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Global optimal vaccination in the SIR model:
properties of the value function and application
to cost-effectiveness analysis

Laetitia LAGUZET* and Gabriel TURINICI'
March 5, 2015

Abstract

This work focuses on optimal vaccination policies for an Susceptible -
Infected - Recovered (SIR) model; the impact of the disease is minimized
with respect to the vaccination strategy. The problem is formulated as an
optimal control problem and we show that the value function is the unique
viscosity solution of an Hamilton - Jacobi - Bellman (HJB) equation. This
allows to find the best vaccination policy. At odds with existing literature,
it is seen that the value function is not always smooth (sometimes only
Lipschitz) and the optimal vaccination policies are not unique. Moreover
we rigorously analyze the situation when vaccination can be modeled as
instantaneous (with respect to the time evolution of the epidemic) and
identify the global optimum solutions. Numerical applications illustrate
the theoretical results. In addition the pertussis vaccination in adults is
considered from two perspectives: first the maximization of DALY averted
in presence of vaccine side-effects; then the impact of the herd immunity
on the cost-effectiveness analysis is discussed on a concrete example.

Keywords: optimal vaccination, SIR model, vaccination region, herd
immunity and cost-effectiveness,

1 Outline of the paper

1.1 Background on vaccination strategies

The mathematical modelling of the spread of an infection disease allows to
propose control strategies to decrease the cost of the epidemic. Among such
control strategies we focus in this work on the vaccination. A vaccination policy
indicates when and how many people should be vaccinated in order to minimize
the overall impact of the epidemic. We consider here a cost that sums the cost of
the infected individuals and the cost to vaccinate the individuals (see formula (8)
below for the mathematical definition). We also apply the same methodology to
cost-effectiveness analysis in the context of a constrained public health budget.
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1.2 State of the art and motivation

The mathematical analysis of the cost, as a function of the vaccination pol-
icy, allows to obtain an optimal vaccination strategy. Consider the epidemic in
Figure @ (see caption for the detail of the parameters) where the abscissa rep-
resents the number of the susceptible in the population, and the ordinate the
proportion of infected people. In the literature several proposals for the best
vaccination strategy are presented (see for example [2, 00, 23, 27]); however
previous works operated under specific assumptions on the value function (see
below) and consequently did not always selected the best vaccination policy.

For instance, as we illustrate in Figure M the solution available in the liter-
ature is, in some cases, not optimal. The two curves represent two scenarios
for an epidemic starting for an initial point X(y. The solid curve represents the
epidemic evolution when there is no vaccination (the state of the art solution for
this set of parameters) and the dashed curve plots the epidemic evolution when
there is some partial vaccination. The partial vaccination is seen to outperform
the no vaccination policy.

For further information see the literature review in Section Z4.

1.3 Methodology and results

Prompted by this remark we look in this work into the details of the calculation
of the best vaccination strategy (using the technique of the ”viscosity solutions”)
and note that all previous works used a specific assumption which is not always
true; we explain precisely when the assumption is correct (and thus the previous
works identified correctly the optimal vaccination policy) and when it is not (and
in this case we describe the best vaccination policy).

1072

Figure 1: Two trajectories of an epidemic evolution (corresponding to the
SIR model in equations (M)) are presented. The epidemic starts from Xy =
(0.79,0.0053). The parameters used are § = 73, v = 36.5, Upma, = 100, r; = 1
and 7y = 1.5 (see formula (B) for the meaning of the parameters r; and ry and
Section 2 for 4z ). The solid curve represents the epidemic evolution when
there is no vaccination (which is the state of the art solution, see [2, 23, 27])
and the dashed curve plots the epidemic evolution when there is some partial
vaccination. The cost for the first trajectory is 0.51 and for the second is 0.49.
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Figure 2: Graphical illustration of the SIR-V model.

1.4 Structure of the paper

The paper is organized as follows: in the next section we describe the math-
ematical model (section B70), the admissible vaccination policies (section B72),
introduce some notations in section 223 and give an overview of the contributions
from the literature in section 2 finally we present some technical obstacles in
section 3.

In section B several applications of the theoretical results (proved in ap-
pendixes O and H) are presented. A summary of the numerical procedure to
find the best vaccination strategy is the object of section .

Then in section B we consider two applications to the optimal pertussis
vaccination in adults. Finally, conclusions are the object of section B.

2 Model, notations and first remarks

2.1 The model

In order to model the evolution of an epidemic, we use an SIR (Susceptible -
Infected - Recovered) compartment model (cf., [8, I3, 5] for additional details).

We seek to optimize the cost of the vaccination policy; to this end de-
note by V(t) the proportion of people vaccinated by the time ¢ (of course
lim oo V(t) < 1); we consider vaccines that confer lifetime immunity so
that V is an increasing function. The evolution of the disease is described by
the following equations:

dX1(t) = —BX1()Xo(t)dt — dV(t),  X1(0) = Xio,

aXs(t) = (BX2(0)Xa2(t) =7 Xa(t) )dt,  Xa(0) = Xoo, "
dXs(t) = yXo(t)dt, X3(0) = Xs0,

Xy(t) = [, dV, X4(0)=0

Here X, X5, X3, X4 are the proportion of people in the "susceptible” re-
spectively "infectious”; "recovered” and "vaccinated” classes. Initially X;(0) +
X2(0) + X5(0) =1 and X4(0) = 0 (but X4 need not be continuous in 0). See
figure B for a graphical view of system (). Note that () implies X7 (¢)+ X (t) +
Xg(t) + X4(t) =1,Vt>0.



Here (3 is the transmission rate of the disease, V' is the control to be optimized
and ~y is the recovery rate.

We denote ry the unitary cost associated with vaccination including the
cost of the vaccine and all possible side-effects and r; the unitary cost incurred
by infected persons. To simplify the presentation we suppose that costs are
expressed in money and postpone to Section B the more realistic and interesting
situations when costs are expressed as medical conditions.

The cost of the disease is independent of the classes X3 and X, (but depen-
dent on the control V(¢)), so we can restrict ourselves to the evolution of X;
and Xs. From now on a vector X will only be supposed to have two coordinates
X1 and X5. Denoting:

Q={X=(X,Xs) €eR? | X1, X5 >0, X; + Xy < 1}, (2)

we will work under the constraints X € Q.

We introduce ®Y4V (¢) = (&1 (t), @3V (t)) to denote, at time ¢ > 0, the
solution of the system () starting at point X (0) = Y and with control dV; in ad-
dition Z = ®¥4V () (—t) means Y = &%V (=) (¢) (the reverse system has a well
defined mathematical meaning). To ease notations, when the measure dV is ab-
solutely continuous with respect to the canonical Lebesgue measure dt on [0, oo[
i.e., when dV can be written dV = u(t)dt we will also write ®¥>*(*) () instead

of YWt (¢) (and the same for the components ®] V% (¢) and &)™ (1)),

Remark 1. Here and in all that follows we consider the interval [0, co[ open at
infinity. This simply means that co is not an admissible value and no strategy
can vaccinate at ¢ = oco; on the contrary instantaneous vaccination at t = 0 is
possible.

The cost of the disease is:

J(Y,dV) = /0 h r oYY ()@Y (t)dt + /0 h rydV(t). (3)

Moreover we will use the following notation Jo(Y) = J(Y,0); note that
Jo(Y) is a cost proportional with the number of people infected in absence
of vaccination. This number will be denoted ((Y") thus Jo(Y) = r1{(Y) (see
Appendix A for the properties of ().

Remark 2. Equation (0) implies
B (oc) = o0+ [ de (o)
—of o+ | (e eF (1) vl Y @))a ()
Thus, since 3% (c0) = 0:
/0 h riB0 Y ()@ (t)dt = /0 h riy®3 Y (t)dt — 237V (0).  (5)
This allows to conclude that the cost functional

JUY,dV) = /0 rdaY W (t)dt + /0 rvdV(t) (6)



with ¢ = r;y satisfies
JUY,dV) = J(Y,dV) + Ya. (7)

Both J? and J will thus have same optimal strategies (because their difference
is independent of the strategy dV). Here r¢ can be seen as the unitary cost of

infection per unit time.

2.2 The admissible vaccination policies

Vaccination policy dV can be modeled in different ways. Note that the pro-
portion fg dV (s) of individuals vaccinated up to time ”t” is increasing and

fg dV(s) < 1, Vt > 0; therefore V is a bounded variation function and dV (t)
is a positive measure on [0, 00[; this is the most general class of vaccination
strategies. A restrictive class of vaccination policies will also be considered (see
also the literature review in Section B4 below) where the speed of vaccination is
bounded; in this case dV (t) = u(t)dt with u(t) € [0, Umaqq]. Generic results (see
e.g., [@]) suggest that considering controls with bounded speed is not restrictive
because the general situation is obtained in the limit w4, — 00. We will rigor-
ously prove this assertion in appendix E and will work with the restricted class
of vaccination policies until then.
We can write system () as:

X, —BX1 X, “1
Xo| [ BX1Xo —7Xo 0

d X | = VX, dt + 0 dv(t). (8)
Xy 0 1

Recall that (Xl, XQ, Xg, X4) — (_ﬁXlXQ, ﬂXlXQ—’)/XQ, ’YXQ, O)T and (Xl, XQ, X3, X4) —
(—1,0,0,1)T are Lipschitz functions, and V is a bounded variation function.
Then using the theoretical results in [, Section 10, Thm. 10.2.3] it is
possible to conclude that (B) has a solution and the solution depends smoothly
on the initial data and the control V' (in L! norm).
Let us make clear how a mathematical object such as V' can be translated
into vaccination policies for the unbounded case. Take for instance the trajectory
®Y:4V (¢) driven by the control (here ;—g is the Dirac mass in ¢ = 0):

Wi, 1=0 (9)
dV(t) =4 0.10, ¢ €]0,0.5] (9b)
0, t > 0.5. (9¢)

This means that half of the initial susceptible population Y7 is vaccinated
(instantaneously) at the onset ¢ = 0. Then vaccination is pursued with speed
of 10% percent per unit time till time ¢ = 0.5; then no vaccination occurs.
In particular this means that 50 + 0.5 x 10 = 55 percent of the population
is vaccinated in all. Note that the trajectory ®Y:4V(¢) is not continuous since
&Y%V (0+) = )%V (0)/2. This trajectory can be seen as the limit when ¢ — 0



of the trajectories ®¥>?V+(t) corresponding to the following vaccination policies:

Y;
L otelo€ (10a)

aviy = § *
() =9 0.10, ¢ €le,0.5[ (10b)
0, t > 0.5. (10¢)

2.3 Notations and first remarks

We introduce the function f: Q x R — R? :
(X,u) €QAX R f(X,u) = (-BX1X> —u, BX1 X, —7X5) €R®. (1)

Note that f(-,u) is a Lipschitz function with Lipschitz constant L; indepen-
dent of the second argument, i.e.,

1f(Y,u) = f(Zu)ll < LellY = Z|, VY, Z € Q. (12)
In order to define the admissible controls we consider a point Y € €Q; for

Umaz < 00 We define:

Z/{;ﬁmaz — {u : [O’ OO[—> [O,Umam]

u measurable, &Y (1) € Q, vt > 0} . (13)
When v, = 00 we define:

Uy = {dV positive measure on [0, co[

/ dv <v; <1, ®¥V(t) e Q,vt > 0}.
0

(14)

Irrespective of whether t,,q, is bounded or not the set Uy™® is a closed
subset of the set of (finite, positive) measures on [0,00[. Note that for any
Y € Q and any upmaee @ 0 € Uyp™=.

To make notations easier we will not write the dependence of Uy™** with
respect to Y or u;q; and only denote, when there is no ambiguity, by Uy or U
the set of admissible controls.

