1)5) — A™(D) continuously (respectively, compactly) for all e > 0;
(i1) p 4s (respectively, vanishing) 6-Carleson for all <1+ %.

We should mention that the techniques introduced here might work in other domains too (e.g.,
smoothly bounded convex domains of finite type, or finite type domains in C?); but we restricted
ourselves to strongly pseudoconvex domains to describe more clearly the main ideas. Finally,
we expressed our results in terms of the Lebesgue measure, and using the euclidean distance
from the boundary as weight, because this is the customary habit in this context; however, it is
possible to reformulate everything in completely intrinsic terms. Indeed, let vp be the invariant
Kobayashi measure (see, e.g., [23]). Then [30] implies that A?(vp) = AP (D, —(n+1)); furthermore
it is well known (see, e.g., [1]) that ¢ is bounded from above and below by constant multiples
of exp(2kD(zo,-)) for any zp € D. Thus all our statements can be reformulated in terms of
completely intrinsic function spaces, using vp as reference measure and weights expressed in terms
of the exponential of the Kobayashi distance from a reference point.

The paper is structured as follows. In Section 2 we shall collect the preliminary results we need
on the geometry of strongly pseudoconvex domains; in particular we shall prove (Theorem 2.7) the
integral estimates on the Bergman kernel mentioned before. In Section 3 we shall study §-Carleson
measures, proving the characterizations described above; in Section 4 we shall analogously study
vanishing #-Carleson measures, introducing the functional analysis results we shall need to deal
with compactness properties of operators between weighted Bergman spaces. Finally, in Section 5
we shall study the mapping properties of Toeplitz operators, proving our main theorems.

2. PRELIMINARIES

Let D cC C™ be a bounded strongly pseudoconvex domain in C™. We shall use the following
notations:

§: D — R will denote the Euclidean distance from the boundary, that is §(z) = d(z,9D);

e given two non-negative functions f, g: D — RT we shall write f < g to say that there is
C > 0 such that f(z) < Cg(z) for all z € D. The constant C' is independent of z € D, but
it might depend on other parameters (r, 6, etc.);

e given two strictly positive functions f, g: D — RT we shall write f ~ gif f < gand g < f,
that is if there is C' > 0 such that C~'g(z) < f(z) < Cg(z) for all z € D;

e v will be the Lebesgue measure;

e O(D) will denote the space of holomorphic functions on D, endowed with the topology of
uniform convergence on compact subsets;

e given 1 < p < +00, the Bergman space AP(D) is the Banach space L (D)NO(D), endowed
with the LP-norm;

e more generally, given 8 € R we introduce the weighted Bergman space

AP(D, B) = LP(6°v) N O(D)
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endowed with the norm

£l = | [ 110 avtc)
D
if 1 < p < oo, and with the norm
Il = 1557

1/p

if p = o0;
e K: D x D — C will be the Bergman kernel of D;
o for each zy € D we shall denote by k,,: D — C the normalized Bergman kernel defined by
K(z,zp) K(z,z)
kZO (Z) = = K )
K(z0,20)  [IH(:;20)ll2
e given r € (0,1) and 2y € D, we shall denote by Bp(zg,r) the Kobayashi ball of center zg

. 1 147
and radius 5 log .

See, e.g., [1, 2, 20, 23] for definitions, basic properties and applications to geometric function theory
of the Kobayashi distance; and [19, 18, 24, 36] for definitions and basic properties of the Bergman
kernel.

Let us now recall a number of results proved in [3]. The first two give information about the
shape of Kobayashi balls:

Lemma 2.1 ([3, Lemma 2.1)). Let D CC C™ be a bounded strongly pseudoconvexr domain, and
r € (0,1). Then

v(Bp(-,r)) ~ 6"t
(where the constant depends on ).

Lemma 2.2 ([3, Lemma 2.2]). Let D CC C™ be a bounded strongly pseudoconvex domain. Then
there is C' > 0 such that )
-7

C

- ré(zo) >6(z) >
for allr € (0,1), zo € D and z € Bp(zo,T).

5(20)

We shall also need the existence of suitable coverings by Kobayashi balls:

Definition 2.3. Let D CC C" be a bounded domain, and r > 0. An r-lattice in D is a sequence
{ar} C D such that D = |J, Bp(ax,r) and there exists m > 0 such that any point in D belongs
to at most m balls of the form Bp(ay, R), where R = $(1 + ).

The existence of r-lattices in bounded strongly pseudoconvex domains is ensured by the following

Lemma 2.4 ([3, Lemma 2.5]). Let D CC C" be a bounded strongly pseudoconvex domain. Then
for everyr € (0,1) there exists an r-lattice in D, that is there exist m € N and a sequence {ay} C D
of points such that D = |J;—, Bp(ak,r) and no point of D belongs to more than m of the balls
Bp(ak, R), where R = (1 +7).

We shall use a submean estimate for nonnegative plurisubharmonic functions on Kobayashi
balls:

Lemma 2.5 (([3, Corollary 2.8])). Let D CC C™ be a bounded strongly pseudoconvex domain.
Given r € (0,1), set R = %(141r) € (0,1). Then there ezists a K, > 0 depending on r such that

K,
Vzo € DVz € Bp(20,7) x(z Sir/ x dv
& = L Bt ) Jap o
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for every nonnegative plurisubharmonic function x: D — RT.

We now collect a few facts on the (possibly weighted) LP-norms of the Bergman kernel and the
normalized Bergman kernel. The first result is classical (see, e.g., [18]):

Lemma 2.6. Let D CC C" be a bounded strongly pseudoconver domain. Then

IK (-, 20)ll2 = VE (20, 20) & 6(20) "™ ™/2 and k2 =1
for all zo € D.

The next result is the main result of this section, and contains the weighted LP-estimates we
shall need:

Theorem 2.7. Let D CC C" be a bounded strongly pseudoconvexr domain, and let zg € D and
1 <p<oo. Then

§(20)P~ (D=1 for 1< B < (n+1)(p—1);
(2.1) / K¢, 20)P6(0)? d(€) < 4 log 6(z0)| for B=(n+1)(p - 1);
p 1 for B> (n+1)(p—1).

In pm ticula? .
+1 +1 , 8 +1
n n n

. 8_n1 8 _n+1
(0) 1K, 20)llp, = 0(20) 7o and [|kzollp,s % 0(20) = 777 o when =1 < § < (n+1)(p—1),

where g > 1 is the conjugate exponent of p (and "TH =0 whenp=1);
(i) 1Ky 20)llps = 1 and ks, llps < 8(20) "5 when 8> (n+1)(p —1);

(iti) 1 (-, 20)[lp. (1) (p—1) = 6(20) " and [[kzy |y, (1) (p—1) = 6(20) "%~ for all e > 0.

Furthermore,
(iv) 15 20)lloc.s = 6(20)° =D and ks oo, = 6(20)°~HD/2 for all 0 < § < n+1; and
1K (-, 20)loo.s & 1 and ||k lloo.s = 6(20) /2 for all 3> n + 1.

Proof. We shall closely follow the argument of [10, Proposition 3.4].

First of all, Kerzman [22] proved that the Bergman kernel of a bounded strongly pseudoconvex
domain is smooth outside the boundary diagonal, that is K € C°°(D x D\ Ap), where Ay =
{(z,z) | x € 0D}. We also recall an (essentially sharp) estimate on the Bergman kernel which
follows from Fefferman’s expansion [14]. Let r: C™ — R be a smooth defining function for D, that
is D = {r < 0} and dr # 0 on 9D; since D is strongly pseudoconvex, we can also assume that the
Levi form of 7 is positive definite on dD. Notice that, being D bounded, we have |r| ~ § on D.
Then (see, e.g., [31]) there is C' > 0 such that for each € D we can find a neighborhood U of =
in C™ and local coordinates ¢ = (p1,...,¢,): U — C" so that

n —(n+1)
(2.2) K (w,2)| <C (T(Z)| +|r(w)] + p1(2) = er(w)| + ) len(z) = @k(w)|2>
k=2

forall z, we UND.

Cover 0D with a finite number Uy, ..., U,, of such neighborhoods; we can also assume that
they are so small that the quantity in brackets in the right-hand side of (2.2) is always less than 1.
Setting Uy = D \ U;nzl Uj, the smoothness of the Bergman kernel outside the boundary diagonal
implies that for any p > 0 and 5 € R we have

; |K (¢, 20)[P6(¢)% dv(¢) = 1
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for all zo € D; we must control the integral on |Ji”, U; N D.
We fix 1 < j < m, and we work in the local coordinated defined in U; mentioned above. Since
p > 1 and the quantity in brackets is less than 1, we have

L= w, 2)[P5(w)? dv(w
I /anD'K( )P8(w)” dv(w)

n —p(n+1)
= / (T(Z)l +[r(w)] + [z —wi |+ |z — w;ﬁ) [r(w)|? dv(w) .
»(U;ND)

k=2

We change again coordinates, putting wy = wy —zi, for k = 2,...,n, and w1 = r(w)+idm(wy —21);
we also put x = Rew; and y = Im@; = Im (wy — 2z1). Then, since |z; — w1| > |y|, we get

n —p(n+1)
=y <|r<z)| el + 1yl + |wk|2> ol da - div, dody
w k=2

where W = [0,d] x R x C"~1, and d = max,ep |r(w)|.
Let us first perform the integration on ws. Put

0 = {w ec|iml > r<z>|+x|+|y|+z|wk|2} ,

k=3

0, = {w e |l < r<z>|+x|+|y|+2|wk|2} .

k=3

Using polar coordinates in ; we get

n —p(n+1)
/ <r(z)l+|xl+|y+2|wk|2> leﬁdﬂas/ (2 [?) 70 |2 diy
Ql Q1

k=2

“+o0
j/ R0+ RIx|P dR
L

n —p(n+1)+1
= (I?‘(Z)I+|x|+|y|+zwkl2> 2

k=3

where L = (|r(2)] + |z| + |y| + > p_5 |1Dk|2)1/2. On (2 we obtain the same upper bound just by a
direct estimation:

n —p(n+1)
/ (Ir(z)| +lal+ lyl+ |wk|2> |]? diy
Q2

k=2

n —p(n+1)
< (T(Z)I +lal+ lyl+ > |"~Dk|2> |7 Area(€,)
k=3

n —p(n+1)+1
= <T(2)|+$|+|y+2|ﬁ)k|2> jz|” .

