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Abstract

We consider the problem of hypotheses testing in the situation
where the first hypothesis is simple and the second one is one-sided
local composite. We describe the choice of thresholds and the power
functions of different tests when the intensity function of the inhomo-
geneous Poisson process has two different types of singularity: cusp
and discontinuity. The asymptotic results are illustrated by the nu-
merical simulations.
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1 Introduction

This is the second part of the study devoted to hypotheses testing problems
in the case of observations of the inhomogeneous Poisson processes. The first
part is devoted to the problems in the regular smooth case situation [3] and
the second part is concerned . We suppose that the intensity function A (¢, )
of the inhomogeneous Poisson process depends on the unknown parameter 1
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in non regular way. For example, the Fisher information is infinite. The basic
hypothesis is always simple (J = ;) and the alternative is local one-sided
(¥ > 91). In the first part it was described the asymptotic behavior of the
score-function test (SCF), general likelihood ratio test (GLRT), Wald test
(WT) and of two Bayesian tests (BT1, BT2). It was shown that the tests
SCF, GLRT and WT are locally asymptotically uniformly most powerful.
In the present work we study the asymptotic behavior of the GLRT, WT,
BT1 and BT2 in two non regular (non smooth) situations. At particularly,
we study the tests when the intensity functions has cusp-type singularity
and jump-type singularity. In both cases the Fisher information is infinite.
The local alternative is obtained by the following re-parametrization 9 =
Y1 + upp, u > 0. The rate of convergence ¢,, — 0 depends on the order of
singularity. In the cusp case ¢, ~ n~ %71 and in the discontinuous case Pp ~
n~!. Our goal is to describe the choice of the thresholds and the behavior of
the power functions as n — oo. The important difference between smooth
and non-smooth cases is due to the absence of the criteria of optimality.
This leads to the situation when the comparison of the power functions can
be done numerically only. That is why we present the results of numerical
simulations of the limit power functions and the comparison of them with
the power functions with small and large volumes of observations (small and
large n).

Recall that X = (X¢,t > 0); X, = 0is an inhomogeneous Poisson process
with intensity function A (t), if Xy = 0, the increments of X on disjoint
intervals are independent and distributed according to the Poisson law
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We suppose that the intensity function depends on some one-dimensional
parameter, i.e., A (t) = A (J,¢) and the basic hypothesis is simple : ¥ = ¥;.
The alternative is one-sided composite ¥ > ;.

The hypotheses testing problems for inhomogeneous Poisson processes
were studied by many authors, see, for example, [12],[5], [3] and the references
therein.



2 Preliminaries

We consider the model of n observations of independent inhomogeneous Pois-
son processes X" = (Xi,...,X,), where X; = {X; (¢),0 <t <7} and

EyX;(t)=A0,t) = /t)\(ﬂ, s) ds.

We use here the same notations as in [3]. Here ¥ is one-dimensional pa-
rameter and Ey is the mathematical expectation, when the true value is 9.
The intensity function is supposed to be separated from zero on [0, 7|, the
measures corresponding to Poisson processes with the different values of
are equivalent and the likelihood function is defined by the equality

LY, X") = exp{zn:/OTln)\(ﬁ,t) dX; (t) —n/OT A (9,t) —1] dt}.

In non-regular situation we have no UMP test and it is interesting to
compare the power functions of the different tests with the power function
of the Neyman-Pearson test (N-PT). Let us recall the definition of N-PT.
Suppose that we have two simple hypotheses J# : 9 = ¥, and 74 : V¥ = 0,
and our goal is to construct a test ¢, (X™) of size ¢, i.e. a test with the
fixed given probability of error of first kind: Ey ¢, (X™) = ¢. As usual, the
test lﬁn (X™) is the probability to reject the hypothesis % and, of course, to
accept the hypothesis 743.

Let us denote the likelihood ratio statistic as

L (99,91, X™) = L (02, X™) /L (¥1,X™).
Then by the Neyman-Pearson Lemma [13] the N-PT is

1, if L(ﬂg,’l?l,Xn) >b€,
Un (X") = Qe i L (0,01, X") = b,
0, if L(’l92,’l91,Xn) < b,.
The constants b. and ¢. are solutions of the equation

P191 (L (192’191’)(”) > b6) + q6P191 (L (192’191’Xn) = be) =Ee.

In this work we consider the construction of the tests in the following
hypotheses testing problem

S U = vy,
% : 19>"l91, <1>



i.e.; we have a simple hypothesis against one-sided composite alternative.
The log likelihood ratio function can be written as follows

In L(9, 0, X™) = Z/OTln %dxj () — n/o (W, 1) — A (0, £)] dt.

The power function of the test U, (X™) is B (19, 1/_Jn) = Ey, (X™),9 > V.
Denote by K. the class of tests 1, of asymptotic size e:

K. = {@Z_)n ; JLIEIOEgl’(/_Jn (X") = 5} .

In this work we study several tests which belong to the class .. To compare
these tests by their power functions we consider, as usual, the approach of
close or contiguous alternatives because for any fixed alternative the power
functions of all tests converge to the same value 1. Let us put ¥ = 9, + p,u,
where ¢, = ¢, (1) > 0. Here ¢, — 0 and the rate of convergence depends
on the type of the singularity of the intensity function.

Now the initial problem of hypotheses testing can be rewritten as follows

J0 u =0,
H u > 0. (2)

The considered tests are usually of the form

Yy = Wy, (xrysey + @ Ly, (xm)=c. s

where the constant c. is defined with the help of the limit random variable
Y (suppose that Y,, = Y under hypothesis) by the following relation

Eﬂﬂ/jn = Pgl {Yn (Xn) > Ce} —+ QEPgl {Yn (Xn) = Ce} — Pgl {Y > CE} =¢£
if the limit random variable Y is continuous and by
Pgl {Y > CE} + q€P191 {Y = Cs} =£

if Y has distribution function with jumps.
The corresponding power function we denoted as

Bn (IETHU/) = Eﬂ1+<pnu ’lﬁn, u > 0

and the coparison of the tests corresponds to the comparison of their limit
power functions.



