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ABSTRACT In this paper, a numerical and analytical analysis is performed in order to improve the
species separation process in a binary fluid mixture by decoupling the thermal gradient from the
convective velocity. The configuration considered is a horizontal rectangular cavity,eoagrect

ratio, filled with a binary fluid. A constant tangential velocity is applied to the upper horizontal
wall. The two horizontal impermeable walls are maintained at different and uniform temperatures
T, and T, with AT=T,-T,. Species separation is governed by two control parameters, the

temperature differenceAT and the velocity of the upper pIatElet. The intensity of the

thermodiffusion is controlled by the temperature, while the veIoUiE( controls the convective
flow. This problem depends on six dimensionless parameters, namely, the separatiagn, réiteo,
Lewis number, Le, the Prandlt number Pr, the aspect ratio of the cell, A and two control parameters:
the thermal Rayleigh number, Ra and the Péclet number Pe. In this study, the formulation of the

separation (mass fraction difference between the two ends of the cell) as a function éflehe P
number and the Rayleigh number is obtained analytically. For a cell heated from below, the optimal

separationm = % is obtained forPe = ? and Ra = Eio 2D numerical results, obtained by
e ey

solving the full governing equations, are in good agreement with the analytical results based on a
parallel flow approach.

INTRODUCTION

A temperature gradient applied to a binary fluid om&tinduces a mass fraction gradient: this
phenomenon called thermodiffusion is also knowi.@dwvig-Soret effect or the Soret effect. Under
the gravity field, the coupling between convection dhermodiffusion, namely thermogravitational
diffusion may lead to species separation.

Clusius and Dickel (1938) successfully carried thet separation of gas mixtures in a vertical cavity
heated from the side usually called thermogravitaticcolumn (TGC). The authors observed a
significant separation of the gas components amggestied that this technique could be used for
isotope separation. Furry et al. (1939) developéahdamental theory to interpret the experimental



process of isotope separation in TGC columns (R&0ry). However, in their study, the authors did
not take into account the influence of the conediain gradient on the density gradient, which is
referred as “’forgotten effect”. Afterwards, many works were devoted to justify and extend the results of

the FJO theory to the case of binary liquids. Othadiss were carried out in order to improve the
experimental devices and increase the separatioentoand Emery(1959) introduced a porous
medium in the TGC columnsBou-Ali et al. (1999) imposed, in a thermogravaaal column, a
horizontal temperature gradient to a binary fluidhwa negative Soret coefficient. The authors
observed a steady-state adverse density gradierg &henlayer and analysed the stability of this
configuration. Three-dimensional numerical study oe&driven convection in a cubic cell filled with

a binary mixture of water (90%) and isopropanol (103 performed by Shevtsova et al. (2006). The
instabilities occurring in this binary fluid with gative Soret coefficient for a cubic cell heateahir
above was analysed.

In order to increase the separation, Plagteal. (2003) used an inclined cavity heated from the top.
Elhajjar et al. (2006) suggested a new method to obtain speguesat®n in a binary fluid mixture.
The authors considered a horizontal parallelipipecavity subjected to a constant horizontal
temperature gradient on the two horizontal wallgrtprove the separation process depending on two
control parameters. They obtained significant sejar (10%) with realistic values of the thickness
(about 2mm), while very low thicknesses (0.2 mm)enequired in vertical cells to obtain separation
with the same order of magnitude. Charrier-Mojtlail.(2008) developed a linear stability analysis of
the unicellular flow which appears at the onsatarfvection in a horizontal porous cavity saturated by
a binary fluid and heated from below. The authors shovadftthe separation ratip is positive and

greater than a particular valug, .., it is possible to separate the species of therifiuid mixture

