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On a Poissonian Change-Point Model
with Variable Jump Size

Serguei DACHIAN® Lin Yang!

Abstract

A model of Poissonian observation having a jump (change-point) in the intensity
function is considered. Two cases are studied. The first one corresponds to the
situation when the jump size converges to a non-zero limit, while in the second one
the limit is zero. The limiting likelihood ratios in these two cases are quite different.
In the first case, like in the case of a fixed jump size, the normalized likelihood ratio
converges to a log Poisson process. In the second case, the normalized likelihood
ratio converges to a log Wiener process, and so, the statistical problems of parameter
estimation and hypotheses testing are asymptotically equivalent in this case to the
well known problems of change-point estimation and testing for the model of a signal
in white Gaussian noise. The properties of the maximum likelihood and Bayesian
estimators, as well as those of the general likelihood ratio, Wald’s and Bayesian tests
are deduced form the convergence of normalized likelihood ratios. The convergence
of the moments of the estimators is also established. The obtained theoretical results
are illustrated by numerical simulations.
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1 Introduction

In regular statistical experiments, the limit of the normalized likelihood ratio is always
the same, because the families are LAN (see, for example, [11]). In the case of non-
regular statistical models for Poisson processes, there exists a large diversity of limiting
likelihood ratio processes: change-point type models lead to a log Poisson process, “cusp”
type singularities provide a log fBm process, while in the models with 0-type or oco-type
singularities the limit processes are more sophisticated (see, respectively, [13, 2, 4]) Note
that in change-point type models for diffusion processes, and particularly in the model of
a discontinuous signal in white Gaussian noise (WGN), the limiting likelihood ratio is a
log Wiener process (see, for example, [11, 14]). It is interesting to investigate the relations
between the different limit processes. This study was initiated in the recent works [3, 7].
The present work is a part of this investigation, since we study a change-point model with
variable jump size for Poissonian observations, and we obtain two different limits depending
on the way the jump size is varying.

More precisely, we consider two cases. The first one corresponds to the situation when
the jump size converges to a non-zero limit, while in the second one the limit is zero. The
limiting likelihood ratios in these two cases are quite different. In the first case, as one
could expect, the normalized likelihood ratio converges to a log Poisson process, just like
the case of a fixed jump size. In the second case, the normalized likelihood ratio converges
to a log Wiener process, that is, the statistical problems of parameter estimation and
hypotheses testing are asymptotically equivalent to the well known problems of change-
point estimation and testing for signal in WGN model. Let us note, that even if the
latter result may seem unexpected, it is quite natural in the light of the recent work [3] of
one of the authors, where a relation between the log Poisson and the log Wiener limiting
likelihood ratios was discovered.

Let us also mention that this situation is somewhat similar to what happens in the case
of multi-phase regression models, where the limiting likelihood ratio is a log compound
Poisson process in the case of a fixed jump size, while it is a log Wiener process in the case
of a variable jump size converging to zero (see, for example, [8] and the references therein).
Note also, that the recent work [7] shades the light on the latter case, just as [3] do in our
case of Poissonian observations.

Note finally, that we show not only the convergence of normalized likelihood ratios, but
also the convergence of the moments of the estimators. This last convergence allows one,
for example, to approximate the limiting mean square errors of the maximum likelihood
and Bayesian estimators in the case of Poisson observations by the well known limiting
mean square errors of these estimators calculated for signal in WGN model.

The paper is organized as follows. In Section 2 we describe the model of observations.
In Section 3 we study the asymptotic behavior of the likelihood ratio. In Section 4, using
the convergence of normalized likelihood ratio obtained in Section 3, we study the problem
of parameter estimation. Similarly, in Section 5 we study the problem of hypothesis testing
and illustrate the results by numerical simulations. Finally, Section 6 contains the proofs
of all the lemmas.



2 Change-point model with variable jump size

Suppose we observe n independent realizations X](") = {X](") (t), te[0,7]},j=1,...,n,
of an inhomogeneous Poisson process on the interval [0, 7] (the constant 7 > 0 is supposed
to be known) of intensity measure

ALY (4) :/Af;”(t) dt,  AeB([0,7]),

A

with intensity function )\1(911)’ where J € © = (o, ), 0 < a < f < 7, is some unknown pa-
rameter. The observation will be denoted X ™ = {X 1(n), e ,XT(L")} and the corresponding
probability distribution will be denoted PI(;L).

Let us note that this model of observation is equivalent to observing a single realization
on the interval [0, n7] of an inhomogeneous Poisson process with the 7-periodic intensity
function coinciding with A on [0, 7).

The parameter ¢ corresponds to the location of a jump in the (elsewhere continuous)
intensity function )\1(9"). The size of the jump (depending on n) will be denoted r,, and will
be supposed converging to some r € R. As we will see below, the behavior of our model
depends on either one has r # 0 or r = 0 and is quite different in these two cases.

More precisely, we assume that the following conditions are satisfied.

(C1) The intensity function )\7(9”)(75) can be written as )\7(9”) (t) = ¥n(t) +rnlysgy, where the
function v, is continuous on [0, 7].

(C2) For all t € [0, 7], there exist the lim ,(t) = ¥ (t) > 0 and, moreover, this conver-

n—+o0o
gence is uniform with respect to t.

(C3) As n — +oo, the jump size r, converges to some r € R, that is, r, — r. In the
case r = 0, we also suppose that this convergence (r, — 0) is slower than n~'/2, that is,
nri — +00.

(C4) The family of functions {)xf{”}nEN 9eo
bounded, that is, there exist some constants ¢, L > 0 such that

is uniformly strictly positive and uniformly

<A M) <L

foralln e N, 9 € © and t € [0, 7].
Note that the conditions C1 — C3, together with the natural condition

r > — min ¥(t), (1)

te(0,7]

easily imply that the condition C4 holds for the family {Aq(gn)}nmo gee With some ng € N.
So, in the asymptotic setting (n — +00), the condition C4 can be replaced by (1), and

we assume C4 instead of the latter only for convenience (as well as in order for our model



to be well defined for all n € N). Note also that in the case r = 0, the condition (1) is
automatically satisfied.
An important particular case of this model is when only the jump size (and not the

regular part of )\7(9")) depend on n. More precisely, the conditions C1 — C2 will be clearly
met if we assume that the following condition is satisfied.