For w4, < 0o we define the Hamiltonian H¥me= : Q x R2 — R as:

HUmew (X, p) = we[ror}ir:m] [p- f(X,w)+r;BX; X + ryw] (15)
= ~Umaz (D1 — 7v)4 + BX1 Xo(rr +p2 —p1) —yXap2.  (16)
When Uy,qe = 00 the previous definition is to be replaced by H> : Q x R? —
R:
H>®(X,p) = min {ry — p1, BX1Xo(rr +p2 — p1) — 7Xop2}. (17)

The value function V¥mes : Q — R is (for any umq. be it bounded or not):

Vemas (V) = inf  J(Y,u). (18)

Umax
wEU,

Any w such that J(Y,u) = V¥me=(Y) is called an optimal strategy for
Y; it is not necessarily unique. However it has been proved in [I0] that if
Umaz < 00 at least one optimal strategy exists in the set Uy™** and has the



form v = Umazjo,9¢v) With 0(Y) > 0. In fact since the total proportion of
people susceptible to be vaccinated is at most 1 then 0(Y) < Tnar := 1/Umaz-
From now on we fix § : Q — [0, 00[ to be a function (whose existence is guar-
anteed by the above mentioned result) such that mas11jo,g¢y)) is an optimal
strategy for Y.

We introduce the following notations:

° Fl :{(Xl,Xg) Eﬁ ‘ Xl +X2 = 1},
{

o 'y = (Xl,XQ) Eﬁ | X4 :O},

I's = {(Xl,XQ) € Q | Xy = 0},

Foa ={(X1,X2)elg | 0< Xy < T},

Fai={(X1,X2) €T'g | % <X; <1}

Note that when v/8 > 1: A¢ Q, Tos =Tg and T'4; = 0.

XQ/[ X,
1 [
. 1 .
. - =S
- L4 -
> . -
Q‘ : $~
> . -
> . A3
: oIt : R I,
Iy . hS I'; *.
. - H -
H N . .
. . . ¢
H S H LS
- - . A 3
. A3 " -
: . : '
: Toa Pai : Ty .
O -—..; ........ > O . AR
A= (B’ O) 1 X1 1 X1
Figure 3: Boundary representation when 4 <1 (left) and % > 1 (right).

Lemma 2.1. The value function V¥ma= is bounded on Q). Moreover V*ma= |p ir,, = 0
and V¥maer is continuous on 'y UTp4.

Proof. Choose u = 0 then
VYimes (X)) < J(X,0) = Jo(X) <r Xy <7, VX €Q. (19)

Note that J(X,u) = 0 VX € I';,Vu € Ux; using ([¥) we obtain V¥mer(X) = 0
Yimar € [0,00], VX € I'r and the continuity on I';. To set the value on I'pa
note that when X is such that X; < ~/f then ®3°(¢) tends exponentially to
zero. Therefore: J(X,,,0) — 0 when X,, - X € T'pa.



2.4 Literature review

Many epidemic models have been proposed in order to describe epidemic prop-
agation (see [B, 3, &] for details). These models can be adapted in order to help
controlling the propagation; several control options are available such as isolat-
ing infected people or immunizing susceptible people (see also [29, [0, 4] which
propose combinations of these two methods). In this work we only analyze con-
trol policies that consist in the vaccination of susceptibles (immunization). The
vaccination is supposed to confer lifetime (i.e., irreversible) immunity. In the
context of immunization, several facts can affect the decisions of vaccination.
The reference [06] discusses this problem in general, [d] proposes an approach
taking the individual point of view, and [81] introduces an extension also using
game theory.

The present work is on the contrary only concerned with finding an optimal
vaccination strategy. Several studies have already considered this approach
recasting it as an optimal control problem.

Historically one of the first to consider this problem, Abakuks explores two
alternatives: in [2] a restrictive class of vaccination policies which allows at any
time to immunize either all or none of the susceptible (therefore optimal policy
immunizes either at once or never); in [l] the author considers policies which at
any time during the course of the epidemic allow to immunize any number of
the susceptible.

Abakuks proves the existence of an immunization region: within this region
it is best to vaccinate with maximum effort and outside it is optimal to do
nothing. The result is only obtained for t,,,; = oco; moreover the proof only
applies to vaccination policies dV that are finite sums of Dirac masses and it is
not indicated how the value function V*° (assumed to be continuous) behaves
in the limit when Dirac masses accumulate near a point or when such masses
converge to a general measure on [0, 0o[.

In another work (see [19]) Hethcote considers a similar problem under ad-
ditional constraints on the total proportion of the population affected and the
maximum number of infected at the peak; the vaccination policies are taken to
be stepwise constant functions and the cost of vaccination piecewise quadratic
in the number of people vaccinated. He shows that the optimal strategy will be
piecewise constant, with at most a single point of discontinuity.

In a similar work [23] authors consider umq, = 1 and define the class of
admissible policies to contain function with only isolated discontinuities. They
show that the optimal strategy has a single point of discontinuity and introduce
the concept of vaccination border. To do this, they assume that the value
function V¥mas is C(§)) which, as it will be seen in the following, is not always
the case (it depends on the specific choice of parameters £, v, Umaz, v, 71)-

In [29] authors set t;q: < oo for a finite horizon framework 7' < oo and
work under the additional presence of a dumping term e~ in the cost func-

tional which reads: fOT e "t (rvu(t) +7“1<I>§’u(t)(t))dt; moreover the infected are

supposed to pay an infection cost per unit time up to the time 7" and nobody
recovers before time 7', i.e., with our notations v = 0. They use the maximum
principle to characterize the optimal policies which turn out to be of bang-bang
type with only one switch.

In [20] the existence and local optimality of singular controls is investigated
and using the Maximum Principle it is shown that the optimal vaccination



schedule can be singular. This corresponds to our limit u,,., — 00. However
no information is obtained on the regularity of the value function.

In the references described so far the authors focused on the optimal strategy
without studying the properties of the value function. Using a similar model
and an approach via optimal control [27] finds, via a Bellman equation, that the
strategy is type bang-bang (only values 0 and w4, are taken). However they
assume that the cost function is C*(Q); finally, the results in the case where
Umaz — 00 are extrapolated and they suppose that the optimal strategy is
bang-bang. As such the optimal policies are sometimes at odd with results in
the stochastic case.

In a recent work H. Behncke (see [(0]) proves, without using that value
function is C*(£2), that at least one optimal strategy for the trajectory starting
at X € Qis of the form maz1ljog(x), 0(X) > 0, VX € Q. Although this
information is very useful it does not allow to conclude on the regularity of
the value function. As an illustration, we plot two situations: with parameters
in figure @ the function §(X) is C*(Q) while with parameters in figure B the
function #(X) is discontinuous.

Finally, without specifically entering in the context of epidemiology but using
a general optimal control framework and the concept of viscosity solution the
reference [32] analyzes the properties of the value function in the situation when
a discount factor is present.

Considering the previous works several questions arise:

1. For which set of parameters (8, 7, tmaz, Tv, 77) is the value function
Yumaz of class C1(Q) and when is it less regular; note that if the value
function V¥mas is not C! some vaccination strategies derived under the C!
hypothesis will not be globally optimal.

2. Are the optimal strategies unique ?

3. What happens when w4, = 0o (i.e., when vaccination is fast with respect
to the epidemic propagation).

Our work answers these questions. In particular we show that value function
is not always C!, the optimal strategies not always unique and prove rigorously
what happens in the limit w4, — 00.

2.5 Specific mathematical difficulties of the problem

The approach proposed in this work faces specific technical difficulties among
which:

e There do not exist natural boundary conditions to set on some parts of the
frontier (I'; and T"41). This will pose problem when proving the uniqueness
of the solution of the associated HJB equation. See section 3 for the
technique used to mitigate this difficulty.

e The state X is restricted to  while the controls e.g., in the form dV = udt,
U € [0, Umqz| can drive it outside this domain.

e The cost function J(Xo,dV) has no dumping term e~"*, so we need to

work in infinite horizon. This is a problem when trying to obtain Lipschitz
regularity for the value function. See section 2.



Figure 4: 6(X) for parameters umq, = 100, ry = 0.5, rp = 1, § = 73,
v = 36.5. Left: Representation as 3D function. Right: representation as
level lines. We observe that 6 is regular.

0.1
1073 81072 [ 0(X) =0 1
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»
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21072 o
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f f
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Figure 5: 6(X) for parameters t,q, = 100, 7y = 1.4,r; =1, 3 =73,7 = 36.5.
Left: Representation as 3D function. Right: representation as level lines. In
both cases we zoom on the discontinuity curve and plot QN ([0.4,1] x [0,0.1]).
We observe that 6 is discontinuous.

e In general, a convenient hypothesis (cf. also [I2]) to prove the uniqueness
of the viscosity solution of F(x, F(x), VF(x)) = 0 is that the Hamiltonian
F is strictly monotone in the second argument. But here our Hamiltoni-
ans do not depend on this argument.

e In general optimal controls are unique (and the value function differen-
tiable). Here this is not the case (cf. figure B) which hints that value
function has regularity defects.

3 Applications
In this section we apply the theoretical results obtained in appendixes O and H

to several values of the parameters describing the epidemic propagation and
vaccination policies. We refer to the appendixes for all notations used.
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Figure 6: A typical example of non-unique optimal vaccination strategy: the
solid trajectory corresponds to zero vaccination while the dashed trajectory
corresponds to vaccination in the colored region followed by non vaccination.
But both trajectories lead to the same, minimal, cost. In this case we expect
the value function to not be of class C'. Non uniqueness appears when the
trajectory with zero vaccination does not enter the vaccination region while the
trajectory with maximal vaccination enters it. See subsections D4, D5, E=3
and EZ for details.

3.1 A classical situation: ([ = 73, v = 36.5, Upe. = 10,
rr=1, ry = 0.5, Xo = (0.3,0.05)
Here uy,q, < 00, we are thus in the situation described by appendix D. Using

equation (B0) we obtain z* = 0.59 therefore X = (0.59,0.41) and using
equation (A1) (and formulas involving dx, ¢ available in the Appendix @) we

obtain r%}:ffmaz = 1.036. Therefore we are in the situation ry < r%}:ﬁmazm
. . . d
treated in Theorem [DZ1. The Theorem instructs us to plot the level line L’T‘):}f_l

(whose equation as a curve is given in formula (81)). Plotting this curve (and

zooming around the starting point X,) we obtain the image in figure @: the

grey area corresponds to points on level lines E?ch

with r > 7y /r; while in
the white area are situated points on level lines L?ch with r < ry/r;. Our
starting point Xy is in the white domain. The theoretical result states that the
optimal strategy is to not vaccinate at all. To illustrate this choice we compare
numerically in figure @ the no vaccination strategy with a partial vaccination
strategy. As expected the no vaccination policy is better; this result is consistent

with the existing literature.

3.2 A non classical situation: (=73, v = 36.5, Une. = 10,
rr = 1, Ty = 15, XO = (()7,001)

The parameters (3,7, umq, are the same as in the previous section therefore
rii is the same. But here 7y > r{flf 7y, situation treated in Theo-
rem [DT0. Although the theoretical results gives, as before, a precise description

of the vaccination and no vaccination region, we advocate here an even simpler

11
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X

Figure 7: Two trajectories of an SIR evolution starting from X, = (0.3,0.05)
with 8 = 73, v = 36.5, Umaee = 10, r7 = 1 and ry = 0.5. The grey region is
the vaccination region while the white region is the no vaccination domain. We
are in the situation ry < rpm .71 and the optimal strategy corresponds to
the dashed curve with a cost equal to 0.05. The solid curve is an example of a
partial vaccination strategy with cost 0.15.

approach: compute first the cost of a no vaccination strategy starting from X,
denoted J,,. Compute then the cost of a strategy that vaccinates with maxi-
mum intensity (here t,,q,) from the initial time until the time 6 where such
that 0x,{(X(0)) < rv/rr and (f(X(0)), Umaz), VOx,((X(0))) < 0; denote by
J, this cost. Compare the two values: if J, < J, the best strategy is to not
vaccinate at all; otherwise the second strategy is the best. Numerical details
are given in figure B. In this case the initial point was in the vaccination region;
previous works (see discussion in section P4) indicated that this point is in the
no vaccination region.