k=3
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We can do the same kind of computations on ws, ..., w,, reducing the negative power by one at
each step, until we obtain

I =< / ()| + || + ) P 2| dady
[0,d]xR

Since p > 1, we have —p(n + 1) + n — 1 < —2; so we can perform once again the same kind of
integration on y, obtaining

d d/lr(2)] B

, —p(nt D 8 0y B () (p-1) ¢
I 5/0 (Ir(2)] + |=]) /% da = |r(2)] 0 T
If 3> (n+1)(p—1) we have
d/|r(2)| —(n+1)(p—1
I < |T(Z)|ﬁ—(n+l)(p—1)/ Bpnt)tn gy _ dB—(n+1)(p=1) L
- 0 B-n+1)p-1)~

If instead —1 < 5 < (n+1)(p — 1) we can estimate as follows

d/Ir(2)] 8
B—(n+1)(p—1)
r(:) L
8

1 a/Ir(2)|
< Ir(2)B~ DD / it / B—p(n+D4n gy
< Ir(2)] o (1+ t)p(nﬂ)fn + L

The first integral in square brackets is just a (finite because 5 > —1) constant. If 3 = (n+1)(p—1)
the second integral is |log|r(z)|| + log d, and thus

I; < Jlog |r(2)]] -

If =1 < B < (n+1)(p—1) the second integral is of the form ¢; — c|r(2)|~#T+DP=1) for suitable
constants cq, co > 0, and thus we get

I; =< |r(2)|f~(vFD=1)

So we obtained the desired bound on I; as soon as z € U;ND. Butif z ¢ U;ND we have |K(z, w)| <
1 for w € U; N D, and thus I; < 1 in this case. Putting all together, we have proved (2.1), and
the rest of the statements (i)—(iii) follows immediately recalling that |k,,| < 5(20)%1 |K (-, 20)| and
using Lemma 2.6.

Finally, Kerzman’s result [22] and (2.2) yield

[r(w))?
n+1 °
(Ir(z0)l + Ir(w)])
The supremum (in w) of the latter quantity is bounded by a constant times |r(z)|?~(*!) when

0 < B <n+1, and is bounded by a constant independent of zy when 8 > n + 1; recalling that
(Lemma 2.6) K (20, 20) ~ 6(20)~ ™™ we obtain (iv). O

| K (w, 20)[6(w)” =

Another fact that shall be useful later on is:

Lemma 2.8. Let D CC C" be a bounded strongly pseudoconvex domain. Then 6(z0)%k,, — 0
uniformly on compact subsets as zg — 0D for all 3 > —(n+1)/2.



TOEPLITZ OPERATORS AND CARLESON MEASURES 11

Proof. The already quoted result by Kerzman [22, Theorem 2] of continuous extendibility of the
Bergman kernel outside the boundary diagonal implies that for every compact subset Dy CC D
we have

sup  |K(wp,w)| < 400 .
weD,woE Dy

On the other hand, Lemma 2.6 yields
[z (2)] = 8(20) "2 K (2, 20)] -
Therefore for every compact subset Dy CC D we can find Cp, > 0 such that
[z (2)] < Cpyd(20) /2
for all z € Dy and zy € D, and we are done. O

We also recall another result from [3], providing an estimate from below of the Bergman kernel
on Kobayashi balls:

Lemma 2.9 ([3, Lemma 3.2 and Corollary 3.3]). Let D CC C™ be a bounded strongly pseudoconvez
domain. Then for every r € (0,1) there exist ¢, > 0 and 6, > 0 such that if zo € D satisfies

d(z0) < 9, then
. Cr
Vz € Bp(zo,7) min{|K(z, 20)|, |kz (2)|*} > (o)

We end this section with an easy (but sometimes useful) lemma:

Lemma 2.10. Let D CC C™ be a bounded domain, p € [1,4+00] and 31 < B2. Then AP(D,31) —
AP(D, B2) continuously, that is

- llpss 2 M- llpsn -
Proof. Put Dy ={z€ D |d(z) > 1} and Dy = D\ Dy. Assume p < +00, and take f € AP(D, 31).

Then
/ |f|p5ﬁz dy = / |f|p5ﬁ2fﬁ1(5ﬁ1 dv Jr/ ‘f|p5ﬁ2fﬁlgﬁ1 dv
D Dy D,
S/ |f|p5ﬁ1 dy+Mﬁ2’ﬁ1/ mp(gﬁl dv
Do Dl

gmax(LMﬁrﬁl)/ | f|PoP dv
D

where M = max,cp §(z) < +00, and we are done in this case.
If p = 400 we instead have

£ lloo.8s = 17672 lo0 < MB7P1]| 65| oo = M7 || Fll o,
as claimed. O
3. 6-CARLESON MEASURES

In this section we shall characterize Carleson measures for weighted Bergman spaces following
ideas introduced in [3] and [21]. Let us begin with:

Definition 3.1. Let D CC C" be a bounded domain, 3, § € R and p > 1. A (analytic) Carleson
measure of AP(D,(3) is a finite positive Borel measure g on D such that there is a continuous
inclusion AP(D, ) < LP(), that is there exists a constant C' > 0 such that

Vi € AP(D, §) /D P du < ClFIE,
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On the other hand, a (geometric) 6-Carleson measure is a finite positive Borel measure on D such
that

0
w(Bp(-,r)) 2 v(Bp(-,1))
for all r € (0, 1), where the constant might depend on r.
Remark 3.2. A 1-Carleson measure is just an usual (geometric) Carleson measure, and thus (by [3])

a Carleson measure of all AP(D) if D is strongly pseudoconvex. Furthermore, every finite measure
clearly is 6-Carleson for any 6 < 0.

At the end of this section we shall give examples of #-Carleson measures (see Example 3.9
and Theorem 3.11); but first we shall prove that #-Carleson measures and Carleson measures of
weighted Bergman spaces are one and the same thing:

Theorem 3.3. Let D CC C" be a bounded strongly pseudoconver domain, and choose 1 — n%_l <
0 < 2. Then the following assertions are equivalent:

(i) p is a Carleson measure of all AP(D, (n+1)(0—1)), that is A?(D, (n+1)(6—1)) < LP(u)
continuously for all p € [1,+00);
(ii) there exists p € [1,+00) such that p is a Carleson measure of AP(D,(n+1)(0 —1));
(iii) p is 6-Carleson;

)
(iv) there exists ro € (0,1) such that i(Bp(:, 7)) =2 V(BD(-,’I“()))Q;
(v) for every r € (0,1) and for every r-lattice {ax} in D one has
0
1(Bp(ag,r)) 2 v(Bp(ag,r))" ;
(vi) there exists o € (0,1) and a ro-lattice {ar} in D such that

0
1(Bp(ak,r0)) = v(Bplak,ro))
Proof. (i)==(ii). Obvious.
(il)=(iii). Fix r € (0,1), and let 6, > 0 and ¢, > 0 be given by Lemma 2.9. We must

prove that p(Bp(z,7)) < CI/(BD(ZO,T'))0 for all zyp € D, where C' > 0 is a suitable constant
independent of zg. Thanks to Lemma 2.1, it suffices to prove this statement when §(zp) < 4,
indeed, if §(zg) > d, we have
D " ]
N(BD(ZmT)) <uD) < 6/(2(“305(20)( 8 < ClV(BD(ZOﬂ")) )

where C7 > 0 depends on p, r and 6 but not on 2.
Lemmas 2.9 and 2.6 yield

Cp
s (Boon) < [ (P aue) < [ k(P au)

Bp(zo,r)

< / g (O)2P6(C) DD d(¢)
D

< 3(a) ™ [ KGO0 duc)
D
Since —1< (n+1)(0 —1)<n+1<(n+1)(2p —1), we can apply Theorem 2.7 obtaining

& n 0—
W#(BD(Zo,r)) < §5(z0)(HDO=D) |
Therefore 0
1(Bp(20,7)) = 6(20) "™ < v(Bp(z0,7))" ,
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where we used Lemma 2.1.
(iil)=>(iv)==-(vi) and (iii)==(v)=(vi). Obvious.
(vi)=>(i). Fix p € [1,400), and take f € AP(D, (n+1)(6 —1)). Clearly we have

[5G an) Z/BDWO) 2P du(z)

Now, Lemma 2.5 gives a K > 0 depending only on ¢ (and D) such that

[ iepdue < -
Bp(ak,ro)

m ,/BD(%’TO) [/BD(%,RU) £ (O dv(¢)]| du(z)

_ Moo o)) v
— I/(BD(UJICJ’O)) /BD(ak,R0)|f(C)| dv(¢)

v(Boterm)' ™ [ L HOP Q)

where Ry = %(1 +17p). Now, Lemma 2.1 yields V(BD(~,7"0))0_1 =< §(n+DO=1) 1oth when 6 —1 > 0
and when § — 1 < 0; therefore recalling Lemma 2.2 we get

/ |f(2)|P dp(z) = 6(ax) DO / 1£(O)IP dv ()
Bp(ag,ro0)

Bp(ax,Ro)
< / LF(QPO(C) DD dy(c)
Bp(ak,Ro)

Summing on k and recalling that, by definition of r¢-lattice, there is m € N such that every point
of D is contained in at most m balls of the form Bp(ax, Ro) we obtain

1 = [ WP ) = [ IHQPHOT 4O = LI ooy -
as claimed. O

Remark 3.4. The proof shows that the chains of implications (iii)=-(iv)=(vi)=(i)==-(ii) and
(iil)=(v)=(vi)=(i)==(ii) hold for all § € R, and that the implication (ii)==-(iii) holds for
1—- # < 0 < 2p. When 6 > 2p condition (ii) just implies that p is 2p-Carleson, and when 6 = 2p
cond1t1on (ii) implies that p is (2p — €)-Carleson for all € > 0. Furthermore, the proof shows that
the norm of the inclusion in (i) is bounded by a constant independent of p, and also of 6 if the
latter is restricted to vary in a compact interval. Finally, the proof is somewhat new even for § = 1,
because it does not depend on [8].

