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Globally optimal vaccination policies in the SIR
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model: smoothness of the value function and

uniqueness of the optimal strategies

Laetitia LAGUZET* and Gabriel TURINICI'
March 27, 2014

Abstract

This paper focuses on optimal vaccination policies for a SIR model;
the total cost of the disease is optimized with respect to the cost of a vac-
cination strategy. We show that the value function is the unique viscosity
solution of a HJB equation. This allows to find the global optimal vacci-
nation policy. At odds with existing literature, it is seen that the value
function is not always smooth (sometimes only Lipschitz) and the optimal
vaccination policies are not unique. Moreover we rigorously analyze the
situation when vaccination can be modeled as instantaneous (with respect
to the time evolution of the epidemic) and identify the global optimum
solutions.

Keywords: optimal vaccination; SIR model; vaccination region; im-
munization region

Introduction

1.1 The model

In order to model the evolution of a epidemic, we use a SIR (Susceptible -

Infected - Recovered) compartment model (cf., |

We seek to optimize the cost of the vaccination policy; to this end de-
V(t) the proportion of people vaccinated by the time ¢ (of course
< 1); we consider vaccines that confer lifetime immunity so

note by

3, 8, [19] for additional details).

that V is an increasing function. The evolution of the disease is described by
the following equations:

AXi(t) = —BX2(OXa(O)dt —dV(D), X1 (0) = Xy,
dXs(t) = (ﬁxl (HXa(t) = 7 X (1) )dt,  X2(0) = Xao,
dX3(t) = v Xa(t)dt X3(0) = Xs0,
Xu(t) = [ dV. X4(0)=0
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Figure 1: Graphical illustration of the SIR-V model.

Here X1, X5, X3, X4 are the proportion of people in the ”susceptible”
respectively ”infectious”, "recovered” and ”vaccinated” classes. Initially X7(0)+
X2(0) + X5(0) = 1 and X4(0) = 0 (but X4 need not be continuous in 0). See
figure[I]for a graphical view of system (T)). Note that (I]) implies X (¢)+X5(t)+
X3(t) + X4u(t) =1, vVt > 0.

Here f3 is the transmission rate of the disease, V' the control to be optimized
and v the recovery rate.

We denote 7y the unitary cost associated with vaccination including the
cost of the vaccine and all possible side-effects and r; the unitary cost incurred
by infected persons. The cost of the disease is independent of the classes X3
and X, (but dependent on the control V(¢)), so we can restrict ourselves to the
evolution of X7 and X5. From now on a vector X will only be supposed to have
two coordinates X; and Xs. Denoting:

Q={X=(X,Xs) €eR? | X1, X5 >0, X; + X5 < 1}, (2)

we will work under the constraints X € Q.

We introduce ®Y4V (t) = (&7 (¢), ®2*V (1)) to denote, at time ¢ > 0, the
solution of the system starting at point X (0) = Y and with control dV; in ad-
dition Z = ®Y ¥ ()(—t) means Y = ®%4V (=) (¢) (the reverse system has a well
defined mathematical meaning). To ease notations, when the measure dV is ab-
solutely continuous with respect to the canonical Lebesgue measure dt on [0, co[
i.e., when dV can be written dV = u(t)dt we will also write ®¥>*()(t) instead
of ®Y-u(Mdt(t) (and the same for the components @}/’u(t)dt(t) and @;f’u(t)dt(t)).

The cost of the disease is:

J(Y,dV) = /0 T BOYY (1YY ()dt + /0 S ()

Moreover we will use the following notation Jo(Y) = J(Y,0); note that
Jo(Y) is a cost proportional with the number of people infected in absence
of vaccination. This number will be denoted ((Y") thus Jo(Y) = r1{(Y) (see
Appendix [A] for the properties of ().



Remark 1. Equation implies

o0
X,dV X,dV X,dV
XV (00) = XY (0) + / B (1)

S IOR B O U S U) ©
Thus, since &% (c0) = 0:

/ rrBe Y ()@ (t)dt = / ry®0 W (4)dt — &5 (0). (5)
0 0
This allows to conclude that the cost functional

JUY,dV) = /0 rdaY W () dt + /0 rydV(t) (6)

with r‘Ii = rvy satisfies
JUY,dV) = J(Y,dV) + Ya. (7)

Both J¢ and J will thus have same optimal strategies (because their difference
is independent of the strategy dV'). Here r}l can be seen as the unitary cost of

infection per unit time.

