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ORTHOGONAL POLYNOMIALS ASSOCIATED WITH THE
DELTOID CURVE

OLFA ZRIBI

ABSTRACT. We study a family of bivariate orthogonal polynomials as-
sociated to the deltoid curve. These polynomials arise when classify-
ing bivariate diffusion operators that have discrete spectral decomposi-
tion given by orthogonal polynomials with respect to some compactly-
supported probability measure on the interior of the deltoid curve.

Keywords : orthogonal polynomials, diffusion processes, deltoid, root

systems.
MSC classification : 47D07, 33C45, 33C50, 33C52, 60H99.

1. INTRODUCTION

Orthogonal polynomials in the interior of the deltoid curve is one exam-
ple of the 11 families of orthogonal polynomials on a compact domain in
dimension 2 which are at the same time eigenvectors of an elliptic diffusion
operators, see [2]. It is also one of the most intriguing one, and have been
put forward by Koornwinder [12, 13, 14], (see also [24], [16]). This fam-
ily of bivariate polynomials depends on a parameter « : if P(X,Y’) is the
algebraic equation of the boundary of €2, so that P(X,Y) > 0 on , then
the measure has density C,, P(X,Y)® with respect to the Lebesgue measure.
Here, « > —5/6, as we shall see below (Proposition 4.5).

The two special cases @« = 1/2 and o = —1/2 play a special role and
have been particularly investigated, see [3, 7] and also [22, 23] for a spectral
point of view. The first one is the image of the Euclidean Laplace operator
through the symmetries of the triangular lattice, and the second one is the
image of the Casimir operator on SU(3) through the spectral decomposi-
tion. It is of course not a surprise, since the root system of SU(3) is Ag,
which corresponds to the triangular lattice (see [4, 5, 6, 15, 10, 21]). Those
two cases are referred below as the geometric cases. The analysis of the
geometric cases provides some insight on the general model. Therefore, al-
though this aspect is quite well documented (see [3], [7]), we present them in
detail from the point of view of symmetric diffusion operators for the sake
of completeness. Moreover, these models will provide us efficient insights
towards the general situation, since the study of the general family is more
delicate. In the core of the paper, we derive recurrence formulae for the
generic measures, which, as is the case in dimension 1, turn out to be a 3
term recurrence formula (although such a simple form is not to be expected
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in general in dimension 2). Those recurrence formulae take a particularly
simple form in the two geometric cases.

As mentioned above, the study of the two specific geometric cases lead
to simple representations of the eigenvectors. In the Euclidean case (o =
—1/2), we have a very simple presentation of the eigenvectors. The SU(3)
case (a = 1/2) leads to a representation of the eigenvectors through the
representation of the symmetric group, associated with Young diagrams (see
[11]). Finally, we derive in the general case partial generating functions,
leading to another representation of the orthogonal polynomials, which also
provides a complete generating function in the two geometric cases.

The paper is organized as follows : Section 2 is a short presentation of the
general setting of symmetric diffusion processes associated with orthogonal
polynomials, mostly inspired from [1] and [2]. In Section 3, we give the
explicit formulae for the measure and the generator associated to the Deltoid
model, and introduce the complex variables in which the operator takes
a much simpler form, leading to the explicit values for the eigenvalues of
the operator. Section 4 is the presentation of the Euclidean case (that
is the case @« = —1/2), while Section 5 presents the SU(3) case, that is
a = 1/2. Section 6 concentrates on recurrence formulae in the general case,
and Section 7 provides some representation of the eigenvectors, first in the
geometric cases and then (but only partially for the generating functions)
in the general case.

2. ORTHOGONAL POLYNOMIALS AND DIFFUSION GENERATORS

Let © be an open bounded domain in R?, d > 1, with piecewise smooth
boundary, and let ;1 a probability measure on 2. Recall from p. 32 in [24]
that a family of polynomials P, : R? — R is orthogonal in L?(Q, u) if

/ Py (2) Py (2)u(dzx) = 0

where 7 = (71,---,75) € N is a multi-index, whenever |7| := 7 4+ --- +
T4 # T + ...7; = |7’|. In contrast to the real one variable setting, this
family needs not to be unique in higher dimensions due to various orders
one may choose when applying the Gram-Schmidt process to the canonical
basis (27" ...z}") ene (see the bottom of p.31 in [24]). However, in many
situations, there are natural choices for this family orthogonal polynomials.
In particular, it may happen that they are also eigenvectors of some diffusion
differential operator. This is the case for the classical family of orthogonal
polynomials in dimension 1, Hermite, Laguerre and Jacobi (although only
the last one corresponds to a bounded domain, see [19)]).

On the other hand, when solving stochastic differential equations in prob-
ability theory, one is often led to consider second order differential operators
on Q which are symmetric with respect in £2(u), at least when one restricts
it’s attention to the set C2°(2) of smooth functions compactly supported in
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Q. When p has a smooth positive density on {2, these operators may be
represented as

d d d
1
(1) Lf == > 0 (gwp0if) = D gwiOigf + D bidsf

P ri=1 k,j=1 j=1
where g = (gx; (@)g,j:p x € Q is a symmetric non negative matrix depend-
ing smoothly on z € €2 and

d
1 .
k=1

The coefficients b;(z) are called the drift terms of the operator L.

We call such operators symmetric diffusion operators. They are related
to Markov diffusion processes (X;) with values in €2 through the fact that
for any smooth function f, the processes f(X;) — fg Lf(Xs)ds is a (local)
martingale. When the operator L is essentially self-adjoint, then this entirely
characterizes the law of the processus (X;) (at least as long as we only
consider the finite dimensional marginals). The operator L is called the
infinitesimal generator of the process (X;).

Working with such diffusion operators, it is often convenient to introduce
the so called carré du champ operator

L(f,9) = 3 (L(f9) — fLg — gLf),

and observe that L is entirely determined from the knowledge of I' and p
through the integration by parts formula

/Qngdu—/QgLfdu——/Ql“(f,g)dﬂ,

valid at least when f and ¢ are smooth and compactly supported in 2.
Moreover From the representation (1), it is immediate that b;(z) = L(x;)
and g;; = I'(z4, z;).

More generally, the change of variable formula, valid for any smooth & :
R* i R, and any k-uple f = (f1,--- , fx) of smooth functions, reads

(2) L(®(f)) = Y a®(f)Lfi+ Y @)L (fir 7).
i ij
In particular, whenever for ¢ = 1,--- , k, there exist functions B; and Gj;
such that Lf; = B;(f) and I'(fi, fj) = Gij(f), one has
(3) L(®(f)) = (L12)(f)

where L; is the new diffusion operator acting on the image of 2 under the
function f (which is not necessary a local diffeomorphism), as

Li(®) = Gij(2)0}@ + > Bi(2)0;9,
i 7

which is called the image of L under the function f.
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In the probabilistic interpretation, if (X;) is the stochastic process with
generator L, then f(X;) is again a diffusion Markov process with generator
L;. In particular, the operator L; is symmetric with respect to the image
measure of p under the map f, which, following equation (1) may be often a
efficient way to determine the image measure. When such situation occurs,
we shall say that L projects onto L.

In what follows, we restrict for simplicity to the case where the matrix
g(z) is positive definite on Q. It is then natural to raise the question of de-
termining when such L may be extended as a self adjoint operator (see [25])
with spectral decomposition given by a family of orthogonal polynomials
with respect to u. In other words, one wants to determine for which choice
of p and g there is a complete family of u-orthogonal polynomials which are
at the same time eigenvectors for L. This will produce a natural choice for
a basis of orthogonal polynomials.

It turns out that the general answer to this question is the following :

the functions g;;(z) are polynomials with degree at most two, and the
boundary 02 is included in the algebraic set {det(g) = 0}. More precisely if
P(zx) denotes the irreducible equation of the boundary 92, then there exists
a family of degree 1 polynomials L;(x) such that for any ¢, the algebraic
equation

(4) Zgijc‘)jP = L;P.