(CO0) The intensity function )\Ign)(t) can be written as )\7(9") (t) = ¥(t) + rnlysey, where the
function v is strictly positive and continuous on [0, 7].

3 Asymptotic behavior of the likelihood ratio

The likelihood of our model is given by (see, for example, [12])

L, (9, X™) —eXp{Z/OT] I ASY (1) X (dt) —n/OT NGV (1) 1] dt}
:exp{z > A (L) —n /0 ' NGV (1) 1] dt},

(2)

(n)

where t;;, 1 € I]("), are the jump times of the process X;. Note that as function of 9, each

)\1(9") (t;,) is discontinuous (has a jump and is right continuous) at ¥ = ¢;;. So, L, (-, X™)
is a random process with cadlag (continuous from the right and having finite limits from
the left) trajectories

We put ¢, = = in the case r # 0 and ¢, = 2 in the case r = 0, and we introduce the
normalized likehhood ratio

L, (19 + Uy, X(”))

_exp{Z o ”;TZ“’" Roesen D) o aty | @, <>—Af;”<t>>dt}
M%(t i) " ()
_ ex In [0 ) = AP @) e,
p{z 2 [ 050 =0} 1}

where u € U, = (¢, (a — ), et (B —1)).
Note that in both cases we have (by the condition C3 in the case r = 0) ¢,, — 0.
Note also that if u > 0, we can rewrite Z, y(u) as

oS )y o }
Zpo(u) =e p{;/(wﬂ% In 1/1n( s X; (dt)Jrn/9 T dt

@/)n i)
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where the last sum is taken over the set {z € [](»") U<t <UH+ u<pn}.
Similarly, if v < 0, we have

- Ya() + 70 () i }
Zn = ex X 7(dt) — n d
(@) p{z /(MM Bl X ) [9+ ,

J=
_exp{z Zl ¢"wiljj)r" + %},

where the last sum is taken over the set {z € [j(" 0t up, <tj; < 19}.

Note equally, that the process In Z,, y has independent increments. Indeed, its incre-
ments on disjoint intervals involve stochastic integrals on disjoint intervals, and hence are
independent.

Note finally, that the trajectories of the process Z, y are cadlag functions. Moreover,
correctly extending these trajectories to the whole real line, one can consider that they
belong to the Skorohod space Dy(R). This space is defined as the space of functions f
on R which do not have discontinuities of the second kind and which are vanishing at
infinity, that is, such that ugrinoo f(u) = 0. We assume that all the functions f € Dy(R) are

continuous from the right (are cadlag).
Let us recall that the Skorohod metric on the space Dy(R) is introduced by

d(5.9) = it sup (00 = g (Aw)] + sup = A(w)]|.

where the inf is taken over all strictly increasing continuous one-to-one mappings A : R — R.
Let us also recall a criterion of weak convergence in Dy(R). We put

An(f) = sup sup [min{|f(w') = f()],[f(@") = f@I}] + sup |f(w),

u€er ' u’ lu|>1/h

where the inner sup is over all v/, u” such that u — h < v’ <u <u” <wu-+ h. A criterion
of weak convergence in Dy(R) is given in the following lemma (see [9] for more details).

Lemma 1. Let z,9, n € N, and zy be random processes with realizations belonging to
Do(R) with probability 1. If, as n — +oo, the finite dimensional distributions of z,y
converge uniformly in ¥ € K to the finite dimensional distributions of zg, and if for any
>0
lim sup P{A(z9) >3} =0, (4)
h=0 penvex
then, uniformly in ¥ € K, the process z,y converges weakly in the space Dy(R) to the
process zy.

Note that here and in the sequel K denotes an arbitrary compact in ©.

The main objective of this section is the study of the asymptotic behavior (in the sense
of the weak convergence in the space Dy(R) as n — oo) of the above introduced normalized
likelihood ratio Z,, y. This behavior depends on either one has r # 0 or r = 0 and is quite
different in these two cases, so the limit process must be introduced in a different manner
in these two cases.



Case r # 0 limit process. In the case r # 0, the limit process is a log Poisson type
process and is introduced by

exp{ln wi(%(;{)rr X*(u)+ ru}, if u>0,
() +r

Zg(u) = B '
exp{ln X ((—u)—) +ru}, if u <0,

where X+ and X~ are independent Poisson processes on R, of constant intensities ¢ (1) +r
and (1) respectively.

Let us note that Zy(u) 4 Z75(—ru) with the constant p = }ln wl(pﬂ(;{)rr and the process
Z; defined by

exp{pYt(v) — v}, if v >0,
Z3() = p{pY"(v) — v} o>
exp{—pY‘((—v)—) — v}, if v <0,
where Y+ and Y~ are independent Poisson processes on Ry of constant intensities ep£1
and 1_i_p respectively.

Note also that the process Z was recently studied in [3] and that its trajectories (as
well as those of the process Zy) almost surely belong to the space Dy(R). (More rigorously,
in order to keep all the trajectories in the space Dy(R), above we should rather have written

Zy(u) 4 Z;((—Tu)—) in the case r > 0).

Case r = 0 limit process. In the case r = 0, the limit process is a log Wiener type
process and is introduced by

Zy(u) = exp{w1/2(19) Wi(u) — 2529) }, u € R,

where W (u), u € R, is a double-sided Brownian motion (Wiener process).
Let us note that Zy(u) 4z (u/¢(9)) with the process Z* defined by

Z*(u):exp{W(u)—%}, u € R. (5)

Note also that the trajectories of the processes Z* and Zy almost surely belong to the
space Cy(R) of continuous functions on R vanishing at infinity, and that Co(R) C Dy(R).

Now we can state the following theorem about the asymptotic behavior of the normalized
likelihood ratio.

Theorem 1. Let the conditions C1 — C4 be fulfilled. Then, uniformly in 9 € K, the
process Zy, 9 converges weakly in the space Dy(R) to the process Zy.