3.3 Instantaneous vaccination: (=73, v = 36.5, U = 00,
rr=1, ry = 1.5, Xo = (0.7,0.01) and X, = (0.8,0.009)

We now illustrate the case 4, = o0 in figures @ and M.
Using equation (88) we find X' = (0.57,0.43) and computing 9x, ((X <)

allows to obtain r?}é’f} = 1.0284. We are therefore in the situation 7y >

(a7 3,%@ rr, treated in Theorem E@. The parametric equations of the frontier
between vaccination and no vaccination are given in equations (m8) and (0TX7)
(for T<74) and (IOR) (for I'S,,). We plot both curves.

In both figures, the light gray region is the region delimited by the level
line £ X>T and the dark gray region is the additional vaccination region (not

appearing in the literature, delimited by T'%if. and Efj}” \ T'erét). The union
of those two regions is the vaccination region. )

’I‘j}f[ :
The solid path corresponds to total vaccination, and the dashed path is partial
vaccination (until trajectory exits the vaccination area). The theoretical result
in appendix E- states that the total vaccination cost will be larger than partial

vaccination, which is verified numerically (see the figure).

In figure A the initial point is in the vaccination region delimited by £

12



1072

8
6 |- -
0 =
=
o~ — \I—
WA 1z 90 &
= >
= =
5 g
2+ 1 ° -0 3
=
\‘.0\/_
.* ) - - .. K
. —60
0 5 . . 0 ‘ ‘ ‘
0 0 0. 0.6 0.8 1 0.8 0.7 0.6 0.5 0.4
X Xy

Figure 8: Left: Two trajectories of an SIR evolution starts on X, =
(0.78,0.005) with 8 = 73, v = 36.5, Umaz = 10, 77 = 1 and ry = 1.5.
The cost for the solid trajectory is J, = 0.49 and for the vaccination strategy
(dashed) is J, = 0.48. Right: In order to decide when the dashed trajectory
stops vaccinating we compute dx, (X (¢)) and (f(X (), Umaz), VOx, (X (¢)));
we plot Jx,((X(¢)) and the reference value 7y /r; (left axis of the plot)

and (f(X(t)), Umaz), VOx,C(X(t))) and the reference value 0 (right axis of
the plot). Vaccination stops at X; = 0.62 when 9dx,((X(t)) < ry/rr and
(f(X (), umas), VOx, (X (2))) < 0.

The figure M illustrates a situation when Xy is in the vaccination region
(but outside the region delimited by Lff:}f}) This case is not correctly treated
in the existing literature. We see in the figure that the optimal vaccination is a

partial vaccination.
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Figure 9: Two trajectories of an SIR evolution starts in Xy = (0.7,0.01) with
B8 ="T73,7=36.5, Umar = 00, r7 = 1 and ry = 1.5. The solid curve corresponds

to a trajectory with vaccination for all susceptible and the dashed trajectory
with partial vaccination. The cost of the first strategy is 1.05 and the cost of

the second strategy is 0.37.

Remark 3. Note that when ry e]rﬁffmm r1,2rr[ the optimal strategy may not
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Figure 10: Two trajectories of an SIR evolution starts in Xy = (0.8,0.009) with
B ="T3,7=36.5, Upgr = 00, r7 = 1 and ry = 1.5. The solid curve corresponds
to a trajectory with vaccination for all susceptible and the dashed trajectory
with partial vaccination. The cost of the first strategy is 1.2 and the cost of the

second strategy is 0.52.

be unique. This happens on the frontier rgg’;er when two different strategies

give the same cost (because the value function is continuous): either vaccinate

until reaching I'"¥ and then stop vaccinating or do not vaccinate at all. See

also figure B for an illustration. Otherwise the optimal strategy is unique.

4 Summary of optimal strategies

The previous sections show that the domain €2 is decomposed in two disjoint
regions: a vaccination region and a no vaccination region. The optimal policy
is to vaccinate (only) when the dynamics X (¢) is in the vaccination region. In
principle in order to find precisely the vaccination domain one has to solve the
associated HJB equation. But, in this situation, we can build a simpler algo-
rithm to compute the optimal vaccination policy. This algorithm is described
below. It uses as inputs the values 8, v, Umaz, 71, TV, Xo0-

We recall that the function ¢ and its derivatives are easily computed as
indicated in Appendix Al

1. When 4, < 00:

(a) If ry/r; > 2 the optimal vaccination policy is to not vaccinate. The
overall cost is 77 (Xp).
(b) Otherwise, using equation (B1), compute z* then X = (z*,1—z*)
and r{7if using equation (BI).
i. If ry <r{7if  rp then compute dx,((Xo).

A. If 0x,¢(Xop) < rv/ry the optimal vaccination policy is to not
vaccinate. The overall cost is r;{(Xp).

B. Otherwise the optimal vaccination policy is to vaccinate:
solve numerically equation (@) with dV = t4,dt and mon-
itor 0x,¢(X(t)); at the time 6 when 0x,((X(0)) = rv/rr
stop vaccination.

14



ii. If ryy > r‘c/fitmm r; then compute first 7;¢(Xy) and denote J,, =
r7¢(Xop) (the cost of the no vaccination policy). Also solve nu-
merically equation (I) with dV = 4, dt and monitor dx, (X (t))

and (f(X(t), Umaz), VOx, (X (t))); at the first time 0 when 9x, ((X (0))

ry/rr and (f(X(0), Umaz), VOx,((X(0))) < 0 stop vaccination.
Denote J, this cost. Compare .J,, and J, and decide which cost
is the best and adopt the corresponding vaccination policy.

2. When u,,q, = 00:

(a) If ry/r; > 2 the optimal vaccination policy is to not vaccinate. The
overall cost is 77 (Xp).
(b) Otherwise, using equation (88), compute z* then X< = (z*,1—2%)
and rﬁffmw (from Ox, C(XS™)).
i. If ry <r{7if  rr then compute dx,((Xo).
A. If 0x,¢(Xo) < rv/rr the optimal vaccination policy is to not
vaccinate. The overall cost is r;{(Xp).
B. Otherwise the optimal vaccination policy is to vaccinate: find
numerically (using (81)) the quantity A such that dx, ((Xo—
(A,0)) = ry/r;. Vaccinate A percent of individuals and
then stop vaccination. The optimum cost is Ary +r;{(Xo —
(A,0)).
ii. Ifry > r%}:ffmaz r7 then compute r;{(Xy) and denote J,, = r1¢{(Xo)
(the cost of the no vaccination policy). Also find numerically (us-
ing (B1)) the quantity A such that dx,{(Xo — (A,0)) = rv/rp
and 0%, y,((Xo—(A,0)) > 0. Vaccinate A percent of individuals
and then stop vaccination; denote J, = Ary +r1{(Xo — (A, 0)).
Compare .J, and J, and decide which cost is the best and adopt
the corresponding vaccination policy.

Remark 4. In all situations the algorithm above solves at most once the evolution
equation (I).

Finally, Remark B shows that the cost functional in the equation (B) has the
same optimal strategies and vaccination regions.

With respect to the existing literature the above optimal strategies are dis-
tinct in several aspects:

e when wu,;,q, < oo: previous contributions take the vaccination region to
be {Y € Q| 0x,((Y) > rv/r;} while our definition is different for ry €
[riret rr,2ry]. The strategies here will lead to lower costs.

e when ., = oo: we do not ask full vaccination but only vaccinate the
minimum proportion that allows to reach the frontier of the vaccination
region.

5 Pertussis vaccination in adults: maximization
of DALYs averted and cost-effectiveness

In this section we explain how the theoretical results apply to additional sit-
uations. We explore first a situation when the vaccine has known side-effects.

15
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Then we present an application to cost-effectiveness analysis.

When the vaccine has known side effects or when the illness generates severe
medical conditions the money alone cannot be the only decision dimension.
In this situation other techniques have to be employed. Following works in the
literature we use the Quality Adjusted Life Year (QALY) and Disability-Adjusted
Life Year (DALY) scales that measure the disease burden; see [33, 2R, B] and
related literature for an introduction and criticism.

In the QALY scale each health state is given an utility between 1 (one year of
perfect health) and 0 (death). Each individual has a number of QALY equivalent
to its life expectancy in perfect health. A medical condition can reduce both the
life expectancy and the quality of life and in general the QALY will combine the
expected length of life and quality of life. The effect of any illness is therefore
to reduce the QALY of an individual. The goal of a treatment is to increase
QALY.

The DALY scale, on the contrary, measures the disease burden as disability,
with 0 being no disability (perfect health) and 1 (a full year of life lost). The
DALY is usually computed for an entire population and takes into account the
average life expectancy at age of death in years. The goal of a health policy is
to reduce the DALYs at the level of the population. DALY was introduced and
is the scale of choice of the World Health Organization (WHO), see [25, 04, [i4].

Although both scales are similar, in general slight differences in numerical
values are expected for a given health policy.

5.1 Optimal vaccination in presence of vaccine side-effects

We consider here an application to the optimal vaccination of pertussis with
a vaccine that has identified side effects, see [26][Chapters 1,4,5,6] and [21].
We focus more specifically on the combined tetanus toxoid, reduced diphtheria
toxoid, and acellular pertussis vaccine (Tdap).

The vaccine side effects for adults and associated induced utility (or disabil-
ities) are taken from [21] and reproduced in Table 0 together with the same
information for the disease. Note that it is assumed that there are no deaths
among adults due to pertussis (see arguments in the references for further dis-
cussion).

To summarize, the (average) DALYs induced by the vaccine are ry = 1?63,683050
and the DALYs of the disease are r; = 15’51()1()0. As a remark, the illness seems
to be ~ 1000 times less desirable than the vaccine.

The goal is to find a vaccination strategy that minimizes the overall DALY
burden, which is equivalent to minimizing functional J in equation (B).

As an illustration we consider an outbreak of pertussis. The generally ad-
mitted propagation parameters are v = 1/21, Ry = /v = 15.7 (thus 8 = 0.75),
see for instance [d][pages 1055-1056] and [I8][pages 640-641].

Consider now an epidemic starting from a pool of 100 infected individuals
in a susceptible population of 65 Millions individuals among which 10% are
susceptible. Thus X19 = 0.1 and Xp = 100/(6.5 % 107) = 1.54 x 10~6.

We consider first that the vaccination can be implemented very fast which,
with our notations, means 4, = 0o. Using the theoretical results of previous
sections it appears that it is optimal to vaccinate 4.657% percent of the pop-
ulation. At the end of the vaccination there is still 5.343% < 1/Ry = 6.36%
percent of the population susceptible.

