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Homogenization of second order discrete model
and application to traffic flow

N. Forcadel! W. Salazar!
March 27, 2014

Abstract

The goal of this paper is to derive a traffic flow macroscopic models from microscopic
models. At the microscopic scales, we consider a Bando model, of the type following the
leader, i.e. the acceleration of each vehicle depends on the distance to the vehicle in front
of it. We take into account the possibility that each driver can have different characteristics
such as sensibility to other drivers or optimal velocities. After rescaling, we prove that the
solution of this system of ODEs converges to the solution of a macroscopic homogenized
Hamilton-Jacobi equation which can be seen as a LWR (Lighthill-Whitham-Richards) model.

AMS Classification: 491.25, 35B27, 90B20.

Keywords: Traffic flow, macroscopic model, microscopic model, homogenization, viscosity so-
lution.

1 Introduction

The goal of this paper is to obtain an homogenization result for a traffic flow model. More precisely,
we are interested in a discrete model (of type "following the leader") which describes the dynamics
of vehicles on a straight road. The microscopic model we consider was introduced by Bando et
al [1] and is an optimal velocity model. The goal is then to describe the collective behaviour of
the vehicles (in term of the density of vehicles) as the number of vehicles per unit length goes to
infinity. We will see in particular that this problem can be seen as an homogenization result. Let
us mention that the theory of homogenization for periodic Hamilton-Jacobi equations has known
an important development since the pioneer works of Lions, Papanicolaou, Varadhan [16] and
Evans [6]. We would like in particular to mention [4] which is concerned with the homogenization
of system and [7, 8, 9, 10] for the homogenization of non-local equations (or systems).

1.1 General model with ny types of drivers

We begin by recalling the model introduced in [1]. We consider that we have ng € N types of
drivers (or vehicles), and we consider the following optimal velocity model, for all j € Z and t > 0,

Uj(t) = a;(V;(Uja(t) — U; (1) = U;), (1.1)

where U; denotes the position of j-th vehicle, Uj is its velocity and Uj its acceleration. The
coefficients a; are the sensibilities of the drivers and V; are called optimal velocity functions
(OVF) and depends on the driver.
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To simplify the study and in order to be able to get homogenisation, we impose the following
periodic conditions

Qj4no =0a; and Vi, =V; forall je€Z.

The model we consider has some similarities with the one studied in [7] (in a different context).
The main difference here is that the a; can depend on j. Nevertheless, we will use the same method
and we introduce for all j € Z

1.
=) =U;(t) + EUj (t) where o= min  (a;).

We then obtain the following system of ODEs: for all j € Z and ¢ € (0, +-00),

Ui(t) = a(E5(t) = U; (1)

1.2
E5(t) = (a; — )(U;(1) — E;(1) + %VJ(UJ‘H@) —U;(#))- .
Let us now give the assumptions on the functions V; and the coefficients a;:
(A1) (Regularity) Forall j e {1,...,n0},
{ Vj; is continuous and non-negative.
V; is Lipschitz continuous and we denote by L; its Lipschitz constant.
We denote by L = maxX;e (1. no} Lj
(A2) (Monotonicity) Forall j € {1,...,n0},
V; is non-decreasing.
aj > 4L.
(A3) (Upper bound) Forallje{1,..,ne},
hli}rj_loo Vj(h) < +o0.
(1.3)

We denote by Vinee = max; (||Vjlleo) and ho = Vs /o

(A4) (Lower bound) Forall j € {1,...;n0},
Vi(h) =0 for all h < 2hq.

Remark 1.1. Conditions (A1)-(A3) are classical for the Bando model (see for example [1], [3]).
Assumption (A4) appears for example in [3]. We note that the second condition in (A2) appears
in [1] to get stability. Here, it allows us to show that U; — (a; — a)U; + “LV; (Ujp1 — U;) is non
decreasing, and so the system (1.2) is monotone.

(A5) (Periodicity of the type of drivers) For all j € Z,

Ujtng = aj and  Viyn, =Vj.



1.2 General system with ny types of drivers

As in [7, 9], we inject the system of (ODE) in a system of (PDE) by considering the functions

(u7 5) = ((u_}(t’ ‘r))jEZ7 (5] (ta x))jEZ)
which satisfies the following system of equations, for all (¢,z) € (0,4+00) x R and for all j € Z,

ou,;
ait](ta I) = O‘(éj(LI) - uj(tvx))
9¢; aj
E(tvx) = (aj - a)(uj(t’x) - é._j(th)) + E‘/j(uj+1(t7x) - UJ(t,J?)) (14)
Ujno (t,2) = uj(t,z + 1)
§j+n0 (t,l’) = fj(t,x + 1)
However, we are more interested in the rescaled system, defined by
- t x . t x
us(t, r) = eu; <€, 6) and &5 (t,7) = & (s’ 5) . (1.5)

The function (u®,£%) = ((u5(t,7))jez, (§5(t,2))jez) satisty the following Cauchy problem, for all
(t,x) € (0,400) x R,

ous 55(1&733) _UE‘@?x)
J t — J J
at ( )x) o e
0&;5 us(t,z) —&5(t,x)  a, usy(t,z) —us(t,x)
t,x) = (a; — J J Siyo 21t J
ot (t2) = (a; —a) € T ( € ) (1.6)
US4 (t,x) = ui(t, x+e)
S () = fj(t,x +e),
completed with the initial condition
JE JE
u5(0,2) = ug <x + no) and &(0,7) = &5 <x + no) . (1.7)

We assume that the initial condition satisfies the following assumption,

(A0) (Gradient bound) There exist ko, Ko > 0 such that

0 < ko < (up)e < Ko

0< k?() < (fg)x < Ko.

We also assume that

o (x + 5) — up(z)

no
2

0 < a(&5(z) — up(x)) < min | Vipaae, . for all x € R.