Remark 3.5. The proof of the implication (vi)==(i), recalling Lemma 2.4, shows that if p is
0-Carleson then we have

/D x(2) dp(z) < /D (OB THDE=D gy ()

for all nonnegative plurisubharmonic functions x: D — RT.

As anticipated in the introduction, another useful characterization of #-Carleson measures relies
on the Berezin transform.
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Definition 3.6. Let u be a finite positive Borel measure on a bounded strongly pseudoconvex
domain D cC C". The Berezin transform of u is the function Bu: D — RT given by

Butza) = [ [k (@) ducz)
Then:
Theorem 3.7. Let D CC C™ be a bounded strongly pseudoconver domain, and choose 8 > 0.
Then the following assertions are equivalent:
(i) p is 0-Carleson;
(11) BN < 5(n+1)(971)'
Proof. (1)==(ii). Using Theorems 3.3 and 2.7 (and Remark 3.4) we obtain

Bpu(z0) = [z 17200y = 1Kz 13,01y 01y = §(z) DO

as claimed.

(il)==(i). Fix r € (0,1); we must show that p(Bp(zo,7)) < CV(BD(ZO,T))e for all zg € D,
where C' > 0 is a suitable constant independent of zg. Let 6, > 0 and ¢, > 0 be given by Lemma 2.9;
clealy it suffices to prove the claim for d(zp) < . We have

cr
Bueo) = [ (P 2 [ k()P dn(e) 2 (B o)
therefore
#(Bp(20,7)) = 8(20)" " Bu(z0) = 8(z9) "1
by the hypothesis, and the assertion follows from Lemma 2.1. O

We end this section by giving examples of #-Carleson measures. The next lemma provides a
way of shifting the value of 6:

Lemma 3.8. Let D CC C" be a bounded domain, and 0, n € R. Then a finite positive Borel

measure p is 6-Carleson if and only if 6"y is (0 + nL)—Carleson.

Proof. Assume p is #-Carleson, set p, = 6", and choose r € (0,1). Then Lemmas 2.2 and 2.1
yield

i (Bp(20,7)) = / 5(C) dyu(¢) = 6(z0) (B (20,1)

BD (Zo ,7“)

= 8(20)"v(Bp(20,7))" X v(Bp(z0,7)" 7T,

and so f, is (0 + nL_H)—Carleson. Since p = () —y, the converse follows too. O

+1
is not 6-Carleson for any 6 > 1+ I3 (because otherwise v would be ¢'-Carleson for some §" > 1,
impossible). In particular, if —1 < 7 < n + 1 then, by Theorem 3.3, 6"v is a Carleson measure
of AP(D,n), and it is not a Carleson measure of A?(D,n’) if ' > n.

Example 3.9. For instance, as anticipated in the introduction, §"v is (1 + )—Carleson, and it

To give another class of examples of #-Carleson measures, we recall the following definition:

Definition 3.10. Let (X, d) be a metric space. A sequence I' = {z;} C X is uniformly discrete if
there exists 6 > 0 such that d(x;,zr) > ¢ for all j # k. In this case 12% d(zj,xy) is the separation
J

constant of T'. Furthermore, given € X and r > 0 we shall denote by N(x,r,T") the number of
points z; € I' with d(z;,z) <.
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Theorem 3.11. Let D CC C™ be a bounded strongly pseudoconvex domain, considered as a metric
space with the distance pp = tanh kp, and choose 1 — L <8 <2 LetT ={z;}en be a sequence
i D. Then T is a finite union of uniformly discrete sequences if and only zfz d(z5) "*1)95 18
a 0-Carleson measure, where 0., is the Dirac measure in z;.

Proof. Clearly it suffices to prove the only if part when I is a single uniformly discrete sequence.
Choose p > max{1,6/2}, and let 2r > 0 be the separation constant of I'. By the triangle inequality,
the Kobayashi balls Bp(z;,7) are pairwise disjoint. Hence for any f € AP(D,(n + 1)(6 — 1))
Lemma 2.2 yields

/|f |p5 )n+1(0 l)dy

=D /B 2)[P8(z) DO dy(z)

zj€l D ZJ’T)
=) 0(zy) DO 1>/ |F(2)|P dv(z) .
z;€l Bp(zj.r)

Now, |f|? is plurisubharmonic and nonnegative; hence Lemma 2.5 and Lemma 2.1 yield

J PO du() = 3 6(e) D6 )P = 3 ) )

z; €l zjel
and the assertion follows from Theorem 3.3 and Remark 3.4.

Assume conversely that p = 3, §(z;) (195, is a -Carleson measure. [3, Lemma 4.1] shows
that it suffices to prove that sup, cp N(zo,7, I‘) < 400, for any r € (0,1). Fix r € (0,1), and
let 6, > 0 be given by Lemma 2.9. By Lemma 2.2, if §(z9) > ¢, then w € Bp(zp,r) implies
d(w) = 6,. It is easy to see that, since p should be a finite measure, only a finite number of z; € T’
can have 6(z;) = d,; therefore to get the assertion it suffice to prove that the supremum is finite
when 0(zg) < 0y.

Given zg € D with 6(z9) < d,, Lemma 2.9 yields

Vz € Bp(zo,7)  0(20)" koo (2)? > ¢
Hence using again Lemma 2.2 we obtain

NGorT) < = 3 6(0) ™ hay(2)

Cr
z€Bp(zo,r)NT

X 00) Uy T (@) ey ()7 < 0(20) TV ez [
ZEBD(ZQ,T)QF
< 8(20) VDN E 13 (o1
=1
by Theorems 2.7 and 3.3 (and Remark 3.4), as desired. O

Remark 3.12. Notice that the proof that if T" is a finite union of uniformly discrete sequences then
> 0(2 ;)06 is a -Carleson measure works for any 6 > 0.

4. VANISHING @-CARLESON MEASURES

In this section we shall characterize vanishing Carleson measures for weighted Bergman spaces;
along the way we shall prove a few results on the functional analysis of weighted Bergman spaces
that shall be useful in the next section too.
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Definition 4.1. Let D CC C" be a bounded domain, 3, § € R and p > 1. A (analytic) vanishing
Carleson measure of AP(D, (3) is a finite positive Borel measure on D such that there is a compact
inclusion AP(D, ) — LP(u).

On the other hand, a (geometric) vanishing 0-Carleson measure is a finite positive Borel measure
on D such that

lim M(BD(ZO,T)L —0
2=9D 1 (Bp(z0,7))

for all r € (0, 1).

Remark 4.2. In particular, every 6-Carleson measure is a vanishing ¢’-Carleson measure for all
0" < 6. For instance, a Carleson measure is a vanishing #-Carleson measure for all § < 1.

We start with an easy generalization of a standard lemma (see, e.g., 24, Lemma 1.4.1]):

Lemma 4.3. Let D CcC C" be a bounded domain, p € [1,400] and B € R. Then for every
relatively compact subdomain Dy CC D we can find a constant C = C(Dy, p, 3) > 0 such that

sup [f(2)] < C|fllp,s
z€Dg

for all f € AP(D, 3).

Proof. Given r > 0 and z € C", we shall denote by B,(z) the Euclidean ball of radius r and
center z. If rg =inf,cp, 6(2) > 0 and M = sup,.p §(z) < +00, we have

<O <M

for all ¢ € B,,/2(2) and z € Dy.
Assume that p € [1,400). Using the usual submean property for nonnegative plurisubharmonic
functions, for all z € Dy by Hoélder’s inequality we then have

1
OIS /B ICIERG

) 1/p
< V(Bm/z(Z))rl [/B . LF(OP dV(C)]
ro/2(Z

161/p p
1_q 2 8
<v(Bral@) a3, 2L [ @0 ano)
To By /2(2)
S C(DOJJ, ﬁ)”f”l)’ﬁ ’
where ¢ is the conjugate exponent of p, and we are done.
Finally, if p = 400 we have
114
sup 1) < meax {31, A |l
z€Dg To
and we are done in this case too. O

Using this we obtain a basic compactness property for weighted Bergman spaces on bounded
domains:

Lemma 4.4. Let D CC C™ be a bounded domain, 1 < p < oco and 3 € R. Then:
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(i) if {frx} C AP(D, ) is a norm-bounded sequence converging uniformly on compact subsets
to h € O(D), then h € AP(D, 3);

(ii) the inclusion AP (D, 3) — O(D) is compact, that is, any norm-bounded subset of AP (D, (3)
is relatively compact in O(D).

Proof. (i) If p = oo the assertion is trivial; let then 1 < p < co and assume that {fx} C AP(D, )
is a norm-bounded sequence converging uniformly on compact subsets to h € O(D). Then

/ Ih[Ps” dv — / lim | fo[P5° dv < liminf/ | FulP8% dv < sup | £l
D D k—oo k—oo D k P,

by Fatou’s lemma, and thus h € AP(D, 3) as claimed.

(ii) We have to prove that any norm-bounded sequence in AP(D, 3) admits a subsequence con-
verging uniformly on compact subsets. But indeed, Lemma 4.3 says that the sup-norm on a
relatively compact subset Dy CC D of any f € AP(D,[3) is bounded by a constant times its
AP(D, B)-norm. So if {fr} C AP(D, ) is norm-bounded, by taking a countable increasing exhaus-
tion of D by relatively compact subdomains and applying Montel’s theorem to each subdomain,
we obtain a subsequence {f,} converging uniformly on compact subsets to a holomorphic func-

tion h € O(D) — and actually h € AP(D, j3), by (i). O

As a consequence we obtain the following characterization of vanishing Carleson measures
of AP(D, j3):

Lemma 4.5. Let D CC C" be a bounded domain, and p a finite positive Borel measure on D.
Take 1 < p < o0 and B € R. Then p is a vanishing Carleon measure of AP(D,[3) if and only
if | fxllee(y — O for all norm-bounded sequences {fr} C AP(D,[3) converging to O uniformly on
compact subsets.