1.2 The admissible vaccination policies

Vaccination policy dV can be modeled in different ways. Note that the pro-
portion f(f dV(s) of individuals vaccinated up to time ”t” is increasing and
fot dV(s) < 1, Vt > 0; therefore V is a bounded variation function and dV ()
is a positive measure on [0,00[; this is the most general class of vaccination
strategies. A restrictive class of vaccination policies will also be considered (see
also the literature review in Sectionbelow) where the speed of vaccination is
bounded; in this case dV (t) = u(t)dt with u(t) € [0, Umaz]. Generic results (see
e.g., [4]) suggest that considering controls with bounded speed is not restrictive
because the general situation is obtained in the limit w;,q, — co. We will rig-
orously prove this assertion in Section [3] and will work with the restricted class
of vaccination policies until then.
Finally, in order to give a meaning to the system we can write it as:

X1 —BX1Xs -1
X2 o ,BXlXQ—’}/XQ O

x| = X, dt+ | o [V (8)
Xy 0 1

Since,

° (Xla X27X3a X4) — (_6X1X27ﬁX1X2_7X277X27 O)T and (X17X27X37X4) =
(—=1,0,0,1)T are Lipschitz functions,

e 1V is a bounded variation function,



results from [I3] and [21] can be invoked to conclude that (8] has a solution and
the solution depends smoothly on the initial data and the control V.

Let us make clear how a mathematical object such as V' can be translated
into vaccination policies for the unbounded case. Take for instance the trajectory
®Y:4V (¢) driven by the control (here d;—g is the Dirac mass in ¢ = 0):

Wi, =0 (9)
dV(t) = 4 0.10, ¢ €]0,0.5] (9b)
0, t > 0.5. (9¢c)

This means that half of the initial susceptible population Y7 is vaccinated
(instantaneously) at the onset ¢ = 0. Then vaccination is pursued with speed
of 10% percent per unit time till time ¢ = 0.5; then no vaccination occurs.
In particular this means that 50 + 0.5 x 10 = 55 percents of the population
is vaccinated in all. Note that the trajectory ®¥:4V(¢) is not continuous since
@}/’dv (01) = @}/’dv(O)/Z This trajectory can be seen as the limit when € — 0
of the trajectories @Y+ (¢) corresponding to the following vaccination policies:

Y,

—, te€[0,¢] (10a)

(=1 >
<) =9 0.10, t €le,0.5] (10b)
0, t>0.5. (10¢)

1.3 Notations and first remarks

We introduce the function f: Q x R — R? :
(X,u) € XX R = f(X,u) = (-BX1 X2 — u, BX1 X5 —7X>) € R%. (11)

Note that f(-,u) is a Lipschitz function with Lipschitz constant Ly indepen-
dent of the second argument, i.e.,

If(Y,w) = fF(Zu)ll < LylY = Z||, VY, Z € Q. (12)
In order to define the admissible controls we consider a point Y € Q; for

Umaz < 00 We define:

el 0]

u measurable, ®¥*()(¢) € Q, vt > 0} . (13)

When 4 = 00 we define:

/ dvV <v; <1, YWV (t) € Q,vt > 0}.
0

(14)
Irrespective of whether w4, is bounded or not the set Z/{;ﬁm” is a closed
subset of the set of (finite, positive) measures on [0,00[. Note that for any
Y € Q and any upmqq @ 0 € Uy™e=.
To make notations easier we will not write the dependence of Uy™** with
respect to Y or w4, and only denote, when there is no ambiguity, by Uy or U
the set of admissible controls.