Let us also remark, that sometimes it may be more convenient to use a slightly different

rate for introducing the normalized likelihood ratio. More precisely, one can use the rate

oL = ‘Tl‘n (rather than ¢, = 2) in the case r # 0, and the rate ¢}, = % (rather than

¢n = —=) in the case r = 0. That is, one can consider (instead of Z, ) the normalized

likelihood ratio Zy o defined by

Lo (9 + v g5, X )

:;,ﬂ(v) = Ln (19’ X(n)) - vaﬁ (C U)

with ¢ = 1/ |r| in the case r # 0, and ¢ = ¥ (0) in the case r = 0. Then, Theorem 1 will be
clearly transformed to the following (equivalent) statement.

Theorem 2. Let the conditions C1 — C4 be fulfilled. Then, uniformly in ¥ € K, the
process Z} 4 converges weakly in the space Dy(R) to

e the process Zy, the case r < 0,
e the process Z defined by Z3(v) = Z5((—v)—), in the case r > 0,
e the process Z*, in the case r = 0.

The proof of Theorem 1 consist in checking the criterion of week convergence given in
Lemma 1. For this, we follow the methods and ideas used in [11, Chapters 5.3 and 5.4]
and establish several lemmas (the proofs of the lemmas are in Section 6).

Lemma 2. Let the conditions C1 — C4 be fulfilled. Then the finite-dimensional distri-
butions of the process Z,y converge to those of the process Zy, and this convergence is
uniform with respect to ¥ € K.

Lemma 3. Let the conditions C1 — C4 be fulfilled. Then there exists a constant C > 0
such that ,
Eé”)\Zifj(ul) - Zrlb,/g(l@)‘ < C'lur — ug

for all n € N, uy,us € U, and 9 € K.

Lemma 4. Let the conditions C1 — C4 be fulfilled. Then there exists a constant k, > 0
such that
ES) 222 (1) < exp{—k. |u|}

for all w € Uy, ¥ € K and sufficiently large values of n (all n € N in the case r =0).

Final argument of the proof of Theorem 1 in the case r # 0. In this case, defining
Z;ﬁa_c. to be the absolutely continuous component of the function Z:%/g and, for p =1, 2,

denoting A, = Ay(u,u + h) the event that Z, y has at least p jumps on the interval
(u,u + h), we also have the following lemma.



Lemma 5. Let the conditions C1 — C4 be fulfilled with r # 0. Then the inequalities

EV |2 (ut+h) =25 ()] < COR?,

n,d;a.c. n,d;a.c.
P{V(A,) < Dih (6)
and
P} (4;) < Dyh? (7)

hold with certain constants C, Dy, Dy > 0 (independent of n, ¥, u and h).

Now, with the help of the above lemmas, we can finish the proof of Theorem 1 in
the case r # 0 following the standard argument of [11, Chapters 5.3 and 5.4]. More
precisely, the weak convergence in Dy(R) of the processes Z, y to the process Zy follows
from Theorem 5.4.2 of [12], which is, in fact, contained in [11] (without being formulated
there). Note, that the conditions of this theorem are nothing but Lemmas 2, 4 and 5, and
that its proof consist in verifying the condition (4).

Final argument of the proof of Theorem 1 in the case r = 0. In this case, it is
not possible to establish a lemma similar to Lemma 5. In particular, the inequalities (6)
and (7) do not hold, since in this case (in contrary to the case r = 0) the jumps are not
becoming seldom. More precisely, as n — 400, instead of having (on any finite interval)
few “non-vanishing” jumps, one has more and more jumps which at the same time become
smaller and smaller (which explains that the trajectories of the limiting likelihood ratio
process in this case are continuous but nowhere differentiable functions). So, in order to
finish the proof of Theorem 1 we use a different technique.

Since the increments of the process In Z, y are independent, the convergence of its
restrictions (and hence of those of Z,, y) on finite intervals [A, B] C R (that is, convergence
in the Skorohod space D([A, B]) of functions on [A, B] without discontinuities of the second
kind) follows from Gihman and Skorohod [10, Theorem 6.5.5], Lemma 2 and the following
lemma.

Lemma 6. Let the conditions C1 — C4 be fulfilled with r = 0. Then for any ¢ > 0 we
have
lim lim  sup P;")(Hn Zno(ur) —InZy (us)| > ) = 0.

h—0 n—-+4oo ‘ul7u2|<h

for all uy,us € U, and v € K.

Let us note, that taking a closer look on the proof of this lemma, one can see that we
have even a stronger result: for any € > 0 we have

lim lim sup sup Pfgn)(ﬂn Znw(u1) —InZyg(ug)| > €) =0

h=0 n—=+00 Yek |uj—ug|<h



for all uy,us € U,, which allow us to conclude that the convergence of the restrictions of
Z,.9 on finite intervals [A, B] C R to those of the process Zy is uniform with respect to
U € K.

In order to conclude the proof of Theorem 1 applying the criterion of week convergence
in Dy(R) given in Lemma 1, we need to check the condition (4). Since we have already
established the convergence of the restrictions on finite intervals [A, B] C R, it remains
to control the second term of the modulus of continuity Ay (Z, ) (see, for example, [11,
Chapters 5.3 and 5.4]). So, the last ingredient of the proof of Theorem 1 is the following
estimate on the tails of the process Z, y.

Lemma 7. Let the conditions C1 — C4 be fulfilled with r = 0. Then there exist some
constants b, C' > 0 such that

PI(;L) ( sup Zpg(u) > e_bD) < Ce™P (8)

|u|>D
for all D >0, 9 € K and sufficiently large values of n.

Finally, the last lemma follows by a standard argument from the following one (see, for
example, [11, Chapters 5.3 and 5.4]).

Lemma 8. Let the conditions C1 — C4 be fulfilled with r = 0. Then there exist some
constants b, C' > 0 such that

Pén)( sup  Zpe(u) > e_bD) < CeP 9)

D<|u|<D4+1

for all D >0, 9 € K and sufficiently large values of n.

4 Parameter estimation

In this section we apply the convergence of normalized likelihood ratio obtained in Section 3
to study the problem of parameter estimation for our model of observations. In the case
r # 0, the limiting likelihood ratio being the same as in the fixed jump size case, the
properties of estimators are also the same (see, for example, [12, 13] for more details). So,
here we consider the case r = 0 only.