Proof. Assume that the inclusion A?(D, ) — LP(u) is compact, and take {fi} C AP(D, ) norm-
bounded and converging to 0 uniformly on compact subsets. In particular, {f3} is relatively
compact in LP(p); we must prove that fr — 0 in LP(u). To do so, by compactness, it suffices to
show that 0 is the unique limit point of {fx} in LP(u). Let {fx;} be a subsequence converging
to h € LP(u). Passing if necessary to a subsequence we can assume that fi (z) — h(z) p-almost
everywhere. But fr — 0 uniformly on compact subsets; therefore h = 0 and we are done.
Conversely, assume that all norm-bounded sequences in AP(D, ) converging to 0 uniformly on
compact subsets converge to 0 in LP (). To prove that the inclusion AP (D, 3) — AP(u) is compact
it suffices to show that if { fx} is norm-bounded in AP(D, ) then it admits a subsequence converging
in LP(p). Lemma 4.4 yields a subsequence {fy,} converging uniformly on compact subsets to
h € AP(D,3). Then {fy, — h} converges to 0 uniformly on compact subsets; by assumption, this
yields || fx; — hllzr(u) — 0, and thus fx, — h in LP(p), as desired. O

We shall also need the following characterization of weakly convergent sequences in AP(D, [3)
for 1 <p < oc:

Lemma 4.6. Let D CC C™ be a bounded domain, 1 < p < oo and 3 € R. Then:

(i) a sequence {fi} C AP(D, () is norm-bounded and converges uniformly on compact subsets
to h € AP(D, ) if and only if it converges weakly to h;
(ii) the unit ball of AP(D, [3) is weakly compact, and thus AP(D, [3) is reflexive.

Proof. (i) Without loss of generality we can assume that h = 0. Assume that {f;} is norm-
bounded and converges uniformly on compact subsets to 0; we have to prove that ®(fi) — 0 for
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all ® € AP(D, 3)*. Take ® € AP(D,3)*; by the Hahn-Banach theorem we can find & € LP(6°v)*
such that ®|4»p g) = ®. By the Riesz representation theorem we then get g € L3(6%v) such that

o(1) = [ fo5° av

for all f € AP(D,(), where ¢q is the conjugate exponent of p. So it suffices to prove that
fD frg6% dv — 0 for all g € LI(5°v); since functions with compact support are dense in L?(6°v)
it suffices to prove this when g has compact support. But in that case, denoting by Volg (supp(g))
the volume of supp(g) with respect to the measure §°v, we have

1/p
l/mﬁw / 'MWWSU‘ m%%4 lgllzagson)
D supp(g) supp(g)

< Volg(supp(g)) sup |fi(2)|llgllLa(p,8) — 0
z€supp(g)

IN

because fir — 0 uniformly on compact subsets, and we are done.

Conversely, assume that fi — 0 weakly in AP(D, (3); in particular, is norm-bounded in AP (D, (3).
Therefore, thanks to Lemma 4.4.(ii), to prove that fi, — 0 uniformly on compact subsets it suffices
to show that any converging (uniformly on compact subsets) subsequence must converge to 0.
But if fx; — h € AP(D,3) uniformly on compact subsets the previous argument shows that fy,
converges weakly to h; the uniqueness of the weak limit then yields h = 0, and we are again done.

(ii) Let {gx } be a sequence in the unit ball of AP(D, 3). By Lemma 4.4.(ii), there is a subsequence
{9k, } converging uniformly on compact subsets to g € O(D); furthermore, Lemma 4.4.(i) yields
g € AP(D, 3). But then part (i) implies that gp, — g weakly in AP(D, 3), and we are done. O

Thus, for 1 < p < oo, Lemma 4.5 is a particular case of the following (well-known) proposition:

Proposition 4.7. Let T: X — Y be a linear operator between Banach spaces. Then:

(i) if T is compact, then for any sequence {xr} C X weakly converging to 0 the sequence
{Txy} strongly converges to 0 in'Y;

(ii) assume that the unit ball of X is weakly compact; then if for any sequence {x} C X
weakly converging to 0 the sequence {Txy} strongly converges to 0 in'Y it follows that T
18 compact.

Proof. (i) Suppose T is compact and let {z;} C X be weakly converging to 0. If, by contradiction,
|72k ||y does not converge to 0 then, up to passing to a subsequence, we may assume that there
is & > 0 such that ||Tzg|ly > ¢ for all k. Since T is compact, there are y € Y with y # 0 and a
subsequence {xy;} such that ||Tzy, —ylly — 0. In particular, T'z), — y weakly in Y. Since for
any ¢ € Y* we have ¢y o T € X*, we obtain

¢(Txkj) = (w © T)(xk7) -0,
and thus T'zg;, — 0 weakly. It follows that y = 0, contradicting the assumption.

(ii) Suppose, by contradiction, that 7" is not compact; then there exists a sequence {z;} C X in
the unit ball such that {Txj} has no strongly convergent subsequence. Now, by assumption the
unit ball of X is weakly compact; therefore we can find a subsequence {x,} weakly convergent
to x € X. Therefore the sequence {z; —x} converges to 0 weakly, and thus, again by assumption,
the sequence {T'xy; — Tx} converges to 0 strongly in Y, that is T'x), — T strongly, contradicting
the choice of {z}. O
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Corollary 4.8. Let D CcC C™ be a bounded domain, and take p € (1,400) and 8 € R. Then a
linear operator T': AP(D, ) — X taking values in a Banach space X is compact if and only if for
any norm-bounded sequence {fir} C AP(D,[3) converging uniformly on compact subsets to 0 the
sequence {T f.} converges to 0 in X.

Proof. 1t follows immediately from Proposition 4.7 and Lemma 4.6. g

For p = 1 or p = oo we do not have such a general statement. However, for our needs the
following particular case will be enough:

Lemma 4.9. Let p be a finite positive Borel measure on a topological space X, and 1 < r < oo.
Assume that R: E — L"(u) is a compact operator, where E is a Banach space. Then for every
norm-bounded sequence {fr} C E such that Rfy(x) — 0 for u-almost every x € X we have
HRfk;”Lr(u) — 0.

Proof. Since R is compact and {fx} is norm-bounded, the sequence {Rf;} is relatively compact
in L"(p). If, by contradiction, ||Rfy| () does not converge to 0, up to a subsequence we can
assume there is £ > 0 such that || Rfg||1r(,) > € for all k. By compactness, there is a subsequence
{Rf,} such that Rfy, — h € L"(u) strongly. Passing, if necessary, to a subsubsequence we
have Rfy,(x) — h(x) for y-almost every x € X; but then the assumption forces h = 0 and thus
| Rfx; |-y — 0O, contradiction. O

We can now prove a geometrical characterization of vanishing Carleson measures of weighted
Bergman spaces in bounded strongly pseudoconvex domains, which is new even for AP(D):

Theorem 4.10. Let p be a finite positive Borel measure on a bounded strongly pseudoconvex
domain D CC C", and choose 1 — n%rl < 0 < 2. Then the following statements are equivalent:

(i) p is a vanishing Carleson measure of AP(D,(n+1)(0 — 1)) for all p € [1,+00);
(ii) p is a vanishing Carleson measure of AP (D, (n+1)(6 — 1)) for some p € [1,400);
(i) p is a vanishing 6-Carleson measure;

(iv) there exists ro € (0,1) such that
1(Bp(z0,70))

200D V(BD(ZO,TO))G

b

(v) for every r € (0,1) and for every r-lattice {ay} in D one has
#(Bp(ax,r))

k—+o0 V(BD(ak,T)>9
(vi) there exists ro € (0,1) and a ro-lattice {ar} in D such that
1(Bp(ak, o))

lim AAERARTO
k=+ 1 (Bp(ak,r0))

i

Proof. (1)=(ii), (iii)==(iv), (iii)==(v), (iv)=(vi) and (v)==-(vi) are obvious.

(vi)==(i) Fix p € [1,+00), and assume that {f;} C A?(D,(n + 1)(# — 1)) is a norm-bounded
sequence converging to 0 uniformly on compact subsets; by Lemma 4.5 we must prove that
[ fill e (uy — 0.

Let M > 0 be such that

(4.1) Lfellp.(nr1y0-1) < M
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for all [ € N. By assumption, for any given € > 0 there is N, € N such that

(4.2) VEk > N. M <e
I/(BD(ak,’f’()))

Since the balls Bp(ak, ) cover D, it holds

(4.3) / P du < Z /B o WP u).

Since | f;|P is plurisubharmonic and nonnegative, Lemmas 2.5, 2.1 and 2.2 yield

K,
2)|Pdu(z . “ro dulz P g
\/BD(ak,”‘O) |fl( )| u( ) : V(BD(avaO)) /BD(ak,,m) ’u( )/B’D(ak,Ro) |fl(<)| (C)

WV(BD(GMTO))Gl /BD(M ) |f1(O)|P dv(¢)
c M
(BD Qk;,To )
¢, M Bolar o)
V(BD(ak,To))

where Ry = %(1 +19) and Cp, C'ro > (0 are constants depending only on 7q.
Uniform convergence of f; to 0 on compact subsets implies that there exists L. € N such that

To

5(ag) O / AP dv(C)
Bp(ar,Ro)
(4.4) /B o HOPAQ IO a0

N:—1

(4.5) (ETDY /B o P aute) <

Hence (4.3), (4.4), (4.5), (4.2) and (4.1) yield

A |fl|p o= Z »/BD (ak,ro) |fl |p dM Z AD (ak,r0) |fl |p dﬂ( )
— ~ H(Bp(ax,m)) (n4+1)(0—1)

< o+ Y 6, M) AOPS(EC v (¢

3 V(BD(WO))Q/BD(% ICRE ©

< e+ érofm/ A(QOPSQTDE dv(¢) < e(1+ CpymMP)
D
for a suitable m € N as soon as [ > L.. Thus
lim [ |fi(2)[" du(z) = 0,
l—co Jp

and y is a vanishing Carleson measure of A? (D, (n+ 1)(6 — 1)) by Lemma 4.5.
(ii)==(iii) First of all notice that ||k2,
tion on 6 and Theorem 2.7 imply

py(nt1)(6—1) = ||k20||§p7(n+1)(9_1). Therefore the assump-

9 (n+1)(0-1)

) pe ) nt1—2ntl 4olnt)(O-1)
§(z )(n+1)(1 )||kz0||p(n+1)(9 " {5(20)(&1)(1 ”>5(Zo) +1-225 4+ o -1

)
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where (2p)’ is the conjugate exponent of 2p > 1. Thus the family {5(z0)("+1)(17’)k2 }roep 18
norm-bounded in AP (D, (n +1)(# — 1)), and then Lemmas 2.8 and 4.5 imply that

. n+1)(1-2);2 _
ZUEI%D”(S(ZO)( )( p)kZOHLP(N) =0.