We consider two different models of close alternatives in non smooth
cases. In both cases the function A (9, t) is not differentiable and the Fisher
information is infinite. At particularly, we study the behavior of the tests
in two situations. The first one is cusp case when the intensity function is
continuous but not differentiable and the second is discontinuous intensity
case. In both cases the intensity functions A (¢,¢) has no derivative at the
point t = 9.

Note that these statistical models were already studied before in the prob-
lems of parameter estimation (see [1] for the cusp type singularity and [9]
for discontninous type singularity) and here we will show the properties of
the tests. The main tool, of course, is the limit behavior of the normalized
likelihood ratio function, which was already studied before in the mentioned
works but in a slightly different situations. The proofs given in this work are
mainly based on the results presented in [1] and [9].

Recall that in the non regular cases consdered in this work there is no
LAUMP tests that is why the special attention is paid to the numerical
simulations of the limit power functions.

3 Cusp type singularity
Suppose that the intensity function of the observed Poison process is
AW t)=alt—=9|"+h(t), 0<t<m, ¥ € O = [V,

where k € (0,1/2), 91 > 0,b < 7 and h(+) is a known positive bounded func-
tion. To study the local alternatives we introduce the normalizing function

I 20°B (k+ 1,k + 1) 1
n=n 2] H 2 = ’ —1
P = h h (Y1) cos (TK) ’

where B (-, ) is the Beta-function and H = k + 3 is the Hurst parameter.
The change of variables ¥ = 17 + ¢, u reduces the initial problem (1) to
the hypotheses testing problem (2).
Introduce the stochastic process

2H
Z(u):exp{WH(u)— |u|2 }, u€e Ry,

where WH (-) is a fractional Brownian motion. Further let us define the
random variable @ by the relation

Z () = sup Z (u)

u>0

bt



and introduce the reals h. and g. as solutions of the equations
P(Z(4) > h.)=¢, P(i>g.)=c¢. (3)

Note that the likelihood ratio Z (u) is the same as the likelihood ratio
of the similar hypothesis problem (u = 0 against u > 0) in the case of
observations (Y (v),v > 0) of the following type

dY (v) = Tgpeyy dv +dWH (v), v >0.

The uniformly most powerfull (UMP) test in this problem does not exist and
we have no asymptotically UMP tests in our problem.

3.1 GLRT
The GLRT is defined by the relations

VYo (X™) = Tig(xm)>h.ys

where

Q(X") = sup L (9,91, X") = L (J 90, X")
v>91

and 1§n is the maximum likelihood estimator.
Let us introduce the function

| |2H

2H
B(u):P{sup [WH<S)—%] >1nh€—uT}, u > 0.

s>0

The properties of this test are given in the following Proposition.

Proposition 1. The GLRT v, (X™) belongs to K. and its power function in
the case of local alternatives ¥ = 91 + ppu,u > 0 has the following limit

B () — B(w).
Proof. Introduce the normalized likelihood ratio process

L (Y + @pv, X™)
L (9, X™)

Zn (V) = L (9, 4 @nv, X") = , VeV =10, (b—1)],

and define the function Z, (v) lineary decreasing to zero on the interval
[0t (b—11),0,  (b—1;)+ 1] and Z, (v) = 0 for all v > ;' (b— ;) + 1.
Now the random function Z, (v) is defined on R .
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Let us fix some d < 0 and denote as C; = Cy4 (R4) the space of continuous
functions on R, = [d, 00) with the property lim, . z (v) = 0. Introduce the
uniform metric on this space and denote by B the corresponding borelian
o-algebra.

Let Q,, and Q be the measures induced on the measurable space (C4, B)
by the stochastic processes Z, (v),v > d and Z (v),v > d. The continuity
with probability 1 of the random functions Z, (v),v > d follows from the
inequality (6) below and the Kolmogorov theorem.

When we study the likelihood ratio process under hypothesis 77 we take
d = 0 and consider the corresponding measurable space (Cp,B). Under
alternative 7 with v = 9, = ¥; + ¢,u we will use this space with d = —u.

Suppose that we already proved the following weak convergence in (Cy, B)
(under hypothesis 74)

Q. — Q. (4)

Then the distributions of all continuous in the uniform metric functionals
® (Z,,) converge to the distribution of ® (7). At particularly, if we take

® (2) = sup 2 (v) — he,

v>0

then this weak convergence gives us the following relations

Pfﬁ) {sup L (9,9, X") > he} = Pfﬁ) {sup Zy (v) > he}

9> v>0

— Py, {supZ(v) > hg} =P{Z(u) > h.} =c.

v>0

Therefore the test @@n e K..

We do not know an analytical solution of this equation that is why we
turn to the simulation method and choose the constant h. from numerical
simulations. Note that h. = h. (H) and does not depend on I'y,.

To study the power function we consider the same likelihood ratio process
but under alternative ¥, = 91 + p,u. We can write

L0+ onv, X") L0y, X") L (V1 + puv, X")

Zn ('U) = L (ﬁl’Xn) N L (’191, ) L (ﬁu’X")
. <L(z9u—sonu,X")) L (9 + (v = W)pn, X")
L (0, X") L (9, X™)
=Zo ()" Zy (v —u), vz0



with obvious notation. The difference between Z, (-) and Z, (-) is that the
true value 1in the first case is fixed ¥; and in the second case it runs ¢, =
Y1 + ppu. The random variables Z. (—u) converge in distribution to Z (—u).
For the random process Z, (v —u),v > 0 we have a similar joint convergence:
for any fixed v > 0

(Zn (—u), Zn (v — u)) — (Z(—u),Z (v —u)).