Recall that as function of ¥, the likelihood of our model given by (2) is discontinuous
(has jumps). So, the maximum likelihood estimator 1/9\71 of ¥ is introduced through the
equation

maX{Ln(ﬁnJr, X™) L, (D,—, X<">)} = sup L, (9, X™).
JveEO

The Bayesian estimator {% of 1 for a given prior density p and for square loss is defined
by
5 129 p(9) Ly, (9, X ™) d0

S p(9) L (0, X ) dv

9



We are interested in the asymptotic properties of the maximum likelihood and Bayesian
estimators of ¥ as n — +o00. To describe the properties of the estimators we need some
additional notations.

We introduce the random variables &y, £*, (y and (* by the equations

Zy(&9) = sup Zy(u),

UER

Z*(€7) = sup Z*(u),

ueR

fj;o u Zg(u) du

o = [0 Zy(u) du

and

[ u Z*(u) du

o0

B fj;o Z*(u)du

C*

Let us note that & 4 P(¥) € and (y 4 »(9) C*.
Now we can state the following theorem giving an asymptotic lower bound on the risk
of all the estimators of 9.

Theorem 3. Let the conditions C1 — C4 be fulfilled with r = 0. Then, for any ¥y € O,
we have

lim lim inf sup <p,:2 Eq(gn)<@n - 19)2 > EC§O = IPQ("‘?O) E(C*)Qa
=0 postoo In  |[9—o|<d

where the inf is taken over all possible estimators 9, of the parameter 9.
This theorem allows us to introduce the following definition.

Definition 1. Let the conditions C1 — C4 be fulfilled with r = 0. We say that an estimator
97 is asymptotically efficient if

lim lim  sup ¢, 2ES) (05 —0)2 = EC2 = ¢?(0p) E(C*)?

0—+0 n—+oo [9—90|<5

for all ¥y € O.

Now, we can state the following two theorems giving the asymptotic properties of the
maximum likelihood and Bayesian estimators.

10



Theorem 4. Let the conditions C1 — C4 be fulfilled with v = 0. Then the mazimum
likelthood estimator v, satisfies uniformly on 9 € K the relations

P — lim 9, =1,

Lo (0, —9)} = L(&) = L(P(9)E)
and

lim E 0?0, — 0 = E &) = P(0)E[E P for any p > 0.

n— 0o
In particular, the relative asymptotic efficiency of 1/9\n is E(C)?/E(£)%

Theorem 5. Let the conditions C1 — C4 be fulfilled with v = 0. Then, for any contin-
uous strictly positive density, the Bayesian estimator 19, satisfies uniformly on 9 € K the
relations

PV — lim 4, =19,

LI o (0, = 0)} = L(G) = L(DW)C)
and

lim Eﬂ gonp’ﬁ I” = E|&l" =¢vPW)E[C]" for any p> 0.

n——+00
In particular, 1% 15 asymptotically efficient.

Theorems 3-5 follow from the properties of the normalized likelihood ratio established
in Section 3. More precisely, Theorem 5 is a consequence of Lemmas 2-4 and [11, Theo-
rem 1.10.2]. Having the properties of the Bayesian estimators given in Theorem 5, we can
cite [11, Theorem 1.9.1] to provide the proof of Theorem 3. Finally, the proof of Theorem 4
can be carried out following the standard argument of [11, Chapters 5.3 and 5.4] which is
based on the weak convergence established in Theorem 1 together with the inequality (8).

5 Hypothesis testing

In this section we apply the convergence of normalized likelihood ratio obtained in Section 3
to study the problem of hypothesis testing for our model of observations. In the case r # 0,
the limiting likelihood ratio being the same as in the fixed jump size case, the properties of
test are also the same (see [6] for more details). So, here we consider the case r = 0 only.
We consider the same model of observation as above, with the only difference that
now we suppose that § € © = [¢1,0), 0 < 3 < f < 7. We assume that the conditions
(C1)-(C4) are fulfilled with » = 0 and we want to test the following two hypothesis:

Hl : ’19 :’191,
Ho : ’l9>’l91

11



We define a (randomized) test ¢, = ¢, (X (")) as the probability to accept the hypothesis
Ho. The size of the test is defined by Efﬁ)an (X (”)), and its power function is given by

B(¢,,9) = E(" ?,, (X(”)), ¥ > 9. As usually, we denote K. the class of tests of asymptotic
size € € [0, 1], that is,

K. = {&n : lim E(")gb (X(")) = 5}.
n—-+00

Our goal is to construct some tests belonging to this class and to compare them. The

comparison of tests can be done by comparison of their power functions. It is known that

for any reasonable test and for any fixed alternative the power function tends to 1. To avoid

this difficulty, we use Pitman’s approach and consider contiguous (or close) alternatives

the initial

More precisely, changing the variable ¢ = 4, 2 Y1 + upl, where ¢} =
problem of hypotheses testing can be replaced by the following one

T’LTQ )

Hy : u=0,
Hoy = u>0,

and the power function is now (¢, u) = Ef;;)an (X™), u> 0.

The study is essentially based on the properties of the normalized likelihood ratio
established above. Note that the limit of the normalized likelihood ratio at the point
¥ =91 (under hypothesis #;) is the following:

L, (01 +ves, X)

Lnxm) 7 W), v=0,

Z;,wl (v) =

where the process Z* is defined by (5).
Under alternatives, we obtain

. Lo (01 + v, X )
Zn 191< ) - Ln(ﬂl,X(n))

- (Ln(ﬁl,X(m))l L (01 + v, X )

Ly (9, X™) Ly (94, X™)
- (Ln(ﬂu = ugo;,XW))l L (0 + (v = w)py, X)

Ly (0, X™) Ly (0, X™)

v — |

= (Z*(—U))AZ*(U —u) £ exp {W(U) 5 T 2} Zy(v).

The score-function test — which is locally asymptotically uniformly most powerful
(LAUMP) in the regular case (see [5])— does not exist in this non-regular situation. So,
we will construct and study the general likelihood ratio test (GLRT), Wald’s test (WT)
and two Bayesian tests (BT1 and BT2).