between the two ends of the cell. EIhaggal. (2008) showed that the Rayleigh number leading to the
optimum separation in a horizontal cell is lartijgm the one obtained in a vertical cell (TGC),chhi
allows to perform separation in a cell of greagrkness. The existence of multiple solutions dned t
influence of the Soret effect on the convection in a bata porous layer under cross temperature and
concentration gradients were discussed by Bennecet. (2009) Zebib and Bou-Ali (2009)
performed a linear stability analysis of a binary mixture buoyant return flow in a tilfededitially
heated infinite layer using asymptotic long-wave analysis and pseudo-spectral Chebyshev numerical
solutions. Elhajjaet al.(2009) studied the influence of vertical high freqay and small-amplitude
vibrations on the stability of the unicellular flaw a shallow horizontal porous layer saturated by a
binary fluid and heated from below. Allouia@t(2009) used the Darcy model with the Boussinesq
approximation to study natural convection in a poroeslium saturated by a binary fluid. It was found
that both unicellular and bicellular symmetricalcalations are possible for centrally located heated
element. Elhajjaet al. (2010) presented a theoretical and numerical study of species separation in
an inclined porous cavity.

In this paper a study of the species separation lomnary fluid mixture is presented for a new
geometrical configuration. The binary fluid mixtugeconfined in a shallow horizontal rectangular
cavity heated either from above or below. The two horizontal impermeadlls are maintained at

uniform temperatures ;fTand T,. The upper horizontal wall moves with a constant velob@,.

The dimensionless corresponding parameters of the problem studied are the Péclet number, Pe and
the Rayleigh number, Ra. In addition to these two parameters, the problem depends on the
separation ratio, ¥, the Lewis number, Le, the Prandlt number, Pr and the aspect ratio of the cell, A.

In order to obtain an analytical solution of the unicellular flow, occurring for a wide range of
variation of the dimensionless parameters, the assumption of parallel flow is adopted. The velocity
profile, the temperature and the mass fraction field are obtained using Maple software. The species
separation is thus calculated as a function of Ra, P&/ hed A.

For a cell heated from below the values of the Péclet number and the Raleigh number for which the
separation is optimal are determined analytically. The analytical results are corrobordisgty

2D numerical simulations.



MATHEMATICAL FORMULATION

Conservation equations An horizontal rectangular cavity filled with a bindhyid mixture submitted

to vertical temperature gradient is considered. direensions of the cell are H along the z-axisland
along the x-axis. The aspect ratio of the cell A=igHarger than unity. The top and bottom walls of
the cell are maintained, respectively, at tempegatdi and L with T, >T,or T, <T,. The lateral
walls are assumed thermally insulated (see FiguréhB binary mixture is considered as Newtonian
fluid and the Boussinesq approximation is assuméd. vehus, the thermo-physical properties of the
fluid mixture are constant except the density in th@ybacy term, which varies linearly with the local
temperaturd and the local mass fraction of the denser compg@hen

p = poll—Br(T —Ty) — Bc(C — Co)] 1)

where the subscrifgd refers to the reference values of T and C (ls piaiper we consid&y, = T,).
Br and S. are, respectively, the thermal and the mass expanskfficients defined as follows:
0

1 0p 1 0p
=—— >0, =——(=2); <0
ﬂT po(aT)C ﬂC po(aC)T

The heat and the mass fraction flux in the binary mixaue coupled due to the Soret effect and both

contribute to the density gradient. The buoyancy forge(g = —gg) is thus influenced by the Soret

effect. Under these conditions, the mathematicalehgoverning this problem, which includes the
conservation equations (mass, momentum, energgteerdical species), is written as follows:

VV' =0 )

po (G + (9N ) ==VP 4 ) = B (T =Tg) = fe(C = CIG+ V™Y (3

*

aT 7 * *
e +V VT =av?T (4)

‘?; V' VC =DV?C" +D,C" (1-C")V?*T" (5)

UE]

Figure 1. Geometry of the physical problem.

WhereD, and D, are, respectively, the mass diffusion and the takdiffusion coefficients, and

a are, respectively, the dynamic viscosity and thernflasivity of the binary fluid. In equations (2)
to (5), the asterisks represent the dimensiondbias, and the Soret coefficient is defined as:



Typically, in the Soret-driven convection, if the mdgaction difference is smal’ (1-C’) can be
replaced byC, (1-C,) Co being the concentration in the initial state.