Now choose r € (0,1), and let 6, > 0 be given by Lemma 2.9. Then if §(z) < J, we have

nt1)(1—2 1) (p—
J5a0) ™Dy = da) ™0 [ o )PP d(e)
> 6(z0) M) / ooy (2)[27 dp(2)
BD(Zo,T‘)
= 8(20)" " u(Bp(20,7))

(B (20,7))
0
v(Bp(20,7))
by Lemma 2.1, and we are done. O
Remark 4.11. The implications (iii):>(iv)=>(vi):>(i):>(ii) as well as (iii)==(v)==-(vi), hold

for all > 0. The implication (ii)=(iii) works for 1 — n+1 < 0 < 2p; when 6 > 2p condition (ii)
implies that p is vanishing (2p — ¢)-Carleson for all € > 0.

Corollary 4.12. Let pu be a finite positive Borel measure on a bounded strongly pseudoconver

domain D CcC C". If1 — n—_’_l < 0 < 2 is such that there is a continuous inclusion A”( ,(n+

1)(0 — 1)) < LP(u) for some p € [1,400) then the inclusion AP (D, (n+ 1)(0' — 1)) < LP(u) is
compact for all p € [1,4+00) and §' < 6.

Proof. 1t follows immediately from Theorem 4.10 and Remark 4.2. g
We can also use the Berezin transform to characterize vanishing #-Carleson measures:
Theorem 4.13. Let D CC C" be a bounded strongly pseudoconver domain, and choose 1 — %H <
0 < 2. Then the following assertions are equivalent:
(i) w is vanishing 0-Carleson;

(ii) the Berezin transform By of u satisfies §(20) TV~ Bu(zy) — 0 as zg — OD.

Proof. (i)==(ii) Theorem 2.7 and Lemma 2.8 imply that §(zo)™TV1=9/2k_ " is norm-bounded
in A%(D,(n + 1)(f — 1)) and converges to 0 uniformly on compact subsets as zg — dD. So
Theorem 4.10 and Lemma 4.5 imply

5(20)(n+1)(1 H)B,U(Zo) _5(20)(n+1)(1 0) / ez ( |2 ||5(Zo)("+1)(1_9)/2/€z0||%2(u) — 0

as zg — 0D, as desired.

(ii)==(i). Fix r € (0,1), and let &, > 0 be given by Lemma 2.9. Since we are only interested in
the limit as zg goes to the boundary of D, we may assume §(zp) < d,. Then Lemma 2.9 yields
& (B < )2 dpu k du(z) = B
Wﬂ( p (20, 7“)) > | \ M | ZO | u(z) = Bu(zo) -

Bp(z0,7)

Recalling Lemma 2.1 we get

1(Bp(z0,7)) = 6(20)" T Bu(20) = 5(20)(”+1)(1*9)B,u(zo)u(BD(ZO,7’))9 ;
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hence
B )
B0 ()09 By )
I/(BD(ZOaT))
and (i) follows. )

Remark 4.14. The implication (ii)==-(i) holds for all # > 0. On the other hand, condition (i) when
6 > 2 implies that §(z0)°~ Y Bu(zy) — 0 as zp — 9D for all € > 0.

The analogue of Lemma 3.8 is:

Lemma 4.15. Let D C C" be a bounded domain, and 60, n € R. Then a finite positive Borel
measure ju is a vanishing 6-Carleson measure if and only if 6" is a vanishing (6 + '15)-Carleson
measure.

Proof. Assume p is vanishing 6-Carleson, set u,, = 67, and choose € (0,1). Then Lemmas 2.2
and 2.1 yield

tin (Bp(20,7)) 1 n
I/(BD(Z(),T))0+# - V(BD(zo,r))H# ‘/BD(Z(),’I‘) 5(¢)" du(¢)
6(20)"
V(BD(ZO,T))
- 1(Bp(z0, 7))
B Z/(BD(ZOJ“))Q

as zg — 0D because u is vanishing #-Carleson, and so pu, is vanishing (9 + #)—Carleson. Since

i = () —n, the converse follows too. O

IA

0+n77<{7»1 /’[’(BD(Z(%T))

— 0,

On the other hand, uniformly discrete sequences yield vanishing #-Carleson measures only if
they are finite:

Theorem 4.16. Let D CC C" be a bounded strongly pseudoconvex domain, considered as a metric
space with the distance pp = tanh kp, and choose 1 — n%rl <0 <2 LetT = {z;},en be a sequence
in D. Then the following assertions are equivalent:

(i) lir%D N(z0,7,T') =0 for all v € (0,1);

(ii) there exists ro > 0 such that lir%DN(zo,ro,F) =0;

z0—
(ili) po =3 ; 8(z;)"+V6, is a vanishing 0-Carleson measure, where &, is the Dirac measure
m zj;
(iv) T is finite.
Proof. (1)==(ii) is obvious.
(ii)==(iii) We have

NG(BD(ZO,TO)) Z §(Zj)(n+1)9 < 5(20)("+1)9N(z07r0,1“)

k2 EBD(Z(),T‘())QF

0
V(BD(Z(MTO)) N(ZOaTOaF) ;

where we used Lemmas 2.1 and 2.2, and we are done.

PN
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(iii)=(i). Fix r € (0,1), and let §, > 0 be given by Lemma 2.9. Then if §(z9) < J, using as
usual Lemmas 2.2 and 2.1 we obtain

N(z,m,T) = > 6(20)" ks (2)]
z€Bp(zo,r)NI
2 0(z0) RO S 6@ ke (2)°
z€Bp(zo,r)NI

= H‘s(zo)("ﬂ)(l’e)/zkzg H%?(;L@) .

Then Theorem 2.7 and Lemma 2.8 imply that {5(zo)™TV1=9/2k_ 1 is norm-bounded in L?(ug)
and converges to 0 uniformly on compact subsets as zo — dD. Then ||§(zo) D 1=0/2),

2
ollZ2 () =
0 as zg — 0D by Theorem 4.10 and Lemma 4.5, and we are done.

(iii)==(i). Obvious.

(ii)+(iii))==(iv). By (ii) there is dy > 0 such that N(zg,ro,I') = 0 if 6(29) < do; in particular,
I'n{ze D|d(z) <d} =0, and thus I is contained in a relatively compact subset of D. But the
fact that pg is a finite measure implies that I' intersects any relatively compact subset of D in a
finite set, and we are done. O

Remark 4.17. The implication (ii)==-(iii) holds for any ¢ > 0.

5. TOEPLITZ OPERATORS

Definition 5.1. Let D CC C” be a bounded domain. The Toeplitz operator T,, associated to a
finite positive Borel measure p on D is defined by

T.f(z) = /DK(z,w)f(w) dp(w) .

Our aim in this section is to study mapping properties of Toeplitz operators by means of Carleson
properties of the measures. Our first main result shows that being 6-Carleson implies that the
associated Toeplitz operator gives a gain in integrability if we use the correct weights:

Theorem 5.2. Let D CC C" be a bounded strongly pseudoconvex domain. Given 1 < p < +00,

let p' be the conjugate exponent of p. Choose 6 > 1 — n_li_l min (1, ﬁ), and let p be a 8-Carleson

measure on D. Then:

() If0 <1 andp <1 < oy, then Tu: AP(D,(n+ 1)p(6 — 1+ 1 — 1)) — A7(D)
continuously;

(i) if 1 <0 <p and £ < r < +oo, then T,,: AP(D,(n+ 1)p(6 —1+ 1 — 1)) — A"(D)
continuously;

(iil) if 1 <O <p andp <r< p,p—_/e then T,,: AP(D,(n+1)(0 —1—¢)) — A"(D) continuously
for all e > 0;

(iv) if p’ <0 and p <1 < 400, then T,: AP(D,(n+1)(0 — 1 —¢)) — A"(D) continuously for

all e > 0.

Furthermore, in all cases if u is vanishing then T}, is a compact operator between the given spaces.

Proof. Our aim is to estimate ||T), f||, in terms of || f||, s for a suitable 3; to do so, we start by
estimating |7}, f(¢)|, introducing an auxiliary parameter that shall be useful later on.
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Given 1 < p <r < 00, take s € [p,r] and denote by s, respectively ', the conjugate exponent
of s, respectively r. Then:

T, £(C)] < /D K (¢, w)]|f (w)] duw)
- /D K¢ )21 () K ()] Y dufw)

1/p’

< | [ IKGoPe P duw)] " [ 1 autw)

1/p’

< [ / |K<<,w>|”/5|f<w>|pdu<w>}W [ [ IRl sy du(wﬂ ,

by Holder’s inequality and the fact that p is 6-Carleson (notice that p’/s’ > 1). Using Theorem 2.7
we then get

11/p

_ [ IR@P A P datu)| 80O i1 <o < 2
- - 1/1) , ,
60 TS Q1= 4| [ E@ P )P duto)|  oglc)” ifg =2,
- 3 1/
[ @ wPeis )P dutw) ’ 0> 2.
LJ D i

We now have three cases to consider.