12



General likelihood ratio test. The GLRT is defined by the relations

¢n (X(n)) = 1{Q(X("))>h5}’
with
Ly, (0, X™) Ly (9,4, X™) L, (9,—, X™)
(n) — n Y — n n Y n n 9
QLX) = s 7 or x) max{ LX) L0, X0 [

where @n is the maximum likelihood estimator of 6.
To choose the threshold h. such that ¢, (X (")) € K. we need to solve the following
equation (under hypothesis #;)

Pfﬁ) {Q(X(")) > he} = Pfﬁ) {igg Z:m% (v) > hg} —P {sup Z" (v) > ha} =c.

v>0

For this, we note that the random variable sup In Z* (v) has the exponential distribution
v>0

with parameter 1 (see, for example, [1]) This allows us to calculate explicitly the threshold
h. of the GLRT as solution of the equation 1 — e~ =1 — ¢, that is, h. = 1/e.
The power function of the GLRT has the following limit:

B(dn,u) = PV {sup Z: 5, (v) > he} - P {sup 7 (v) > he} .
v>0 v>0

This limiting power function is obtained below with the help of numerical simulations.

Wald’s test. To define the WT, let us note that the maximum likelihood estimator 1/9\n
converges in distribution:

(90:;)71 (7/9\11 - 791) = fiu

where the random variable £ is solution of the equation

Z*(&y) =sup Z*(v).

v>0
Therefore, if we put
(™) = 1{(w;)‘1(5n7791)>m5}’
where m, is defined by the equation
Ple ) ==

then ¢) € K..
We recall the result of [15], that the joint distribution of (ln zZ* (fi) ,fi) has the density

fly,t) = \/%exp{_%}’

13



which allows us to calculate the marginal density of £ as follows:
+00 400 Y 2
Vi 1y \/5) < y )
t) = ) dy = expd —- | ==+ = d{—=
f(t) i fly,t)dy /0 Nors p{2<\/E 5 i
+o00 > 1 \/Z 2 +o00 T — Vit LL’2
= ex — |24+ — dz = / 2 ex {——} dx
o vamt P { 2 ( 2 ) g Vamt P2
+00 T Vit 22
= — d —— > — 2 ——d
[
1

el ) (4)

where @ is the distribution function of the standard Gaussian low A/(0, 1). So, the threshold
m. can be obtained as the solution of the equation

/:o <\/21—7rtexp{—é}—%<b (-%)) dt == (10)

The power function of the WT has the following limit:

B(¢5,u) = P {(@;)—1 (0 — 00) +u > ms} SP{E > m. —ul},
where the random variable & is solution of the equation

Z(£,) = sup Z" (v).

v>—u

Note that we can also derive another expression of the limiting power function of the

WT as follows:
B(65u) = PY {6 (Bu— 1) >m.} = Pgl, > m.},
where the random variable &; | is solution of the equation
Z (&) =sup Z; (v).
v>0

The threshold and the limiting power function are obtained below with the help of numer-
ical simulations.

Bayesian tests. Suppose now that the parameter ¢ is a random variable with the a
priori density p(f), ¥; < 6 < 5. This density is supposed to be continuous and positive.
We consider two tests.

The first one (BT1) is based on the Bayesian estimator:
o0 (X)) = 1)1 (i)}

14



As above, we have the convergence in distribution:

+oo
1 . vZ*(v) dv
(93) " (=) = ¢ £ 20

fOJrOO Z* (v) dv

I

which allows us to chose the threshold such that ggn € IC. as the solution of the equation

P{C>k}=c (11)
The power function of the BT1 has the following limit:
B(6nru) = P { (i)™ (I = 0u) +u > ke p = PC > ke —u},
where the random variable (¥ is given by
[0 Z* (v) dv

U

N [Tz (v) dv

Cu

Note that we can also derive another expression of the limiting power function of the
BT1 as follows:

B(Gnu) = PG {(00) " (T —1) >k} > P{CL > e},
where the random variable (j | is given by

f0+°o v Z¥(v) dv

A+ fO—I—oo Z; (U) dw

Cu

The threshold and the limiting power function are obtained below with the help of numer-
ical simulations.
The second test (BT2) minimizes the mean error. The likelihood ratio is

~ B L, (97)((")) . (e3) " (B=01) . .
L(X( )) = /91 Wp(@) do = gpn/o 7 9,(0) p(U1 + vy do.

Hence, we have the following limit:

() () = o) [ e {w ) - L} du

Therefore, if we denote B
()t L(X™)
p (V1)

R, =

and chose ¢. as solution of the equation

P{/O+Ooexp{W(v)—g} dv>ge} —c,

the test 1¢gr,~q.} belongs to the class ..

15



Numerical simulations. Now, let us carry out some numerical simulations for the
GLRT, the WT and the BT1. We take r, = n~%? and, in order to simplify the sim-
ulations, we take a function v, (t) depending neither on n nor on t. More precisely, we
consider n independent trajectories X](") = {X](") (t), t €[0,4]}, j =1,...,n, of an inho-
mogeneous Poisson process on the interval [0, 4] of intensity function

A =154+n 0P 10y, 0<t<4,
with ¥ € [2,4). So, denoting ¥, = 2 and

L _YW) 15

we have (for v > 0)

a 1.5
InZ; 4 (v) = E / In 7)( (dt)+15vn
! j=1 v (P1,91+ver] 1.5 +n=0%

= 1.5 + n_o 25 Z ( 191 +upy) — Xj(‘n)<191)> +1.50n"%

Some realizations of Z; , can be found in Figure 1.

Recall that the threshold he = 1/e of the GLRT is known explicitly. We obtain the
threshold m. of the WT by numerically solving the equation (10), while the threshold k.
of the BT1 is obtained from the equation (11) by means of numerical simulations of the
random variable (7. Some values of the thresholds m. and k. are given in Table 5.

€ 0.01 0.05 | 0.10 | 0.20 | 0.40 | 0.50
me | 14.886 | 7.282 | 4.531 | 2.236 | 0.685 | 0.248
k. | 16.782 | 8.582 | 5.573 | 3.024 | 1.102 | 0.657

Table 1: Thresholds of WT and BT1

To illustrate the convergence of power functions of different tests to their limits, we
present in Figure 2 the power functions for n = 100 (r, = 0.3162) and n = 300 (r, =
0.2403), as well as the limiting power functions. All these power functions are obtained by
means of numerical simulations. Note that the values of u greater than 2(¢)~! correspond
to 0, = 61 + uy; > 4, which means that there is no longer jump in intensity function on
the interval [0, 4]. This explains the fact that for n = 100, the power functions are constant
for u > 2(p%,) ! ~ 13.33.