J

Moreover, the sets of admissible density measures p are entirely described
from the algebraic structure of the boundary. In particular, when the deter-
minant det(g) is irreducible, the only admissible density measures p are
C(MN)det(g)?, for any real A such that p* is £Y(Q,dz), (see [2]). Once
the boundary 0f is given through it’s irreducible equation, the coefficients
(gij)(z) are entirely determined from equation (4). It turns out that they
are in general unique up to some scaling factor.

3. THE DELTOID MODEL

In dimension 2, up to affine transformations, there are only 11 bounded
sets 2 on which there exist a symmetric diffusion operator for which the
associated eigenvectors are orthogonal polynomials with respect to the re-
versible measure (see [2]) . One of the most intriguing one is the interior of
the deltoid curve, which is a degree 4 algebraic curve with equation

P(x) = (22 + 23)? + 18(2% + 23) — 823 + 242123 — 27 = 0.
For this particular choice, the matrix (g;;)(z) is unique up to some scaling

factor, and is given by
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g11(x1, 2 —(396% — :c% — 6z —9)
(5) g12(z1,w2) = —2x2(2771 + 3)
go2(x1,22) = —(323 — 23 + 621 — 9)

Whence we deduce that det(g) = —3P(z). Moreover, in this representation,
for the measure p(dx) = c¢(a)|P(z)|*dz, the drift terms in the equation read

(6) bi(z1,x2) = —2(6a + 5)x1, ba(z1,72) = —2(6a + 5)z2.

The general operator L(® on the interior of Deltoid curve for which a
family of orthogonal polynomial is formed of eigenvectors of L(®) is therefore
given by

L = gi1(21,22)0f + goo(w1,22)05 + 2g12(21, 2) 07 5
—2(6c + 5)x101 — 2(6c + 5)202

with associated measure c(«)p®dx, with
1
p= gdet(g) = — (27 + 23)% — 18(2? + 23) + 823 — 24x,23 4 27.

As long as we only deal with polynomials, it turns out that it is simpler to
use complex variables. Indeed, let Z = x1 +ix2 and conjugate Z = x1 —ixo,
then the generator is entirely characterized by

[(Z,7) = -47% 4127,
[(Z,Z)=-227 + 18,
1(Z,7) = -4Z" + 127,
L®Z = -2(6a+5)Z,LYZ = —2(6a +5)Z.

(7)

We can simplify the operator by setting Z = 371, Z = 3Z; and multiply-
ing L@ by 1 /4, which does not change the eigenvectors and multiply the
eigenvalues by 1/4. This gives

(8)
L®Z = -1/2(6a+5)Z,LYZ = —1/2(6a +5)Z.

In particular, giving a particular role to the case a = —1/2, one has
3 _
(9) L = (=12 _ 5 (20 +1)(207 + Zy).

This model has been studied by [12, 13|, where the relationship with homo-
geneous spaces of rank 2 and root system A, has been put forward. Observe
that the case A = —1/2 corresponds to the Laplace-Beltrami operator asso-
ciated with the Riemannian metric g~! associated with the inverse matrix
of the matrix g.
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Our aim here is to study the associated orthogonal polynomials together
with the associated eigenvalues, and various representations for it. Indeed,
this family belongs to the larger class of Hall polynomials associated with
root systems (here the root system As) (see [18]), and our aim here is to
present some properties of these polynomials specific for this model.

4. L(-1/2) A3 A PROJECTION OF THE EUCLIDEAN LAPLACIAN.

As already mentioned, the case a = —1/2 corresponds to the Laplace-
Beltrami operator associated to the inverse matrix ¢g—'. If one computes the
associated curvature (here, in dimension 2, the scalar curvature is sufficient
to characterize the metric), we may observe that it vanishes, and therefore it
is not much surprising that the operator is the image, in the sense described
in Section 2, of the ordinary Laplace operator in R2.

In order to perform this identification, we first start by some remarks on
the Deltoid curve.

FiGURE 1. The deltoid domain.

It represented by the following parametric equations :
x1(0) = 2cos @ + cos20, x9(0) = 2sinfh — sin 26

In complex notations z(6) = x1(6) + ixa(0) = 2e¥ + =29,

We shall denote  the interior of the deltoid curve, and our aim is to
identify the above operator L(~1/2) as the image of the laplace operator A
on R? through the action of some function Z : R? —  is the sense described
above.

To proceed, we shall first use the change of variables formula to see that

LEY2(5)(X,Y) = Alf(X,Y)],
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where (X,Y) : R = Q, or in complex notations
L(_l/Q)(f)(Z77) = A[f(Zai)]
where o
Z=X+1Y, Z=X-1iY.

So that we are looking for some functions Z : R? — Q satisfying :
TA(Z,2)=V2-NZ=-2>+ZTaA(Z,2)=VZ -NZ=1/2(1 - ZZ)
T'A(Z,2)=VZ-NZ=-7"+7,

AZ =—-7Z, A7 =—Z.
In what follows, for any 8 € R? ~ C, eg(x) denotes the function R? — C,
z — el62)

Proposition 4.1. Let (1, B2, 83 € R? three vectors satisfying

Bk - Br =1, Bk‘ﬁl:—%,l#k.

and let
3

Z(z) = Zeﬁk’
k=1
Then, one has
AZ)=—-Z, AZ)=—Z,

and
_ 1 L .
[(2.2) = -2 +32,1(2,2) = (9~ 22),T(Z,2) = ~7°+32.

Proof. — Splitting eg, (z), k € {1,2,3} into a real and imaginary parts, one
derives

[Ves, - Veg | = —(Br - Bi)es,+
for all I,k € {1,2,3}. As a result

F(Z, Z) = - Z(ﬂk : 6l)65k+ﬁl

k.l

3
== [Z €28, — Zeﬁk-i-ﬁl] ==
k=1

k<l

7% — 3zeﬁk+5l] .

k<l
But one easily checks that

3 3
> B> B=0
k=1 k=1
so that 81 + B2 + B3 = 0 yielding I'(Z, Z) = —Z2% + 3Z. Finally
3
D(Z,Z)=3- eg_p=3—(
k#l

The identification is obtained changing (Z, Z) into (Z/3,Z/3). ]
7
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Remark 1. The assumption By - 5; = —1/2,k # | is by no means a loss of
generality. Indeed, if one rather assumes that By - 5 = ¢ € (—1,1) then one
may take 81 = 1 due to the rotation invariance of our conditions. But then
81+ By = B1 - B3 forces both first coordinates of Ba, B3 to be equal c, while the
fact that the vectors have unit length entails

Bo=c+ivV1—c2 B3g=c—ivV1—c2

Together with Bs - B3 = ¢ show that ¢ to be a root of 2¢* — ¢ — 1 yielding
finally ¢ = —1/2. Hence B1 = 1, B2 = j, B3 = j2, the cubic roots of the unit,
up to an orthogonal transformation.

From now on, with no loss of generality, we shall assume that (31, 82, 83) =
(1,4, 7%).

One immediately sees that Z is invariant under the action (by translation)
of the lattice I generated by 4w 31, 47052,

L = 4nZ31 + 47735,

by rotation with 27/3 angles and by symmetry with respect to the lines
RpBg. One may also observe that it is invariant under the symmetry with
respect to the horizontal line {y = 27/+/3}. From this, one sees that Z is
also invariant under the symmetries with respect of the lines of the regular
triangular lattice IL; whose fundamental domain is the regular triangle A
whose vertices are (0,0), (47/3,0), (47/3)e’™/3 (see below). We shall say in
the sequel that a function having those invariance have the symmetries of
the lattice L.

Equivalently, Z is invariant under the action of the dihedral group D3
of affine type ([10]). As a matter of fact, Z is uniquely determined by its
restriction to A.