Boundary Conditions The associated boundary conditions include a canegdocity applied on the
upper wall, no-slip condition for the velocity of the othegid walls, distinct constant temperatures on
the top and the bottom wall. Vertical walls are ampeable and thermally insulated. Accordingly, the
associated boundary conditions are defined as fsllow

{V*(x*,z*—H)—Ug .
v X el[0, L] (6)

V'(X',Z =0)=0

{T*(z* =H, x)=T,

T'(Z =0 X)=T, 0
‘l:ﬁ:o,v:é for x" =0,L 8)
oX  OX

(DVC +D;C,(1-C,)VT )n=0 for z =0H ©)
2 2

. . . H .
Dimensionless Equations The references scales até: for the length — for the tlme,po% for
a

the pressure, anﬁ- for the velocity . The dimensionless temperatute@mcentration are given by:

T -T, C -C, D
T= L C= O where AT=T,-T, andAC=ATC, (1—- T,
AT AC 21 o C;)F

Thus the dimensionless governing equations are diye

VV =0 (10)
N o= . -
Ew.vv =-VP+RaPr({ -y C)& +Prv¥V (11)
aT - _ 2
ac - l 2 2
“Z4+VVC=—"(V’*C+V’T
o et CtV) (13)

. D

Where y = _B_ETCS (1-C,)is the separation ratio, arﬁ?;i is the unit vector along the z-axis.
T

The problem considered depends on six dimensiopéssneters which are :

. gH3B.AT v . a
The Rayleigh numberRa==————, the Prandtl numbeRr= =, the Lewis numberLe:B,
va a
the Péclet numberPe = PrRe, where Re= utL (Reynolds number), the separation ratio y and the

v

aspect ratioA = ﬁ .



In this paper, we considdra > O if the cell is heated from below, arféa <O if the cell is heated
from above. Moreover, a positive separation rasoconsidered, which implies that, due to
thermodiffusion, the denser component of the méxtargrates towards the cold wall.

The associated boundary conditions in dimensioftessare:

V(x,z=1)=Pee,, V(xz=0)=0 (14)
T(x,z=0)=1 ; T(x,z=1)=0 (15)
or oC = =
—=—=0,Vv=0 for x=0A
oX  OX (16)
oT oC
—=——; for z=0,1
0z 0z (17)

ANALYTICAL SOLUTION

In the case of a shallow cavity (A>>1), in orderstive the problem analytically, the parallel flow
approximation (Bennacer et al.(200¥lhajjar et al. (2010)) is considered. The streaedi are
assumed to be parallel to the horizontal wallghis case, the vertical component of velocity can be
neglected:

V =u(2)8, (18)
This assumption implies steady-state and neglettimiertia terrr(l7. V)I7 in eq.(11).
The temperature and the mass fraction are writtdall@ws:
T(X 2)=bx+ (2 (19)
(20)

C(x,2 =mx+9g(2)

Where b and m are respectively an unknown constanerature and mass fraction gradient, in the x
direction. b=0, due to the constant temperaturess®ad on the horizontal walls.

Using the equations (18) to (20), and after reptadhe pressure in the Navier-Stokes equation
(Eq.(11)), the following system of equations isaated for the steady state:

U@ @ 7 ycy=0 (1)
oz° OX
VT =0 (22)
o°C
mLeu(z)— P 0 (23)

Since the boundary conditions on vertical wallsraoetaken into account , additional conditions are
needed to solve the system of equations (21)-(2&}wvdre:

- The mass flow rate through any cross section peipdadto the x-axis is equal to zero,

- The mass conservation of the component of magsoinaC across the all cell,

1
J'udz:O v xe[0, Al
0

O ey

A
IC dzdx=0 (24)
0

Applying these latter conditions and the boundarydiams (14) to (17) and using Maple software,
the velocity, temperature and mass fraction fial@sgiven by the following expressions:



1, 1, 1 2 (25)
u=(——=z2"+-z2"-—2)Raym+ (3z° — 22)Pe
( 6 2 12) ym-+ ( )

T=1z (26)

C:mx—(iz5 I +L8RawLe2m2 +z-
120 48 72 144

1+ mA N (27)

(Ez4 _L, i))mLePe
4 3 30

The velocity has a cubic profile, which is requitedallow specie separation between the two ends of
the cell.