Comparison of the limiting power functions. Let us fix an alternative u; > 0 and
consider the testing problem with two simple hypotheses

Hl . u:O,

Hy' U= uy.

16
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Figure 1: Some realization of Z , (v)

Remind that in this situation the most powerful test is the Neyman-Pearson test (N-PT).
Of course, it is impossible to use the N-PT in our initial problem, because it depends on the
value u; under alternative which is unknown. However, its power (considered as function
of uy) gives an upper bound (Neyman-Pearson envelope) for the power functions of all the
tests. Therefore, it is interesting to compare the power functions of different tests not only
one with another, but also with the power of the N-PT.

The N-PT is given by

(xX™) =1 1
X =1 wsa} T g )
where d, and ¢. are solution of the equation
P (Z: 5 (w) > d.) + . P (Z5 o, (w) = d.) = . (12)
Recall that the likelihood ratio Z , (u;) under hypothesis #H; converges to the following
limit u
1

Z3 g, (wr) = Z*(wn) = exp {W (un) = 211

17
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Figure 2: Power functions of GLRT, WT and BT1

Hence, in the asymptotic setting, the equation (12) can be replaced by the equation
P(Z*(u1) > d.) + ¢ P(Z*(u1) = de) = ¢

and, since Z*(uy) is a continuous random variable, we can put ¢. = 0 and find the threshold
d. as the solution of the equation

P(Z*(Ul) > de) =c.
Note that
Ind, + %
P(Z" () > dz) =P (W(u) > Ind. + %) —p (g > ni\/u_t?) ,

where ¢ ~ N (0,1). Therefore, denoting 2. the quantile of order 1 — & of the standard
Gaussian law (P (¢ > z.) =€), the threshold d. is given by

o o) uq
— > -5
d. =¢ 7,

18



Under alternative H5', we have

= wX™) _ (L g, X
Ty ) = P l) (Ll sk 2

-1
Z*(—uy)) "

which allows us to obtain the limiting power of the N-PT as follows:

6(‘152) = Pgﬂtuw; (Z:m%(ul) > de)
=P ((7°(-w) " > d) =P (exp { =W (—ur) + %} > d.)

:P(W(u1)>lnd€—%) :P<C>%) P(C> 2 — V).
1

So, the limiting Neyman-Pearson envelope is given by
Bu) = P(C >z, —\/ﬂ) =1 —(IJ(ZE — \/ﬂ),

where, as before, ® is the distribution function of the standard Gaussian low.

The limiting power functions of the GLRT, of the WT and of the BT1 are obtained by
means of numerical simulations and are presented in Figure 3 together with the limiting
Neyman-Pearson envelope (u).

We can observe that the limiting power function of the GLRT is the closest to the
limiting Neyman-Pearson envelope for small values of u, while the limiting power function
of the BT1 is the one that tends to 1 (as u becomes large) the most quickly. We can
also see that for ¢ = 0.05 the limiting power functions of the WT and of the BT1 are
close (especially when wu is small), and that for ¢ = 0.4 the limiting power functions of
the GLRT and of the WT almost coincide. Finally, we need to say that all these limiting
power functions are perceptibly below the limiting Neyman-Pearson envelope, and that
the choice of the asymptotically optimal test remains an open question.

6 Proofs of the lemmas

The proofs of Lemmas 2—4 in the case r # 0, as well as the proof of Lemma 5, are similar
to the fixed jump size case and hence are omitted (the interested reader can see, for
example, [12, 13]).

Proof of Lemma 2 in the case r = 0. First we study the convergence of 2-dimensional dis-
tributions. For this, consider the distribution of the vector (Z, s(u1), Zy9(u2)) with some
fixed uy, us € R. The characteristic function of the natural logarithm of this vector can be

19
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Figure 3: Comparison of limiting power functions for ¢ = 0.05 and ¢ = 0.4

written as follows (see, for example, [12]):

Efgn) exp (it In Z,, 9(w1) + it In Z,, (us))
(n)

T A t A
:exp{n/ <exp{z’t1 ln%%() + itg IDM}
0 g (t) Ay

(n) (n)
ity (P Yy (A ® —1> A () dt
U U\ g
g (1) o (

= exp{An,ﬁ(ula Uug, t) }

with an evident notation.
We will consider the case us > u; > 0 only (the other cases can be treated in a similar

20



way). In this case, we have

Y+ui1pn
Anvﬁ(ul’u%t) = n/ i (6XP{(Zt1 + th) T 1(%;(3 . } -1
9 n n

(it + M(#an 1)) (60 4 1)

'ﬂ+u2§0n
+ n/ (exp{ztg In ————— }
'ﬂ‘f’ulipn
- 'Lt2 < ) + rn
+ e

= n]1 + TLIQ

with evident notations.
Using the mean value theorem for the integrals I; and I, it is possible to find some
€ (0,9 + uyp,) and v, € (¥ + w1, ¥ + usp,) such that

nl, = % <exp{i(t1 Ft2) I ga(sn)} — 1 — ity + £2) (gn(5n) — 1)) (wn(sn) ¥ rn)

n
and
U

nly = Z;M (exp{itg In g, (vn)} — 1 — ita(gn(vn) — 1)) <wn(vn) + Tn>,

n

where we have denoted g, (t) = wnw(z)(?rn =1- Un(t )+rn :

As s, — 0, using the condition I3 we obtain lim ,(s,) = ¥ (). So,

n—-+o00

nly ~ Uﬂfzw) <exp{i(t1 +to)Ing,(sp)} — 1 —i(t; + tz)(gn(sn) - 1))

As r, = 0 and ¢ <, (t) +r, < L, we have g,(s,) —1 = O(r,) — 0. So, using Taylor
expansion we get

Ing,(s,) = 1n<1 + (gn(sn) — 1))
= nlsn) =1 %(g"(sn) “U O<(¢n(s:)i+ Tn)Q)

= gulsa) = 1= 3 (90050 —1)° +0(r2).