Remark 1.2. Condition (A0) allows us to get that when the vehicles have enough space between
them, the initial velocity of the vehicles is less than V.. In the case where two cars are too close,
condition (A0) ensures that the initial speed of each vehicle is bounded in a way to avoid collisions
even in the worst case where the vehicle in front has completely stopped.



The main purpose of this article is to prove that the viscosity solution of (1.6)-(1.7) converges
uniformly on compact subsets of (0, +00) xR as £ goes to 0, to the unique solution of the following
problem

uf(t,x) = F(uld(t,z)) for (t,z) € (0,4+00) x R,
(1.8)
u®(0,z) = ug(z) for z € R,

where F has to be determined.

Theorem 1.3 (Homogenization of systems with ng types of drivers). Assume that (A1)-(A5)
holds and that the initial datum uo,&5 satisfy (A0). Consider the solution ((u5)jez, (§5)jez) of
(1.6)-(1.7). Then, there exists a continuous function F' : R — R such that, for all j € Z, the
functions u5 and & converge uniformly on compact subsets of (0,+00) X R as € goes to 0 to the
unique viscosity solution u® of (1.8).

Theorem 1.4 (Homogenization of systems with ng types of sensibilities and one OVF). Assume
that (A1)-(A5) are satisfied and that the initial datum ug,&§ satisfy (A0). We also assume that
V; =V forall j € N. Let us consider the solution ((u5)jez,(§5)jez) of (1.6)-(1.7). Then the

effective Hamiltonian F is given by

F(p)=V <p> for allp € RT. (1.9)
No

1.3 Hull functions

We recall the notion of hull function (presented as in [7]) for the system (1.4) which is necessary
for the proof of Theorem 1.3. It will allow us in particular to define the effective Hamiltonian F'.

Definition 1.5 (Hull function for system with ng types of drivers). Given (V;); and (aj);
satisfying (A1)-(A5), p € RT, and a real number A € R, we say that a family of functions
((hj)jez, (95)iez) is a hull function for (1.4) if it satisfies for all j € {1,...,n0} and for all z € R,

T DV Y
Rjtno(2) = hj(z + p) i+no(2) = g;(2

+ p Gi+no(2) = g;(z +p) (1.10)
hj_:,.l(z) > hJ(Z) gj+1(2) > gj(Z)
hj(z) =z + h;(0) 9i(2) = z + g;(0)

Remark 1.6. The notion of hull functions is a little bit different from the one presented in
[7]. This comes from the fact that our system is invariant by addition of constant while the one
considered in [7] was invariant by addition of integer constant only. This allows us to show that
ki =1 and g; = 1 and so to get the special from for h; and g;.

Theorem 1.7 (Effective Hamiltonian and hull functions). Assume (A1)-(A5) and let p € (0, +00).
Then there exists a unique real X for which there exists a hull function ((h;);,(g5);) satisfying
(1.10). Moreover the real A = F(p), seen as a function of p, is continuous in (0, +00).

Remark 1.8. A simple computation gives us that

F(p) = V; (hy11(0) = h;(0) V) € Z. (L.11)



1.4 Qualitative properties of the effective Hamiltonian
We have the following results concerning F, and concerning the homogenized Hamilton-Jacobi
equation (1.8).
Theorem 1.9 (Qualitative properties of F). Assume (A1)-(A5). For any p € (0,+00), let F(p)
denote the effective Hamiltonian given by Theorem 1.7. Then we have the following properties
(i) (Lower boundary) if p < 2hgng, we have
F(p) =0.
(ii) (Upper boundary)
lim F(p) = i Vjlloo)-
pim F(p) = min - (|IVjllo)

(iii) (Monotonicity) F is non-decreasing.

Remark 1.10. For example, an effective Hamiltonian can be of the form.:

F(p) (km/h)
T

p (mfvehicle)

Figure 1: Schematic representation of the effective Hamiltonian.

Link with macroscopic models In the literature we can find different types of macroscopic
models. But we will focus on the first order model LWR (Lighthill-Whitham-Richards) (for more
information on the LWR model see for instance [17]), which is defined by

dp + 0y(pv(p)) =0, (1.12)

where p(t,y) is the density of vehicles at the point y € R (physical point on the road) at time
t € (0,400), and v(p) is the average speed of vehicles. We call f(p) = pv(p) the traffic flux. It can
be remarked that (1.12) uses Eulerian coordinates (y is physical point on the road). However, it
was proven by Wagner in [18] (for equations of gas dynamics) that the problem (1.12) is equivalent

to
Os — D™ (s) =0, (1.13)

where s(t,x) = 1/p is the spacing between the vehicles, x stands for the vehicle x (seen as
a continuous variable) and v*(s) = v(1/s). We can see that equation (1.13) uses Lagrangian
coordinates. Moreover, if we denote by u°(t, z) the position of the = vehicle, we have that (1.13)

is equivalent (see [14]) to

du’(t,z) = v* (9,u°), (1.14)



with s(t,x) = 0,u’(t, ). From this we can see that equation (1.8) is equivalent to a macroscopic
model of traffic flow of the LWR type, with

Using Theorem 1.9, we can see that the flux of the macroscopic model, f(p) = pv(p), satisfies
some of the properties presented in [17]:

1. f is a continuous function.
no

2. f(O) = f(pma:r:) = 0, with Pmaz = hio

1.5 Organisation of the article

In Section 2 we give some results concerning viscosity solutions for systems. In Section 3, we prove
Theorem 1.3 assuming Theorem 1.7. In Section 4 we give the results concerning the existence of
the hull functions.

2 Viscosity Solutions

This section is devoted to the definition and to useful results for viscosity solutions for systems
like (1.4). The reader is referred to the user’s guide of Crandall, Ishii, Lions [5] and the book of
Barles [2] for an introduction to viscosity solutions and to [11, 12, 15] and references therein for
results concerning viscosity solutions for weakly coupled systems.