\VAVAVAVAVAVAVAVAVAVAVAV/
JAVAVAVAVAVAVAVAVAVAVAVAY
\VAVAVAVAVAV/VAVAVAVAVA
Vi VAY
\VAVAVAVAVAVAVAVAVAV
JAVAVAVAVAVAVAVAVAV

The lattice of regular triangles ;.

Proposition 4.2. Z is a one-to-one map from d.A onto D = 9Q and from
A onto Q. In particular, it maps the whole plane onto €.
8



Proof. — Recall the parametric equation of D written in complex notations
2(0) = 2¢" 4 ¢72

so that z() = Z(—26,0), where 6 runs over any interval of length 27. Then
the invariance of Z under rotations of angles +27/3 shows that the images
of the intervals
[—47/3,0], [4m/3,87/3]

coincides with the images of the oblique edges of A (the cusps of D are the
images of {# = 0,47/3,87/3}). Thus Z maps 0A onto D and it is easy to
check from the complex parametrization of D that Z is one-to-one there.
Combined with the compactness of A and the continuity of Z, we deduce
that Z maps A into Q. But then Z(A) = Q since otherwise 2 would not
be simply connected, which leads to a contradiction. Now, we shall use the
following parametrization of Q:

. . 3
Z(x1,m9) = € + 2e 1 COS(7$2), x = (z1,22) € A.

For fixed 7 € [0,27/3], the image by Z of the vertical segments

[(21,0), (z1,V3z1)] € A
is the line segment [(x1) = [A(x1), B(z1)] where

A(z1) = (cos(z1) + 2cos(%), sin(z1) — 2sin(%))
B(z1) = (2cos(z1) + cos(2x1),2sin(x1) — sin(2z1)).

Thus, the coordinates of A(z1) are decreasing as functions of the variable
x1 while those of B(z;) are decreasing and increasing respectively. Equiva-
lently, A(x1) runs over the half part of the lowest branch of D starting from
(3,0) while B(z1) runs over the whole highest one since clearly B(z;) =
A(—2z1). As a matter of fact, two line segments I(z1),I(z}),0 < x1 # 2} <
27/3 never intersect. A similar reasoning applies when z; € [27/3,47/3]
and the segment [z1, —v/3x1 + 47/v/3], A(x1) runs over the remaining half
part of the lowest branch while B(z1) runs over the whole third one. As a
matter of fact, Z is a one-to-one from A onto Q. Finally, A is a fundamental
domain for the action of the affine group D3 on R? so that every z € R? is
conjugated to a unique element of A. The proposition is proved. |




We are now in situation to identify the operator L(-1/2) as an image of
the 2-dimensional Laplace operator acting on functions which are invariant
under the symmetries of the lines in the triangular lattice.

Proposition 4.3. A measurable function f : R? — R have the symmetries
of the lattice 1Ly if and only if it may be written f = g(Z), where g : Q — R
is a measurable function.

Moreover, when f € C?, then we may chose g € C2, in which case

(10) A(g(2)) =L (g)(2).

In other words, LI=1/2) is nothing else than the 2-dimensional Laplace op-
erator acting on set of functions having the symmetries of the lattice ;.

Proof. — If we denote by Z~! the inverse map  — A of the restriction of
Z to A, then we just set g = fo Z~ L
Moreover, the change of variable formula (2) and formulae given in Propo-
sition 4.1 give immediately (10).
[ |

Remark 4.4. It is worth to remark that if we set that Z = z1 + zo + z3,
where z; are complex numbers such that |z;| =1 and z12923 = 1, then

p=—3(21 — 20)%(22 — 21)%(23 — 21)°.

Indeed, if p(x,y) is the determinant of the matriz (g") written in (x1,2)
coordinates, one sees that, in (Z,Z) coordinates, it may be written as

i(r(z, 2)*~T(2,2)0(Z,2)),

which gives
(11) p=12(23+7") — 322Z° — 5427 + 81

Using remark 4.4 and the above diffeomorphism between the deltoid and
the triangle, one obtains

Proposition 4.5. The function det(g)® on the deltoid is integrable with
respect to the Lebesgue measure if and only if o > —5/6.

In the sequel, we shall always set A = %(604 +5).

Proof. — By the change variables formula we have
/ det(g)*dz1dxy = / det(g)o‘+%da:1dx2
D A

= (_3)@-‘,—% /A((Zl — 22)(22 — 23)(Z3 — Zl))2a+1dl‘1dﬂj‘2

where z1 = €1, 29 = €92 253 = ¢ and 6, = 21,09 = —5 + @,03 =
_ oz _ V3
—(01 +02) = —F — 3=
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A rapid inspection of the integrability condition for this function on the
triangle shows that, near the boundary and outside the corners of the trian-
gle, the integrability condition is a > —1, while at the corner of the triangles,
the condition is more restrictive. Indeed, for the integrability of the measure
near the point (0,0), then (21 — 22)(22 — 23) (23 — 21)) =~ —i3\/3x2(23 — 323)
and if we set zo = /3txy,t € [0,1] we have det(g)a+% ~ (= Z228(1 -

1
t2)2)a+2, which is integrable for the measure tdtdz; if and only if a > —%.
]

5. THE L(}/?) As A PROJECTION OF THE CASIMIR OPERATOR ON SU(3)

Let G be a compact semi simple Lie linear group with Lie algebra L , seen
at the tangent space at Id for G, with Lie bracket [A, B] (see [9]). On L,
the Killing form is a scalar product defined by (A, B) = —trace (A.B) . On
the other hand, to any A € L is associated a vector field X4 on G defined
as Xa(f)(g) = O li=o f(ge!!). Given an orthonormal basis (Ay,--- , Ag)
in £ with respect to the Killing form, the Casimir operator is defined as
Ag = ZZ Xii. It is also the Laplace-Beltrami operator on G when G in-
herits the Riemannian structure from the Killing form in £. Ag is a second
order differential operator in the sense that it satisfies the change of vari-
able formula (2). We shall denote by I'g the corresponding carré du champ
operator.

The Casimir operator commutes with the Lie group action. More pre-
cisely, if, for ¢ € G and for any function f : G — R, one defines the right
action Ry(f)(k) = f(kg), then AgR, = R;Ag, and the same holds true for
the left action Ly(f)(k) = f(gk).

In order to entirely determine the action of Ag on functions of G, it
is enough to compute Ag(f;) and I'g(fi, f;) for a set of functions which
generates all functions on G (say as o-algebras). Once again, it could be
helpful to consider complex valued functions, and on SU(n), if one represents
g as a matrix (z;;) with complex entries, we shall consider the coordinates
g — z;; and g — Z;; as generating functions.

When performing the above computations in SU(n), one ends up with
the following formulae

n—1)(n+1 _ n—1)(n+1)_
Asym)(2k1) = —QMZM, Asu(ny(Zrt) = —2()75)2:,61,
2 o o 2
Csvmy(zij, z1) = —2zq2k5 + 2K Csvm)(Zijs Zn) = —2ZuZk; + ~ZijZk,

1
Lsvm) (25, 2m) = 200050 = — 2iZki)-
11



For any p € Z, consider the functions SU(n) — C: T,(g) = trace (g”).
For p > 1, one has

n

(12) Tp(g) = Z Riyig Rigiz " Ripi1>

i1, ip=1

while the same formula holds for p < —1 replacing z;; by Z;; (and of course
T ,= Tp). From the change of variable formula, one has, for any m-uple of

functions (f1,-- -, fm) and any diffusion generator L
. sz C(fi, /i)  ~=T(fis fi)
(13)  L(fi- fm) fm(z Z 7 Zl P ).

and, for any m-ulple (f1, -, fin) and any k-uple (g1, , gk)

D(fr- fmsg1---gk) = fr fmgr - gk<ZZM>

i=1 j=1 figj

Applying these to the explicit expression (12) of T}, one gets, for p > 1

—1
% p—i>7

with the conjugate formula for p < —1, while, for any p,q € Z
T,T,

n? — p
(14) AsumTy = —p(2

(15) I_‘SU(n) (TP?T ) = 2‘pq,( P'HZ)'
In particular, if we set Z =T}, Z = T_;. Then
n?—1 — n—1—
(16) AsymyZ = —2 Z,AsumZ = —2———2,
and

(17) Csum)(Z,Z) = 2(%2 -1, Tsywm)(Z, ?) (% —Ts),
(18) Tsum)(Z,2)) = 2(3 — 22).