Uy = {dV positive measure on [0, co[



For w4, < 0o we define the Hamiltonian H¥me= : Q x R2 — R as:

HUmer(X,p) = min  [p- f(X,w) +riX1Xs + ryw] (15)

wE[0,Umax]

= —Umaz(P1 — 1v)+ + X1 Xo(rr +p2 —p1) —vXop2.  (16)

When ,,q¢ = 00 the previous definition is to be replaced by H>® : Q x R? —
R:
H>(X,p) = min{rv —p1, BX1 Xa(rr +p2 — p1) — v Xapa}. (17)

The value function V¥mez : Q — R is (for any g, be it bounded or not):

Vemaes (V) = inf  J(Y,u). (18)

Umax
u€Uy,

Any w such that J(Y,u) = V¥me=(Y) is called an optimal strategy for
Y; it is not necessarily unique. However it has been proved in [6] that if
Umae < 00 at least one optimal strategy exists in the set Uy™** and has the
form u = Umazlje(v) with 6(Y) > 0. In fact since the total proportion of
people susceptible to be vaccinated is at most 1 then 0(Y) < Thnar := 1/Umaz-
From now on we fix  : Q — [0, 00[ to be a function (whose existence is guar-
anteed by the above mentioned result) such that wmas1[,6(y) is an optimal
strategy for Y.

We introduce the following notations:

o A=(3,0)€R?,

oI ={(X1,X) €Q| X1 + X5 =1},
o I'; = {(X1,X2) € Q| Xy =0},

o I'g = {(X1,X2) € Q| X =0},

Toa={(X1,X2) €T |0<X; < %}’

Fai={(X1,X2) € | % <X <1}

Note that when v/8 > 1: A¢ Q, Tpoa=Tg and T 41 = 0.

Lemma 1.1. The value function V= is bounded on Q. Moreover V¥me*|p ur,, =

and V¥maer js continuous on 'y UTo4.

Proof. Choose u = 0 then
Yumar (X) < J(X,0) = Jo(X) <r; Xy <rp, VX € Q. (19)

Note that J(X,u) =0 VX € I';,Vu € Ux; using we obtain V¥mes (X) =0
Ymaz € [0,00], VX € I'; and the continuity on I';. To set the value on I'pa
note that when X is such that X; < /4 then ®3°(¢) tends exponentially to
zero. Therefore: J(X,,,0) — 0 when X,, - X € T'p4.
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Figure 2: Boundary representation when % < 1 (left) and 1 (right).
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1.4 Literature review

A rich diversity of epidemic models have been proposed in order to describe
epidemic propagation (see [3| [8, [I9] for details). Building on these models,
strategies have been documented to control the propagation, among which iso-
lating infected people or immunizing susceptible people; see [16] [6, [10] which also
propose combination of these two methods. In this work we will only analyze
control policies that consist in the vaccination of susceptibles (immunization).
The vaccination is supposed to confer lifetime (i.e., irreversible) immunity. In
the context of immunization, several facts can affect the decisions of vaccination.
The reference [9] discusses this problem in general, [20] proposes an approach
taking the individual point of view, and [I7] introduces an extension also using
game theory.

The present work is on the contrary only concerned with finding an optimal
vaccination strategy. Several studies have already considered this approach
recasting it as an optimal control problem.

Historically one of the first to consider this problem, Abakuks explores two
alternatives: in [2] a restrictive class of vaccination policies which allows at any
time to immunize either all or none of the susceptible (therefore optimal policy
immunizes either at once or never); in [I] the author considers policies which at
any time during the course of the epidemic allow to immunize any number of
the susceptible.

Abakuks proves the existence of an immunization region: within this region
it is best to vaccinate with maximum effort and outside it is optimal to do
nothing. The result is only obtained for t,,,; = oco; moreover the proof only
applies to vaccination policies dV that are finite sums of Dirac masses and it
is not indicated how the value function V*° (assumed to be continuous) behave
in the limit when Dirac masses accumulate near a point or when such masses
converge to a general measure on [0, co|.

In another work (see [II]) Hethcote considers a similar problem under ad-
ditional constraints on the total proportion of the population affected and the



maximum number of infected at the peak; the vaccination policies are taken to
be stepwise constant functions and the cost of vaccination piecewise quadratic
in the number of people vaccinated. He shows that the optimal strategy will be
piecewise constant, with at most a single point of discontinuity.