16



Health Utility | Probability of | Duration contribution
State occurence (in years) to DALY
Vaccine side effects - - - 3.2605,/100'000
local reaction 0.95 2% 7/365 1.9178/100'000
systemic reaction 0.93 1% 7/365 1.3425/100'000
anaphylaxis 0.6 0.0001% 2/365 0.00021912,/1007000
Disease states - - - 3511,/1007000
mild cough illness 0.9 38% 87/365 905.753,/100/000
moderate cough illness | 0.85 21% 87/365 750.822/1007000
severe cough illness 0.81 40% 87/365 1811.507,/100'000
pneumonia 0.82 1% 87/365 42.904,/100’000

Table 1: The vaccine side effects for adults and disease health states parameters,
from [21]. The utility U of a given health state can be used to compute the
disability D of the state by the formula D =1 — U. The DALY contribution of
a given state is computed by multiplying the duration with the disability of the
state weighted by the probability of occurrence. For instance for local reaction

one obtains 2% * (1 — 0.95)  (7/365) = 11(58/10750'

If on the contrary only 1% of the population can be vaccinated in a month,
then w4, = 0.12 and it is optimal to vaccinate until the susceptible population
is 5.344%. In this case 4.656% percent (Susceptible) have been vaccinated and
5.987 * 10~°% percent were infected before vaccination stopped.

In both cases vaccination avoids 142708 DALY.

5.2 Cost-effectiveness analysis

A different perspective in vaccination programs arises when a vaccine without
notable side effects (but an economic cost, expressed in $) is to be compared
with other possible public health programs. In this case the money allocated
to the vaccine campaign cannot be allocated to other projects. The optimal
vaccination is found through a cost-effectiveness analysis, adapted below to our
SIR model. We emphasize that what follows is a simple deterministic description
and in practice additional tools, related to societal parameters and uncertainties
have to be taken into account.

Suppose that the available public health budget is B® and that other projects
spend p$ in order to avert one DALY. The goal is to find the optimal vaccination
policy which, combined with all other health programs, maximize the total
DALY averted for the given budget B%. As above, r; will be the DALY lost by
an infected individual and 1“8 to be the (economic) cost of implementing one
vaccine; the total DALYs averted with budget B® including vaccination with
policy dV are:

JO(Y,dV) = % <B$ - / h TSdV(t)) +rg (g(y) - /O h B(I)}/’dv(t)cbg’dv(t)dt) .

i (20)
Algebraic manipulations indicate that the maximization of J? is equivalent to
the minimization of the cost functional J in equation (B) if we set ry = rg /p-
Note that in this case both r; and ry are expressed in DALY (not $).
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As an application we consider again the pertussis vaccination for adults as
an addition to the traditional multi-valent vaccines administered during the
childhood.

Although no consensus for the value of p exists, the World Health Orga-
nization, through its CHOICE program (see [i4, B0, [5]) considers that for a
country with a Gross Domestic Product (GDP) per capita of ¢$, a public health
project is considered cost-efficient when it saves at least one DALY for each ¢$
invested. Many countries in the African ”low income” zone have g around 400$
(United Nations 2013 data: Ethiopia, Madagascar,...). We set the threshold at
p = 400% per DALY averted. For the cost of the implementation of the vaccine
we follow [22][Chapter 2, page 44 and Table 20.4 page 400] and set 7“8 =20% (a
mean value). Parameters 7y, 8, are maintained as before.

Susceptibles are set initially to X9 = 15% and the proportion of Infected
class Xo0 = 0.001%. Note that we are here in the super-critical region ry /r; =
1.42 > ry7 “.

When the vaccination can be implemented very fast (u;,q: = 00) the the-
oretical results indicate that it is optimal to vaccinate 8.576% percent of the
population. At the end of the vaccination there is still 6.424% percent of the
population susceptible. For every million individuals in the population 696
DALYs are averted.

Note that the initial point is precisely in a region where previous analyses
in the literature would conclude that optimal strategy is no vaccination.

At the end of the vaccination period the epidemic is still not contained
because 6.424% > 1/Ry = 6.36%. Why does the vaccination stops while the
epidemic still expands 7 To understand this, consider first the quotient rg /T =
569.63 which is above the threshold value p = 400. This means that vaccination,
seen as “treatment”, is not cost-effective. But vaccination, even at high costs,
can reduce the propagation of the epidemic, creating herd immunity and saving
more than the vaccinated individual. As such, when the epidemic is large in size,
vaccination becomes, temporarily, more cost-efficient than other public health
programs. This is precisely what happens here. On the contrary, when the
Susceptible approach 1/Ry the vaccination creates less herd immunity and its
cost becomes a limitation.

The figure [ illustrates the optimal vaccination policy in terms of classical

cost-effectiveness analysis. For each vaccination level % two criterions are
Q
v
r10x, ((X10—x,X20)
7‘8./1?
r1(¢(X10,X20)—((X10—2,X20)) "
this very particular setting, both costs are initially above the threshold p. The

theoretical result guarantees that, if the available budget is large enough to
traverse the initial, "above the threshold” region, both curves will be below the
threshold p at the end of the vaccination. In fact the vaccination stops when
the marginal cost reaches p the second time.

plotted: the marginal cost per marginal DALY averted x +—

and the cumulative cost per DALY averted z — In

6 Conclusion
We analyze in this work the optimal vaccination policy in a SIR model. The

theoretical results allow to compute the global optimum without any smoothness
hypothesis; from the technical point of view we show that the value function
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is the unique solution of a Hamilton-Jacobi-Bellman equation. As previous
studies indicate, the Susceptible-Infected plane is divided in two regions: one
vaccination region and one non-vaccination region. This partition is proven to
be globally optimal.

Several applications are considered: first some toy examples when the costs
are expressed as economic values. Then we consider pertussis vaccination in
adults when the vaccine has side-effects and the optimal policy maximizes the
DALYs averted. A final application, still in the framework of pertussis vaccina-
tion in adults, considers the optimal vaccination with constraints on the public
health budget. The theoretical results are particularly relevant in this situation
not adequately considered in the literature: the performance of a vaccination
policy does not only depend on the marginal cost per DALY averted, but also
on the long term herd immunity effects created. The model is able to predict
when the long term effects will offset the initial expense to the point that makes
vaccination cost-effective.

Appendix
A Properties of the number of infected people
without vaccination

We recall some properties of the number of infected people in absence of vacci-
nation. The reader can also consult [2, l]. Consider the model without control:

40 — _BX ()X (1),

dt
WX2t) — X (1) Xa(t) — 7 Xa(t), (21)
Ea =X (1)
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Lemma A.1. The size ¢ of an epidemic without vaccination starting at ®X-9(0) =
X = (X1, Xo) is the unique solution in [0, X1[ of the equation:

1— % _ 6—%(X2+<). (22)

Moreover ((X) > X1 — %, VX € Q and ¢ € CH(Q).

Remark 5. Although ¢ depends on X, when there is no ambiguity, we will just
write (.

Proof. Denote X{° = limy_,o0 ®7°°(t), X5° = limy_o 3 0(t). Straightfor-
ward computations allow to prove that:

OF0(t) = Xye~ 7 (1B O-20(0) (23)

Or X3¢ = 0 thus X{* = Xle_g(Xl"’X?_Xfo). Using that ¢ = X7 — X we
obtain equation (232).

Let F(y, X1,X5) = e S WtXe) _ (1 — ) defined on [0,X:] x ©. Since
F(0,X1,Xo) = e 5%2 =1 <0 and F(X1, X1, X2) = ¢~ 1%2) 5 0 the equa-
tion (in y) F'(y, X1, X2) = 0 has at least a solution in [0, X;[; thus equation (E2)
has at least a solution in [0, X1[.

Moreover %—I;(y,Xl,Xg) = 7%6—%(1/-‘1-)(2) + Xil Since y < X; < 1 and

X1+ X5 <1 we obtain %—g(y,Xl,Xg) > —%e_g +1 >0 (because 1 > ze™# for
any z > 0); therefore F(-, X1, X3) is strictly increasing in y and the solution ¢
is unique.

If X; < % since { > 0 we obtain immediately ¢ > X; — % If on the contrary
X1 > 4 (thus in particular 5%~ €]0,1]) we obtain:

BX
X -2
gl B (X1—24Xy) 1= B
F(Xi—=,X1,X5) = 1—ptX2) (1
(1 Ba 1 2) e 7 ( Xl )
< e hXa-3 _ 0 <0 (24)

1

where for the last inequality we used that e!~1/% —z < 0 for any z = ﬁ €]0, 1.

Therefore the solution ¢ is in [(X; — v/8)+, X1[. When X belongs to the open
set  then same arguments show that the inequality ¢ > (X7 — ~/f) is strict.

Remark 6. Thanks to (22) we obtain by the implicit function Theorem that ¢
has continuous derivatives around any X € (; we can calculate first and second
partial derivatives of ¢ with respect to X; and Xo:

¢ _ ¢

— , 25

9% X (14 2(¢ - X)) )
¢ /B B

0Xs (X, +7/p (26)

0X; B X{(C—-Xi+9/B)
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52< _ aQC _ Z(Xl —7/B)(¢ — X1) (28)
0X10X,  0X20X: B Xi(C—X1+7/B)3"

Note that since ¢ > Xy — 7 all fractions are well defined and ¢ is even C%(Q).

B Properties of the trajectories

Lemma B.1. 0x,Jy = g)‘?l is decreasing along trajectories of the system (21).

Proof. We have to prove that:

<f(X, 0),V8X1J0(X)> < 0. (29)

Using the expression of ¢, we have: Jo(X) = [~ 71 X1(7)Xa(7)dr = r{(X).
Equation (E9) can thus be rewritten as follows:

<f(X’ 0)7 vaX1 C> <0. (30)

2
Using equations (22) and (B8), this gives after some computations: X3 (C - X1+ %) >0

which is always true because X; is strictly positive and ( # X; — %

Lemma B.2. For all Y € T'y UT 4y the trajectory ®Y“(t) is incoming in
QVYu e Uy.

Proof. For I'y, the scalar product with the incoming normal is positive:
(f(X,u),(=1,-1)) = X2 + u > 0 Vu € [0, Upaa]-
For T'4q:
(X 0), (0, 1)) = Xa(BX1 =) = 0 ¥ € [0, tyna):
Lemma B.3. J; is C}(Q).

Proof. Since Jy = r;( the conclusion follows from Lemma BT.

Lemma B.4. For all X € Q, we have aa—)gl(X) < 2. Therefore 0 < g)‘é"l (X) <
2r; VX € Q.

Proof. Using expression in (E3), to prove dx,( < 2, we just have to show that
2X1 (le%)

¢ > —Sx T For that, we take same notation and result as in the proof of
B
2X1(X1-3
the Lemma BT so X; > % and we denote £ = H. We have to prove
B

that F(g,Xl,XQ) S 0.
With these notations, we have F(§, X1, Xs) = e FEHX2) _
If we note z = gf, we obtain, e * 77X — (2 + /22 + 1).

As e 25 X2 <e*<L ﬁ, this proves that F'(§, X1, X2) <0.

X
B
2X17%'
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Lemma B.5. The level lines defined by £ = {(X1,X2) € Q] %(X) =r}
have the parametric equation:

_B
o ()
-1y, = G B
Ty

and have point A = (%,0) as limit (but A ¢ £oxs ).

B’ rv/rr

Proof. If X = (X;,X5) € il using the definition of £ and (ER) we

have:
1-8x,
CZXI*%—ng (32)

Then, we replace in (22) to obtain the parametric equation. Note that Vx(
is not defined at A. The level line nglc is 'oa and the level line ﬁ?xlc
is {X € Q[ Xy = }}. Suppose r ¢ {0,1}, then for any X € £ we
have %(X ) # 0. The level line £ i regular in the neighborhood of any
X = (X1,X5) € Q. Indeed if aa—)gl(Y) = r by the implicit function Theo-
rem in the neighborhood of X there exists a curve X = X5(X;) such that
aa—)gl(Xl,XQ(Xl)) = r. Moreover, by the same Theorem X,(X;) is C! lo-
cally. Thus the level line E?ch is regular around any point in 2. As such

it does not have self-intersections either. In addition for any r € [0,2] since
Hle—%’ aa—)gl(Xl,O) =0 and lileH%Jr aa—)gl(Xl,O) = 2 by continuity we ob-

tain that £fx1< will be as close to A as wanted thus A is an extremity of £fx1<
(but does not belong to it).