2.1 Definitions
We consider for 0 < T' < 400 the following Cauchy problem, for j € Z ; t > 0 and x € R,

O
Sta) = alg(ta) = u(ta))
% ta) = (a;— ) (t,2) — & (t.2)) + LV, (i (t,) — uy(t,2))
ot ) T\ AN VANE PR AR AR I\ (2.1)
Ujtng (t,z) = uj(ta z+1)
§j+nn (t7l‘) = gj(u z + 1)7
with the initial condition
u;(0,2) = ug (a: + j) and &;(0,2) =& (x + j) . (2.2)
no no

We recall the definition of the upper and lower semi-continuous envelopes, u* and u., of a
locally bounded function w,

u*(t,x) = limsup wu(r,y) and w.(t,x)= liminf wu(r, y).
(r,y)—(t,@) (1,y)—=(t,x)

Definition 2.1 (Viscosity Solutions). Let T > 0, ug : R = R and & : R — R satisfying (A0’).
For all j, let uj : RT x R —» R and &; : Rt x R = R be upper semi-continuous (resp. lower semi-
continuous) locally bounded functions. We set Q = (0,T) x R. Let us consider that ((u;);, (§;);)
satisfies

Vi€eZ, Y(t,z) €Q, wjpn,(t,x) =u;(t,z+1) and Epn,(t,x) =itz +1).



-A function ((uj);,(&5);) s a sub-solution (resp. a super-solution) of (2.1) on Q if for all
(t,z) € Q and for any test function ¢ € C*(2) such that u; — ¢ attains a local mazimum (resp. a
local minimum) at the point (t,z), we have

oi(t,z) < a(&(t,x) —u;(t,x)) (resp. >), (2.3)

and for all (t,x) € Q, and any test function ¢ € C*(Q) such that &; — ¢ attains a local mazimum
(resp. a local minimum) at the point (t,x), we have

pilt) < (a5 — a)(uy(t.a) — &(62)) + LV (wpm(ta) —wy(t,2) (resp.>)  (24)

-A function ((uj);, (§5);) is a sub-solution (resp. a super-solution) of (2.1)-(2.2) if ((u;);, (&5);)
is a sub-solution (resp. a super solution) of (2.1) on Q and if it satisfies moreover for all x € R,
j S {1, ceny 7’7,0},

u; (0, z) < <x+ j> (resp. >) and &;(0,z) <& (er j) (resp. >).
no no

) is a viscosity solution of (2.1) (resp. of (2.1)-(2.2)) if ((u});,(&});)

-A function ((u;);, (&),
(uj)x)js ((&5)«)5) is a super solution of (2.1) (resp. of (2.1)-(2.2)).

is a sub-solution and ((

2.2 Results for viscosity solutions of (2.1)

Proposition 2.2 (Comparison Principle). Assume (A0) and (A1)-(A5). Let (u;,&;) and (vj,(j))
be respectively a sub-solution and a super-solution of (2.1)-(2.2). We also assume that there is a
constant K > 0 such that for all j € {1,...,no} and for all (t,z) € [0;T] x R, we have

wi(t2) < uy(0,) + K(L+1), &t a) < &(0,2) + K(1+1)
—oi(t,2) < —v;(0,2) + K(1+1), —(i(ta) < —&(0,2) + K(1+1). (%)
If
ui(0,2) < v;(0,2) and &(0,2) < (;(0,x) forallz €R, j € Z,
then
wit,z) < vj(t,z) and &(t,2) < ¢(t,z) forallz €R, jEZ, t € [0;T).

Proof of Proposition 2.2.
This proof is similar to the one of Proposition 2.2 in [7], because the system (2.1) is monotone

as the one studied in [7] thanks to assumption (A2), so we skip it.
O

We now give a comparison principle on bounded sets, to do this, we define, for a given point
(to,z0) € (0,T) x R and for all 7, R > 0, the set

Qrr=(to—rto+7)x(yo— R,y + R).

Proposition 2.3 (Comparison principle on bounded sets). Assume (A1)-(A5). Let ((u;);,(&5);)
(resp. ((vj)j,(¢;);)) be a sub-solution (resp. a super-solution) of (2.1) on the open set Q, g C
(0,T) x R. Assume also that for all j € {1,...,n0},

u; <v; and & <¢ on Q.r\ Qnr,
then

uj <wv; and & < on Qg forje{l,...,no}.



We now turn to the existence of a solution for equation (2.1). To do this we will use the
following lemma.

Lemma 2.4 (Existence of Barriers). Assume (A0) and (A1)-(A3). There exist a constant K1 > 0
such that

(w5, 2))j (EF (1, 2))) = <(u0 (m 4 T‘Z()) 4 K1t>j , (go (x + Tfo) 4 Kﬂt)j) ,
(a5 (t,2))5, (€ (02))) = ((u (a4 2)- Klt)j (a(s+2)- Klt)j) |

are respectively super and sub-solutions of (2.1)-(2.2) for all T > 0. Moreover, the constant K,
can be chosen to be

and

Vi
Ki= max (a;).—=.
Jj€{l,...;no0} a

Proof. Let us prove that ((uj(tgr))j7 (f;-r(t,x)j)) is a super-solution of (2.1)-(2.2).
First, using (A0) with € =1 we have for all j € {1,...,n0},

al&f (tz) —uf (t,2) = « <§0 <x+ ;()) — ug <x+ ]>) < Vinaz < K1,

no
and

max(a,)

(aj — a)(uf (t.2) = &F (1)) + V5 (. 2) — ] (2)) < Vias < K1, (26)

«

where we have used (A0) and the fact that for all j, [|V}||ec < Vinaa-
O

By applying Perron’s method, joint to the comparison principle, we get the following result.

Theorem 2.5 (Existence and uniqueness of viscosity solutions for (2.1)). Assume (A0) and (A1)-
(A5). Then there exists a unique solution ((u;);,(&;);) of (2.1)-(2.2). Moreover, the functions
u;, & are continuous for all j € Z.

We now prove that the cars remain in ordered during the evolution.