Let us denote by Qn and Q the measures induced by the processes (Zn (v),

v > —u) and (Z (v),v > —u) in the measurable space (C_,, B) and suppose

that we already proved the weak convergence

Q. = Q. (5)

Then for the power function we can write

Pgi) {sup Zn (v) > ha}

v>0

:P;n){~ 1 L<19U+<U_u)¢nax )>h5}

Z, (—u) " su
( ) v>%) L (191“ Xn)

v>0

— Py, {(Z (—u)) " supexp {WH (v—u)— %} > he}

[ " s~ ul
=P Ssup [-W" (—u) + W (s —u) — + > In h,

s>0 2 2
[ ow s = R
=P<sup (W7 (s) = ————| >Inh. — —— > = (u).
s>0 2 2

This power function is obtained below with the help of numerical simu-
lations (see section 3.4).

To finish the proof we need to verify the convergence (5). To do this we
follow the proof of the convergence (4) given in [1]. Moreover, we present
here the uniform w.r.t. ¥ version of this convergence,i.e., we suppose that
Y1 =1 (n), where J (n) € K and K is an arbitrary compact in ©.

Introduce following relations.

v

1. The finite-dimensional distributions of the random process Zy (v) ,v
—u converge to the finite-dimensional distributions of Z (v),v > —u
uniformlyin ¢ € K.



2. There exists a positive constant C such that

- . 2
sup Ey, Z}L/Z (vg) — Zrl/2 (vl)‘ < C vy — vl\w, Uy, Vg > —U.

¥ €K
(6)
3. There exists a positive constant ¢ such that

sup Bg, 23 (v) < exp {—clo — uf""} (7)
1 €K

The proofs of these relations are slight modifications of the proofs given in
[1]. Note that the characteristic function of the vector

Zn (u), Zn (01) ..., Zn (vp)

can be written explicitly and the convergence of the characteristic functions
to the characteristic function of the limit process can be done directly (see
[1], Lemma 5).

The inequalities (6) and (7) follow from the [1], Lemma 6 and Lemma
7 respectively. These relations allow us to apply the Theorem 1.10.1 in [7],
where the weak convergence (5) under conditions 1-3 was proved. Note that
the convergence (4) is a particular case of (5) which corresponds to u = 0.

3.2 Wald test
The MLE 9, is defined by the equation

L (én,ﬁl,xn) — sup L (9,91, X").
veO

The test of Wald (WT) has the following form
PO (X)) = H{w;1<1§n_01)>gs},

where the threshold g. is solution of the equation (3). Introduce as well the
random variable 4, as solution of the equation

sup Z (v) = Z () .

v>—u

Proposition 2. The WT belongs to K. and its power function in the case
of local alternatives ¥ = Y1 + @ u,u > 0 has the following limait

B (W, u) — 57 (u) = P (4 > g —u).



Proof. The MLE (under hypothesis .7#) converges in distribution

Hence 92 € K.. For the proof see [1]. Recall that this convergence is a
consequence of the weak convergence (4). Moreover, it is uniform w.r.t.
Y7 € K. Let us study this estimator under alternative v, = ¥; + p,u. We
have

=Py, sup L(0,9,,X")> sup L(0,9,,X")
on 1 (0—0y) <z onl(0—09,)>x

=Py, ( sup  Zy, (v) > sup Z, (v)) —P | sup Z(v)> supZ(v))

—u<v<z V> —ulv<lz vV>x
=P (u, < 2)
Here Lo o
Zo(o) = Lt XD

L9, X") -
The limit of the power function of this test for the local alternative 9, =
Y1 + up, we obtain from this convergence as follows:

B2, u) =Py, {%f <1§n—19u) —|—u>g€}
— P {i, > g. —u} =5 (u).

The threshold g. and the power function 5°(u) are obtained by the nu-
merical simulations below.

3.3 Bayesian tests

Suppose that the parameter 9 is a random variable with the density a priori
p(0),9; <0 < b. This function is supposed to be continuous and positive.
We consider two tests. The first bayesian test is like WT but is based
on the bayesian estimator and the second test is based on the the averaged
likelihood ratio.
First test. Suppose that the loss function is quadratic, then the bayesian
estimator ¥, is the following conditional expectation

L oSy Op () L (6, X™)db
U _/ﬁl o (O1X") b = S pO) L0, X7)do
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Introduce the test (BT1)
U (X)) = H{¢;1(5n7ﬁ1)>kg}’

where the constant k. is solution of the equation

“uZ (v)d
Pla>k)—c = tZ@dv
Jo" Z (v)dv
Introduce as well the function
[ZvZ (v)dv

u > 0.

B(u):P(fL*>k€), a*zm, >

Proposition 3. The BT1 ¢, (X") € K. and its power function

Proof. The bayesian estimator ¥, is consistent and has the following
limit distribution (under hypothesis .77)

ot ("5‘” — 191> = U.

For the proof see [1]. Hence 1, (X") € K..
For the power function we have

8 () =P, {ort (Do —1) > e b =Py, {07! (9 =) > ke —u}.

Let us study the normalized difference u,, = ¢, ! (ﬁn — 19u>. We can write
(below 6 = 9, + p,0v)

b
/ Op (0) L (0,9, X™) df
9

1

on ' (b—9y)
. / (B + 00) p (D + o) L (D + 9, B, X™)

u

() .
= ¥, / (P + nv) p (Dy + pnv) Zy, (v) do.

u

Hence
ffg—l(b*ﬁ“) vp (Vg + onv) Zn (v) dv [ vZ (v)dv
ffgl(b*'ﬂu) p (ﬁu + Spnv) Zn (’U) de ffz Z ('U) dU

n

11



because p (9, + @av) = p(¥1) > 0 and Z, (v) = Z (v). The detailed proof
is based on the properties 1-3 of the likelihood ratio (see [1] or [7], Theorem
1.10.2).

Second test. Let us introduce the BT2

Un (X") = Lo (xysmey, Ba(X") = ——+—-
Here
R b
L(X"):/ L(0, 91, X™) p (9) d6
91

and m, is solution of the equation

P{/Oooexp{WH(v)—g}dv>mg}:5.