(a) 1— %ﬂ << ’S”—,,. Using Minkowski’s integral inequality (see [15, 6.19]) we obtain

p/r

o , r/p
T Al < [ /D [ /D IK(C,w)lp/slf(w)lp(?(C)(”“’“’p/s)(”/p)du(w)] dv(@]

/ !’ / p/r
< / )P [ / K (¢ w)[7/#6(¢) DO /S><f/p>du<<>} dpu(w) .
D D

/

Since we are assuming § < Z and £ > 1, we automatically have (n + 1)(6 — p'/s")(r/p’) <

s’ s

(n+1)((r/s) —1). Thus if

P\ r
we can again apply Theorem 2.7 obtaining
ntp| L (9—1)+1 -1
(53) .01 = [ 1wt O g

Now, Lenma 8.8 says that 8”077 00543 i (9.4 p [0 1) + 2 — 1])-Carleson: there-
fore Theorem 3.3 and Remark 3.4 yield

(5.4) 1T, f]2 < /D | (w)[P5 (w) PO+ =5 ] gy ()

that is 7), maps A?(D,(n+ 1)p(6 — 1+ 1 — %)) into A"(D) continuously.



TOEPLITZ OPERATORS AND CARLESON MEASURES 25

(b) 6 > 5—:. This time Minkowski’s integral inequality yields

17511 = [ L |K(C,w)|p/s|f(W)|pdu(w)]r/p Mo] "

< [ | [ |K<<,w>|*/8du<c>r/rdu(w).

Applying Theorem 2.7 yields to two subcases:
(b.1) If s < r then using Lemma 3.8, Theorem 3.3 and Remark 3.4 we get

1T 1117 / | ) [P ()~ IR )
< / |F(w) [P0 () DE1=2C =2 gy (1)

that is 7), maps A?(D,(n+1)(6 — 1 —p(+ — 1))) into A"(D) continuously.

T

(5.5)

(b.2) If s = r then arguing as before recalling that |log |§(w)|| < §(w) ¢ for all € > 0 we get

(5.6) 1T, fI2 / | () P8 ()~ / | 0) P8 ()= DO gy (1)

for all € > 0 small enough, and so (up to replacing ¢ by e/(n + 1)) it follows that 7, maps
AP(D,(n+1)(# —1—¢)) into A”(D) continuously for all & > 0.

(c) 0= %. This time Minkowski’s integral inequality yields

1T FIE = VD UD|K(¢,w)|p/5|f(w)pé(o—sdu(w)}r/pdy(o]p/r

< [ | [ s o) " dutw)

for all £ > 0 small enough (where this arbitrariness allows us to use, with a slight abuse of notation
but for the sake of simplicity, the same symbol ¢ to denote an arbitrarily small positive constant
whose actual value can change from one line to the next). Thus Theorem 2.7 yields

(5.7) 1T, I < / | () P6(aw) === PG =Dy (a0

and using again Lemma 3.8, Theorem 3.3 and Remark 3.4 we get
P < / () Po(w) =PG5 ) dy(w)

that is 7}, maps A?(D, (n+ 1)p (7 — % —141_¢))into A(D) continuously for all £ > 0.

To prove the theorem we shall now choose s in the most efficient way according to relative values
of , p and r.

(1) @ < 1. We necessarily are in case (a), and thus (i) is proved as soon as (5.2) is satisfied, that

is as soon as
/

p

(5 -0)

r <
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The largest value of the right-hand side is achieved for s = p; furthermore, since » > p, to ensure
a not empty statement we have to require
P 1
<— = 1l <0,
PSmrna-o (n+1(p—1)

and thus we have proved (i).

(2) 1 <6 < p'. We first of all look for s € [p,r] such that 6 < %: and (5.2) is satisfied, to find
out when we fall in case (a). Notice that these two conditions are equivalent to

0 1 0 1

5.8 —< =< =+ —.
(5:8) PSSy Tt

L we can find s € [p,r] satisfying (5.8) if and only if % < %, that is if and only if
(

Since o < 5,

r > ]ﬁ, and thus we have proved (ii).

If instead p < r < p,pie we have 6 > f—: > ’S’—:; therefore if r > p we deduce (iii) from (b.1) taking
p/

s arbitrarily close to r, and if r = p we deduce (iii) from (b.2) if § > ’T’—:, and from (c) if 0 = &
(because r = s in this case).
(3) p’ < 0. In this case we have 6 > % > i’—: always; therefore we deduce (iv) from (b) as before.
Finally, assume that p is vanishing. In cases (i) and (ii), equation (5.3) implies that T}, maps
LP(§%u) into L™(D) continuously, where

a:OHJm(;@—U+i—;>.

Now, by Lemma 4.15 we know that 6%y is vanishing (0 + «/(n + 1))-Carleson; therefore The-
orem 4.10 and Remark 4.11 imply that the inclusion ¢o: AP(D,(n + 1)(0 + a/(n + 1) — 1)) =
AP (D, (n—l—l)p(@—l—l—%—%)) < LP(6“p) is compact. SoT),: AP(D, (n+1)p(9—1—|—%—%)) — A"(D)
is obtained as the composition of a bounded operator with a compact operator, and hence is com-
pact. A similar argument works in cases (iii) and (iv), replacing (5.3) by (5.5), (5.6) or (5.7)
according to the situation. O

Remark 5.3. Notice that if 1 < 6 < p’ then

1 1 !
p(9—1+—>29—1 — r<t_,
rop p—0
therefore the domain of definition of T}, is always the smallest between A? (D, (n+1)p(§—1+1— %))
and AP (D, (n+1)(0 —1—¢)).

Remark 5.4. If 0 < 1 and r > m then (5.2) is never satisfied, and thus the proof breaks

down. This is not surprising: being #-Carleson for § < 1 is a relatively weak condition, and thus
one cannot expect that 7, would map A?(D, (n+ 1)p(d —1+ 1 — %)) into A"(D) for r arbitrarily
high.

Remark 5.5. In the previous proof we used the fact that the argument of T}, is a holomorphic

function only to go from (5.3) to (5.4), because we used there that p is a Carleson measure for a
suitable weighted Bergman spaces AP(D, 3). But if u = §"v with n = (n+ 1)(6 — 1) then the step

from (5.3) to (5.4) works for all f € LP (5(”4’1)17(9_”%_%%), and thus we have shown that Tsn,
maps continuously LP (5("+1)p( ""1+%_%)1/) into L™(D).
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Choosing the parameters so that the weight is positive we obtain the following:

Corollary 5.6. Let D CcC C” be a bounded strongly pseudoconvex domain. Given 1 < p < 400,
let p’ be the conjugate exponent of p. Choose 6 > 1, and let p be a 0-Carleson measure on D.
Then:

(i) if ;P <r <+4oc and 1+ % — 1 <9<y, thenT,: AP(D) — A"(D) continuously;
(i) ifl <0 <p andp <r < p/]ie; orp < 6 and p < r, then T,,: A»(D) — A"(D)
continuously.

Furthermore, in both cases if |1 is vanishing then T}, is a compact operator between the given spaces.

Proof. Tt follows immediately from Theorem 5.2, because Lemma 2.10 implies AP(D) — AP(D, (3)
continuously for all 8 > 0. O

Remark 5.7. We might also consider a weighted Toeplitz operator
TL1) = [ Kz )i dutv)

Since if p is #-Carleson we know that 67y is (9 + %)—Carleson, as a consequence of Theorem 5.2

. . —(nt1)(6-14+1-1) . . .
we obtain that if 1 < p < r then T}, ?’: AP(D) — A"(D) continuously. Indeed, if

1 < p < r then putting ' =1 + % - % we have 1 < 0 < p’ and ﬁ < r always; and clearly
0+ 2 =0 ifand only if = —(n+1)(0 — 1+ 21— 1),

We now consider the case p > 1 and r = 4oc:

Theorem 5.8. Let D CC C™ be a bounded strongly pseudoconvex domain, let 1 < p < 400 and
choose 0 > 1. Let pu be a 0-Carleson measure on D. Then
(i) if1 <0 <p, thenT,: AP(D, (n+1)p(f—1— % —¢)) — A>(D) continuously for all e > 0,
where p’ is the conjugate exponent of p;
(i) if 0 > p/, then T),: AP(D,(n+1)(6 — 1 —¢)) — A>(D) continuously for all e > 0.
If moreover p is vanishing, then T), is compact.

Proof. When 1 < 0 < p’, set n=p— (p— 1), so that 0 < n < 1. Given £ > 0 so that n+ pe < 1
set s =p/(n+ pe). Then p < s < p/nand 6 = % > B where s’ is the conjugate exponent of s;
so (5.1) and Theorem 2.7.(iv) yield

1/p

1T floo = UDf(w)l”5(w)_("“)p/s dp(w)| =2 llpr1y0-1-2) -

Since =1 -2 =p(0 -1 - % — ¢), we are done in this case.

When 6 > p’ we can argue in a similar way choosing s = p/e, since § > p’ > . Furthermore,
when 6§ = 1 we use a similar argument based on the second line of (5.1) with s = p. Finally, the
statement for p vanishing follows as in the proof of Theorem 5.2. d

The case p =1 and r < 400 is completely analogous to Theorem 5.2, noticing that 6 + % —2=
0—1+1-1:

Theorem 5.9. Let D CC C" be a bounded strongly pseudoconvex domain. Given 0 < 6, let u be
a 0-Carleson measure on D. Then:

(i) T,: AY(D,(n+1)(6 + L —2)) — A™(D) continuously for all 1 < r < +ooc.
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(ii) T,: AY(D,(n+1)(6 — 1 —¢)) — AY(D) continuously for all small e > 0.
Furthermore, in both cases if u is vanishing then T, is compact.

Proof. Using again Minkowski’s integral inequality (or plain Fubini’s theorem when r = 1) and
Theorem 2.7 we obtain

sl < [ [ ([ il du) a)] v
< [ [[ |K<<,w>|’“du<<>]l/r du(uw)

[ iseo = e
/|f )I6(w) "V duw) it =1,

where 7’ is the conjugated exponent of » when r > 1, and € > 0 is arbitrary when r = 1. Recalling
Lemma 3.8, Theorem 3.3 and Remark 3.4 we obtain

D | (w)|6(w) "+ (o+ )dv( ) ifr>1,
1T Sl =
/ | (w)]6(w) VO gy (w)  if r =1,
D

and we have proved (i) and (ii).