C An introduction to viscosity solutions

This section is largely based on classical works such as [[2], [i7], [§] [32]. We
refer the reader to these works for additional details.
Let £ : O — R be a scalar function defined on an open set O C R™.

Definition C.1. The set of super-differentials of ¢ at a point x € O is:

Ey) —&(x) —p-(y — ) <0}
ly — 2| - )

DT¢(x) = {p € R"™; lim sup (33)
y—x

Similarly, the set of sub-differentials of £ at a point x € O is:

D ¢(x) = {p € R": Jim inf £ = 8@ — - (y — 2)

> 0} . (34)

We will also use the following;:
Lemma C.1. Let £ € C(O). Then
1. p € DYE(z) if and only if there ewists a function ¢ € C1(O) such that

Vo(x) =p and & — ¢ has a local mazimum at x.
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2. p € D=&(x) if and only if there exists a function ¢ € C*(O) such that
Vo(x) =p and & — ¢ has a local minimum at x.

In the following, we consider the first order partial differential equation:

F(x,&(x), VE(x)) =0, (35)

defined on an open set O € R™. Here, F : O x R" x R" — R is a continuous
(possibly nonlinear) function.

Definition C.2. A function £ € C(O) is a viscosity subsolution of (B83) if
F(x,&(z),p) <0 for every x € O,p € DT¢(x). (36)
Similarly, £ € C(O) is a viscosity supersolution of (B83) if
F(z,&(x),p) > 0 for every z € O,p € D™&(x). (37)

Finally, we call £ a viscosity solution of (B3) if it is both a supersolution and
a subsolution in the viscosity sense.

Remark 7. For each particular problem we explicitly specify the boundary con-
ditions.
D Bounded vaccination speed (4, < o0)

In this section we assume that U, < 0.

D.1 Properties of the value function

Theorem D.1. The value function V*me= : Q — R is a Lipschitz function in
Q. It can uniquely be extended to a Lipschitz function on €.

Proof. We first prove that for a fixed control v and time ¢t the function
{YeQ|lucly} oY = V1),
is Lipschitz with the Lipschitz constant independent of u. We write: ||-£®Y:%(¢)—

LOLu(t)|| = || (@Y (t), u) — F(@F(8),u)|| < Lyl|¥(t)— ®Z(1)|] where L,
is the constant in equation (I2). Then:

d
- ([[@70(@) = @2 (1)[]7) < 2L |07 (t) — 87" (1)]*. (38)
Using the Gronwall Lemma and taking the square root, we obtain:
[975(0) = 97 ()] < [[¥ = Z|jets e,

Fix Y, Z € Q and denote by uy = tmaz - Ujg,o(v)] one optimal control of the
trajectory leaving from Y. Then if uy € Uz and uy € Uy we can obtain the
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following estimates:

Vimaer (7 < J(Z, wy)

T7na'1‘,
< / rIBRT ()@ () + rvuy (£)dt + Jo(@7 (Tnas))
0

Tmax
< / rrBEYY (DY () 4+ ryuy (8)dt + Jo(@V (Thas))
0
+Cuy Taa Y = Z[| =V (Y) + Cuy 1. 1Y — Z||.

Note that uy is member of the compact set {u : [0,00] = R [ u = UmazLjo,6, 0 <
Tnag}. Thus the constant Cy, 7, only depends on T, (and not on Y or
Z). Changing the roles of Y and Z we obtain the reverse inequality thus the
conclusion.

If uy ¢ Uz or uy ¢ Uy, suppose, to fix notations, that uy ¢ Uyz; since
Uy = Umaz - do,9¢v)) then uy ¢ Uz implies 0(Y) > 6(Z) thus uz € Uy. Take
n € [0(Z),0(Y)] to be the maximum value such that e 1ljo, € Uz N Uy .
The maximality implies ®Z4maezlo.n(n) € T;. Using Lipschitz estimates for
@umazlo.n () we obtain as above:

Vimae(Z2) < J(Z,tmaxLjo,) < Or,p ([[Y = Z||) 4 V¥mes (@7 4merTo0.01 (7))

s (V) = P (@Yo o) (g)) < Ve (V) + O, (IY = Z]) + 040

max

where we used the fact that X € I'y implies V¥mer (X) = 0 and that V¥me= is
positive. From now on we continue as above and obtain the Lipschitz property
for Y and Z.

Since V¥ma= ig a Lipschitz function on 2 with bounded Lipschitz constant it
admits a unique Lipschitz extension over €.

D.2 The HJB equation and value function

Theorem D.2. The value function V¥me= is a viscosity solution of the Hamilton-
Jacobi-Bellman (HJB) equation:

Find F : Q — R such that
F is Lipschitz on Q, (
—H¥me= (X, VF(X)) =0, X€Q, (39b
F(X) =0 on FOA7
F(X)=0onTy,
—H4mer (X, VF(X))=0onTI}y. (39e

Remark 8. There is no boundary condition on T 47.

Remark 9. See appendix O for an introduction to viscosity solutions.

Proof. Using Lemma L and Definition T2 we first show that V¥me= is a
subsolution of (BY) then we will show it is also a supersolution.

Step 1. Let Y € Q and ¢ € C1(Q) such that V¥maz(Y) — (Y) attains a
local maximum at Y. So for Z in a neighborhood of Y:

yimas (V) = Vimes(Z) = oY) — (Z). (40)
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We will prove that:
— W (Y, V(Y)) < 0. (41)

This is equivalent to:

— Umaz (0x,9(Y) = 1v)+ + BY1Y2(r1 + Ox,0(Y) — Ox,0(Y))
—Vadup(Y) 2 0. (42)
Assume that it is not the case. Then there exists, by continuity, a value

w € [0, Umagz] (see Remark MM page 20 below) and a constant £ > 0 such that in
a neighborhood of Y:

w(ry —Ox, (V) + B8 ()83 () (11 +0x,0(87 () — Ox, 927 ()))
— 79y ()Ox, (27 () < —k, (43)
for any u(t) € [0, Umaz]. Let u = w on the interval [0,d] (since Y € €, for a

small § > 0 u € Uy) and denote Z° = ®Y*(§). Then, choosing Z = Z° in (E0)
we obtain:

°d
Vumam (ZO) _ Vumaz (Y) S (p(ZO) — (p(Y) = /O £¢(Q)Y’w(t))dt (44)
6

)
< / (Vp(@Y (1)), F(@ (1), w))dt < / k= BT (B)BY (1) — wrydt
0 0

§
< —0k — / BOYV ()Y () + wrydt. (45)
0

Or, by the definition of the optimality of V%me= in Y:
)
Yimas (V) < / rEBBY (HBY (1) + rywdt + Vimar (2°)
0
4
Plmes (V) — Prmes(Z0) < / riB® Y (£)®y " (t) + rywdt,
0

by summing the inequality we get 0 < —kd, which is absurd.
Therefore using Lemma [ we obtain:

—H¥max (X, VPUmas (X)) <0 for all X € Q.

To prove (B98) we use appendix B where we prove that trajectories @Y’“(-)
with Y € T'; are strictly entering the domain § for all w € [0, Uyqs]. For this
reason when Y € Ty ®Y'¥(¢) ¢ 'y for t €]0,6]. Moreover, we choose ¢ such
that ¢ is C(Q) and C'(Q). These arguments allow to prove equation (ES) from
equation (E4). Moreover the same proof can be used for all X € I'y and we
obtain:

—Hmaex (X, VY¥mas (X)) <0 for all X € T'y.

By Lemma 20, we have that V%me= is bounded on © and by Theorem [T
Vtmaz ig a Lipschitz function. By definition of V¥me= we have V¥ma= (X) = 0 on
I'r and T'pa. So V¥me= is a subsolution of (B9).

Step 2. Now we prove that V¥me= ig a supersolution of (89).
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Let Y € Q and ¢ € C}(Q) such that V¥mes(Y) — o(Y) attains a local
minimum at Y. So for Z in a neighborhood of Y: V¥me=(Y) — (V) <
Vumaz(Z) — o(Z). We will show that: —H"mae= (Y, Vp(Y)) >0VY € Q.

Assume that it is not the case. Then there exists £ > 0 such that
Huma= (Y, Vip(Y)) > k in a neighborhood of Y. So there exists (a small) § > 0
such that for any u(t) € [0, Umaqq):

~tmas (0%, (@7 () =1y ) 4481 (VB3 () (rr+0x, (@7 () = Ox, p(27()))
— 7Py " ()0x, (@7 (-) > £ VE < 6. (46)

Let w be a control in Uy and Z° = &Y (§) (for small § any w € [0, Upaq] is
in Uy). Then:

Vs (20 <V (V) 2 (2 () = [ (To@ ), S@ 0,
2 5+ [ O (0) 1)~ BB OREE) - w8 )
> 0k — /06 wry + rrBEYY (6@ (t)dt
[ e G @0 < 10— wlow, @ 0) —
> 0k — /06 wry 4+ BB (H)®Y " (t)dt.

(because f05 Umaz (Ox, 0(PY Y (1)) — rv) 4+ — w(0x, 0(®Y*(t)) — v )dt > 0 since
w € [0, Umaq))-
So, for any w, we have:

é
Vumas (79) + / wry + 07 (@) (1)dt 2 Virer (V) + 0k (47)
0

Taking the infimum with respect to w we obtain Y¥me= (Y) > Y¥ma= (V') 4 k4.
This is absurd, therefore V¥me= is a supersolution on €.

For the same reasons as previously, we have —H"mae= (X, VV¥maz (X)) > 0
on I'; and V¥me= is a supersolution of equation (B9).

Step 3. To summarize this proof, we showed that:

- by Theorem O, V%= is a Lipschitz function,
- V¥mas ig both a subsolution and a supersolution of (BIH) and (898),

- Yumar(X) =0 on I'pa UT; by definition of Y¥ma=,

So Vtma= ig a viscosity solution of the Hamilton-Jacobi-Bellman equation (B9).
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D.3 Uniqueness of the solution of the HJB problem
Theorem D.3. Let F; be a subsolution of (B9) and Fa a supersolution. Then:

Fi1(X) < Fa(X) for all X € Q.

Remark 10. In the following, we will use that, for any Ay, By, Aa, Bs € R with
min(A;, By) < min(Ay, Bsy) there exists p > 0 such as: Ay + pBy < Ag + pBs.

Proof. Let B, € € denote the point with coordinates (1 — «, &) and:

Iy&fzﬁxhxgeQ|Xﬁuxﬁx¢+7_ﬁ+aﬂxf:%,
v ay
FBalz{(Xl,X2)€§|X1+X2:17X2>Oz}.

Let D, C Q be the domain strictly bounded by I';, T'o4, I'ap, and I'p,_ 1,
see figure 2 for a graphical representation. When /8 > 1 the point A will lie
outside 2, we take D, = Q, T'ap, =0 and I'g_ 1 =T;.

s I'p.1
£ 3

F -

- -~
T[: *e

E -

D, s,
2 Ba:(lfaaa)
A

(@]

Toa A=(3,0) 1 X

Figure 12: Boundary used in proof of the Theorem [D=3.

We prove in appendix B that for any X, € 9D, the trajectory ®*o-¥(¢) with
w(t) € [0, Umaz] VE enters D,.