Define the function

B*(u) = P (Z (—u)™ / “ 2w dv> me)

u

Proposition 4. The BT2 ¢ (X") € K. and its power function under the
local alternatives ¥, = 91 + ppu converges to the following limit

P (U7, ) — 7 (u).

Proof. Let us recall how this test was obtained. _Introduce the mean
error o (@Z)n) under alternative % of an arbitrary test v,

b

& () = / By (X") p(6) 40 = E,.

1

where E is the double mathematical expectation, i.e., the expectation with
respect to the measure

b
P(X"e€ A) = / Py(X" € A)p(0) do.
Y1

If we consider the problem of the minimization of this mean error we reduce
the initial hypotheses testing problem to the problem of testing two simple
hypotheses

% : X" ~ P1917

Jg6 < X'~ P

12



Then by the Neyman-Pearson Lemma the most powerfull test in the classe
K. (which minimizes the mean error & (¢,,)) is

Tx n T n dP n
GO =gy LX) = 5 (X0),

where the average likelihood ratio

%71(5*191)
L(X") =, / o (0) p (91 + upn) do
0

and 7. is choosen from the condition ¢* € K.. Therefore the BT2 7 (X™)
coincides with % (X™) if we put 7. = m.p (V1) ©n.

In the proof of the convergence in distribution of the bayesian estimator
Up = @1 (1% - 191> it is shown (see Theorem 1.10.2 in [7] and [1]) that

L) =) [ e {WH v) - TH} "
=p(191)/oooexp{WH (v) — ?}dv.

Therefore
Ry (X") —> / Z (v) dv
0

and the test ¢ (X™) belongs to the class € K..
Using the similar arguments we can verify the convergence

R, (X") = Z(—u)"! /OO Z (v) dv

—Uu

under alternative ¢,.

3.4 Simulations

Let us consider the following example. We observe n independent realiza-
tions of inhomogeneous Poisson process X" = (Xi,...,X,), where X; =
{X;(t), t €]0,2]}, j =1,...,n. The intensity function of this processes is

O, t) =2 — |t — 9™, 0<t<2,

where the parameter ¥ € [%, 2). We take 91 = 1.5 as the value of the basic

hypothesis 7. Of course it is sufficient to have simulations for the values

13



¥ € [1.5,2] but we consider the wider interval to show the behavior of the
likelihood ratio on the both sides of true value. The Hurst parameter is

H = 0.9 and the constant I'j = B(1.4,1.4) [Wlm) — 1} ~ 1.027.
The realization of the normalized likelihood ratio Z,, (v),v € [—5,5] and

its zoom Z, (v),v € [0.1,0.5] under the basic hypothesis are given on the
Fig. 1.

Here Fig. 1

To find the thresholds of the GLRT and WT we need to calculate the
point of maximum and the maximal value of this function. In the case of the
chosen intensity function the maximum is attained at one of the cusp points
of the observations.

It is interesting to note that if the intensity function has the same sin-
gularity but with adifferent sign A (0,%) = 0.5 + |t — 9|**, then to find the
maximum is much more difficult (see Fig. 2).

Here Fig. 2

The threshold of the GLRT is obtained by simulating M = 10° r.v.s of
Z(v),v €10,20],i=1,..., M (when v > 20 the value of Z(v) is negligible),
calculating for each of them the quantity sup Z%(v) and taking (1 — &)M-th

greatest between them.
The thresholds of the mentioned tests are presented on the following table.

€ 0.01 0.05 | 0.10 | 0.2 0.4 0.5
Inh. | 2959 | 1.641 | 1.081 | 0.559 | 0.159 | 0.068

ge | 3.041 | 1.996 | 1.521 | 0.950 | 0.333 | 0.166

k. |2.864 | 2.0776 | 1.720 | 1.365 | 1.005 | 0.885

Table 1: Thresholds of GLRT, WT and BT1.

For evaluation of the power function we calculate the frequency of ac-
cepting the alternative hypothesis 4,

1 N
Bn(u) ~ N ; H{i‘;%z"’i(v»hg}.

We can see (Fig 3) that, like the regular case, for the small values of u the
power function of WT converge more slowly than that of GLRT, but still
quicker than that of BT1. When u is large, the power function of BT1

14



converge more quickly than WT, and the power function of GLRT converge
the most slowly.

Here Fig. 3

Our goal is to compare the limit power functions of the three studied tests
with the help of numerical simulations because the analytic expressions for
these power functions are not yet available. It will be interesting to see as well
the limit power function of the Neyman-Pearson Test (N-PT) constructed in
the problem of the testing of two simple hypotheses as follows. Let us fix an
alternative ¥y = 91 +u.p, > 1 and consider the hypotheses testing problem

0 u =0,
I U = Us.

The Neyman-Pearson test is
U (X)) = Lz, () >d.}s
where the threshold d. is la solution of the equation
Py, (Z (u.) > d.) =e.
Recall that 7, (u.) = Z(u.) and

2H

2 () =exp { W w) - 5},

Hence

2
*

2H Ind. +4
Pﬁ*(Z(u*)>d€)=P{WH(u*)_u; >lnd€}:P(§> 1 UJI; 2 >,

*

and

2H
H __ Uk

de=e*" "2, P((>z)=c  (~N(01).

Of course, it is impossible indeed to have N-PT because the value of w,
under alternative is unknown, but as this test is the most powerful in the
class K, its power function shows an upper bound for powers of all tests. The
distance between it and the power functions of studied tests provides useful
information.