Assume finally that p is vanishing. The previous computation implies that when r > 1 the
Toeplitz operator T), maps L' (5’("+1)/T/u) into L™(D) continuously. Now, by Lemma 4.15 we know
that 5’(”“)/”'# is vanishing (9 - %)—Carleson; therefore Theorem 4.10 and Remark 4.11 imply
that the inclusion ¢: A'(D, (n+1)(6 + 1 —2)) — LY(6=(+D/ 1) is compact. So T,: AY(D, (n+
1)(0 + L1 —2)) — A"(D) is obtained as the composition of a bounded operator with a compact
operator, and hence is compact. A similar argument works for r = 1. O

We also have a statement for p =1 and r = 4o0:

Theorem 5.10. Let D CC C™ be a bounded strongly pseudoconver domain, and choose 0 < 6.
Let p be a 0-Carleson measure on D. Then T,,: AY(D,(n+1)(0 —2)) — A>®(D) continuously. If
moreover i s vanishing then T, is compact.

Proof. Using Theorem 2.7.(iv), arguing as usual we obtain
T floe < sup [ 1K) ()] die)
zeD JD
< [ 1r@lste) = dutw) = [ 17@)l5) 0 )
D

as claimed. Furthermore, when p is vanishing the usual argument works, and we are done. O

Remark 5.11. In particular, if u is Carleson, then T}, maps A’ (D, —(n+ 1)) into A°°(D) continu-
ously.

We would like now to investigate the converse implications, using mapping properties of the
Toeplitz operator to infer Carleson properties of the measure.
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A piece of notation: if f, g: D — C are such that fg € L'(D) we shall write

- / F(2)g(@) dv(z) .
D

Then the main result linking Toeplitz operators and Carleson properties is the following basic fact:
Proposition 5.12. Let p be a finite positive Borel measure on a bounded domain D CC C™. Then
B:U'(ZO) = <Tﬂk207kzo> :

Proof. Indeed using the reproducing property of the Bergman kernel we have

dp(w)

\K w, 29)|
2072’0

w,zO </Kw w0 2) vz >> dp(w)
K(r.2)

= K(’LU ZO) (E w w Ki vx
/< D /K (20, 20) ol )> K(Zoazo)d()

~ [ ([ ok dute) ) @ avte

= <Tukzo>kzo> :

Let us begin with the case 1 < p <1 < 400:

Theorem 5.13. Let D CC C" be a bounded strongly pseudoconvexr domain. Let p be a finite
positive Borel measure on D. Given 1 < p < 400, assume that T),: Ap(D7 (n+ 1),6’) — A™(D)
continuously for some p < r < +oo. Then

1) ¢ < p<p-— then p s + =4+ = —=)-Carleson,
1) if —537 < B 1, th 1+ 241 1) Carl
(ii)) if B=p—1, then u is (2—7—5) Carleson for all € > 0;
(iil) if B >p—1, then p is (2—;) Carleson.

Furthermore, in cases (1) and (ii) if T, is compact then p is vanishing.

Proof. Denoting by 7’ the conjugate exponent of r, Proposition 5.12, Holder’s inequality and the
assumption yield

BN(ZO) = <Tuk20ak20> < HTukZUHerZOHT’ = ”kZOHp,(nJrl)ﬁ“kZUHr’ .
We can now use Theorem 2.7. In case (i) we have
Biu(z0) < 8(z0) V7] = () 0333

and the assertion follows from Theorem 3.7.
Analogously, in case (ii) we have

Bu(z0) < 6(z0) "HOlE—=+ 73] = ()03

for all € > 0, and again the assertion follows from Theorem 3.7. Case (iii) is identical.
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Finally, assume that 7}, is compact, and set 6 =1+ + L in case (i), § =2 — 1 — ¢ in case

(i), and = 2 — % in case (111) Then Proposition 5.12 ylelds
8(20) " TVU=D Bu(zo) < 8(20) " TONT kg [zl

1

5(z0) V=570 | Tk, |l i~y < B <p—1,
<060 VD Tkl HB=p -1,
6(20) "2 | Tk | if4>p-1L.
If we denote by n the exponent of §(zp) in cases (i) and (ii), {0(20)"kz,}z0ep is bounded in
AP (D, (n+1) ﬂ) by Theorem 2.7, and converges to 0 uniformly on compact subsets as zg — 0D by
Lemma 2.8; therefore the compactness of 7}, together with Lemma 4.6 and Proposition 4.7 yield

3(20)"| T k2ol — 0 as zg — 0D, and the assertion follows from Theorem 4.13 and Remark 4.14.
0

Remark 5.14. Since §(zp)~"+t1/2k,  does not converge to 0 uniformly on compact subsets as
zo — OD but it is merely uniformly bounded, in case (iii) we cannot conclude that p is vanishing.

Remark 5.15. Case (i) for § = 0 and p = r shows that if T,: A?(D) — AP(D) is continuous
(respectively, compact) then p is (respectively, vanishing) Carleson.

We have a similar statement for p = 1 too, but the proof that if 7}, is compact then p is vanishing
requires a few preliminary lemmas:

Lemma 5.16. Let D CC C™ be a bounded strongly pseudoconvex domain, choose € > 0 and
max {1 -1 1- s} < 0, and let v be a O-Carleson measure. Then:

n+17
(i) if e > 1, then {8(z)™tVE= Dk, Y. ep is norm-bounded in L* (1) for all s > 1;
(ii) if0<e <1 and@>1, then H(S(zo )(n+D)(E=3) H < §(20) Ve for all 1 < s < 6;

(i) if 0 <e <1 and max{l +1,1 - 5} <6<1, then {8(20) " DE=Dk, Y. cp is norm-
bounded in L*(p) for all1 < s < ;&
Proof. If & > 1 then {0(zp)" V(= 2)k, }, cp is uniformly bounded by Theorem 2.7.(iv), and (i)
follows.

Assume then 0 < & < 1. Then using as usual Theorem 3.3, Remark 3.4 and Theorem 2.7 for
any s > 1 we obtain

||5(zo)("+1)(67%)k .

)= 3(a) ™ | [ oy (01 o) "

1/s
< §(z0)HD(E2) { / k2o (€)|78(¢) (DO du(<>}
D

(o) TDETED if g < s,
= ¢ 8(z) D= for any n > 0if § = s,
§(zp) e if > s,
and (ii) and (iii) follow. O

Lemma 5.17. Let D CC C" be a bounded strongly pseudoconver domain, and pu a positive finite
Borel measure on D. Assume that { fi.} is a sequence converging to 0 uniformly on compact subsets
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and norm-bounded in L*(p) for some 1 < s < +oo. Then {T,,fr} converges to 0 uniformly on
compact subsets.

Proof. Fix Dy CC D. As we already noticed, [23, Theorem 2] implies that |K(z,w)| < C for all
z € Dy and w € D; therefore

T, fi(2)] < /D K (2 0)|| ()| dp(w) < C /D [ fi(w)] dps(aw)

for all z € Dy. So it suffices to show that [} |fi(w)|dpu(w) — 0 as k — 4oco knowing that
fr. — 0 uniformly on compact subsets and || fx|zs(,) < M for some 1 < s < 4o00. If s = +o0
the assertion follows from the dominated convergence theorem; assume then 1 < s < 400, and
let s’ be its conjugate exponent. Given e > 0, choose i > 0 so that u(D,) < (¢/2M)*, where
D, ={w € D | é(w) < n}. Choose now kg so that

sup | fi(w)] < v
(w0 < &
weD\D,, 2u(D\ Dy)

for all £ > kg. Then
/D uw)ldutw) < [ fuCw ) + /D QLA

D\D
€ o
S5t [ fell e gy (D) < €
for all k£ > kg, and we are done. O

Corollary 5.18. Let D CC C" be a bounded strongly pseudoconvexr domain, choose € > 0 and
0 > max{l — %—H’l —5}, and let v be a 0-Carleson measure. Then 5(20)(’”1)(5*%)Tﬂkz0 -0
uniformly on compact subsets as zg — OD.

Proof. Tt follows immediately from Lemmas 2.8, 5.16 and 5.17. g
We can now deal with the case p=1<r < +o0:

Theorem 5.19. Let D CC C™ be a bounded strongly pseudoconvex domain. Let p be a finite
positive Borel measure on D. Assume that T,,: A*(D,(n+1)B) — A"(D) continuously for some
1<r<+4o00. Then
(i) iffn%_l < B <0, then p is (2 + 5 - %)—Carleson;
(ii) if B=0, then p is (2 — % —¢)-Carleson for all e > 0;
(iii) if B> 0, then p is (2 — %)—Carleson.

Furthermore, in cases (i) and (ii) if T,, is compact and r > 1 then p is vanishing.

Proof. The first part of the proof goes exactly as for Theorem 5.13: denoting by 7’ the conjugate
exponent of r, Proposition 5.12, the Holder inequality and the assumption yield

Buu(zo0) = (Tukzgs kzg) < N Tukzollr [zl = M1zl nnyall oz [l -
We can now use Theorem 2.7. In case (i) we have
B,U/(ZO) < 5(20)(n+1)[1+ﬂ—%] ,

and the assertion follows from Theorem 3.7.
Analogously, in case (ii) we have

1

Bp(z0) = 8(z0) " Vl=e7]
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for all € > 0, and again the assertion follows from Theorem 3.7. Case (iii) is identical.