For X € T'p_ 1, X # (1,0), the scalar product with the incoming normal is
positive:

(f(X,u),(-1,-1)) =4Xe+u>0VX €T'p_1,X # (1,0),u € [0, Umaz]-
For X € Tap.,, X # (1,0), the relevant quantity is:

() (=2, =00 = (50X ) 78X = ) >

We now show the Theorem for F; and Fs restricted to D,. To this end
we make the change of variable introduce by Kruzkov (see [@]), for X € D,,
W(X) =1—-e 7). Formally:

YW(X) = VF(X)e 7 = VF(X)(1 - W(X)) (48)
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thus VF(X) = YWEX)_ This motivates the introduction of the following

1-W(X))"
Hamiltonian:
P1 D2
T Umax\ T A/ v X X T A vy
u (I—W(X) rv)+ + Xy 2(r1+1—W(X)
P1 D2

o) TR T (49)

Since 1-W(X) will always be positive, for convenience, we conclude the demon-
stration using the Hamiltonian: H%me= : D, x [0,1] x R? = R :

e (X, W(X),p)
= omin [p FOGw) + (1= W)X, Xo 4 ryvw)|
= —Umaz(p1 — v (1 = W(X)))4 + BX1 X2 (r1(1 = W(X)) + p2 — p1) — 7 Xop2.

So we have to prove the following:

Lemma D.4. Let the Hamilton-Jacobi-Bellman equation:

Find F : D, — R such that

F is Lipschitz on D,, (50a)
(PW) —Humes (X, F,VF(X)) =0, VX € D,, (50b)

F(X)=0onTp4, (50c)

F(X)=0onTy, (50d)

—Humes (X, F(X),VF(X))=0onTsp, UTp, 1. (50e)

If Wy is a subsolution of (B0) and Wa a supersolution, then Wi(X) <
Ws(X) for all X € D,.

Proof. Suppose now that the Lemma is not true, then there exists o > 0 such
that:

Zseug) Wi(x) = Wa(x)] =0 > 0. (51)

Consider U, (z,y) : Dy + R defined by ¥, (z,y) = Wi (x) — Wa(y) — @

For any e this function has a global maximum in (z¢,y¢) and we have for €
small enough: ¥ (z€,y¢) > o/2 > 0. Since Wi, W, are bounded we obtain also
lim,_,o |2€ — y¢| = 0.

In addition, consider the functions:

v1(z) = Wa(y©) + % defined on Q,, = {z e R*" | z +y* < 1},

wa(y) = Wh(z) — @ defined on Q,, = {y e R* | 2° +y < 1}.

These two functions are C! on €, and Q,, respectively.

Then W (z) — ¢1(x) reaches its maximum in z¢, ¢y is C'(Qy,) and W is a
subsolution of (B0). Using the Lemma (C), we have:

€

— H¥mas <xf,wl(xf), M) <0. (52)

Similarly, using that the application y — Wa(y) — p2(y) has its maximum in
Yy°, 2 is C1 (2, ) and W is a supersolution of (B), we have —Htmaz (ye, Wa(y°), M) > 0.
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Combining these two equations, we obtain:

s (awia), 252D e (w2220

€ €

We use then Remark [0, with H%mer written as:

Hemew (X, W, p) = min (e (rv (1 = W) = p1) + BX1 X (r1(1 = W) +ps — p1)
—yXopa, BX1 Xo(rr(1 —=W) +p2 —p1) —vXopa). (54)

So we obtain after few simplifications and factorisation (p is the constant
given by Remark [M):

- umazrV(WZ(ye) - Wl (xs))
+ (1 + p) [B(—2125 + yiys)(rr — pi +p5) — vp3(ys — x5)]
— (14 p)Brr [yTysWa(y©) — x{z5Wi(2€)] < 0. (55)

Moreover, Wy (z€) — Wa(y¢) < U (z¢,y¢) < Wi(x€) — Wa(y©) + [Wa(z€) —
Waly©)| — |

2e

Hence, 0 < [Wa(z€) — Wa(y)| — %

Since W is uniformly continuous (as a continuous function on a compact)
and lim,_,o |z¢ — y¢| = 0, we have:
) |£L’6 _ ye‘Z
lim ————— =0. 56
e—0 2¢e ( )

So,

9
(—zi25 + y1y5) (—pi +p3) = (—zi25 + 27Y5 — 27y5 + yiyé)g(—xi +yi + 25 —y5)

—~

2
—z1(r3 — y3) — Y5 (2] — ¥3)) - (—(z] —yi) + o5 —v5)

IN
IS S )

2 2
([21] + [ys )25 — yallet — il + Zleilley — al* + Zlvllel — vil?

IN

I — wsles — yil+ Sl — sl + Zaf - il
€ € €

Hence, lim o B](—a5a + yiys) (—pS +ps)| = 0.

Similarly, using (68), we have yp§(z§ — y5) = 0.

After eventually extracting a subsequence (€,),>0 we can suppose that
lim,, 02 = lim., 0y = Z. Note that T; = 0 or Ty = 0 would imply
Z € FoaUT thus Wi (Z) = Wa(7) = 0 in contradiction with ¥(x€,y¢) > ¢ and
(B8). Therefore T # 0 and Ty # 0.

We can therefore rewrite (63) as follows:

— (1 4 p)riBT1T2 + tmazrv] [W2(T) — Wi (Z)] < 0. (57)

Since rr, 7y, >0, p > 0 and Ty # 0, To # 0 this implies that:
Wa(Z) = Wi (). (58)
On the other hand, for € relatively small, we have Wi (z) > Wh(y°) + §.

Passing to the limit, we get Wy (Z) > Wa(Z). This is in contradiction with (B3)
and ends the proof of the Lemma.

o

»)
P4
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As W1 < W5 on D, we have also F; < F3 on D,. When o — 0, we obtain
F1 < Fy on Q.

This proof is also available for X € I'y. For I'ps and 'y, we just use the
value of the function.

Theorem D.5. The value function V™= is the unique solution of the HJB
problem (BY).

Proof. Let F; and F» be two viscosity solutions of (84). Since F; is a subso-
lution and F3 is a supersolution, we have, by Theorem D3 that F; < F» on €.
Interchanging the roles of F; and F», we can conclude Fy < Fi. So F; = Fa
on € and therefore on Q (by continuity).

Thus the solution is unique. By Theorem DR the value function V¥me= ig
the unique solution.

D.4 Solution candidate and its properties: the sub-critical
case

Theorem O3 implies that in order to find the value function it is enough to find
a solution of the HJB equation (B9).

We expect the solution to lead to a partition of the domain into a vaccina-
tion region and a non-vaccination region. An important question concerns the
regularity of the value function which at its turn is related to the uniqueness
of the optimal strategy. The frontier of the vaccination region will be seen to
be related to the level line Eff}fl

Ox
ETV }51

a . . . . -
Erff}f] contain points that are entering the domain for control u,,,, and exiting
0x,¢

it for control 0. The level lines LTV Vit
unique optimal strategies (and non smooth value functions).

When /5 < 1, for any ;.. < oo we introduce the critical point Xﬁfj;
which is the unique solution of the equations:

X el
{<f (X, Umaz), VOx,((X)) = 0. (59)

of Ox,(; see in appendix B the definition of

.Thus we are about to ask a question similar to that in figure B: does

that contain such points will lead to non

The proof of existence and uniqueness of Xﬁ:i is left as an exercise for the
reader. One can use the description of the curve (f(X, tUmaqz), VOx,((X)) =0
(see also the Appendix A for formulaes involving ¢ and its derivatives) to show

that X = (2*,1 — z*) where 2* is the solution of:

7—(30* - ;) \/595*(1 }Zim = x*e_g [(1_x*)+(x*_%)(1+ V M%)]

B ) + Umaa
(60)
Then the value r‘c}”ffmw is defined as

For v/B > 1 we set r{/i! = oc. Note that in all situations r{/7/ > 1.

Viumaz
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When ry < rc”t .71 we define a partition of  in two regions

—{X€Q|8X1 (X)<Tv/’l“]} (62)
_{X€Q|8X1 (X)>Tv/’l“[}. (63)

uma£

uma£

Umaz "

For v/ > 1 it may happen that ry /r; is such that £ n0 = (); then we take

rv/rr
Ql‘fmz = (). This can happen for relatively small values of ry /r; as illustrated
in figure 3.

The level line E?‘}f}” is situated on the common frontier BQN Va N oYy

Lemma D.6. Any trajectory ®*0-*(t) with Xo € 0QLY NoQY s such that
oXow () € QONV  for allt > 0 and w € Ux, .

Umax

Proof. In order to prove that the trajectory ®Xo*(t) enters the domain QY

it is enough to prove that the tangent to the trajectory has strictly positive
scalar product with the incoming normal at X to ijﬂ‘fw ie.,

(f(Xo,w(0)), —VIx,((Xo)) >0, VXo € 0Q)Y N0Qy,

Umaz*

This follows (after some straightforward computations) from the definition of

ri7e. and the monotonicity of the derivatives of ¢(-) as 7{7i’ is the smallest

value r where the trajectory u = w4, is tangent to the level line ﬁfxlc (see in
appendix B the definition of E?ch).

Introduce also the control ux,(¢) taken to be upq, as long as the trajec-
tory ®Xo-uxo()(¢) obtained with this control ux, (t) remains in Q¥ (and zero
otherwise). It is a feedback control. Formally it is the solution of the equation:

uXO(t) = Umazx * ]I(bxo uxg (- )(t)EQX . (64)
The fact that such a solution exists is a consequence of the regularity of the
boundary of 2 and Lemma [IB. Note that ux, (t) is of the form tmaz - Ujg
with 7 > 0. Define the function II}V-"7 : 2 — R by

I (Xo) = J(Xo, ux, () (65)
Theorem D.7. Forry <r{fil rp:
HLV,TI — JO — TIC;'
max NV

Umax

2 TV,TI1
. Umax

is the unique viscosity solution of the following problem:

Umax

Find F : QV .. — R such that

F is Lipschitz on Ql‘fmw,

(Pv){ —HU*etmes (X, VF(X)) =0, X€ QY
F(X) =ri¢(X), XGQNV ﬂQl‘fm”, (66¢

—Hretmer (X, VE(X)) =0,X €09\ (QNV nQY ). (66d

Umaz

)
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Xo
9x,C = 0.45

0x,¢ = 0.75 9x,C = 0.35
By, ¢ = 0.25
0x,( =0.5

(=11 Ox,¢ = 0.15
9x,C = 0.25

= (v/B,0) 1 Xy 1 X

Figure 13: Illustration of level lines E?ch of the function dx, ¢ for v/8 < 1
(left) and v/8 > 1 (right).

Here HV¢Umaz : Q) x R? — R is the Hamiltonian function:

Hractmar (X p) = (f(X, Umaz), (P1,p2)) + 718X1 X2 — TV Umaz

= ~Umaz(P1 — 7v) + BX1Xo(r1 + p2 — p1) — 7 Xop2. (67)
3. Myt e CY(Q);
4. V"1 s a solution of the HJB equation (BY).

Proof. We only consider in this proof the circumstance when v/5 < 1, because
proof for v/ > 1 is similar to the proof for v/ < 1.

Point [: It is enough to show that a trajectory with initial point in Q¥ VT
remains there forever. Considering the definition of the domains for any X €

QU NQNV =79 the tangent direction f(X,u) to the trajectory points

Umaz Umaz rv/rr

strictly to the interior of QY = (for any u € [0,umas]); this follows from
Lemma [OA.