Now, consider more precisely the case n = 3. For any matrix in SU(3), if
(p1, 2, pg) denote its eigenvalues, T, = pf + pb + ph. The p; are complex
numbers with |u;| = 1 and pyuops = 1. With Z = uy + pg + ps, they are
solution of the equation

X3 - ZX*+7ZX -1=0,

and multiplying this by X? and summing over the three values u1, po, us,
one gets for any p € Z

(19) Tpi3 = ZTpt2 + ZTP-H — 1T, =0,
12



which, for p = —1 gives Tp = Z?—2Z, and similarly Ty = 7' 27 Replacing
this values in (16) and (17) lead to

16

Asu@Z = —5Z, Asu) (Z) =

16—
—-—7
3

and

4 4 72
Tsu) (2, Z) = (37 = 2°). Vsy(s(2,2) = 5(32 = Z),

2
Tsu)(2,2) = 3(2Z - 9).

It remains to replace Z by Z/3 to observe that %A su(3), acting on functions

of (Z,Z) is nothing else than L(!/2) and A = 4. Observe also that the
functions on SU(3) which depend only on (Z, Z) are exactly those functions
which depend only on the spectrum of the matrix g € SU(3), that is the
functions which are invariant under g — h='gh, for any h € SU(3). Indeed,
as long as polynomials are concerned, those functions are exactly functions
depending only on the traces T},,p € Z, and formula (24) shows that these
functions are again polynomials in the variables (Z, 7).

6. EIGENVALUES AND EIGENVECTORS

We proceed now to the determination of the eigenvalues of L(%, and give
a recurrence formula for the corresponding eigenvectors.

In dimension 1, it is well known (and easy to check) that for any proba-
bility measure for which the polynomials are dense in £2(j), the unique (up
to the sign) associated sequence of orthogonal polynomials satisfies a 3 term
recurrence formula (see [20]), usually written under the form

Py, = anPpi1 + b, Py + an_ 1Py 1.
It is not the case in dimension 2, since one then would get in general a
recurrence formula involving at each step n an increasing number of terms.
Indeed, if, for each degree n, one denotes by P, the space of polynomials of
total degree less than n and by H,, the space of polynomials in P,, orthogonal
to Pp—1, one has for any polynomial orthogonal polynomial P € H,

xlp = Qn+1 + Qn + Qn—la :172P = Rn+1 + Rn + Rn—h

where @Q; and R; belong to H;. But the spaces H; have dimension ¢+ 1, and
one should in general not expect any simple recurrence formula.

However, looking more precisely at the form of the operators L@ is the
variables (Z, Z), one should expect for the sequence of eigenvectors of L(®)
a 6 term recurrence formula. It comes as a surprise that indeed one is able
to get a 3 term recurrence formula as in dimension 1.

We first start by investigating the eigenvalues. Recall first that we are

looking for polynomials Péaq) such that
LO(P)) = -\, P\Y
13



where (p, q¢) € N? is a bi-index whose weight p + ¢ is the degree of PZ%).

Proposition 6.1. The eigenvalues of L(® are
Mg = A =10 +4q) +0* + ¢ +pg,
where A = 5 (6a + 5).

Proof. — The complex representation easily leads to the eigenvalues. In-
deed, if P, denotes the space of polynomials (now in the variables (Z, Z))
with total degree at most n, one may write any P € P, as

n
P=3 0, 27" T+ Q=P+ Q,
p=0

where Q € P, _1.

Now, looking at the action of L(®) on the highest degree term P, of P,
one sees that if L(®P = —p P, then the highest degree term P, of L@ P,
is equal to —,u]sn. It remains to observe the action of L(® on those highest
terms. Fortunately, in coordinates (Z,Z), this action is diagonal (which is
not the case in coordinates (x1,z2)).

Indeed, the change of variable formula (2) gives

L@(zrZ = pzP 7Lz
+qZ97 ZPLZ + p(p — 1) 2P 297(Z, Z)
+2pqZP 27 T(2,2) + qlq — 1)Z° 2 2PT(Z, 7)),
whose highest term is
Mg Z' 2",
with Apg = (A= 1)(p+q) +p? + ¢* + pg, where A = 1(6a + 5).

Remark 6.2. When o ¢ Q, then the eigenspaces associated to the eigen-

values \p 4 are at most two-dimensional (and exactly two dimensional when

p # q). Indeed, writing o = p+ q and ™ = pq, with similar notation 7', o’

for (', q), we have A\py = (A — 1)o + 0% — 7, and therefore if \pg = Ay ¢/
T — /

then either 0 = ¢’ and then @ = ', either \=1—0 — o' +
A e Q.

We shall see moreover that for any (p,q) there exists exactly one poly-

(a)

nomial Py (Z,Z) = 2P Z% + lower degree terms which is an eigenvector of
L. Indeed,

-, whence
oc—o

Theorem 6.3. Define the family of polynomials Péz)(Z, Z) by induction
from
Py =1,P%=2,P% =2
14



P;Ei)l,q _ZPIEQ)"‘@I()‘ p) ( )1 +1+a2()\ p,q)P, (o;) 15

(20)
P(a) — ZP(Q) A P( a) A P(a)
pg+1 pa tai(Aq) p+1,q— 1+a2( .4, D) p—1,q
where
p(3p +2XA —5)
A, -
a(Ap) A+ 3p—1)(A+3p—4)
N,
CLQ(A,]), q) - — -4
Dpq
where

Npg =qBq+22=5)A+3(p+q) —1)(A+p+q—2)

Dpg =A+3¢=1)2A+3(p+q) —5)2A+3(p+q) —2)(A+3q—4)

)

(21) )\:%(6a+5)>0

Remark 6.4. The only possible values of A for which the denominators
vanishes in the above formulae are X = 1 and A = 4, which correspond
to the (p,q) € {(0,0),(1,0),(0,1)}. In those situations, we have to replace
al(Aap) and a2()‘7p7 Q) by ;

ai (A, p) =limcpa1(A+€,p)

GQ()\apa Q) = lim€—>0 a2(>\+ €D, Q)

Moreover, a1(1,p) = a1(4,p) = —1/3 and a2(1,p,q) = az(4,p,q) = —1/9
for every (p,q) except for those values of (p,q) € {(0,0),(1,0),(0,1)} . We
have indeed

2 1
al(l,l) = —g,CLQ(l,()’ 1) = —g,
1 1
(11(4,1) = —5,02(4,0, 1) = —§,

Cbl()\,O) = az()‘apa 0) = Oa

In the case a = 1/2 the recurrence formulae simplify and for every p,q > 0
18 :

(1/2) _ 1/2 (1/2) (1/2)
(22) Ppiig = ZPZ;q/ ) 3P Lg+1 gpp,q—l’
15



But in the other case o = —1/2, the recurrence formulae is the same

except for the values (p,q) = {(1,0),(0,1)} corresponding to the polynomials
PP =27 L, and PP = 22 - 27

Therefore, for « = —1/2,1/2, the recurrence formulae for the polynomials
are the same, except for the first two coefficients.

Then, for the operator L) determined from (8), we have
LWP) = ), Pl
where
Mg =A=1)(p+q) +p* + ¢ +pg.