Theorem 2.6 (Ordering of the cars). Assume (A0) and (A1)-(A5). Let ((u;);, (&5);) be a solution
of (2.1). Then u; and §; are non-decresing with respect to j.

In order to do the proof of this theorem we need the following lemma.

Lemma 2.7 (Bound on time-derivative). Assume (A1)-(A5). Let ((u;);,(&;);) be a solution of
(1.4), with initial condition ((u;(0,2));, (&(0,2)),) satisfying (A0). Then for all (t,x) € [0,T] xR
and for all j € 7,

Vmaz

Oégj(tvx)_uj(tvx)é o

Proof. Since &; —u; is periodic in j it is sufficient to do this proof for j € {1,...,n¢}. We will only
do the proof for the upper bound since the proof for the lower bound is similar.



Step 1: test function. We introduce

V,
M = sup max (f»t,x —u;(t,x —m).
(t,x)€[0,T]xRIE{L,-..,no} i) (k) o

We want to prove that M < 0. To do this, we argue by contradiction and we assume that M > 0.
We define the following function, with e,n,~ > 0 small parameters,

|(E - y‘Q _ n . Vmax

. 2
= T—3 ylz| .

QD(t, &€, ya]) = gj(tv l’) - uj(ta y) -
We can see that the function ¢(¢,x,y, j) reaches a maximum at a finite point (£,Z,,7) thanks to
the existence of barriers (Lemma 2.4). By classical arguments, we have,

M
M.~ = (t,2,7,7) > — for v and n small enough.

|z —y| — 0ase—0. (2.7)

~v|Z| — 0 as a — 0.

Step 2: £ > 0 for € small enough. By contradiction, let us assume £ = 0. Then using the fact
that M., > M/2 >0, we get

= _ =2
_ _ r—1Y Ui _ Vmar
0<Meys < 6(0.2) —u;(0,5)— Z2I 1 jze Vnar
€ T v «
:>%< w;(0.2) = u;(0,) + §(0,2) — u;(0, 2) — 2= (2.8)
Vmam Vmaz
= 1< Kol - gl + - ~ < Kolz — g,
T o

where we have used for the third line assumption (A0). This is a contradiction for € small enough.

Step 3: viscosity inequalities. We classically do a duplication of the time variable and passing
to the limit, we get that there are real numbers a,b € R such that

a—b=——=

and

a < (a5 — o) (uz(£,7) = §(5,2)) + 2V (w541 (5 7) — u5(7, 7)) (2.9)
b>a (&) - ui(6,9)).

Step 4: passing to the limit. Subtracting the two previous inequalities we obtain

i < (aﬁ - a) (uj(ﬂj) - f;(t,i’)) + o (U(E,:Z]) —§ ( )) + V ( J+1(t LL‘) j(ii’))

- ) ) - r Visss (2.10)
< «a (u;(t,g) — u;(t,i‘) + 53(15,55) — 53(15,5)) + a;(u;(t,x) —§ (t,7)) + aG—_
. Vmal‘ 7 = I =
Using that a; o < a;(&(t,7) —u;(t,y)), we get that
n T - _ - _ - - _ - _
75 <0 (u;(t, 9) —uj(t,2) + &(,2) — §(t,9)) + a;(u;(E, 9) — u;(t, 2)).
Sending £ — 0, we get t% < 0, which is a contradiction.
O

We now turn to the proof of Theorem 2.6.
Proof of Theorem 2.6.



Case 1: kg > 2hgng. In this case we have for all j € Z and y € R,

2Vinaz +1 ]
= 2ho < ug <y+J> — ug (y+j>
lo% no o

Now, we would like to prove that u;(t,y) < ujy1(t,y) — ho. We argue by contradiction, let us
assume that there exists a time

t"=inf{t, st N e€Z yeR st wui(t,y) =uit1(t,y) —ho}.

Let us consider y € R and ¢ € Z such that w;(t*,y) = u;+1(t*,y) — 2ho. By continuity, there exists
a time to € [0,t*) such that

ui(to,y) = wiy1(to,y) —2ho and  wiy1(t,y) — ui(t,y) € [ho,2ho] for all ¢ € [to,t¥].
Let us now see the equation satisfied by (u;, &;) for t € [to, t*], using that V;(u;11(¢, y)—u,(t,y)) =0,
(ua)e(t,y) = a(ui(t,y) — &(t,y))
()it y) = (ai — ) (uilt, y) — &l y))

(2.11)
ui(to,y) = uit1(to,y) — 2ho

Vma(l/‘
&i(to,y) < uiga(to,y) — 2ho + Q"

The last inequality is justified by Lemma 2.7. We now construct a super-solution for this system
by considering

@it y) = mee (1 — e 0710)) fugp(to, y) — 2ho

a;
gi (t7 y) = Uy (tv y) + i(ai)t(a y)a
with the initial condition

wi(to,y) = wit1(to,y) — 2ho

&ilto, y) = wiy1(to,y) — 2ho + Yoz,

Since tg < t*, we have

Vma:lf
P ho + uiy1(to, y) — ho

= uit1(to,y) — ho (2.12)

< w1 (t*,y) — ho,

where we used for the first line the fact that 1 — e%(t" %) < 1 and that a < a;, for the second
line the fact that hg = Vinaz /@, and for the third line the fact that t* > tg and Lemma 2.7 which
implies that the u; are non-decreasing in ¢. Using the comparison principle for (2.11) yields

Ui(t*,y) < ai(t*, y) < ui+1(t*,y) — hg. (213)

This is a contradiction with the definition of ¢*. Therefore, we have for all j € {1,....,ng}, for all
(t,z) € [0,T] x R, that

ui(t, x) < ujp1(t, ) — ho.
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Now from Lemma 2.7 we know that for all (¢,2) € (0,400) x R and for all j € Z,

Vinaz > a(§;(t,2) — u;(t,x)) >0

Vmuw > a(gj-l-l(ta‘r) - uj+1(t,1‘)) > Oa

from which we can easily deduce that for all j € Z, for all (¢,z) € [0,T] x R, we have
Gt ) > &(t, ).