Determination of the mass fraction gradient m along the x axis To determine the mass fraction
gradient,m, along the x axis, we use the fact that the massrfite of the species of mass fraction C
through any vertical section is equal zero:

1

j(uC—i(§+@))dz:o.

5 Le ox ox

This latter assumption leads to the following cubic egoajiving m as function of the dimensionless
parameters: Pe, Ra, Le anpd

s 108Pe , ,3456P¢ 362880 504 3024Pe (28)
m’ + m+(—-—+ s — m-— >— =0
Ray Ra“y Le’Ra’y® LeRay LeRa“y

Under the condition that both the Lewis number, I&gl numbers and the separation ratio are
positive, equation28) with real coefficients admits three solutions. Dreeg on their corresponding
discriminantA, a cubic equation has three distinct real roofs>, one real root and two non-real
complex conjugate roots if A<0. For A=0, a cubic equation has multiple real roots. The
discriminantA of equation (28) was obtained using the Maple algebra code. Its sgjame ,which is a
function of Le, Pe, Ra, and y , is long and complicated. For this reason it was not detailed here.

Case, A>0 The surface associated to A=0 in the 3D space (Le, LePe, Ray) separates the space into

two regions, one corresponding to three real raats the other one to one real and two complex
conjugate roots. The surface associated to thevaise¢hree real roots, two of which are opposse,
close to the surface associated to the case(. Its expression is given by:
7Raley —108 e’P¢& —1134= 0. The value of the Rayleigh number and the correspondingpeal

of the equation (28):

2
Ra 108 Le P& +105, (29)
7 Ley
and the three real roots are:
L=—
Ray

10080 14 96P€
Le‘Ra‘y“ LeRay Ra%y



Equation (29) shows that for a positive valuepfthe Rayleigh number is always positRe > 0,
which correspond to the case where the celluleasda from below.

We deduce from equations (29) and (30), the maxiwalore of the species separation per unit length,

m, =— ;85 obtained foPe,, =+ .i05_ On the other hand, the maximal value of species
e
V14

separationm, , = J_r? obtained folPe=0, can be deduced from equations (29) and (31).

The evolution of the three roots of equation (29) is poiteFig. 2, as a function of the Péclet number
for Le = 230, {=0.2. The two symmetrical curves represent the separatitained using equation
(31) (the convection goes clockwise or counterialdse) while the solid line show the separation
obtained using equation (30). In this latter cBee; O, there is no species separation independently of
the value ofRa. The species separation is only possible for azbwotal cell heated from below (
Ra> 0).
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Figure 2. Separation as function of Péclet nunfbet,e=23Qy = 0.2

Case A<0O The equation48) has one real root and two non-real complex conjugeates defined
as a function olL.e, Ra, Pe andy .

Here the maximum value o, root of equation (28) is obtained for an optimuatue of the Péclet
number defined as follows:

oo _ 1 |- 207900-105_eRay + 70,/6Le?Ra’y ? — 3240LeRay + 18662400 (32)
opt — ~AA
30 Le

When the Péclet number is replaced, in the exmressim, by its expression given in equation (32), m
is obtained as a function of Lg, and Ra. The maximum of m as a function of Ra tem e

calculated. For a cavity heated from beloyy,, = % is obtained forPe = ? and Ra = fﬂ :
e ey



m as function of the Rayleigh number can be seemurdi3 for the casd% = 0, Pe = 0.06, Pe =
0.1 , whereLe= 230 v = 02. The solid line represents the case where no velecipplied on the

upper wall (e Pe=0). ForLe=23Q y = 0.2, the species separation is only possible whendtésc
heated from below and when the Rayleigh number escaecritical valu®a > Ra,.. A separation
maximum is observed for an optimum value of Rayleigmber, where optimum coupling between
convection and thermodiffusion is achieved. When Rayleigh number is lower than the optimu
value, the thermo-diffusion is predominant. In thése the separation, due mainly to the thermo-
diffusion, is small. ConverselRa > Ra,,, the convection regime increases and tends tooyetbte
species segmentation. As a result, the separatimease.