In a similar work [I4] authors consider u;,q, = 1 and define the class of
admissible policies to contain function with only isolated discontinuities. They
show that the optimal strategy has a single point of discontinuity and introduce
the concept of vaccination border. To do this, they assume that the value
function V¥mas is C1(Q) which, as it will be seen in the following, is not always
the case (it depends on the specific choice of parameters 8, v, Umaz, 7V, 7'1)-

In [I6] authors set wu;,q. < o0 for a finite horizon framework T' < oo and
work under the additional presence of a dumping term e~"* in the cost func-

tional which reads: fOT e "t (Tvu(t) + qu);(’u(t) (t)) dt; moreover the infected are

supposed to pay a infection cost per unit time up to the time 7" and nobody
recovers before time 7T, i.e., with our notations v = 0. They use the maximum
principle to characterize the optimal policies which turn out to be of bang-bang
type with only one switch.

In [I2] the existence and local optimality of singular controls is investigated
and using the Maximum Principle it is shown that the optimal vaccination
schedule can be singular. This corresponds to our limit u,,,, — c0. However
no information is obtained on the regularity of the value function.

In the references described so far the authors focused on the optimal strategy
without studying the properties of the value function. Using a similar model
and an approach via optimal control [15] finds, via a Bellman equation, that the
strategy is type bang-bang (only values 0 and ., are taken). However they
assume that the cost function is C'(Q); finally, the results in the case where
Umae — 00 are extrapolated and they suppose that the optimal strategy is
bang-bang. As such the optimal policies are sometimes at odd with results in
the stochastic case.

In a recent work H. Behncke (see [6]) proves, without using that value func-
tion is C1(€2), that at least one optimal strategy for the trajectory starting at
X € Qs of the form UpqzLjo0(x)), 0(X) >0, VX € Q. Although this informa-
tion is very useful it does not allow to conclude on the regularity of the value
function. As an illustration, we plot two situations: with parameters in figure
the function 6(X) is C1(Q) while with parameters in figure 4| the function 6(X)
is discontinuous.

Finally, without specifically entering in the context of epidemiology but using
a general optimal control framework and the concept of viscosity solution the
reference [I8] analyzes the properties of the value function in the situation when
a discount factor is present.

Considering the previous works several questions arise:

1. For which set of parameters (8, 7, twmaz, Tv, r7) is the value function
Yumaz of class C1(Q) and when is it less regular; note that if the value
function V¥mes is not C! some vaccination strategies derived under the C!
hypothesis will not be globally optimal.

2. Are the optimal strategies unique 7

3. What happens when t,,,, = 0o (i.e., when vaccination is fast with respect
to the epidemic propagation).



Our work answers these questions. In particular we show that value function
is not always C!, the optimal strategies not always unique and prove rigorously

what happens in the limit w4, — 00.

Figure 3: 6(X) for parameters umq, = 100, ry = 0.5, r; = 1, § = 73,

v = 36.5. Left: Representation as 3D function.
level lines. We observe that 6 is regular.

0.1

Right: representation as

6-1072 |

4-1072 |

0(X) =0 1

discontinuity line

R

Figure 4: 6(X) for parameters uy,q, = 100, ry = 14,71 =1, 8 =173, = 36.5.
Left: Representation as 3D function. Right: representation as level lines. In
both cases we zoom on the discontinuity curve and plot QN ([0.4, 1] x [0,0.1]).

We observe that 6 is discontinuous.

1.5 Specific mathematical difficulties of the problem

The approach proposed in this work faces specific technical difficulties among

which:

e There do not exist natural boundary conditions to set on some parts of the
frontier (I'; and T" 41). This will pose problem when proving the uniqueness
of the solution of the associated HJB equation. See section [2.3] for the

technique used to mitigate this difficulty.




Figure 5: A typical example of non-unique optimal vaccination strategy: the
solid trajectory corresponds to zero vaccination while the dashed trajectory
corresponds to vaccination in the colored region followed by non vaccination.
But both trajectories lead to the same, minimal, cost. In this case we expect
the value function to not be of class C'. Non uniqueness appears when the
trajectory with zero vaccination does not enter the vaccination region while the
trajectory with maximal vaccination enters it. See Sections [2:4] 2.5] [3-3] and [3-4]
for details.

e The state X is restricted to belong to Q while the controls e.g., in the
form dV = udt, u € [0, Umaqz] can drive it outside this domain.

e The cost function J(Xg,dV) has no dumping term e~"* so we need to

work in infinite horizon. This is a problem when trying to obtain Lipschitz
regularity for the value function. See section [2.2

e In general, a convenient hypothesis (cf. also [7]) to prove the uniqueness of
the viscosity solution of F(z, F\(x), VF(x)) = 0 is that the Hamiltonian F
be strictly monotone in the second argument. But here our Hamiltonians
do not depend on this argument.

e In general optimal controls are unique (and the value function differen-
tiable). Here this is not the case (cf. figure [5) which hints that value
function has regularity defects.