It is worth to observe that since a;(X,0) = a2(X,p,0) = 0, formula (20)

make sense for p = 0 and ¢ = 0, and defines completely the family P;E,C;)

any (p, q) € N2. One observes that P,gf;)(Z, Z) = ZPZ? +lower degree terms,

for

and have real coefficients. It is also easily checked that Pq(%) = Péz).
The proof of Theorem 6.3 is rather tedious. We start with a Lemma:

Lemma 6.5. For the same family of polynomials defined in (20) and the T’
operator defined in (8), we have

D(Z, P)) = ao(p, )Py + 1 (0, )P oy + aa(p, @) P2,

D(Z, P{%)) = aolg. )P0y + ar(@.p) P 1 + az(a, ) P

P q
where
1
aolp,q) = —5(a+2p),
01(p. ) 1p2A+3¢—=5)(A+p—q—1)
e 2 (A+3p—1)(A+3p—4)
1 N1
Oég(p,Q) 5#
D,q
where

Nl =q(B3q+22—=5)A+3(p+q¢) — DA +p+q—2)2A+p+2¢—2).
Dlpg=A+3¢—1)2A+3(p+q) = 5)(2A+3(p+q) —2)(A + 3¢ —4).

It is worth to observe that although the definition of I' does not involve
the parameter « (or equivalently the parameter \), the recurrence formula
defining P;Z) does, and this Lemma is valid whatever the parameter « is.
However, it is not clear from the proof below for which family of recur-

rence formulae on PZS,O;) three terms recurrence formulae for I'(Z, sz)) and

rz, Pé,of])) are still valid.
16



Proof. In what follows, we remove the parameter « from the formulae, since
it shall not change up to end of this Section. Lemma 6.5 proved by induction,
from

I'(Z, Pp+1,q) = I'(z ZPp,q) + a1 (A, p)T'(Z, prLqH)
+az (N, p, Q)T (Z, Py g—1)
= D(Z2)Ppq+ ZT(Z, Bpq) + ar(N, p)I(Z, Pp-1,4+1)
+ax(\, p, Q)T(Z, Py q—1)

and finally

F(Z, PpH,q) = (7 - Z2)Pp,q + ZF(Z, Pp,q)
+a1( A\, p)I(Z, Py—1,g41) + a2\, p, )T(Z, Py g—1)

And by the definition (6.3) we have

ZPpq = Pgt1—a1(N @) Ppr1,g-1— a2(N,q,p) P14
ZP,q = Pyp1q—a1(Np)Pp_1441 — a2(Np,q)Ppq-1

So that
(23) ZQPILQ = Z(ZPZLq) = ZPp+17q —al()\,p)ZPp_LqH —ag()\,p, q)ZPp7q_1
Furthermore,

ZBpi1q = Bprag —ar(Ap+ 1) Ppgi1 —a2(Ap+1,¢) Bpr1g1
ZPp-14+1 = Ppgt1 —a1(A\,p = 1)Pp2g+2 —a2(A,p = 1,g + 1) Pp_14
ZPpq-1=Ppr14-1—a1(A\,p)Pp—14 — az(A\,p,q — 1) Pp g2

which gives

Z°Ppq = Ppyag— (a1 p+1) + a1 (X, p)) Ppgr1
—(az(\,p+1,9) + a2(A\, p, q)) Ppy1,4-1
+a1(A,p) (az(\p— 1,4+ 1) + a2(A\,p, ) Pp-14
+az(A, p, @)az(N, p,q — 1) Pp g2

+a1 (A, p)ar(A,p — 1) P2 g12.
17



On the other hand, from the induction hypothesis we have
ZU(Z, Py q) + a1(\, p)I(Z, Pyo1,441) + a2(A, p, Q)T (Z, Ppg-1) =
ao(p, @) Ppt2,q +
(1 (p,q) — ao(p, @)ar (A, p+ 1) +
ar(\ p)ao(p —1,¢ + 1)] Ppgr1 +
[2(p, @) — ao(p, q)az(\,p+1,q) +
az(A\ p, q)ao(p, g — 1) Ppy1g-1 +
lar(\, p)aa(p — 1,q + 1) + a1(A, p)az(A, p,q) —
a1(p,q)az(A,p — 1, + 1) — aa(p, @)ar(\, p)] Pp—1,4 +
[ar(A\,p)aa(p —1,¢+ 1) —ar(A,p — Dai(p, q)] Pp—2,4+2 +
la2(X, p, q)az(p, g — 1) — az(A,p, ¢ — 1)az(p, q)] Ppq—2,

Substituting everything in (23), we get
I(Z, Ppi1,9) = (a0(p,q) — 1) Ppto,g + A1(p: @) Ppg+1 +
As(p, @) Ppy1,g-1 + A3(p, @) Pp—1,4 +
As(p, @) Pp—2,4+2 + As(p, ) Pp.g—2,

where

Ai(p,g) = 1+ ai(p,q) — aolp,)ar(\p+ 1) +
a1(\plag(p—1,q+ 1)
+a1(A,p+1) +ai(\p)

As(p,q) =  —a1(Xq) +a2(A,p+1,q) + aa(X,p, q) + a2(p, q)
—ap(p, q)az(A,p+1,q) + a2(A, p, ¢)ao(p, g — 1)

Asz(p,q) =  —aa(N,q,p) —a1(N\ paz(N,p — 1, + 1) — az(\, p, ¢)ar (), p)
+a1 (A, p)aa(p — 1, + 1) + a1 (p, ¢ — 1)az(A, p, q)
—a1(p, q)az(A,p — 1,q + 1) — aa(p, q)ar (X, p)

As(p,q) =  ari(\p)aa(p—1,¢+1) —a1(N\,p—1)a1(p,q)
—a1(A,p)ar(A,p—1)

As(p,q) = aa(\,p,q)az(p,q — 1) — az(\, p,q — 1)az(p, q)

_a2()‘7p> Q)CLQ()‘7P7 q— 1)

A simple calculation shows that

L+ ai(p,q) = ulp+1,9),
A1(p,q) = aa(p+1,9), Az(p,q) = ca(p+1,9)
A3(p, @) = Aa(p, @) = As(p,q) = 0,
which concludes the induction formula for I'(Z, Py41,4). The same method

leads to the formula for I'(Z, P,11,4), and exchanging p and ¢ in the previous

amounts to exchange Z and Z. O
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Now , we prove Theorem 6.3 using Lemma 6.5.

Proof. Assume by induction that L™ P, . = —X,, 41 Pp.qy When p1 + ¢ <
p+q, where Ay, = (A —1)(p+q) +p* + ¢*> +pg. As before, we simply write
the change of variable formula
L(a)PpH,q = L(a)(ZPp,q) + al()\ap)L(a)Pp—l,qH + az(A p, Q)L(Q)Pp,q—l
= ZL(a)Pp,q + PpﬂzL(a)Z + 2I(Z, Pp,q)
—a1 (A, p)Ap-1,g+1Fp—1,4+1 — a2(\, P, O Apg—1Pp g1
= _()‘pvq + A)pr,q + 2ap(p, Q)Pp+1,q + (201 (p, q)
—a1(A,p)) Pp—1,g+1 + (202(p, q) — a2(A, p, ) Ap,g—1) Ppg—1-

But

ZPpg = Ppi1,4— a1(N\p)Pp1,4+1 — a2(\,p,q) Pp g1,
so that

LP, 1= Bi(p,q)Pri1q + Ba(p, @) Poo1ge1 + B3(p, @) Ppg_1,

where

Bi(p,q) = —(Apg+A)+2a0(p,q)

Ba(p,q) = 2a1(p,q) + (Mpg — Ap—1,g41 + Aai(A, p)

Bs(p,q) = 2a2(p,q) + (Mpg — Apg—1 + Naz2(A,p,q)

Everything boils down to the following formulae, which are straightforward
to check

Bi(p,q) = —Apy1,¢, B2(p,q) = B3(p,q) = 0.