To study the likelihood ratio function under alternative we write

791 + U*SOn,Xn) - (L (791 + U*SOn - u*¢n7Xn>)1
L(ﬁl,Xn) L(’l91 —|—U,*g0n,Xn) ’

Zn(uy) = LA

15



For the power function of N-PT we obtain

Bn(us) = B(¢n, 1) = Poy g, (Zn (wa) > de) — Bus)

2H
=Py, ((Z (—u.)) ' > d.) =Py, (exp {—WH (—us) + u; } > da) .
and hence
Ind, — “~
nd, — =%
Bluy) =P <C>TQ> :P(C>25—uf).
Here Fig. 4

We can see that, the power function of GLRT is the closest one to the
power function of NP-T. When u is small, the power function of WT is lower
than BT1. It becomes closer with that of GLRT when u increases. At the
same time, the power function of BT1 will become the lowest one. We also
mention that for the power function of BT1 arrives faster to 1 than the others
(see Fig. 4).

4 Discontinuous intensity

Let us consider the similar hypotheses testing problem but in the case of
inhomogeneous Poisson process with discontinuous intensity function. Sup-
pose that we have n independent observations X™ = (Xy,...,X,,) of the in-
homogeneous Poisson processes X; = (X (¢),0 <t < 7) with the intensity
function A (9,t),0 <t < 7 and this intensity function satisfies the following
condition.

S. The intensity function \(9,t) = At — ¥), where the parameter 9 €
© = (U1,b) C (0,7), the function \(s),s € [=b,7 — ] is continuously dif-
ferentiable everywhere except at the point t, € (0,7) and this function has a
gump r # 0 at the point t,.

Therefore the intensity function A(¢,¢) has jump at the instant ¢ = ¢, +9.
We have to test the hypotheses

’% : 19:,1917
T U > .

We are interested by the same tests as before (GLRT, WT, BT) and our
goal is to chose the thresholds such that these tests belong to the class K..
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Let us denote A(t,+) = Ay, A(t,—) = A_ and p = ;—; To compare their
power functions we turn to the close alternatives and in this problem we take

9 =01 +up,; pp, = ﬁ The initial problem is reduced to the following one
0 u =0,
T u > 0.

Recall that the normalized likelihood ratio

L (91 + opv, X™)

L(191+§0nv71917Xn) = L(ﬂl Xn) ’

v € [0,nA\; (T —t. — )]

under hypothesis .74 converges to the process
Z (v)=exp{lnpx,(v)—(p—1)v}, v >0,

where z, (v),v > 0 is the Poisson process of unit intensity [8].
The limit likelihood ratio under alternative .74 is

Z (v,u) =exp{lnpz, (vAu)—(p—1)(vAu)}, v >0,

(see below) i.e., it is the same as the likelihood ratio in the problem of
hypotheses testing by observations of Poisson process z, (v),v > 0 with the
switching intensity function

p]I{v<u} + ]I{UZu}a v =>0. (8)

To compare the power functions of different tests, we consider this likelihood
ratio under (close) alternative u > 0.

4.1 Weak convergence

The GLRT, WT, BT are some functionals of the likelihood L (9, X™). As it
was shown above all these tests can be written as functionals of the normal-
ized likelihood ratio Z,, (). Therefore as in Regular and cusp cases we have to
prove the weak convergence of the measures induced by the normalized like-
lihood ratio under hypothesis (to find the thresholds) and under alternative
(to describe the power functions).

Let Dy be the space of functions z(-) on R4 = [0, +00) which do not have

discontinuities of the second kind and which are such that lim z(v) = 0. We
VvV—00

suppose that the functions z(:) are cadlag; that is, the left limit z(t—) =

17



li}‘n z(s) exists and the right limit z(t—) = li}n z(s) exists and equals to z(t).
s/t ENG
Introduce the distance between two function z; (+) and z; () as follows

d(z1,29) = inf[ sup ’zl(u) — 2o (V(u))} + sup |u — I/(’LL)|],

Vo lueRy uER+

where inf is taken over all monotone, continuous, one-to-one mappings v/(-) :
R4+ — Ry. Let us denote

Y

Ap(z) = sup sup{min“z(ul) — z(u)

UER L u€d

z(u") — z(u)ﬂ } + sup }z(u)},

|u|>1/h

!

where the interval § = [u ,u”) C [u—h,u+h).

Suppose that we have a sequence of stochastic processes (Y,),s1, Yn =
{Y,(u),u € [0,+00)} and a process Yy = {Yo(u),u € [0, +00)} such that the
realizations of these processes belong to the space Dy and denote by Qfg")
and Qy the distributions induced on the measurable space (Dg, B) by these
processes respectively, i.e., we suppose that these distributions depend on

the parameter ¥ € ©. Here B is the borelian o-algebra of the metric spapce
Dy.

Theorem 1. Let the finite dimensional distributions of the process Y, con-
verge to the finite dimensional distributions of the process Yy as n — oo
uniformly for ¥ € © and for any § > 0

lim lim sup Q}{A,(Y,) >} =0. 9)
)

h—0 n—o00 ge

Then Qfgn) — Qg uniformly in 9 € © as n — oco.

For the proof see [6], Theorem 9.5.2.

Recall that such weak convergence of the likelihood ratio process Z, ()
for the discussed model of inhomogeneous Poisson process was already estab-
lished in [8], Section 4.4 (see as well [9], Chapter 5 for similar results). The
given there proof corresponds to the weak convergence in the space (Dg, B)
of Z, (-) under hypothesis. Under alternative the limit process is different
and we give here the related estimates which allow to describe the power
functions.

Let us denote the measures induced by the realizations of Z,, (v),v > 0
and Z (v,u),v > 0 in the measurable space (Dy, B) as Qfgn) and Qy respec-
tively.
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Proposition 5. Let the condition S be fulfilled. Then we have the conver-
gence

The proof is based on several lemmae, where we verify the convergence of
finite-dimensional distributions and (9). As in [8] we follow the main steps of
the similar convergence proved by Ibragimov and Khasminskii [7] in the case
of i.i.d. obsrvations. At particularly, we show that in our case the likelihood
ratio process has the same properties.

Lemma 1. Let the condition S be fulfilled. Then, under alternative 5, the
finite-dimensional distributions of the process Z,(v),v > 0 converge to those
of the process Z(v,u),v > 0.