The two dotted curves represent the case wherenstar velocity is applied on the upper wall
(Pe = 0.06, Pe = 0.1). For this caseRe = 0) the separation is always possible whether ther lsy
heated from above or from below. This can be expthiby the fact that the temperature gradient
induces thermo-diffusion between the cold and thtewall and the applied velocity leads to species
separation between the two ends of the horizoethal ¢

For Pe=0.06 and Pe= 01 the maximum value of m is respectivetg=0.417 and m= 0.372
obtained respectively foRa=-9 and Ra=-34 (heated from above). FdPe=0 the maximum
horizontal transport raten{= 0.42) is obtained forRa =285 (heated from below). In this case, the

unicellular flow is possible Ra> 7—20. This configuration (Pe=0) was studied by Knobl¢t36).

ylLe
He found that the pure double diffusive convectilanv transits to unicellular flow for a critical
. 720
Rayleigh numbeRa, = ——.
ylLe
045 53—
Am -
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Figure 3. Species separation m, versus Rayleigh numbePé&t« 0, Pe = 0.06, Pe = 0.1 with
Le=23Qy = 02.

NUMERICAL METHOD

Numerical simulations were carried out to evaludite analytical results. For this purpose, the
numerical solution of the full governing equatidii®-13) with the associated boundary conditions



(14-17), and with different initial values &f,C,T, was obtained using a finite element method
(Comsol Multiphysics).

The mesh choice should only be viewed as a compedneisveen the convergence and solver memory
requirements (UMFPACK direct solver was used fergimulation). A 4000 elements quadratic mesh

(69986 degrees of freedom), which is more converigrour rectangular cell problem, was used. As

the analytical solution is valid for large aspetiosgg A= 10 was used for all numerical simulations.

The analytical model is found to be in good agreegmaéth the numerical results obtained by solving
the complete system of governing equations.

A comparison of species separation m versus Pécldierupe obtained, numerically and analytically,
for a cell heated from belo®a=15 Le=23Q =02 A=10 is presented in figure 4. The
analytical solution is represented with solid lisegl the numerical values are represented with dots.
The analytical solution is in good agreement withrihmerical results.

When Péclet number is small or large (i.e. theia@ptelocity is low or high), the ratio between the
mass diffusion time and the convective time dodsafiow the maximum species separation. The
maximum value of the species separatian is 0.432 obtained folPe=0.02.

0,5 , r |
A ‘ —i—AnalyticaF solution
0,45

] [ 1 1] 1 |®  Numerical solution
0,35 \ 1 1
0,3 f T

m 0,25 |
0,2
0,15
01 |-
0,05
0 >
0 0,05 0,1 0,15 0,2 Pe 0,25 0,3 0,35 0,4

Figure 4. Variation of species separatioiversus Péclet numbéPe) , with Ra =15,
Le=23Qy = 02, A=10.

The analytical and numerical results obtained fergpecies separation per unit length, m, functfon o
Peare presented in table I, Br=27, Ra=15 Le=230 y = 02 A=10.



Table I. Comparison between analytical an numerical values of m results for
Pr =27, =0.1,Le = 230,Ra = 15.

Pe Myna Myum

0.02 0.429 0.43

0.04 0.413 0.414
0.06 0.372 0.373
0.08 0.329 0.330
0.1 0.2917 0.293
0.12 0.2596  0.2613
0.14 0.2327  0.2343
0.16 0.2102  0.2116
0.18 0.1912  0.1925
0.2 0.1751  0.1765
0.25 0.1440  0.1450

0.3 0.1219  0.1226
0.4 0.0930 0.098

Figure 5. represents the variation of the concgoirdield of a binary fluid mixture for different
values of the Péclet numidee, for Ra=15 Pr=10, Le=23Q =02 and A=10. The black
lines correspond to the iso-concentrations whitgedblor scales represents the mass fraction itgensi
of the heaviest species. WhelRenumber increases, i.e. the flow velocity increages, iso-
concentration curvature increases and the sepadgreases

Figure 5. Iso-concentration lines and variatiothefconcentration field as a function of Péclet
numberPe (a) Pe=0.02, (b) Pe= 01, (c) Pe=0.18 with Ra=15, andLe=23Qy = 02, A=10
Pr=27.