Case 2: 0 < kg < 2hgng. We use the following lemma:

Lemma 2.8. Assume (A1)-(A5), let i € Z, y € R, and let 2hg — ko/ng > § > 0, also let us
assume that

2hg — 6

ui(0,y) = ui+1(0,y) — (2ho —6) and 0<6(0,y) —ui(0,y) < 5

(2.14)
then we have
ui(t,y) S uipa(ty) and &(t,y) < Sia(ty),
for all time t € [0,T] such that
wip1(t,y) — ui(t,y) < 2hg.
Proof. Let us denote by , the time
t = inf{t s.t. ui11(t,y) —ui(t,y) = 2ho},

then for all ¢ € [0, %], usy1(t,y) —ui(t,y) < 2ho, and (u;, &;) is solution to the following system, for
te[0,d]

(ui)e = (& — u;)
(&)t = (@i — a)(u; — &)
u;(0,y) = ui1+1(0,y) — (2ho — 6)

2hg — 6
2 )

£i(0,y) <wuir1(0,y) —2ho +0 +

We can construct a super-solution of this system by considering

2hg — 0
ui(t,y) = a ;a' (1 =e™ ") +uip1(0,y) — 2ho + 0
' (2.15)
_ - 1
gz(tay) = ui(t7y) + E(uz)t(t7y)
Therefore, for all ¢ € [0,], we have
uir1(ty) —uwi(t,y) > uit1(0,y) — wilt, y)
> ui+1(0,y) _;j}i(tvyg
> 2h0 —0—« 0
o 2_a,:5 (2.16)
> 2hg— 8- =
S 2hg — 0 >0
- 2 P )
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where we have used for the first line the fact that u;11 is non-decreasing in time (see Lemma 2.7),
for the second line a comparison between u; and u;, for the third line the definition of u;(t,y) and
the fact that 1 — e~ %! < 1, and for the fourth line the fact that o < a;. Similarly, we have

£i+1(t7 y) - gi (tv y) > ui+1(ta y) - gl (t7 y)
> u(ty) —uilt,y) —
2ho— 8 2ho b
2 2 -7

(ui)e(t y) (2.17)

S olm

Y

where we have used for the first line Lemma 2.7 and the fact that & > &, for the second line the
definition of &.

O
Using this lemma, we deduce that in the case where there exist ¢ € Z and y € R such that
w1 09) = 10.9) _ Vinar _ 2.15)
2 «
we have
ui(t,y) <uipa(t,y) and  &(ty) < St y),
for all time ¢ € [0,t*], where t* is defined by
t* = inf{t, uir1(t,y) — ui(0,y) > 2ho}.
We can then use the same proof as in Case 1 to deduce that
wip1(t,y) > ui(t,y) + ho and  &41(t,y) > &(t,y) forall t > t*.

O

3 Convergence

This section contains the proof of the main homogenization result (Theorem 1.3). This proof relies
on the existence of hull functions and some properties of the effective Hamiltonian.

We recall two lemmas, necessary for the proof of Theorem 1.3. We begin by a first result which
is a direct consequence of Perron’s method and Lemma 2.4 (with a rescaling in €).

Lemma 3.1 (Barriers uniform in €). Assume (A1)-(A5) and (A0). Then there is a constant
C >0, such that for all e > 0, the solution ((u5);,(£5);) of (1.6)-(1.7) satisfies for allt > 0 and
z e R,
c je
uj(t, ) — ug (x + )‘ <Ct and
no

€5(t2) — & (“j;)‘ <ot

Lemma 3.2 (e-bounds on the gradient). Assume (A1)-(A5) and (A0). Then, the solution
((u5)5,(&5)5) of (1.6)-(1.7) satisfies for allt >0, x €R ,2>0 and j € Z,

zko < uS(t,x + 2) —u5(t, ) < 2K, (3.1)
and

zko < &5 (t,x + 2) — & (t,7) < 2Ko. (3.2)

12



Proof. We prove the lower bound (the proof for the upper bound is similar). Using assumption
(A0), we get that for all j € Z, for all z € R, z>0,

u5(0,2 + 2) = uo (x +z+ fj) > ug (m + f) + zko > u5(0,2) + 2ko, (3.3)
0 0
and
§5(0,x +2) > &5(0,z) + zko.

From the form of system (1.6), we know that the equation is invariant by addition of constants to
the solutions. For this reason the solution associated to the initial data ((u5(0, x)+2ko);, (§5(0, z)+
zko);) is ((u5(t, 2)+2ko);, (§5 (¢, 2)+2ko) ;). We can also see that the equation is invariant by space
translations. Therefore the solution associated to the initial data ((u;(0,z+2));, (§5(0,2+2));) is
((u;(t,z+2));, (& (t,x+2));). Finally, from (3.3) and from the comparison principle (Proposition
2.2), we get

ui(t,x +2) > ui(t,r) +zko and & (t,x+2) > & (t, ) + zko.
O

Proof of Theorem 1.5.

Since, for all j € Z, u§y, (t,2) =u5(t,z+¢e) and &5, (t,2) =E;(t, 2 +¢) it is sufficient
to do this proof for j € {1,...,n0}.

We introduce for all j € {1,...,n0},

uj(t,z) = limsup  u(t',2’') and &(t,x) = limsup  &(t',2),
e—0,(t",z")—(t,x) e—0,(t",x")—(t,x)

(t,x) = lim inf s, 2 d €.(t,z)= lim inf st 2.