Proof. The characteristic function of In Z, (v) can be written as follows
(see [8]):

By, tup, exp {ipn Z,(v)}

= exp [n /OT (exp (iu In At )\_(;91 1911)8% ) 1))\ t— 1 — up,)dt—

_in,u/ (At — 1 —vp,) — At — ) t}
0

:exp(n/ Ap(v,t) dt—in,u/ (v, u,t) dt)
0

where we denoted

Ap(v,t) = |exp i,ulnﬁ —1—i,ulnﬁ Av,
Ao Ao

Ao Ao
Bu(v,u,t) = Ay — Ao — AoIn == + (N — Ay) In 2
Ao Ao

and \, = A (t — ¥ — vy,) with corresponding \g and A,.

We consider two cases, v <w and v > u. Let v <w and 0 <t <t, + 4.
Then the functions Ay, A, and A\, are continuously differentiable and by Taylor
series we obtain the estimates

t+11 ti+11 2
/ A, (v,)]dt < C—” / By (0w, 1) dt < S0
0 n? 0

n2
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The similar estimates we have on the interval [t, + U1 + up,, 7). We have as
well the estimate

t*‘i"ﬂl“ru@n C 2 _
/ A, (v, 1) dt < =) (12)
tx+91+ven n?
t*‘i"ﬂl“ru@n 2 — J—
/ B, (v,u,1)] dt < L= Culu=v) (13)
M M n3 n2
tx+91+ven

The main contribution is done by the integrals

ti+101+vpn A ti+101+ven
n/ {exp (i,u In )\—v) — 1] A dt — i/,m/ Ao — Ao] dt
¢ ¢

091 0 01
=0 {exp (iulni—_i_) - 1] i—Jr —ivp {i—Jr — 1] +o(1)
— vlexp (inlnp) — 1] p —ivp[p —1].

Therefore we obtain, for v < u,

Ey, up, exp {ipn Z,(v)} — exp{v(exp (z’u In ,0) — 1>p —ip(p — 1)) }
=E,exp{iplnZ(v,u)}.

Now we consider the case when v > u. Similarly as before, we obtain the
convergence ,

L4101 T
n(/ _'_/ ) (|An(v,t)|+\Bn(v,u,t)|)dt—>0-
0 t«+U1+ven

For the intervals (¢, + ¥4, t. + Y1 + up,) and (t* + 91+ upy, te + 01 + vgpn),
we can write

t 491 +upn
n/ [An(v,t) —iuB, (v,u,t)] dt
t

« 91

— %(exp(w In ;—+) — 1) Ao — iu()\, — )\+))
= u|(exp {iplnp} —1) p—ip(p —1)]

and

tx+91+ven
n/ [An(v,t) —iuB, (v,u,t)] dt
t

01 +un
— U);u ((eXp<wln i—+) - 1))\+ —ip(A- - /\+)>'
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So we get for v > wu,
Ey, tup, exp {ipIn Z, (v)}

— exp (u (exp {iplnp} — l)p —dup(p — 1)

0= w((e fuinp) =)~ (- 1))
=E,exp{iplnZ(v,u)}.

Therefore the one-dimensional distributions of the random process Z,, (+) con-
verge to those of Z (-, u). Similarly we can prove the convergence of the finite-
dimensional distributions of Z, () to the those of Z (-, u). For example, in
the case of two-dimensional distributions we can show, that (v; < vy < u),

Ey, tup, exp{i,ul In Z,(v1) +ipe In Zn(UQ)}

— exp{(z@ — 1) [p(exp {ipoInp} — 1) —ipa(p — 1)]

+ v [ﬂ(exp{i (1 + p2) Inp} — 1) — i (g + p2) (p — 1)] }
=E, exp{iju In Z(vy,u) + ipts In Z(va, u) }.

Similarly can be proved the convergence of the finite-dimensional distribu-
tions.
Further, we can write (under the alternative),

Zn(v) = Zp(u) Zp(v),

where P
Zn ( U) o Y1+ven

dpP
— Zp(u) = —tuen
dP191+uson

dPy,
Note that Z,, (u) does not depend of v and we have the convergence
Zn (u) = Z (u) = exp{lnpz, (u) —u(p—1)},

where z, (u) is Poisson process with the intensity function p. Therefore to
prove (10) it is sufficient to study the convergence of the measures induced
by the random process Z,(v),v > 0.

)

Lemma 2. Let conditions S be fulfilled. Then there exists a constant C' > 0,
such that B B ,
Eg, tupa| 202 (01) = 2,/ (0)|” < C'lory — v (14)

for all vy,ve € UF.

21



Proof. According to [9, Lemma 1.1.5], we have, for v; > vy > 0,
~ ~ 2
E’l91+u<,0n }Zrl/Z(vl) - Zrlb/Q(UQ)}

nT )\1/2(t — ’191 — ’U1Q0 ) )\1/2(t — ’191 — UQQO ) 2
< LA L Mt — 9 —up,)dt
< (»/Q@—ﬁl—wn) »/Q@—ﬁl—w) (£ = 0s = upn)

= n/ (Al/z(t — O — i) — AVE(t — 91 — vapn) )th
0

tx+v20n tx+vipn T 12 12 9
([T [T [ e

* U200 *TV1Pn

= TL(Il + _[2 + Ig)

As the functions \,, and \,, are continuously differentiable on the intervals
0, t. + voy,| and [t, + v1pp, T], We can write

AZ (01 + v1pn, ) — AT (91 + Vo, t) =

Therefore

('Ul . 02)2 /t*+v2§9n /T )'\2 (ﬁv’ t)
n(l +I;) < ng2t— 2 + 2 gt
( 1 3) 4 ( 0 t*—i—vlgon) A (191” t)

< m vg —02‘2 < C'vy — vy

because |v; — vg| < CAyn.
The function A is bounded therefore we have the estimate

— C
MC: = oy — |

I, <
2 =1 n)\+ )\+

and the inequality (14) holds with some constant C' > 0.