In particular, In g,(s,) = O(r,) and (lngn(sn))2 = (gn(sn) — 1)2 + o(r?).
Using Taylor expansion once more, we obtain

t2
exp (it In gn(sn)) =1+itlng,(s,) — B (ln gn(Sn))2 +o(r2).
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So,

(gn(sn) = 1)" (11 +t2)?

nily ~ UHZ)( ) ( i(ty +ta) 5 - 5 (gn(sn) - 1)2 + 0(T3)>
ulw( ) Z(tl —|—t2)7’i (tl —|—t2)27’i 9
2 < (o) + 1) 200G L) O(T"))
up (it +ta)  (t+t)?
o) (_ 2 2 )

Similarly, we can show that

and hence

E;") exp (itl In ng(ul) + itz InZ, 19('11/2))
(13)

- exp{ UGty 4 12) — (i(t1 + t2) + (11 + t2)2)}.

_W
2@/)( ) 2¢(0)
For all u > 0, we introduce the o-algebra F, = J{W(v), 0<v< u} and write
E exp (it1 In Zy(uy) + ite In Zy (u2))
= E (exp{i(tl +t3) In Zﬁ(ul)}E(exp{itQ (ln Zy(uz) —In Z,g(ul)) } ‘ ful))

eI M) By, )
U@ T ) ) )
Combining this with (13), we obtain the convergence of 2-dimensional distributions. The

convergence of three and more dimensional distributions can be carried out in a similar
way, and the uniformity with respect to 1 is obvious. O

Proof of Lemma 3 in the case r = 0. We will consider the case uy > u; > 0 only (the other
cases can be treated in a similar way). According to [13, Lemma 1.1.5], we have

. 2
n 1/2 1/2 n n
EJV |2,/ (w) = 25 ()| < n / (Mﬁmw - ngﬁum@)) dt

:n/:ﬂm(\/ D+ — n()*d

+u1on

19+U2<Pn 7,,2
=n / L dt.
d+uren (\/¢n + Tn + \/wn )
As )\1(9") is uniformly separated from zero, we have

(V) + 1+ Vou())* > (VI+VE)? =
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and hence

Ituzpn .2
(n)| 1/2 1/2 2 Tn 1
Ey ‘Zmﬁ (u1) — Znﬁ<u2)‘ < n/ﬁ+u1¢n Y, dt = 10 |ur — ugl.

So, the required inequality holds with C' = ﬁ. U

Proof of Lemma / in the case r = 0. We will consider the case u > 0 only (the other case
can be treated in a similar way). According to [13, Lemma 1.1.5], we have

E(")Zl/2(u)—exp{ /(w/ 0t \/A(T) dt}

:exp{_g/:W"W RV NOETSE }

n I+upn 7,2
= —— dt ;.
exp{ 5 (VonlD) + /D) + 1) }

As )\1(9”) is uniformly bounded, we have

(V) + 7+ V(D) < (VL4 VL) =

and hence
I+pnu .2

1
8220 <esp{-2 [ Tt} < exp{ - L)
w<ep{-5 [ frar}=ew{-g

So, the required inequality holds with k, = SLL. O

Proof of Lemma 6. Using Markov inequality, we get
n 1 n
P ([In Zy(ur) — In Zy, g(ug)| > €) < > E (In Z, 5(u1) — 0 Zy p(u3))

First we consider the case uj,us > 0 (and say us > uq). In this case, we have

n

I+uzpn ¢ ( ) I+uzpn
in Zuofs) = Zuolu) = 3 [ m O ax P e [
9 9

j=1 +uipn ?/’n( ) ! +uipn
n Y+uzpn wn< ) (n)
= In dY} t
jzl/ﬁ+u1<pn ?/’n( ) ! ( )
A0
*“Lﬂwn“%‘””” RPUEAOL

where Yj(") is the centered version of the process X ](n)
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Since the stochastic integrals with respect to Y;-(")

has mean zero, we obtain

, 7 =1,...,n, are independent and

2

Y+uzpn (t)
E™ (In Zno(u) —InZ, 9(u = pEW (/ In _Uall) dy™ (¢ )
o Znali) =i Zuale) =BT

+ n? (/:Jruwn ((wn( ) +75) In ¢n?)(t) + 'r’n> dt) 2

+uipn

=L+ By

with obvious notations.
Using elementary inequalities In(1 + z) < z and In(1 + z) > x — 2%/2 for |z| < 1/2, for
sufficiently large values of n (such that i < <1 /2) we obtain
2
n n t n
™ < Gnl) o Tw (14)
Yn(t) +10 2 (wn(t) + Tn) Yn(t) + 70 Un(t) + 1y

For Ey, if r, < 0, we obtain

B [ Y

- n/ﬁ+u2<,0n i a <n (’LLQ — Ul)’f‘iwn _ |’LL1 - u2| )
Y+u1pn @bn(t) +7rn ¢ ¢

As to the case r, > 0, as

o < 1/2, we have

Ei=n /:MW"( 00 Y (1) 4 1)

+uron Vn(t) + 10

IN

I+upn 7,2 7,3 T4
n — = + 2 dt
/19+u1gan Lbn )+ (ult) +10)?  An(t) +10)?
I+uzpn 2 1 1 25 -
n/ T7n[1+ + ] oltgiw1 u2|.
Irurpn Un(l) + 7 2 16 16¢

For E,, we have

IN

h TZ Un(t)
RS TR0 ) - (O <
and hence
J+ugpn djn(t) 2
_ .2
Ey—n ( /,9 o ((wn(t) L R rn) dt)
V+uzpn .2 2 2
e[ B a)
N " <[9+u1@n 2£ 462



Thus, for sufficiently large values of n, we have

25 |U1 — U2| i (Ug — U1>2
16/ 402 '

In the case uy, uy < 0, proceeding similarly, we obtain the same inequality.
Finally, in the case ujuy < 0 (say u; < 0 and uy > 0), we obtain

Efgn) (ln Zpy(ur) —In Znﬂg(UQ))Q <

Efgn) (ln Zpy(ur) — In Znﬂg(UQ))Q <2 EI(;L) (ln ng(ul))2 + 2 EI(;L) (ln Znﬂg(u2))2