Point B: These properties of the function I}V "7 are obtained as in the proofs of
Theorems D1 and 04 once we write II7Y ;f as the “value function” of a trivial
control problem where the control is taken in the one-element set {u,q,} until
reaching the frontier Q) NQYY : on the frontier the value is r;{(X) = Jo(X).
Point B: The function ((X) is C' on Q (see Appendix @); in particular II}V "1
will be C' on QNV . For X € QV we note that IIFV-"" is the solutlon

of a quasi-linear first order PDE (cf pomt B) and has boundary conditions

)
defined on a non-characteristic curve QN v OQV iy = L'TX}T ; the curve is non-

characteristic because on NV N QY we have (f(X, tmaz), Ox, (X)) # 0.
Another way to prove the result is to parametrize the boundary curve with a
parameter oy and denote ag the time required to reach the curve. Using the
regularity properties of the ODE the function is C* in parameters (aq,as) and
the change of coordinates from X to (a1, as) is regular around each point in
the interior of Q) . Thus II}V-" will be C' on QY

It remains to be proved that IT;V-"T is also C ! around any point X € Ef\):}f] N
Q; since II; V77 and II7V-"7 are both C', the side gradients exist and
max v max QNV

Umax Umax
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it remains only to be proved that

TV,T _ TV,T 9x, ¢
VIV , (X) = VILVI oy (X), VX € ‘Crv}n
Using continuity and C! properties and the fact that IT7V " and II7V "1
maz | Umaz | vy

coincide on the common frontier it follows that the tangential derivatives along
the frontier are the same. Let us prove that the directional derivative also
coincide in the direction f(X, tmqz), which can be written:

(VI o QO tman)) = (VI (X)), F(X Umaa ) (68)

Umazx Umax
QNV

Umaz Umax

But IV satisfies (B6H) then

14

<VHZY,;I£ v (X)v f(Xv umaw)> = _TlﬁXlX2 + rvUmaz

_ __4vaCUmax TV,TI rV,TI

= e (LTI ) VI (0K )
_ TV,TI

= <VHumM v (X), f(X, Umaz))-

We used above the fact that Jo = 7;( satisfies H?2¢%(X,V.Jy) = 0 on Q and
that for X € Er /T we can add Uy, multiplied by the null term r;9x, {(X)—ry

to H 90 (X, V.Jy) to obtain HUeeumas (X, V.Jy) = 0.
Note that the direction f(X, tmqz) cannot be collinear with the tangent at

8 ; s ;
X to the boundary Enf}fl because for v < ryrfi  the definition of r{/if

ensures that f(X, tmqs) has non-zero scalar product with the normal Vx, ((X)

to the boundary. From (B8) and the coincidence of the tangential derivatives it

follows that side gradients VII}V:"! and VIV coincide on the
maz [

Umazx NV
Umazx Umax

common boundary thus IT;V"7 € C HQ).
Point @: Given what was already proved, it remains to show that

Ox, IV (X)) <ry VX € Qum“’ (69)
Ox, IV TH(X) > ry VX € Qum“’ (70)

Equation (B9) is a simple consequence of (62) and Point M. For (IZ0) we have

to analyze in detail the function I3V "1 , we will prove that in addition:

Ox, I (X) >0 VX € Q) . (71)
Consider X, € .CfX}T We integrate dx, II}V'"7 on the characteristic curve

@Y-umaz(.) issued from Y € QV __ that reaches the frontier at time ¢ > 0 and
point Xy which can be written: ®Y-%me= () = X,. Formally

Ox, ILY"1(Y) = Ox, 11,V (Xo)

Umazx Umazx

t
- / (Vo T 71 (@Y 0mas (7)), f(BY552 (1) gy ). (72)
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From now on we will drop the notation ®Y-#ma= (7) and only denote (X1 (7), X2(7)) =
X(T) — PYotmas (7_) Note that HTv,T[ satisfies HVac:umas (X VHTV,TI) =0 on
Q’L‘,{rnu.z <VHZ‘,/,;:£7f(X umaw)> + TIﬁX1X2 + 7V Umae = 0 thus by differenti-

ating formally with respect to X7 one obtains:

<V‘9X1HZZJZZ (X(T))v f(X(T)7 umam)> = BX2(_7'I - 8X1HZ‘;’ZZ + 5X2HTV’”)

Umazx

But this latter quantity is integrable over [0, ¢] and after classical arguments we
obtain that [ (Vax, [IV-71 (@Y:tmas (7)), f(®Y4mar (7), Uy, ) )dr is well defined

and equals fot BXo(T)(=rr — Ox, IIV°"1 4 Ox, 11V ") (X (7))dr. Moreover using
again the HJB equation satisfied by II;V"7 this term can be replaced by

Umazx Umax

/0 %(T) {Umaz(aXlnrv’” (X(7)) = rv) +yXa(m)0x, IV T (X(T))} dr.

Thus, we obtain

uma'r Umazx

t
TV,TI — "‘VJ'I 1 Tv,TI _
Ox, IV (Y) = Ox, 11 Xo) "‘/0 X.(7) {umar (0x,11 (X(7)) = rv)

Umax

+yXa(r)Ox, T (X (7)) dr. (73)

Similar computations allow to write:

D, IV 1 (V) = 9, TI7Y 77 (X) / T [t O T (X)) = 7o)
2

Umax Umax Umax
(74)

Since IIV-"7 is C' it follows from the properties of ¢ that dx,II}V"7(Xy) =
ry and 8X IV r1(Xo) > 0. Combined with the identities (E)—(ﬂ) (and
reasoning 1nﬁn1t651mally starting from X, along the characteristic) we obtain
Ox, IV-"1(Y') > ry and Ox, II;V-"1(Y') > 0 and equations ({11) and (f0) follow.

Theorem D.8. Forry < TIT\C}:ffmaz the function 1L}V "1 is the unique solution
of the HJB equation (89) and II,V-"7 = V¥maz. As a consequence in this case

the value function V'me= s in C*(S2).

Proof. Theorem 77 proves that II7V-"7 is a solution of (89). Furthermore,

Theorem IO assures the uniqueness of the solution. Then, V*mer = I[V-"T.

D.5 Solution candidate and its properties: the super-critical
case

We work here under the hypothesis ry > r%,rff . In particular this implies

v/B < 1.
The simplest case is when ry > 2r; and will be dealt with directly later

in Theorem IT2. On the contrary, the situation when 7y € [T‘P/rff”“h,??“[[
requires some more work. In this case the value function V¥me= will not be C'.
Define (see also figure [):
crit a 1
Toy ={P € L7 [(f(P tmas), VOx,((P)) < 0} (75)

rv/TI

Using the formulas for f and the derivatives of  one can prove with straight-
forward computations:
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o L0 C{X €QIX; >~/B} (since rod > 1);

rv/rr

dx,x,C(P) <0, VP € £7%1¢

rv/rr’

Fg:jbt is connected; denote by Pfyt the other extremity of the curve; then

<f(PTc‘7;zt’ umaw) vaXIC(PCMt» = 07
e VP € Ef‘):}rl \I‘gzlbt’ (Pcmt) .

crat
sub

the trajectories starting from points on the curve I'’%" enter the domain

{X € Q|VOx,((X) <ry/rr} for any u € [0, umaz]'

crit

o exit this domain for

the trajectories starting from points in Er /T \T
U = Upaz-

For any Y € T'“"% introduce
ty = sup {t >0 ’ Jo(Y) + rvittman
+ / t rrB®Y e (—7) By e (—1)dr < Jo(éy’“m"'m(—t))}. (76)
0
We note that the previous properties imply that tx, > 0; indeed, take Z =

@Y-umaz (—¢) for € small enough; then integrating over the curve 7+ % tmaz ()
we obtain:

Jo(Y) = Jo(@Fmes(e)) = Jo(Z) (77)
+/0 (VJO(QDZ’“W” (T)),f(@z’”m“(r),umaw))dr (78)

Developing the last term and using the HJB equation satisfied by Jy we can
write:

t
Jo(Y) = Jo(Z) = rvttumas — / Ty [5@{7“% (1)@F " mee (r)
0
Ftman (Dx, Jo (BF4mas (1)) — rv)] dr. (79)

The curve 7 ++ ®Z4maz (1) belongs to the domain where O, Jo(®%¥maz (7)) >
ry therefore Z = ®Y:4mas (—¢) satisfies the inequality in the equation (Z8) and
as such we obtain ty > ¢ > 0.

We define a curve I'“é  as:

super
Po, = (Ve (<ty) | Y € TS} (30)
The curves I'“"% and I’g[f]fer define a domain that will be denoted Q}fm“; set
also Q)V =Q\ Qq‘f“ as illustrated in figure 4.
Lemma D.9. The following inclusion holds:
{(XeQ|ox,¢(X)2rv/riy CcQy . (81)
Therefore we also have:
QY c{X e Q| 9x,¢(X) <rv/ri}. (82)
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Xoa

Figure 14: Ilustration of the construction of the domains Q¥  and Q"

Umaz "
Th? solid curve i? Efj}fl. The dashed curves are 2 (from A to PF™) and
et (from Prit). The gray domain is QY .

@Z-umas (t) starting from Z. This trajectory will exit this set at some point on

Proof. Let Z € {X € Q| 0x,{(X) > ry/r;} and consider the trajectory

the border Eff}fl, more precisely at some point of I'“"% (the direction tangent
to the trajectory has to exit the domain, which is precisely the definition of
Ierit). Denote this point Y = ®Z:%ma= (7*). Using the same arguments as in the

proof of ty > 0 above and recalling that dx, Jo(®Z¥mas (1)) > ry for all 7 < 7
we obtain ty > 7* and in particular Z € QY

Umax

Introduce the solution candidate IT;V""7 : Q — R defined by equation (B3),
but with the control ux,(-) defined in equation (B4) depending on the newly
defined set Q) .

Theorem D.10. Forry € [r{il  rr,2ry[:

1.
Jo(Y), ity eV (83a)
t
YY) = TW+/Vwﬂ?““vw§%MWMr+%@“Mwmx
0
if Y € Q) and ®VUmer (1) € Do (83b)

2. Ivorr is the unique viscosity solution of the following problem:
4

Umax

Umax

Find F: Q)  — R such that

F is Lipschitz on m, (84a
(Pv)Q —H eeume (X, VF(X)) =0, X€Q | (84

F(X)=ri((X), X € OV _nQy (8de

—Hreetmes (X, VF(X)) =0,X €09y \(QYV QY ) (84d
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3. IV s Lipschitz on Q;

4. ILYV-"1 s a solution of the HJB equation (B9).

Uma

Proof. Much of the proof uses concepts already invoked in the proof of Theo-
rem D7, We will only emphasize points that are specific to this situation.

Point M: A trajectory with initial point in Qi\:{m remains there forever there-
fore we conclude as above that II7V>"! = Jo = r1(; to prove the second

Umax NV

Umaz

property note that the function J satisfies
t
J(Y,u() = / rvu(t) + B (1)®y " (7)dT + J (@Y (1), ul- + ). (85)
0

Thus the two definitions coincide as the control iS gz on Q‘u/ __and 0 on

QY because once the trajectory reaches the frontier I'¢7% of ngjiz it enters
w., and remains there.

Point B: The proof follows the same lines as point B in Theorem D77

Point B: The definition of the domain QY ... and the previous point ensures

that II;V-"1 is continuous in points of the common boundary BQVM N oy V”

thus it is continuous on . Tt is also Lipschitz on QY _and QN V;L with Lipschitz

constants that are universally bounded, thus it is Lipschitz on .

Moreover, as before, one can prove that IIV-"7 is C! on T'ZY.

Another alternative is to repeat the arguments used to prove that the value
function is Lipschitz (here the control has the same structure: it has value un,qx
from 0 to some finite time and then 0).

Point @: We have to prove (the analogues of) the equations (69) and (IZ0).

Any trajectory from Z € Q) (for control u = Umazlxeqy ) will en-

counter I‘C”t when exiting the domam QV . Together with the fact that
IYr s C1 in <% this allows to use identities ()-(I™) and obtain as above

that Ox,IILV-"1(Y) > ry and dx,II5V-"1(Y) > 0 for any Y € QY then (70)
follows.
To prove (BY) use Lemma D9 and point B of this Theorem.