Lemma 3. Let conditions S be fulfilled. Then there exists a constant k* > 0
such that

E191+u<pnzl/2(v) < exp{—k* lv — u|} (15)
for all v e U}t.
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Proof. According to [9, Lemma 1.1.5], we have
Eﬁl-i-ucanl/Q( )

— 1 B B

:eXp{_g / ()\1/2(t_191_'0§0n) _)\1/2<t—191—’u,g0n>>2dt}
0
:exp{—an(u,’U)}

with obvious notation. Let us consider two cases D = {v: |v —u| < onA,}
and D¢ = {v: |v —u| > dnA,} separately. Here § is some positive constant
which we choose later. For simplicity we suppose that v > u.

If v € D then

t +191+U§0n 2
nFy(u,v) > n / (A2t = 01— vpn) = N2 (t =01 — ugpy,)]” dt
ty+91+upn

|v — ul 2

inf [)\1/2 (s —vpn) — A2 (s — wey)]

T AL tetupn<s<t.tvpn
v —u 2

S Gl (N/Af N/M) _
20\,

for sufficiently small §.
Further, note that for any v > 0

p—1)

T 2

g(v) = inf / [\/)\(t—ﬁl—s)— \/)\(t—ﬁl—so)] dt > 0
s$—S8o|>V 0

because if g (v) =0, then for some s, we have A (t — V1 — s.) = A (t — U1 — s0)

for all ¢ € [0, 7], but this equality for discontinuous A (-) and all ¢ is impossible.

Hence for the values v € D¢ we have

nF, (v,u) > ng (5) > 9(0) |v—u]
C
because |v —u| < Chn.
Therefore (15) is proved.
The presented estimates (14), (15) and Lemma 1 allow us to finish the
proof following the same lines as it was done in [8], Section 4.4.3.
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4.2 GLRT

The GLRT is based on the statistic

Qu(X") = sup L (9, 41, X") = max [L (ﬁmu, 191,)("> L (én—,ﬁl, X")}

and is of the form
U (X") = M@ (xm)>hey-
The threshold h. we define with the help of the convergence (under J#)
Qn (X™) = sup Z, (v) = sup Z (v) = Z.
UEUI v>0

Hence h. = h. (p) is solution of the equation
P {Z > ha} =e.
Let us fix an alternative u > 0, then for the power function we have

B (Y, u) = Ey, 1up,¥n (X") = Py, tupn {SUP Zn (v) > hs}

v>0

— P, {supZ(v,u) > ha} :
v>0
where
Z(v,u):exp{lnpx*(v,u)—(p—l)v}, v>0
with the Poisson process x, (v,u),v > 0 of the intensity function
p(u,v) = pley + Tiysyy, v > 0.
Let us put Y (v) = Inpx, (v,u) — (p — 1) v, then we can write

Sup [Inpz. (v,u) = (p—1)0]

— max (OE%EUY (v),Y (u) + sup Y (v)-Y (u)]) :

Note that the Poisson process 7 (v — u) = x, (v) — z, (u) ,v > wu is indepen-
dent of z, (u) and z, (v,u),0 < v < u. Hence we can write the representation
of the limit power as follows

3 (lpu) -p, {max (ﬂfﬁ’uz (v), Z. (1) Z) > he} . (16)

The random variable Z = sup exp {In p i, (v) — (p — 1) v} is independent of

v>0
Z(v), 0 <v < wuand Z(u). Therefore this expression can be used for the
numerical simulation of the power function. It simplifies the simulations
because the simulated values of Z can be used many times for the different
values of w.
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4.3 Wald test

The Wald test is based on the MLE oJ,,. We already know that
cp,f (19,1 — 191> = 0,

where 0 is solution of the equation

max [Z, (0+), Z, (0—)] = sup Z, (v) .

v>0

The Wald test is
Un (X0) = Wi () >0}
The threshold g. = g. (p) is solution of the equation
P{o>g.}=c¢

For the power function we have (below ¥, = ¥ + up,)

B (W) = By (X) = Py, {07 (9 = 01) > e}

=Py, sup  L(0,X") > sup  L(0,X")
ont(0—91)>he on 1 (0—191)<he

- L(O,X") L0, X"
— Sup T (9. Yn) Sup T (9. Yn)
<p;1(6—191)>h5L<1917X ) <p;1(0—191)§h5L<1917X )

— Py, {sup Z, (v) > sup Zy, @)}

v>he v<he

P, {sup Z(0,u) > sup Z <v,u>} — Py, (5> b}

v>he v<he

where the random variable 0, is defined by the equation

sup Z (v,u) = max (Z (0y+,u) , Z (0y,—,u))
v>0

We can write another representation as well

& (¢n,u) =Ey, ¥, (XN) =Py, {ap;l (én - 19u) +u > ha}
— P {0, > h. —u}
where 0, is the solution of the equation

max [Z* (0,+), Z" (0,—)] = sup Z* (v),
v>—u
where the random process Z* (v) is defined on the interval [—u,o0) and
the corresponding Poisson process z, (v),v > —u has the intensity function

1 (v) = pI_ycvcoy + Lipzoy-
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4.4 Bayesian tests

Suppose that the parameter 9 is a random variable with known probability
density p (), ¥; < 6 < b. This function is supposed to be continuous and
positive. We consider two tests.

The first one is like Wald test but based on the BE 1§n

. — [2 6p(6) L(8,0,,X™)df
G (X™) =Ty 1ps L U, = .
X = Mo gron)on) 7 OL (6,91, X7) d6

The properties of the likelihood ratio established in Lemmae 1-3 allow us to
justify the limit

E01H{¢;1(q§nfﬁl)>k5} — Pgl {'f} > ka}, V=

where the Poisson process z, (v),v > 0 in Z (v), as before, has the unit
intensity function. The proof follows from the general results concerning the
bayeasian estimators described in [7] (see as well [8]).