25 |u | u_% 25 ug| | uy
14 202 8€ 202
25
= @(‘ul‘ + ‘“2|) 202 (U1 + UQ)
25|U1 —UQ‘ (Ug —U1>
<
=T T
Note that this final inequality holds for all the three cases, and so
25 |up —ug|  (ug — up)?
(n) 1 2 2 1
Py’ (IInZ,9(u1) — In Z, g(u2)| > €) < 277 = (15)
for all uy, us € U, and sufficiently large values of n. Hence,
25h h?
(n)
Ao P (I Zn() =InZnolua)l > €) < o + oo 0
as h — 0, and so, the lemma is proved. O

Proof of Lemma 8. 1t is sufficient to establish the inequality (9) with the sup taken over
u > 0 only. Indeed, the case u < 0 can be treated similarly, and then the lemma will hold
(with two times grater C') since

Pén)( sup  Zpe(u) > e_bD)

D<|u|<D4+1

< Pfﬁ( sup  Zno(u) > e_bD) + Pfgn)( sup  Zno(u) > e—bD)
D<u<D+1 —D—1<u<-D
< 2Ce7 P,

Note also, that it is sufficient to prove the lemma for all D > Dy only, where Dy > 0
is some fixed constant, the choice of which will be specified later. Indeed, for the case
0< D < Dy, we can write

Pfgn) < sup Z,(u) > ebD) <1< ePPoe=bD,
|u|>D

and so the lemma will hold for all D > 0 by adapting, if necessary, the constant C' so that
we have C' > ebPo,
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We fix equally some constant b > 0. The choice of this constant will also be specified
later. Denoting | A| the integer part of A, we split the interval [D, D+1] into v = [P ] +1
parts with the length of each part equal to h = v~! < e7*P. We have the inequality

Pfgn)( sup  Znp(u) > ebD>

D<u<D+1

_p ( max [In Z,,0(D + kh)

0<k<y—1

+ sup (InZ, 9(u) —In Z, 3(D + k‘h))] > —bD)
u€[D+kh, D+(k+1)h]

< PI(;L)( max InZ,4(D + kh) > —2bD)

0<k<y—1

+ Pfgn) ( max sup (In Zp9(u) = In Z, (D + kh)) > bD)

0<k=<v=1ye[D+kh, D+(k+1)h]
=P+ 5

with obvious notations.
For the term P, using Lemma 4, we have

—_

y—

Py

IN

p( (Zéﬁ(p + kh) > e—bD>

=

= o

=2

PEYVZ? (D + kh)

IN
=2
Dy

bD ,—ks(D+kh)

(]

e

=

=0
D 4 1) PP eheD < 92D o —k:D < 9, —bD

IN

if we choose b < k. /3.
For the term P,, we have

v—1
Py < Pfgn) ( sup (ln Zpo(u) —1InZ, 5(D + k;h)) > bD)
0 ue[D+kh, D+(k+1)h]
v—1
< P1(9n) ( sup ‘ln Zno(u) —InZ, 9(D + kh)‘ > bD)
—0 we[D+kh, D+(k+1)h]
v—1

Py

ol
=]

with obvious notations.
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Looking at the representation (3), it becomes clear that the process In Z,, y has its jumps
P (t ',i)
¢n(tj,ij)+7’n
using the inequalities (14), we see that for sufficiently large values of n (both in the cases

r, > 0 and r, < 0) the size of the jumps of the process In Z,, y is bounded by

_ alt)
@Z)n( )+Tn

So, we can find ny € N such that for all n > ng, the jumps of the process In Z,, y are all
smaller than bDy/3 (and, in particular, smaller than bD/3 for all D > Dy). Hence,

at the points u;; = ¢, 1 (t;; — 1) and the size of each jump is given by ‘ln ‘ Hence,

L -

+ =5 = 0.

< nl
-/ 202

sup
te[0,7]

Py, =PY < sup In Z,, 9(u) — In Z,, 9(D + kh)| > bD)
u€[D+kh,D+(k+1)h]

bD
nggn)(sup min{]ann,ﬂ( ) =0 Zyp(w)], [In Zp 5(u) an"’ﬂ(v)}} ~ ?)

where the supremum is taken over the set

{u,v,w : D+kh<w<v<u<D+ (k+1)h}.

The last probability will be estimated with the help of the corollary of [10, Lemma
6.5.3] (page 432). For this, we introduce

an(h,e) = sup PV (‘ln Zno(u) — x| > ‘ InZ, 4(v) = :c)

where the supremum is taken over u,v € U, such that v <u < v+ h and z € R.
As In Z,, y(u) has independent increments, and using the inequality (15), we have

an(h,e) =  sup Pfgn) (‘ln Zpg(u) —In ng(v)‘ > 5)
u,v : ju—v|<h
< 25|u—v\+(u—v)2 <25h+ h?
su .
N U \qu|§h 82l g2(? — 8 £2(2

If we suppose D > D; = 12/b, we have bD /12 > 1 and, noting that h < 1, we obtain
bD 25h  h? 25 1 25 1
a’;:an(h,—) <4< (—+—)h§ (Qng_?) oD

12/ = 8¢ 2 = \8 2
If we suppose, moreover, D > Dy = * ; In (iiﬂ + g%), we will also have o < 1/2 < 1. So,

using the above mentioned corollary, We obtain

. bD
Py < —n _pt <)1n Zno(D + (k+ 1)) —n Z, o(D + kh)) )

(1—ax)? 12
*2
ay *2
= Toage =0
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Returning to the term P, we get

—

25  1\°2 25  2\°2
Po<S P <4va <4y |24+ ) RP=(Z24+ 2 ) <Ot
2 S . 2,k > AV, = 7(8€+€2) (4£+g2) = e

2

B
Il

where we denoted C; = (i—; + 2 )2.

for

2
So, fixing an arbitrary b € (0, k,/3] and putting Dy = max{Dy, D2}, we have

Pfg")< sup  Zno(u) > ebD) < (24 Cpe P
D<u<D+1

all D > Dy, ¥ € K and sufficiently large values of n, and Lemma 8 is hence proved. [
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