For a cell heated from above, we present in figure 6 an anbidanumerical comparison giving the
value of m as a function of Péclet numberRar=-50, Le=23Q y = 0.2. The analytical solution

is represented by solid lines and numerical vadwmesymbolically represented by dots. The analytical
solution is in good agreement with the numericalits. For Pe=0.115 we obtain the maximum
value of m:m= 0.36.
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Figure 6. Variation of separatiom versus Péclet numbére, for Ra=-50,
Le=23Qy = 02, A=10.

Figure 7. Shows the variation of the concentrdiigd at different values of the Péclet numbers
Pe=0.02 Pe= 0.1, Pe=0.18 for Ra=-50, Pr=10, Le=230Q v = 02, A=10. The lines
correspond to the isoconcentration, while coloresgnts the intensity of the mass fraction of the
heaviest species.

Figure 7. Iso-concentration lines and variation of the cotregion field versus Péclet numbBe (a)
Pe=0.02,(b) Pe= 01, (c) Pe=0.18 withRa=-50, andLe=23Qy = 02, A=10 Pr=27.

Veocity profile The structure of the flow inside the cavity and the associated velocity’s profile
induced by the top wall driven by constant velocitgngl the x axis depends on the direction of
convective rotating vortex generated by free conveanside the horizontal cell.

The equation of the velocity profile obtained in &ipn (25) can be also written the form:

u= 1—12 74(—27° + 3Z2) Raym+ (362 — 24) Pe]

We verify that the discriminant of the quadratic &ipn associated to the velocity is positive 1fbr a
values of Ra, Peand ¥. Then there are two distinct real roots. If thige roots are in the interval
[0,1] the velocity is equal zero at two points insile cross section of the cell. We show that both



roots are localised in the interval [0,1] only whéme tvalue of X = is in the range of [-

Ray m
0.042,0].
The velocity profile in the cavity foRa =60, Pe=0.06 Le=10Q y = 0.1, A=10and m$¥.4319
leads to X = 0.231¢ [0.0420]it follows then that the profile velocity has onlyeowalue of ze[04]

for which the velocity equal zero. The corresponderiilpreelocity is presented in Figure 8. In figur
9, we present the associated stream function autainmerically for cell with aspect ratio A=10.

0,08

A

0,06 |- +

0,04

Figure 8. Profile of velocity foRa = 60, Pe = 0.06,» = 0.1, Le=100.

Figure 9. Streamlines fdRa = 60, Pe = 0.06,)» = 0.1, Le=100

for Ra=200 Le=100, y = 0.1, Pe=0.05 m=-0.146% the value ofX =-0.171is in the range of
]-0.0420][ and the velocity is equal zero for two values fz= 0.33,z, = 0.84< | 0,1]) the figure

10 shows the corresponding profile velocity. Figute dresents the associated streamlines showing
two counter-rotating superposed cells.
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Figure 10. Profile of velocity fdte=10Q Ra = 200 Pe = 0.05 m=—0.1463y = 0.1.
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Figure 11. Streamlines fare=10Q Ra = 200. Pe = 0.05m=-0.1463 y = 0.1.

CONCLUSION

In this study, a new procedure leading to speciearaBpn in a horizontal rectangular cavity, filled
with a binary fluid, heated from above or from belavas presented. A constant horizontal velocity
was applied on the upper horizontal wall. The twotml parameters of this procedure were: the
applied velocity on the upper wall which determities intensity of the convective flow, and the
temperature difference between the two horizor&kep which controls the intensity of the thermo-
diffusion. In this study the species separation guatified by both analytical and numerical methods.
The influence of the thermal Rayleigh number argRBclet number for different values of Prandlt,
Lewis numbers and separation ratio was quantifieddiscussed. The optimum species separation was
obtained for a cell heated from below or from aboMee analytical and numerical results obtained
were in good agreement.
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