Theorem D.11. Forry € [ryr{fil . 2r([ the function TI,Y."1 (defined by equa-
tion (B3) with the control ux,(-) defined in equation (64) depending on the set
QY ) is the unique solution of the HJB equation (89) and IILV-T1 = Ytmas,
The value function V¥me= is Lipschitz in Q.

Proof. The Theorem [DT0 proves that I}V """ is a solution of (89). Furthermore,
Theorem D3 assures the uniqueness of the solution. Then, V¥maes = [ITV>"1,

Umazx

Theorem D.12. For ry > 2r; the function Jy = r;( is the unique solution of
the HIB equation (89) and V¥me= = Jy. As a consequence in this case the value
function V¥ma= s jn C1 ().

Proof. Straightforward computation and the results from Lemma B indicate
that the derivative Jy does not exceed 2r; and as such (0x,{ — rv)4+ = 0 and
Jo satisfies the required HJB equation.
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E Instantaneous vaccination

Recall that for u,,..; = oo the value function is denoted as V°°; also consult
equation (IC7) for the definition of H>.

The following result connects the bounded and unbounded control problems
(see also [7] pages 113-115 for generic related results):

Theorem E.1. The sequence (V4¥me=) >0 15 decreasing and

Umax 2

lim Y¥maes = P>, (86)
Umaz—> O
Moreover the convergence is uniform over compacts of @ and V*° is Lipschitz
over .

Proof. Since for any us > u; > 0 we have the inclusion U;ﬁl C L{;ﬁz the sequence
(V¥maz), >o is decreasing. Therefore liminf,,  _ o0 V¥mes > V.

Let Y € Qand (dV,,),>0 C Us® a sequence of strategies such that lim,,_,., J(Y,dV,,) =
V> (Y). For each n construct an approximating sequence of admissible strate-
gies ul, € Uy such that whl}})o un, = dV,,. Then V¥(Y) < J(Y,ul) — J(Y,dV,)
thus limsup,,_, ., V*(Y) < J(Y,dV,,). Passing once more to the limit n — oo
we obtain lim sup,,_,., V¥ (Y) < V=(Y).

Then lim,,,, oo V*me* = V°. Since functions V%me= are Lipschitz with
Lipschitz constants independent of 4, the limit V°° will be Lipschitz and the
convergence will hold in a neighborhood of Y (thus uniformly over compacts of

Q).
E.1 HJB equation and value function

Theorem E.2. The value function V*° is a viscosity solution of the Hamilton-
Jacobi-Bellman equation:

Find F : Q — R such that

F is Lipschitz on Q, (87a)
P) —H®(X,VF(X)) =0, Xe€Q, (87b)

F(X)=0o0nToa, (87¢)

F(X)=0onTy, (87d)

—H>®(X,VF(X))=0onT}. (87e)

Proof. We will use the same arguments and notations as in the proof of the
Theorem D72

Step 1. First, we prove that V> is a subsolution of (B7H). We take
the same notations and the same reasoning as in the case Upq, < 00. So
equation (E2) becomes:

min {ry — p1, BY1Ya(rr +p2 — p1) — vYepa} > 0. (88)
Suppose that there exists x > 0 such that:

min {ry — p1, BY1Ya(rr +p2 — p1) — vYopa} < —k.
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Remark I page 24 assures that there exists p > 0 such that:
p(ry — 0x,0(Y)) + BY1Y2(r; + Ox,0(Y) — 9x,0(Y) = 7Y20x,9(Y) < —k.

Here, we choose the control p on the interval [0, ] and for the same reasons
as above, we obtain:

5
VX(Z0) = V(YY) < —kb — / pry 4+ rrBOYP ()DL () dt. (89)
0
In particular, by the optimality of V°° on Y, we have:
5
VR(Y) < / r1 B0V (DY (1) + prydt. (90)
0
And we can conclude as above that V*° is solution of equation (&2).
Step 2. We prove that V> is a supersolution of (7).

Using the same notations and reasoning as in the proof for ;.. < oo
equation (EB) becomes:

min{ry —0x, (), BY1Ya(r1 +9x,0(Y) = 9x,p(Y)) =7Y20x, ¢ (Y)} > k. (91)

In order to invalidate (E1) we invalidate, in a neighborhood of Y

ﬁ@f’“(-)‘Pg’"(-)(7‘1+3X280(¢’Y’“(~))—3x1@(‘I’Y’“(-)))—V‘I’QY’”(')5X2</9(<1>Y’“(-)))(92)K.
We obtain, as above:

5
VX(Z°) = VE(Y) 2 oY) — ¢(2°) > /O (Vp(@7(t)) - f(@V(2), w))dt
)
> 0K —|—/ —BB ()Y (t)rr — wdx, dt
s 5
> 6k — / wry + 1 BOY (DY ()t + / w(ry — Ox, o(Y))dt
0 0
5
> 0K — / wry 4+ rrBeYY (1YY (t)dt,
0

because w(ry —dx, p(®Y*(+))) > 0 since w > 0 and (ry —dx, p(PY¥(+))) >
H®(PYW(-), V(@Y (-)) > K > 0.
Once again, we conclude as in the proof of the Theorem D2

E.2 Uniqueness of the solution of the HJB problem.
Theorem E.3. Let Fi a subsolution of (B2) and Fa a supersolution. Then:

Fi(X) < Fo(X) for all X € Q.
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Proof. We use the same notation and reasoning as in the proof in Section [D=3.
The Hamiltonian used here is:

H>® (X, W>(X),p) = min(ry (1=W>), BX1 Xo(ri(1=W>)+ps—p1) =y Xapa).
(93)
Equation (B3) becomes:

— pry W5 (y©) — Wro(z°))
+ [B(=x125 + yiys) (rr — pi +p5) — Y05 (Y5 — 5)]
— Bri [y1ysWs© (y°) — x§zgWre(z9)] < 0. (94)

And for the same reasons as in the proof for t,,,, bounded we obtain instead
of (B2):

= [r1BT1Ts + pro] W55 (T) = WS ()] < 0. (95)

We can conclude as when ;. is bounded.

E.3 A candidate value function: the sub-critical case

We introduce the critical point value r{7 :

P = sup{r > 0 | 0%, x,C(X) > 0 VX € £71¢}, (96)

We see (after some computations) that r‘“}"& < ooforvy/p < 1and rcm =00
for v/ > 1. Note that in all situations {71 > 1.

We introduce the critical point ng“ which is the unique solution of the
following equation:

0%, x, (XL =0,XI" € Ty. (97)
As in (BO), we show that X' = (2*,1 — 2*) where x* is the solution of:
y * TN E[(1 T )—‘,—2( )]
L2 =21 ) =g% ~ T B 98
5 (=-3) %)
When ry < r””t r; we define a partition of €2 in two regions
QLY ={Y € Q| 8x,((Y) <rv/r1} (99)
QY ={Y € Q| 9x,¢(Y) > ry/rr}. (100)

Note that Ty, f)’; = limy,,,,—o00 {7 ifm and for u,,q, large enough Quma =

QY (and QY = QNV). As before we can prove the following:

Umaz

Lemma E.4. Any trajectory ®Y4V () with Y € E?X}T = 00NV NoQY, is such
that Y2V (t) € QXY for allt > 0 (dV € Uy ).

To any Y € Q associate the unique AY > 0 such that (Y1 —AY,Ys) € £oxc

rv/rr

and define: II7Y-"1(Y) = J(Y, AY d;—¢). If AY does not exist then set AY =0
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with the convention 0 x §;—¢9 = 0. Note that AY =0 for any Y € Qﬁf,}/ﬂ and
moreover:

Jo(Y)if Y € QYV

Jo(Y1 — AY, Ya) +ry(AY) i Y € QY. (Y1 — AYY) € L)¥)5 | AY > 0.
(101)

For tmas large enough II7V-"1 and 1ITY"" coincide on QuN Val Moreover since

forany Y € QY and given g, the optimal strategies uy™** converge (when

Umaz — 00) to the Dirac delta function AY d;—g then:

Ly (Y) = {

VX(Y)= lim Ve (Y)= lim J(Y,ulre) = J(Y,AY8,—o) = 7" (Y).

Umaz—>00 Umaz—> 0
(102)

Therefore we proved the following;:

Theorem E.5. Forry < T[T‘C};éto the function IITY " is the unique solution of
the HJB equation (BA) and IITY™" = V™. As a consequence in this case the
value function V> is in C*(Q).

Proof. The proof is already above.

A direct proof also can be given; for instance suppose one wants to prove
e.g., that —H> (Y, VIILY"(Y)) =0 for Y € Q.

The mere definition of the domain QYV imply that ry — dx,Jo > 0 on
this domain; on the other hand SX; Xo(r; + dx,Jo — Ox, Jo) — 7X20x,Jo = 0
everywhere; thus —H> (Y, VIV "1 (Y)) = 0 for Y € QYV.

For Y € QY (with (Y7 — AY,Y3) € Efj}fl) the definition of II5Y""7 im-
plies that for any e < AY: IILV"7(Y1,Ys) = MLV " (Y1 — €, Ya) + rye thus
Ox, IIZY "1 (Y) = ry; in addition Ox,II5Y "™ (V) = Ox, IV " (Y1 — AY, Ys) and

the conclusion follows from the HJB equation of Jy on the Eff}fl.

E.4 A candidate value function: the super-critical case

crit

We consider here the situation rv /ry > r{/i; note that this implies v/ < 1.
Introduce

o = {Y € L7579, x,C(Y) <0}, (103)
For any Y € T'“"% define:
Ylsuper = sup{Z1 Z }/1 | J()(Y) —+ TV(Zl — Yl) S JO(Zl7Y2)}. (104)
We define a curve Fg;’;er as:
Pper = {077, Y2) | Y € PEY} (105)

Remark 11. We can express ['"%! in a parametric form:

Fcrit _ {(XIA,X2A) e | 0< A < Amaib}v

sub
where: Xfmer = %,XQA”” =0, X{ =237 and X3 = —FIn[7¥ — 1] +2
27L) and

50

.
Ale™ 778 —1)

Brv

PN

XP =

,for A >0 (106)
A

41



rv (] _ BxA rv YA(1 — BxA
Xp oD (1o M) AT
1-rwixa 1—wixa
rp vy 1 rr y<r1
With these notations,
Doper = {(V5,Y5Y) € QI Y = X + AV = X3} (108)

The curves '’ and ng@fw define a domain that will be denoted QY ; set

also QYV =Q\ QY.
Note that when ry > 2r; the sets 7% Tt and QY are empty.

sub’ - super

To any Y € Q associate the unique AY > 0 such that (Y; — AY,Ys) € T'<r¥t
and define: II7Y-"(Y) = J(Y, AY 6;—¢). If AY does not exist then set AY =0
with the convention 0 X §;—9 = 0. Note that AY = 0 for any Y € Qévov and

moreover:

Jo(Y) if Y € QYV
Jo(Y1 — AY, Y2) + 7y (AY) if Y € QF, (Y1 — AY,Ys) € it AY > 0.
(109)
Note that for any given Y € QY for w4, large enough Y € QXMZ. Moreover
forany Y € Q}fmw and given uq, the optimal strategies uy™** converge (when

Umaz — 00) to a Dirac delta function AY d;—¢ then:

Iy (Y) = {

VE(Y)= lim Vémer(Y)= lim J(Y,ulmer) = J(Y,AY §1—g) = IV 71 (Y).

Umaz—>O0 Umax —> OO
(110)
Therefore we proved the following:

Theorem E.6. For ry > r;rﬁf?o the function 1LY s the unique solution
of the HIB equation (B2) and IIZY""" = V*°. In particular when rv > 2rp:
Ve = Jy € CHQ) but when ry €]rpriril, 2r;[ the value function V> is only
Lipschitz.
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