)= B ) e &= B S )

Thanks to Lemma 3.1 we know that this functions are well defined. We also introduce

o= max max(4;,&) and v= min min(u;,&)). 3.4

je{l,...n0} (45,€) T je{l,...no} (*J §J) (3.4)

Using the two previous lemmas we get that the function w = v, v, satisfies for all ¢ > 0 and
., eR, z < 2,

|w(t, z) —uo(x)| < CH,
(3.5)
Kol — o] < w(t,a') — wit,z) < Kolz — ']

We want to prove that v is a sub-solution of (1.8) and that v is a super-solution of (1.8). Indeed,
in this case, the comparison principle will imply that v < v. But by construction v < v, hence
v = = u, the unique solution of (1.8). This implies that for all j € {1,...,no}, @; = u; = §_j =
§j =" and so uj and &5 converge locally uniformly to ul.

To prove that v is a sub-solution of (1.8), we argue by contradiction, we assume that there is
a point (£,Z) € RT x R and a test function ¢ € C! such that

u(t,z) = ¢(t,7)
1< on Q2 (t,) with 7 > 0

1< ¢—2n on Qra2r(t,2)\Qrr(t,T) withn >0

ou(t,7) = F(do(E,2)) + 6, with 6 > 0.

13



We define p = ¢, (¢, ) that according to (3.5) satisfies
0 < ko <p<Kp.
Using Theorem 1.7, we define the hull functions ((h;);, (g;);) associated to p such that
A=F(p)

We now apply the perturbed test function method introduced by Evans [6] in terms here of
hull functions instead of correctors. Let us consider the following perturbed test functions for

j S {1, ...,’no},

o(t, ) ¢(t, )
3 3

¢ (t,x) = ch; ( ) — §(t,x) +eh;(0) and ¥S(t,z) = eg; ( ) = 6(t,z) + 2g;(0).

We define the family of test functions (¢§)jez and (1/}}5) jez by using the relation

B kno (t,z) = qﬁj(t, x+¢ek) and Vit kno (t,z) = wj(t, x + €k).

We first want to prove that ((¢5);, (¢5);) is a super-solution of (1.6) in a neighbourhood of
(t, 7).

To do this, we simply check the equations satisfied by the perturbed test functions, we denote
by z = @ to simply the notations. For j € {1,...,nq}, we have

(@5):(t,2) = ¢ul(t, ) + alg;(2) — hj(2)) — alg;(z) — hj(2))
«
= ZW5(t2) = 95t 2)) + (¢e(t,2) — A)

(wga(t,x) - ¢§(ta (ﬂ)) + (¢t(t7x) - ¢t(t_7f) + 9)

ol

>

e

(5 (t, 2) — ¢5(t, x)),
where we have used the equations satisfied by the hull functions for the second line, the definition
of A for the third line. For the fourth line we have used the fact that for » > 0 small enough, we
have (¢ (t, ) — ¢(£,Z) + &) > 0, because 6 > 0 and ¢ is C'. Similarly, we have

(W5)e(t, x) = ¢u(t, x)

= (4~ )(u(2) = 9;()) + LV (hya(2) = hy(2) = A+ n(t,)

€

(03-0) e Ly, (Ba(tn) 6560
> 02 50,0 - e + v, (B2 )

+ ((bt(t,x) _ ou(B.7) + g)

#5491yt - v

j
2 o

Gialtr) 6501

3

It is then enough to prove that

5+ Wit — e - v, (20D 5

2 « €
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If j+1€{1,...,no}, then,
¢i(ta)
- e

= 1t
and  hjy(z) = M’

hj(z) 6

and the result is trivial. 5 ~
If j+1¢{1,..,n0} then thereis a k € {1,...,ng} such that k = k + lxno,

(L, x)

hi41(2) = bieng (2) = a2+ p) = 22 4 p o a(0),

5t w) = ¢y 11 (tx) = @5tz +¢e) =¢(t,x +¢) +ehi(0).
= o(t,x) +ep+ehi1(0) + 4o:(e).

This implies that

o5 tx) ot x)
*8 = =+ (0)+o:(1)

= hya(2) +o.(1).

This allows us to see that for r > 0 small enough, we get

e (tz) — ¢§(t,x)>} >0

e

9 (Zj
27

‘MmH@—M@»—w(

Getting a contradiction. By definition: ¢5 — ¢ and ¢; — ¢ as € — 0. Moreover, u; < v <
¢ — 21 on Qy2-(t,2)\Qrr(t, ) therefore, for € small enough

u; < (bj -n < ¢§ —non Qr,2r(£a j)\QTﬂ“(: j)
Similarly, we have
5]6 < 7;[}36 -n < 1/’]6 —non QT‘,QT‘(t_ﬂ j)\QTﬂ”({v g_j)
Using the comparison principle on bounded sets for (1.6), we get
u§ < ¢5 —nand & < Y5 —non Q. (, 7). (3.7)
Passing to the limit as e — 0, we get o < ¢ — 1 on Q,.,-(t,%) and this contradicts the fact that
6(57 ‘i') = ¢(Ev j)
Therefore ¥ is a sub-solution of (1.8) on (0, +00) xR. Similarly, v is a super-solution of the same

equation. Therefore, v = v = u® and u; and &; converge locally uniformly to u° for j € {1,...,n0}.
O

4 Ergodicity and construction of hull functions

In this section, we construct the hull functions for (2.1). The construction follows the one of [7]
but we use here the fact that the system is invariant by addition of constants. This allows us to
get the particular form of the hull functions.

4.1 Ergodicity

Proposition 4.1 (Particular form of the solution of (2.1)). Assume (A1)-(A5) and let p > 0. Let
((uj)j, (§)7) be the solution of (2.1) with uo(y) = o(y) = py. Then ((u;);,(§;);) satisfies

ui(t,y) = py +u;(¢,0) and &;(t,y) =py+&;(t,0). (4.1)
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Proof of Proposition 4.1. Using that equation (2.1) is invariant by space translations, invariant
by addition of constants, and the fact that for all y,z € R, j € Z

ug <y+2+]) —pz = ug <y+]> and o <y+2+‘7> —pz =& (y+‘7>,
no ng no o

we deduce, by the comparison principle, that

uj(t,y+2) —pz=wu;(t,y) and §&(t,y+2) —pz=¢&(t,y).