The same proof applies for L(O‘)Pp,qﬂ = —Apg+1Fpg+1. The conclusion
follows. ]

Remark 6.6. From the recurrence formula, it is easily checked that
Pog=  ZPZ°+ Ay 2Pt 7 % + B, 227"
—179-1 —4759+2 27>q—4
+Cp 2P 12" + Dy 2P 72 + F, 2P 2T + R,
where degree(R) < p + q — 3. This general form may be easily induced
from the form of the operator, and should produce a six term recurrence

formula. The fact that the recurrence formula contains only 3 terms (as it
is in dimension 1) is indeed quite mysterious.

7. OTHER REPRESENTATIONS OF EIGENPOLYNOMIALS

In this section, we come back to the two different representations for
L(-1/2) and L(/?) which provide new representations for the eigenvectors
Pzgz) in those specific cases. This new representations will allow us to get in
those cases linearization formulae for the product together with generating

functions.
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7.1. Case v = —1/2. Although the a = —1/2 case is quite easy, since it
comes from an Fuclidean Laplace operator, it gives rise to another family
of recurrence formulae. On the other hand, the case & = 1/2, which comes
from the Casimir operator on SU(3), leads to new representations of the
eigenvectors P,§f3;) related to the irreducible representations of the symmetric
group. In fine, comparing the two cases allows to generalize the SU(3)
formulae to the general situation.

With the representation (8) of the operator L(~1/2), one may represent the
function Z as a function R? — C as Z(x1,x2) = 3(e1 + ¢; + €5), where, for
B = (B1,P2) € R? eg = exp (i(lel —i—,@’gxg)), and 1, j, 7 are the third root of
unity, that is 1 = (1,0), j = (=1/2,v3/2), 7 = (-=1/2,—v/3/2). Comparing
with the description given in Section 4, the change of normalization comes
from the fact that we have divided L by 4 and replaced Z by Z/3.

We have already observed that, for any triple (z1, 22, 2z3) of complex num-
bers satisfying |z;| = 1, 212023 = 1, setting for any p € Z, T, = 2} + 25 + 2%,
one has (24)

(24) Tp+2 - 3ZTp+1 + 37Tp - Tp,1 =0,

with 77 = 3Z and T_1 = 3Z, Ty = 3. One may observe first that this formula
is unchanged if we replace p by —p and Z by Z. Setting T}, = 3‘1"@1), one
gets

1— 1
(25) Qp+1 = ZQp - gZprl + 373pr2~

From this, it is clear that @), is a polynomial with degree less than p in
the variables (Z, Z), of the form @, = ZP + lower degree term. Now, if we
replace 21, 22, 23 by e1, €5, €; we see that @), is an eigenvector for the Laplace
operator A in R?, with eigenvalue p?. Therefore,

(26) ¥p >0, Q=P =Q, =P,
(a)

Comparing (26) with the recurrence formulae for P,y
formula (20) gives in this case (A = 1)

, the first line in

—1/2 —1/2) 1 (12
Pz§+1,/0) = ZP;S,O /2 §P15717/1)7

which leads to
21/2) = o(—1/2 1 (172
Py 1/ )= ZP;Sfl,/o) - ?ngfz,/o)a
and the latter is nothing else than the second line in (20).

On the other hand, coming back to the representation T), = 2} + 25 + 2%,
one sees that, for any (p,q) € Z2,

_ P.q _ P—q,_,—q
T, T —Thpyq = 2z 2j = E z %,
i#j i#j
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from which we get, for any (p,q) € Z?
(27) 1Ty = Tprqg = Tp—qT—q = Tp2g = Ty—pT—p — Ty—2p-

When (21, 22,23) = (e1,¢€j,¢;), this writes as sums of terms of the form
€8(p,q)> Where 1Bp.al> = p* + ¢* — pg. Therefore, for the L(-1/2) gperator,
writing 1,17, —Tp—4 as a polynomial in (Z, Z), we see that this is an eigen-
vector associated with the eigenvalue p? + ¢ 4+ pg. Looking at the highest

degree term, and translating this in terms of the polynomials @, = 3-lplT D>
we obtain

(28) Vp,q > 1, 1/2 Q Q- q 3_2mm Pa) Qp qs

which gives a representation of P(( 1)/ ) in terms of the polynomials P;Bl/ 2
and Po(ﬁql/ ?) which is not easy to obtain directly from the recurrence for-
mula (20).

When p, g > 0, Q,Qq—Qp+q is also an eigenvector for the Laplace operator
associated with the eigenvalue p? +¢% —pq. Indeed, using (27) which is valid
for any (p, q) € Z2, and comparing with (20), we end up, for p > ¢ > 0, with

( 1/2 Qqu QP+Q7

Proposition 7.1 (Linearization formula).

(—3) =3 (-3)
Bpg” Pp’,q% - Pp+p ,q+4q’ +

min(q,q’) (—3)
3" o Pp+;’+mm(q q'),max(q,q')—min(q,q’)

— min(p,p’) (-3)
+3 i Pmaz(p,p) min(p,p’),q+¢'+min(p,p’)

/ (_l
+b1 (p7 q7p Y q )Ph‘_Qmax(075),|6|+m1n(0,’y)

(=)
+02(P: 4 7' &) B {min(0,0) ol +min(0,8)

1

(=3)
+b3(p7 q, p q )‘P|6’|+mzn(0 ao’),|a! |+min(0,8")
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Where

v = max(p' —q¢,p—q)
6 = min(p' —q,p—4)
a = ptqg—{
B = p+d-p
O/ — p/_l_q/_q
g = ptqg—yp

bi(p,q,p,q") 3/ +6|+min(0,7)—max(0,6)—(p+q+p'+d’)

b2 (p7 q:pla q/)
b3(p7 Q7p/7 q,) =

glBl+lal+min(0,a)+min(0,8)—(p+p'+q+4')

318 [+]e/[+min(0,a")+min(0,68") - (p+p'+q+4")

7.2. Case a = 1/2. We now turn to the inspection of the family P,;lq/Q). We
know that %L(l/ 2) may be represented as the action of the Casimir opera-
tor on SU(3) acting on spectral functions. Comparing with formulae (14)
and (15), one sees that, for p > 1,

p—1
p
(29) LYA(T,) = B (20 - p)T, +3Y_ 117,).
i=1

while, for p,q > 0
Pq
(30) (T,,T,) = ?(Tqu —3Tp4q),

with similar formulae for p < 0,q < 0. o
If we remember that L1/2) = L=Y2) — 3(Za, + Z07), we end up with
the formula for p > 0

p—1
(31) (207 +Z07)T, = ~L(p—3)Tp + L > T,
=1

With the help of formula (9), for p > 1 we end up with

p—1
(32) L@WT, = —g(p(l —6a) +9(2a + 1)) T}, — %p(m +1)) TiT, .
i=1
Fix now some integer n and denote by II, the set of sequences m =
(p1,--- ,pr) of integers p1 > pr > 1 such that py + --- + pr = n. For
m € 1I,, denote T = HleTj Comparing with formula (30), and the
general formula (13), we see that the vector space generated by T, 7 € II,,,
is stable under L(®. We therefore will be able to diagonalize L(®) in this

vector space.
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We first perform a slight change in the normalization of the variables T},
setting T, = ¢Sp, in order to reduce formulae (32) and (30) to

(@) 1 3p p
(33) LSy = —pip.aSy =~ Z} SiSp_i,
and
Pq 3
(34) L(Sp, Sq) = ?(Squ - Esp+q)-

With fipo = &(p(1 — 6a) + 9(2cc + 1)) and ¢ = 1/2a2+1,

Following [17], it is easier to introduce the group S,, of order n permuta-
tions. For any o € S,,, one consider it’s cycle decomposition ¢ = o1 - - - o,
(ordered in increasing lengths) and denote by 7 = 7(o) = (p1,--- ,pr) € I,
the sequence of the lengths of o;. We then denote S, = S), ---Sp,. It is
worth to observe that if 7 = (ij) is a transposition, the cycle decomposition
of o7 splits one cycle in two subcycles when ¢ and j belong to the same cycle
and glues together two cycles when ¢ and j belong to two different cycles.