Finally, assume that 7T}, is compact; in this case the argument is slightly different because we
cannot apply Lemma 4.6 and Proposition 4.7. Anyway, set § =2+ 3 — % incase (i), =2—+—¢
in case (ii), and 6 = 2 — 1 in case (iii). Then Proposition 5.12 yields

8(20) " V=D Bu(zo) < 8(20) "V ONTkzy [l ezl

3(z0) "I DTk | i~ < B <0,
=40 >(”+”< Tk, i 5=0,
5(20) ™% | Tykeso I if § > 0.
If we denote by 7 the exponent of §(zg) in cases (i) and (ii), {6(z0)"kz, } z0ep is norm-bounded in
Al (D7 (n+ l)ﬂ) by Theorem 2.7, and 6(z0)"T}, k., converges to 0 uniformly on compact subsets as
29 — 0D by Corollary 5.18 (that we can use because r > 1); we claim that §(z0)"|| T,k |~ — 0. If
not, we can find a sequence z; — 9D and 0 > 0 such that §(z;)"|| Tk, |l > 6 for all j € N. Now,
since {0(20)"k~, }20ep is norm-bounded and 7}, is compact, up to a subsequence we can assume
that 6(z;)"T,k., — h € A"(D) strongly. But we know that §(z;)"T,,k., — 0 uniformly on compact
subsets; therefore h = 0 and thus §(2;)"|| Tk, ||, — 0, contradiction.
So 6(z0)"|T ks, llr — 0 as zgp — 0D, and the assertion follows from Theorem 4.13 and Re-
mark 4.14. O

We finally have a statement for 1 < p < 400 and r = 400 too:

Theorem 5.20. Let D CC C" be a bounded strongly pseudoconvex domain. Let p be a finite
positive Borel measure on D. Given 1 < p < 400, assume that T, : AP (D, (n+ 1)ﬁ) — A*(D)
continuously. Then

(i) if — n+1 <pB<p-—1, then p is (1 + % + % —E)—Carlesonfor all e > 0;
(ii) if B > p—1, then p is (2 — e)-Carleson for all £ > 0.

Furthermore, in both cases u is vanishing.

Proof. Proposition 5.12, Holder’s inequality and the assumption yield
BN(ZO) = <Tukakzo> < ||THkZ0||OO||kZUH1 = Hk20||p,(n+1)ﬁHk2:o||1 .

We can now use Theorem 2.7. In case (i) with f < p — 1 we have

1,.B8_ 1 4 1_
Bu(zo)jé(z())("+1)[§+p L+ _ §(z) D3+ 2]

and the assertion follows from Theorem 3.7.
Analogously, in case (i) with § = p — 1 we have
Bu(z0) % 8(z0) VL7t = () (0=

for all € > 0, and again the assertion follows from Theorem 3.7. Case (ii) is identical, and the final
assertion follows from Remark 4.2. O

Remark 5.21. A similar argument shows that if T),: A> (D, (n+1)3) — A>(D) continuously then
(i) if 0 < @ < 1 then p is vanishing (1 +  — ¢)-Carleson for all € > 0, and
(ii) if B > 1 then p is vanishing (2 — €)-Carleson for all € > 0.

We finally summarize our results giving a few “if and only if” statements. We begin with some
general though technical results:
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Corollary 5.22. Let D CC C™ be a bounded strongly pseudoconver domain. Given 1 < p < +00,

choose 1 — m < 0 < 1. Then a finite positive Borel measure p on D is 0-Carleson (respectively,
vanishing 0-Carleson) if and only if T,: AP(D,(n+ 1)p(6 — 1+ 2 — %)) — A™(D) continuously

(respectively, is compact) for some (and hence all) p < r < min <(n+ﬁggi)9)+n, (n+1§;1_9)>, where

p’ is the conjugate exponent of p.

Proof. One direction follows from Theorem 5.2.(i), while the converse follows from Theorem 5.13.(i)

applied to 8 =p(0 — 1+ % — %); notice that the assumption on r ensures that —n%rl <pB<p-1,

and the assumption on 6 ensures that p < %. O

Corollary 5.23. Let D CC C" be a bounded strongly pseudoconver domain, and choose 1 <
p < +oo. Then a positive finite Borel measure p on D is 0-Carleson (respectively, vanishing

0-Carleson) for all 0 < 1 if and only if T,: AP(D, (n + 1)p(+ — % —¢€)) — A"(D) continuously

(respectively, is compact) for some (and hence all) p <r <p (1 + %) and all € > 0.
Proof. Tt follows from the previous corollary. O

Corollary 5.24. Let D CC C™ be a bounded strongly pseudoconvexr domain, and choose 1 — #—1 <

0 < 1. Then a positive finite Borel measure p on D is 0-Carleson (respectively, vanishing 0-
Carleson) if and only if T,,: A'(D,(n+1)(0 —1+ 1 —1)) — A"(D) continuously (respectively, is
compact) for some (and hence all) 1 < r < W. In particular, p is Carleson (respectively,
vanishing Carleson) if and only if T,,: A* (D, (n+ 1)(% — 1)) — A"(D) continuously (respectively,
is compact) for some (and hence all) 1 <r <1+ *.

Proof. One direction is Theorem 5.9, while the converse follows from Theorem 5.19 applied with
f=0—-1+ % — 1; notice that the assumption on r ensures that —n%rl < B <1, and the assumption

on 6 ensures that 1 < W. g
We obtain more expressive corollaries if we strive for clarity instead of generality:

Corollary 5.25. Let D CC C" be a bounded strongly pseudoconvex domain. Let p be a finite
positive Borel measure on D, and take 1 < p < r < 4o00. Then the following statements are
equivalent:

(i) T,: AP(D) — A™(D) continuously (respectively, compactly);

(ii) p is (respectively, vanishing) (1 + % - %)-Carleson.
Proof. (1)=(ii) follows immediately from Theorem 5.13, while (ii)=-(i) follows from Theorem 5.2
noticing that if9:1+%—%then1<p<rimpliesl<9<p’ and p,p—fe <r. O

Remark 5.26. The implication (i)==-(ii) holds for p = r too; the best result we have for the reverse
implication when p = r is Corollary 5.29 below.

As recalled in the introduction, in [10] Cu¢kovié and McNeal studied special Toeplitz operators
of the form

Ty f(2) = /D K (2, w) f(w)S(w)" dy(w)

In our context, Tyn = Tgn,. Since §"v is (1 + nj’rl)—Carleson by Lemma 3.8, we can recover the

main Theorem 1.2 of [10] as a consequence of our Corollary 5.25; in particular, it follows that the
gain in the exponents proved in [10] is sharp.
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Corollary 5.27. Let D CC C™ be a bounded strongly pseudoconvexr domain, and let n > 0.
(a) If0<n<n+1, then:

(i) if 1 <p < oo and nTlrin < P, then Tsn: LP(D) — LPTE(D) continuously, where

G=p*/ ("7“ *p);
(ii) conversely, if 1 < p < oo and Tsn: LP(D) — LPT9(D) continuously for some g > 0
then g < G, that is the gain in the exponent in (i) is sharp;
(i) if 1 < p < oo and ni—ﬁn > Py, then Tso: LP(D) — L7(D) continuously for all
p <17 <o0.
(b) If n > n+1, then Tsa: L*(D) — L>°(D) continuously.

Proof. First of all, notice that 0 < n < n + 1 and -2 < p% are equivalent to requiring that

n+1—n 1
0§HL_H<%,andthus1+%79>0,where0:1+ni+l.Then
1 1
14— —14--- r=p+G,
n+ p T

and thus (a).(i) follows immediately from Corollary 5.25 and Remark 5.5.
Conversely, if Ts» maps LP(D) into LPT9(D) it also maps AP(D) into APT9(D). Then Corol-
lary 5.25 implies that 67v is <1 + 1% - )—Carleson. Thus, by Example 3.9, we have

p+g
1 1
1+-—-——-—<1+ i )
p pt+g n+1
which is equivalent to g < G, and we have proved (a).(ii).
Furthermore, if n:‘_‘ﬂn > pfl we have nL_H > % and thus, setting again § = 1 + ni—i-l’ we have

0>1+ % - % for all r > p; therefore Corollary 5.25 and Remark 5.5 again imply that T5» maps
L?(D) into L™ (D) continuously for all p < r < oo, that is (a).(iii).
Finally, (b) is a trivial consequence of Theorem 2.7.(iv). O

Corollary 5.28. Let D CC C™ be a bounded strongly pseudoconvex domain. Let p be a finite
positive Borel measure on D, and take 1 < p <r <p (1 + %) Then the following statements are

equivalent:
(i) T.: AP(D, (n+1)p(+ — %)) — A"(D) continuously (respectively, compactly);
(ii) p s (respectively, vanishing) Carleson.

Proof. When p > 1, (i)=(ii) follows immediately from Theorem 5.13 with —%H <pf=2-1<0,

while (ii)==(i) follows from Theorem 5.2 noticing that p,p—Ll =p.
When p = 1, one instead uses Theorems 5.9 and 5.19. g

Corollary 5.29. Let D CC C" be a bounded strongly pseudoconvex domain. Let p be a finite
positive Borel measure on D, and take 1 < p < 400. Then the following statements are equivalent:
(i) T,: A (D, —(n+ 1)5) — AP(D) continuously (respectively, compactly) for all € > 0;

(ii) p is (respectively, vanishing) 6-Carleson for all 6 < 1.

Proof. 1t follows immediately from Theorems 5.13 and 5.2 when p > 1, and from Theorems 5.9
and 5.19 when p = 1. O

Corollary 5.30. Let D CC C" be a bounded strongly pseudoconvex domain. Let p be a finite
positive Borel measure on D, and take 1 < r < 4+oo. Then the following statements are equivalent:

(i) T,: A (D, —(n+ 1)5) — A"(D) continuously (respectively, compactly) for all € > 0;
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(ii) p is (respectively, vanishing) 6-Carleson for all § <2 — 1.
Proof. Tt follows immediately from Theorems 5.9 and 5.19. g

Corollary 5.31. Let D CC C™ be a bounded strongly pseudoconvex domain. Let u be a finite
positive Borel measure on D, and take 1 < p < +00. Then the following statements are equivalent:

(i) T,: AP (D7 —(n+ 1)5) — A>®(D) continuously (respectively, compactly) for all e > 0;
(i1) p is (respectively, vanishing) 6-Carleson for all <1+ %.

Proof. Tt follows immediately from Theorems 5.10, 5.8 and 5.20. O

Remark 5.32. The techniques we introduced can clearly be used to study mapping properties of
Toeplitz operators having unweighted Bergman spaces as domain and weighted Bergman spaces
as codomain; we leave the details to the interested reader.
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