Taking y = 0, we deduce the result.
O

Proposition 4.2 (Ergodicity). Assume (A1)-(A5), let ((u;);,(&;);) be a solution of (2.1) with
initial data uo(y) = &o(y) = py for some p > 0. Then there exists a constant A € R such that, for
all (t,y) € [0;4+00) xR, j € {1,...,n0},

|Uj(t, 0) - )\t| < Cl and |§j(t70) - )\t‘ < Cl, (42)
and
with
Vmam
Cy = 3p 4227, (4.4)

and K1 defined in Lemma 2.4.

The proof of Proposition 4.2 is done in different steps, it uses the following classical lemma
from ergodic theory (see for instance [13]).

Lemma 4.3. Consider A : R™ — R a continuous function which is sub-additive, meaning that:
forallt,s >0,

A(t+ s) < A(t) + A(s).

Then # has a limit | as t — +o00 and

[ = inf w (4.5)
t>0 t

Proof of Proposition 4.2.
The main idea of the proof is to control the time oscillations. To do this we will use the
following continuous functions for all T' > 0,

(t+T,0) —u,;(t,0
AN (T)= sup sup u;(t+T,0) —u(t, )7
je{l,..,no} t>0 T

(t+T,0) —u,(t
M(T) = imf g WEFTO Zu(00)
j€{1,...;,ng} >0 T

and

)‘ﬁ- (T)= sup sup &+ 7.0 —§(t, 0)’
je{1,...,n0} t>0 T
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(t+T,0) =&
X(T) = it i SETTOZGE0)
J€{1,...,n0} t20 T

We also introduce
AL (T) = supNL(T), \(T)) and A (T) = inf(A“(T), AE.(T).
To get the result, it suffices to prove that Ay (T") and A_(T") have a common limit A as T — 400

such that [Ax —A| < % To do this we would like to apply Lemma 4.3. Because of their definitions,

we know that 7"+ TAY(T) and T +— T)\i (T') are sub-additive, in the same way T — —TA“ (T)

and T — —T\E (T) are also sub-additive. Therefore if A4 (T) and )\i (T') are finite, we will get
the convergence, and we will only have to prove that they have the same limit.

Step 1: A (T) and A_(T) converge as T goes to +oo. We want to use Lemma 4.3. Since
T TAL, T TAS, T+ —TA* and T + —TAS are sub-additive, we deduce that T+ T\
and T — —TA_ are sub-additive. It just remains to show that Ay and A_ are bounded (to get a
finite limit). Using Lemma 2.7, we get that for all j € {1,...,n0} and for all ¢,T > 0, we have

Uj(t + T7 0) — ’u]‘(t, O)

_Kl S 0 S T S Vma:c S Kl (46)
and
Vmaw §<t + T7 0) - f(ta O) Vmaw
—K; < —max(a; — «) " <X T J < - je{q}.&?.),(no}(aj) < Ky, (4.7)

where we have used the equation satisfied by &; and the facts that

Vi V
072 < —(a; — ) Y

< (aj — a)(u;(t,z) — &(t,x)) <0,
and

0< Vj(uj-i-l(t?x) - Uj(t,fﬂ)) < Vinaz-

Step 2: Control on the time oscillations We now prove that Ay and A_ have the same
limit. More precisely, we will prove that

Cq
A1) A1) < 5
with C; defined in Proposition 4.2.
By definition of A4 (T), for all € > 0, there exists 7= and v € {uy, ..., upn, &1, ..., & } such that

vE(rT 4+ T,0) — vt (7%,0)
T

A (T) — <e

Let us set for all j € {1,...,n0},

AY = u;(r+,0) —u;(m7,0), A§ =&(17,0) = &(77,0)

and

A= sup sup(A;ﬂAg).
jG{l,‘..,no}

Using Proposition 4.1, we have

uwi (7, y) = ui (77, y) +ui (v, 0) —ui(77,0) Suy(tT,y) + A
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and
G y) =&,y +&(rH,0) = §(77,0) < &§(77,y) + A
Using the comparison principle we get
wi(tt +T,y) <u;(t7 +T,y) + A (4.8)
and
G +Ty) <& +Toy) + A (4.9)

Now we would like to estimate A, Let us assume that the maximum in A is reached for the index
j. We then have for all j € {1,...,n0},

V,
A< u:(77,0) —us(77,0) + 222
< uJ(T,) uJ(T,)—i— .
+ — Vmax
< Uj+n0(T 70)_uj—7b0(7- 7O)+2 a
(4.10)
Vmax

IN

’U,j(TJr,].) 711,]'(7'7,71) +2
(0%

Vmaa:
< wui(rh,0) —uy(77,0) + 2—= + 2p,
e
where we have used for the first line Lemma 2.7 (to compare u; and 53), for the second line, the

fact that (u;); is non-decreasing in j, for the third line the periodicity of the function u;, and for
the last line we have used Proposition 4.1. Similarly we have

Vmaa:
A<E&(rT,0) = &(r,0) + 2=+ 2p.
We now inject this results in (4.8) and (4.9), with y = 0, to obtain
+ + — _ Vmaw
ui(tT +T,0) —u;(77,0) <wui(t” +T,0) —u;(77,0) + ZT + 2p,
and
—+ + — —_ VH'L(J/.'L'
G +T,0) ~ §(r+,0) S G+ T,0) — &(r,0) + 2272 4 9,
Using this two results we get that

V,
v (T +T,0) — vt (77,0) < v (17 +T,0) — v (77,0) + 477;'” + 3p,

where the possible comparison between ¢; and u; adds an additional 2V,,,q,/, and the possible
comparison between u; and u; adds an additional p. This implies that

TAL(T) < TA_(T) + 2T + C4.

Since this is true for all € > 0, we get

A (@) -2 (D) < T (4.11)
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Step 3: Conclusion. From the previous step we know that Ay have the same limit. Let us
denote it by A, and by Lemma 4.3 we have, for all T' > 0,

A(T) <A< A (D).