Therefore, if 7,, denotes the set of all transpositions, for a permutation o

with (o) = (p1,- -, pk) through an easy combinatorial argument, one gets
pzfl S
D S
TETH pi i,j=1

Comparing this and the formula (13), we get

(35) L(a)(s ) Maa - Z 507'7

TETn
More precisely

k
L@s, = 5,(- Z g+ > P

i#j
i—1
3 b N pﬁp]
_ = ZQS ZSSpl ]+szp] )
pi i#j
i—1
B S’ k pl+pj
= S~ pna - z X SiSa+ L pgt)
i#£]
where, for (o) = (p1,- -+ ,Dk)s
k
PiDj
Moo = Z/’Lpiva - Z ZQJ
=1 i;éj
n2
- 1 —2a) Zpl 2a +1)n -5
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Finally

where 7T, is the set of transpositions in S,,.

It is worth to observe that for & = 1/2 (and only in this case), fisq
depends on n only, and therefore finding eigenvectors for L1/2) amounts to
find eigenvectors for the linear operator S, +— Zreﬁl S,-. But the latter
corresponds to the operator Z‘rGTn 7 in the group algebra of the group S,
which commutes to every group element. It is therefore diagonal on any
irreducible representation. Turning back to our setting, we conclude that
for any character x of the group S,, >, cs Xx(0)Ss is an eigenvector for
L(/2) The characters of the group S, are well known and correspond to
Young diagrams, which are indeed elements of the set II,, described above.
Unfortunately, as we shall see in the following examples, this representation
is far from being one to one, and many eigenvectors coming from the S,
representation has degree less than n in (Z, Z). The correspondence between
the degree and the shape of the Young diagram remains quite mysterious.

The paper [8] describes an elegant method which provides a simple com-
binatorial way for computing the character table in any symmetric group
Sp. Since for any character y, the value of x(o) only depends on the con-
jugacy class of o, that is on the Young diagram it belongs to, one has to
compute x (&) for any pair (x, &) of Young diagrams. This may be achieved
through the analysis of the so-called border strips. In what follows, we then
give some examples of eigenvectors for L1/2) provided by this description,
that is )y [7[§(7)Tx, where |7| denotes the size of the conjugacy class
7w € Sy, that is the number of those elements o € S, such that 7(o) = 7.

n! L .
For m = (p1,-+- ,pg), one has || = W I | e where k; is the number
j=1Rj" 7 Py

of cycles with length j in 7.

As an example, we show below the eigenvectors given by this construction
forn=2,3,4

The group S has two conjugacy classes x1, x2, corresponding to the par-
titions (2,0) and (1,1),

X1:|:|:|, X2 = .

The character table is then

X1 X2
X1 1 1
x2| 1 -1
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From his we get the following eigenvectors for L(1/2):
Q(Z,Z) = xalx)T2+xa(x2) Tt
= T, +T?
= 182*-6Z

Q2(2,Z) = x2(x1))T2 + x2(x2)T¢
= TP T,
= 6Z

For S3, we have three conjugacy classes x1, X2, x3 corresponding to the par-
titions (3,0,0),(2,1,0),(1,1,1)

X1 = y X2 = |7X3: 5

with character table
X1 X2 X3
x1| 1 1 1
x2| 2 0 -1
xs3| 1 -1 1
and corresponding eigenvectors
Q1(Z,2) = xa(x)T7 + xalx2)TeTh + xa(x3)Ts

TP+ Ty + T
= 3(271Z3 - 1527 + 1)

Q2(2,Z) = xa(x1)Ts + x2(x2)T1 T2 + x2(x3)T7
= 2Ty — 2T}
= 2(27Z7 - 3)

Q3(2,Z) = x30x1)Ts + x3(x2)T1To + x3(x3)T?
= T} —3TyTy + 213
— 6

For 84, we have five conjugacy classes, with Young diagrams x1, X2, X3, X4, X5,
corresponding to (4,0,0,0),(2,1,1,0),(2,2,0,0),(3,1,0,0),(1,1,1,1).

Xl:|:|:|:|:|7 X2 = |a X3 = y X4
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and character table

X1 X2 X3 X4 X5
x1| 1 1 1 1 1
xo| 1 -1 1 1 -1
x3| 2 0 2 -1 0
xa| 3 1 -1 0 -1
xs| 3 -1 -1 0 1

The corresponding eigenvectors are then:

1 (Z,7)

In this section, we provide first a partial generating function in the general
case for the family P&? or equivalently for PT(Z%) , which leads to some simple

representation of the polynomials PT(LO;ZL as linear combinations of P;%) Po(of]).
then we turn to the two geometric cases in which a complete generating

x1(x1) T} + 6x1(x2) TET2 + 3x1(x3)T5 + 8x1(x4)T1 T3
+6x1(x5)T4
T} + 6T2Ty + 3T5 + 8Ty T + 6T

72(272% — 21272 + 37" + 22)

xo(x1)T} + 6x2(x2)T2Ts + 3x2(x3)T5 + 8x2(xa)T1 T3
+6x2(x5)T1

T — 6TET, + 3T5 + 8TW T3 — 6Ty

0

s(x1) T + 6x3(x2) T T + 3x3(x3)T5 + 8xs(xa) 1 T3
+6x3(x5)Ts

2T} + 2.3T% — 8T T3

72(3Z° - 7)

Xa(x1) T4 + 6xa(x2)TPT2 + 3xa(x3)T5 + 8xa(xa) 1T
+6x* (x5)T4

3T} + 6TT, — 3172 — 6Ty

729272 - 37° - Z)

X5 (X1) T + 6x5(x2) TP T2 + 3x5(x3)T5 + 8xs(xa)T1 T
+6x5(x5)T4

3T — 61Ty — 312 + 6Ty

727

8. GENERATING FUNCTIONS

function may be provided.
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8.1. Partial generating functions in the general case. In this section,
we propose an alternative representation of the eigenvectors in the general
case, together with a partial generating function. We start with the following

Proposition 8.1. Let
(36) P(X)=1-3ZX +3ZX* - X?,
Then, still with X = 3(6a +5),

LO(P(X)) = —)\XP’+%X2P//’
PP = AL (PP ) + 3PP Z PP,

from which
I(P(X), P(X)) = 7(3PP”—2P, ),

Also, with P(Y) =1-32Y +3ZY? -Y3 = -Y3P(1/Y)

XY

I'(P(X),P(Y)) = XY = 1)

(3XP’P +3YP'P—9PP — (XY — 1)P’P’>.

Proof. — The proof boils down to a simple verification, using the linearity of
L and the bilinearity of I". The formula for I'(P(X), P(X)) may be obtained
directly from I'(P(X), P(X)) = limy_, x I'(P(X), P(Y)). ]

Proposition 8.2. Let Q = P%, g = % = —%. Then, for o # —1/2,
one has

(37) L@(Q(X)) = -AXQ'(X) - X*Q"(X),

(39) T(QUX),Q() = (@ (x)Q ()43 LA = AL,
(39)

F(QUY).QY)) = 3855 QX)) (X5+Y5-3) - (0Q (v),

where S = %(X), S = %(Y)

< For a = —1/2, one should replace Q@ = PP by Q = log(P)).

Proof. — Let us look first at L(®(Q). With the formulae (2), we have

L(Q(X)) = APX)"'LO(P(X)) + B(8 - )P(X)P*T(P(X), P(X)),
27



and from Proposition 8.1, we have

LO@QX)) = —AXQ(X)+ X°[(5 + o (8 — 1)GP"(X)P(X)*

~B(8 — 1P?(X)PP2(X)).