For the power function the limit is obtained from the following conver-
gence :

(5 g (5 2 vZ* (v) dv
n = ¥n n — Yu == S50 5. .
n ( 1) 7 ( )+u I°.Z* (v)dv T
Recall that the Poisson process z. (v),v > 0 in the definition of Z* (v) has
the intensity fnction p I;_y<y<oy + Tgu>03-
We have the convergence of Z, (v),v >0 to Z (v,u),v > 0 (under alter-
natives) hence

3 (5uw) =P (i (3 0) ) - [y

where the Poisson process z, (v),v > 0 in Z (v,u) has the intensity (8).
The thresholds and power function are obtained by the numerical simu-
lations.
The second bayesian test is the test which minimizes the mean error. We
have

b n 00
G L =t [ p0) F =) [T 20
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Hence the test

~ L(X™)
n (X") = LR, >m. 1, R, =——+
w ( ) {Hnzme} (pnp<191>

with the threshold m. satisfying the equation

P{/Oooexp{lnpx*(v)—(p—l)v}dv>m€} .

is bayesian and belongs to the class KC..

4.5 Simulations
We consider n independent observations X;") = {X;n) (t),t € [0,4]} )=
1,...,n of a Poisson process of intensity function

At 9) = At —9) =3 —2cos’(t — 9) Ly, 0<t<4.

We take ©; = 3 and b =4, i.e., ¥ € [3,4]. Therefore we obtain the values
A =1L )_=3and p= ;—; = 3. The log-likelihood ratio is

n 34v/n
InZ,(v) = Z/g In 3 ; dX; (%)
1

= — 2cos?(t — 3)
n 4 2
3—2 t—3—
+> j/ I 2= 2005 _ o) x4
= Jarom 3 — 2cos?(t — 3)

—v— gsin(Q) + g sin(2(1 — v/n))

The realization of the likelihood ratio Z,, (v) and of its zoom are given on
the Fig. 5.

Here Fig. 5

We recall that in this case the limit of the likelihood ratio is
Z (v) =exp{ln3 z, (v) — 20},

where z, (v),v > 0 is the Poisson process of unit intensity.
Using the limit expression Z (), we obtain the threshold g. of the GLRT
as solution of the equation

P{Z>g€}:5.
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It was convinient for simulations to transform the limit process as follows

oo [ (0 )] oo i i (20) - 2]}

where 11 (-) is the Poisson process of constant intensity v = 11173 < 1.

Hence we can choose the threshold of GLRT by following relation

P{supZ(v) > ga} =P {sup [TI(t) —t] > lllil—g;} =e.

v>0 t>0

The distribution of sup [II (t) — ¢] is given by the well-known formula obtained
>0
by Pyke [15]

P {s;lg TI(t) — #] > :1:} =3 (m;if)m@ev)mam —4). (17)

Note that we have as well the analitic expression for the distribution of the
random variable = argsup [II (t) — ] obtained by Pflug [14]
>0

|
P . 1) = P {amgswplit ()~ > 220}~

>0

This distribution is

P{f<z} :P{an<z}
k=1
where v is a geometric random variable, independent of ng, k > 0

P{v=i}=(1—-9),5i=0,1..

(22:1 Qr is set to zero) and {Qr }; £ = 1,2... is an i.i.d sequence with common
distribution

F(IL'):P{Q]CSZL‘}:% 1—(1—7)e "

The numerical slution of the corresponfing equation for the threshold of Wald
test is not easy and we decided to obtain this threshold by the Monte Carlo
simulations.

The thresholds are presented on the following table.
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€ 0.01 | 0.05 | 0.10 | 0.20 | 0.40 | 0.50
Inh, | 4.242 | 2.607 | 1.922 | 1.120 | 0.573 | 0.191
ge 195990 | 3.556 | 2.078 | 1.045 | 0.329 | 0.099
k. |6.669 | 3.937 | 2.983 | 2.132 | 1.402 | 1.196

Table 2: Thresholds of GLRT, WT and BT1.

Here Fig. 6

It is interesting to compare the studied tests with the Neyman-Pearson
test. Of course, it is impossible to construct the N-PT in our problem because
the value u under alternative is unknown. Neverless its power function shows
an upper bound and the distance between it and the power functions of
studied tests provides an important information. Let us fix some u; > 0 and
introduce the N-PT

U (X7) = Wiz iysaey + 4o Wiz (u)=deys
where d., g. are solutions of the equation
Py, (Z, (u1) > d.) + ¢-Py, (Zs (u1) = d.) = ¢.
Denote D, = (Ind. + (p — 1)uy) /In p and rewrite this equation as
Py, (z.(u1) > D.) 4+ ¢-Py, (z.(uy) = D.) = €.
We have
Py, (zs(u1) = D) = Py, (ze(u1) > De—) — Py, (24(uy) > D),

where the Poisson random variable z, () has the parameter u;. The quanti-
ties D, and ¢. can be calculated.
Similar calculation yields the limit power function

B (Y, u1) = Py, (wu(ur) > D) 4¢Py (2.(u1) = D.).

where the Poisson random variable z, (u1) has the parameter pu;. The results
of simulations are presented on the Fig.7.

Here Fig. 7

We considered two cases with the values € = 0.05 and 0.4. In both cases
the GLRT shows the better power functions.
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Figure 1: Realizations of Z,(u) with A (0,t) = 2 — |t — 1.5]** and n = 10*.
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Figure 2: Some realizations of Z,(u) with A(0,t) = 0.5 + [t — 1.5°" and
n = 1000.
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B (u)

Figure 3: Power functions of GLRT, WT and BT1 in cusp case with A (¥, t) =
2 — [t — )™,
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Figure 4: Comparison of limit power functions for cusp type with A (¢,t) =
2 — [t — )™,
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Figure 5: Realization of In Z,
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Figure 6: Power functions of GLRT, WT and BT1 in discontinuous case
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Figure 7: Comparison of different Power functions with p = 3.
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