Using (4.11), we deduce that

C
A — Al < ?1 (4.12)
O
4.2 Construction of hull functions
We now would like to prove the existence of time-space global solutions of (2.1).
Proposition 4.4. Let p > 0 and assume (A1)-(A5). Then, there exist some constants
((u5°(0,0));, (£5°(0,0));) and a real number X € R such that for all (1,y) € R?,
(2 ), (€2 (1)) = (b + Ar +052(0,0)),, (py + A7+ €°(0,0)) )
is a solution of (2.1). These constants satisfy, for all j € Z,
u351(0,0) > u5°(0,0) and £55,(0,0) > £5°(0,0). (4.13)
The interest of this result is that if we consider for all z € R,
hj(z) = 2 +u5°(0,0) if j € {1,...,no} gi(z) = 2+ £5°(0,0) if j € {1,...,n0}
(4.14)

thrno(Z) = hj(z+p)a gj+ng(z) :gj(z+p)7
then we have directly the following result.

Corollary 4.5. (Existence of hull functions). Assume (A1)-(A5), then there exists A € R such
that there exist a hull function ((h;);,(g;);) defined as in Definition 1.5.

Proof of Proposition 4.4.

Step 1: construction of a solution. In this step, we use the functions ((u;);, (§;),) solution
of (2.1) with uo(y) = &o(y) = py. For m € R, we consider

ui'(t,0) = u;(t +m,0) — Am and £"(t,0) = &;(t +m,0) — Am.

Since the equation is invariant by addition of constants and by time-translations, we deduce that
((u;”(t, y) =py -+ (t,0) ., (& (L y) = py +uj' (L, 0))j) : (4.15)

is a solution of (2.1). Moreover, u[* is Lipschitz continuous in time thanks to Lemma 2.7 and
as a consequence &;" is also Lipschitz continuous in time. Therefore we can use Ascoli Theorem
to deduce that there is a sub-sequence ((u]");, (£7*);) converging uniformly on compact sets to a

Lipschitz continuous function ((u$°);, (£5°);) which satisfies, for all k¥ € R,

uS (t+ k, 0) = u$(t,0) + Ak £t + k,0) = £°(£,0) + Mk
ui(t,y) = py +u°(t,0) £°(t,y) = py + £°(t,0) (4.16)
Ui 2 ug i 2 &
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However, since k € R, we deduce that
ug®(t,0) = u3°(0,0) + A\t and  £7°(£,0) = £5°(0,0) + A, (4.17)

which implies the result.

Proof of Theorem 1.7.

Step 1: Uniqueness of . Given some p € (0,+00), let us assume that there exist A;, \p € R
with their corresponding hull functions ((h});, (97);), ((h3);,(g7);). Then we define for i = 1,2
andj S {17...,710},

ui(t,y) = hi(Nit +py) and  E(t,y) = gi(Ait + py),

solution of (2.1). Let us denote by C' = maxX;e(i, .. no} maxie{l}g}(hé(O),g;:(O)), then we have

uj(0,y) <u3(0,y) +2C and  &(0,y) <&F(0,y) + 2C.
Using the comparison principle we get for all (¢,z) € (0,4+00) X R,

uj(t,y) <ui(t,y) +2C and &(t,y) < & (ty) + 2C.
Now we set y = 0 to deduce that for all ¢ € (0, +00),

hj(Art) < h3(Aot) +2C and  gj(Mt) < g7 (Aat) +2C,
which implies that

A1t < Aot +4C.
Because this is true for all ¢t € (0, +00), we deduce that
A1 < Ao

The reverse inequality is obtained by exchanging ((});, (g;);) and ((h3);, (¢3);), which proves
that A; = Ay and therefore the uniqueness of A = F(p).

Continuity of the map p+ F(p). This proof is similar to the one in [7] so we skip it.

O
Proof of Theorem 1.4 . It suffices to remark that
hj(z) = z4+ h;j(0) and g;(z) =2+ g;(0).
with
(=P o= _ 1y(r
h;i(0) = o and g¢;(0) = o + aV <n0> , (4.18)
is a solution of (1.10) with
/\:F(p):V(p>.
no
O
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5 Qualitative properties of the effective Hamiltonian

Proof of Theorem 1.9.

Step 1: proof of the lower bound . If we have p < 2hgng, then we can see that

(12, (a5, ) = (( +2) (e fj)) ,

is a hull function for A = 0. In fact we have
A =a(gj(z) — h;(2)) =0,
and

A= (a; = a)(h;(z) — g;(2)) + jV(no)

)
where we have used assumption (A4). Now by uniqueness of the effective Hamiltonian we have
that F(p) = 0.

Step 2: proof of the upper bound. A simple computation gives

F(p) =

Vj(hj+1(0) — h;(0)), forall j € Z
However, we also know that h;41(0)
t

> h;(0) and that hjin,(0) = h;(0) + p this means that there
exists a ¢ € {J,...,j + no} such that h;11(0) — h;(0) > p/ng. Therefore, using the fact that V; is
non-decreasing, we have
p
Vi <F V; . 5.1
(2)<Fors _min (W) 6.1)

Passing to the limit as p goes to +0o0, we get the desired result.

Step 3: proof of the monotonicity. Let pi,ps € (0,400), and let Ay = F(p1), o = F(p2)
be their respective effective Hamiltonians, each associated to the hull functions ((h7);, (97);) and
((h3);,(g3);). We assume that py > p;. Therefore, we have

h'}m( ) hé(O) p1 <p2 = hng( ) - h(% (O)

From this, we can deduce that there exists an integer k € {0, ...,ng — 1} such that

h11€+1(0) — hi(0) < hk+1(0) — h(0).

Now, using the monotonicity of Vi, we get,
Vi (he1 (0) = hi(0)) < Vi (hjiy1 (0) = h7(0))

which implies that A\; < Ay. Therefore the function F is non decreasing.
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