For the particular value of 8 = %, % + %(B — 1) = —1, and we get the
announced result.
Turning now to formula (38), we write

PQ(X),Q(Y)) = FPFI(X)PF (VIT(P(X), P(Y))
= (PP )P 0P ()P (Y)
b (BPPY) P ()PP (X)

—BP(X)P(Y)PPL(Y)))
It remains to write Q' = 3P’ PP~ to obtain formula (38).

Formula (39) is obtained in the same way.
[ |

Corollary 8.3. Q(X) is a generating function for the family PO(’C:L). More
precisely, still with = —(1 + 2a)/2,

(1-32X +32X%2 - X% =3 e, P X",

n

where
—1)....(B—n+1
RIS\ BRCEVESS
n!
(The same remarks as in Proposition 8.2 applies for a = —1/2).

Proof. — If we write the asymptotic expansion of Q(X) around X = 0
(which is licit since both Z and Z are bounded), and writing Q(X) =
>onAn(Z,Z) X", equation (37) gives

LA, = —(A\n+ 2n(n — 1)) A,.

As a consequence, then A, (Z ,_7) are eigenvectors of L(a)_. But a simple
computation shows that A,(Z,Z) is a polynomial in (Z,Z) with highest

degree term ¢, Z". Therefore, A, = cnPé’an).

For example:

Ao(Z,Z) = 1
A(2,Z) = -38Z
As(2,Z) = 3B(3(B—1)Z° +22)
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If we set Q = PP, then Q(X)Q(Y) = > pa cpché;)Pq(%)Xqu, where the
highest degree term in the polynomial PO(;)PQ(%) is Z97ZP. Considering simi-
larly a differential equation satisfied by Q(X)Q(Y") will then provide useful
)

informations about the eigenvectors Pp(f; .

Obtaining two variables generating functions for the general family P,%azl is
not easy. To simplify the calculations, it is simpler to introduce the operator
L =1 4 L,, where

Lo =ANX0x +Ydy) + X?0% + Y05 + XY 0%y,

and associated I'y operator

1
To(f,9) = X?0x fOxg + Y20y fOyg + §XY(aXfaY9 + 0x g0y f)

and I' =T + Iy A o
Then, from Proposition 8.2, we have L(Q(X)) = L(Q(Y)) = 0 and there-
fore

LQX)QY)) = 20(Q(X),Q(Y))

— 2T(QX). Q) + L Q(X)Q

- Q(X)Q (V).
form which we get

Proposition 8.4.

2
L@@ = X Qx)Qu) (xs+vs - 3),
where as before S = %(X), S = %(Y).

This proposition leads us to a new representation of the polynomials PT(L,O‘) .
Writing for simplicity Q(X) =), <o An X" and Q(Y) = >, .~o BnY ™ then
we deduce that : a -

L(a) (Aan - An—le—l) = - An,mAan - 5n,mAn—le—1
where
Am = (A = D) (n+m) +n? +m? + nm.
and
6n,m = (1 — )\)()\ +n+m— 3) — )\n—l,m—l'

Finally, from an easy induction, one sees that L(®(A,B,,) is a linear
combination of A,,_pBm—p, 0 < p < min(n,m), from which one deduces

)

that P,Sf‘n may be written as

Ovn_p

min(m,n)
Fi= 3 dunpalyy ol
p=0
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very similar to the representation given for the case a = —1/2 in equa-
tion (28). Unfortunately, the explicit expression for the constants dp, np.a
does seem to have any simple form.

From what preceedes, we see that the family Q(X)Q(Y) is not a gen-

erating function for the family P,gff)l(Z, Z), but we may expect that it is
the case for some expression of the form F(XY)Q(X)Q(Y) for some real
valued function F. Therefore, we may look at an equation of the form
L(F(XY)QQ) = 0. We may then use the following remark

Proposition 8.5.
P(XY,QX)Q(Y)) = 56XV QQ(XS +Y5)

where S = %(X), S = E(Y)
Proof. —
LXY,Q(X)Q(Y)) = To(XY.QQ)
= X(QIo(Y,Q)+QIv(Y,Q)) +
Y (QTo(X,Q) + QTo(X,Q))
Y(YQX)Q'(Y) +XQ(Y)Q'(X))

BXYQ(X)Q(Y) (Xs + YS)

IR IR
S
>~<
O

Then we have,
LIF(XY)QQ) = F(XY)L(QQ)+ QQL(F(XY)) + 2[(F(XY),QQ)
= F(XY)L(QQ)+ QQ(F(XY)L(XY) +
F'(XY)T(XY,XY)) +2F'(XY)[(XY,QQ)
A simple computation shows that L(XY) = (2A + 1)XY, I'(XY,XY) =
3X?Y?2. Finally we have
LF(XY)QQ) = 20(F(XY),QQ)(F'(XY) + 1 —
+QQXY((2)\ +1)F(XY) + 3XYF"(XY) —
932
XY —1

In order to get E(F(XY)QQ) = 0, two are led to solve the two linear
differential equations on F'

F'(u) + %F(u) =0

F(XY))

F(XY))

3uF" (u) + (2X + D) F'(u) — 222 F(u) = 0
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and it is easy to see that they are compatible only when A2 — 5\ +4 = 0
that is A € {1,4}, which leads to the study of the two geometric cases.

8.2. Case a = —1/2. In this case, the previous approach just provides log(P(X))—
log(P(Y')) as a bivariate generating function, which is too degenerate to

(

give useful information on the general polynomials P, m/ 2 But the explicit
representation of the eigenvectors in this case pearly provides an efficient
generating function already obtained in [7].

Proposition 8.6. A generating function in the case o« = —1/2 for the family
SI(,q 2) =T, T_4g —Tp—q, p,q > 0 is defined by :

P’ P
3—-X—=(X))3-Y—=(Y
- xeo)e-vZm)
1 P’ P’
X5 (X)+Y 5 (Y)-3)
+ 1-XY < P (X) + P (¥) -3
Proof — It is quite easy to deduce the generating function for the family

Sz(,qQ) Indeed, since Sz(ﬂz 2) =TT,

G(X,Y) =

—Tp—q, P,q > 0 we get

Z XPY1S,,

p>0,4>0

ZTXP ZT YY)

p>0 q>0

G(X,Y) =

— Y T XPYY,

p>0,p>0

the series being convergent as soon as |X| < 1and |Y]| < L
representation T;, = zl + z2 + z , this sums as

(i 1— Xz)" )(]ZS; 1-Yz)" )

But

Using the

3

- (1-Xz)a-yE)

=1

_.J;fi(gf)
S XPX”
On the other hand

1 1 1
= ( + —
1-XY 1_‘)(Zi 1——}/%

(1—Xz) t1-vz) ™t —1),

so that
3 1P

_ . 1 1
;(1 - Xz) '(1-Yz) = [~ xv (YF(Y) +

1P 1
v 7y 3)

This simplifies using X3P(1/X) =

1P

XP'\x iz

—P(X), such that

jﬂ
::3__)(47()(%
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Then we have the result. Using the notations of the previous subsec-
1
tion 8.1, we may also check directly that (L("2) + Lg)G(X,Y) = 0 in this
case.

8.3. Case a = 1/2. Finally, the formulae providing in subsection 8.1 leads
us directly to a generating function in the & = —1/2 case. This generat-
ing function has been proposed in [7] with however a completely different
approach, based on the representations of the SU(3) group.

1
Proposition 8.7. A generating function for the family Pgﬁ% s given by

1-XY
GX,)Y) = — —
(1-3XZ+3X2Z—-X3)(1-3YZ+3Y2Z-Y?3)
Proof. — This a a direct application of the computations provided in sub-
section 8.1 to this particular case. |
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