1.6 An introduction to viscosity solutions

This section is largely based on classical works such as [7], [4], [5] [I8]. We refer
the reader to these works for additional details.
Let £ : O — R be a scalar function defined on an open set O C R"”.

Definition 1.1. The set of super-differentials of £ at a point z € O is:

DT¢(x) = {p € R™; lim sup () =@ —p-y—2) < O} . (20)

y—T ‘y—l‘|



Similarly, the set of sub-differentials of £ at a point z € O is:

D™ ¢(x) = {p € R™; lim sup (W) @) —p-y-2) > O} ) (21)

y—x |y — LL"
We will also use the following;:
Lemma 1.2. Let £ € C(O). Then

1. p € DTE(x) if and only if there exists a function ¢ € CH(O) such that
Vé(x) =p and &€ — ¢ has a local mazimum at x.

2. p € D=&(x) if and only if there exists a function ¢ € C*(O) such that
z)

p
Vé(x) =p and € — ¢ has a local minimum at x.

In the following, we consider the first order partial differential equation:

defined on an open set O € R™. Here, F : O x R" x R™ — R is a continuous
(possibly nonlinear) function.

Definition 1.2. A function £ € C(O) is a viscosity subsolution of if
F(z,&(x),p) <0 for every z € O,p € DV ¢(x). (23)
Similarly, £ € C(O) is a viscosity supersolution of if
F(z,&(x),p) > 0 for every z € O,p € D™ &(x). (24)

Finally, we call £ a viscosity solution of if it is both a supersolution and
a subsolution in the viscosity sense.

Remark 2. For each particular problem we will explicitly specify latter the
boundary conditions.

2 Bounded vaccination speed (U4, < 00)

In this section we assume that .. < 0o.

2.1 Properties of the value function

Theorem 2.1. The value function V"= : Q — R is a Lipschitz function in
Q. It can uniquely be extended to a Lipschitz function on 2.

Proof. We first prove that for a fixed control v and time ¢ the function
{YeQ|ucly}3Y = &VU(1),

is Lipschitz with the Lipschitz constant independent of u. We write:

||%‘I’Y’“(t) - %‘PZ’“(OII = IF(@Y(8),u) — F(®Z(t),u)|

< Lyll@¥ (1) — 27 (1)]].

10



where Ly is the constant in equation . Then:
d u u u u
7 (lle¥ () — @Z"(O)*) < 2Lg||@¥(t) — 2% (1)]|*. (25)
Using the Gronwall Lemma and taking the square root, we obtain:
@Y (1) — @7 (t)|| < ||Y — Z]|e"sTmee.

Fix Y, Z € Q and denote by uy = Umaz - L[0,9(y)) one optimal control of the
trajectory leaving from Y. Then if uy € Uz and uz € Uy:

Vime(Z) < J(Z,uy)

Trmax
< / T]ﬂ‘l)lz’uy (t)‘bg’uy (t) + ryvuy (t)dt + JO((I)Z’uY (Tmaw))
0

Tmam
< / rrBEYY (H)BY Y () 4+ ryuy (8)dt + Jo(®Y (Thas))
0

+Cy 1, IV = Z|) = V42 (V) 4 Cuy 1, IV — 2]

Tmaz

Note that uy is member of the compact set {u : [0,00] = R | 4 = tUpmazlo,,0 <
Tnag . Thus the constant Cy, 7, only depends on T,,,, (and not on Y or
Z). Changing the roles of Y and Z we obtain the reverse inequality thus the
conclusion.

If uy ¢ Uy or uy ¢ Uy, suppose, to fix notations, that uy ¢ Uz; since
Uy = Umae - Lj0,0(v)] then uy ¢ Uy implies 6(Y) > 6(Z) thus uy € Uy. Take
n € [0(2),0(Y)] to be the maximum value such that umazl, € Uz N Uy.
The maximality implies ®Z4maslomi(n) € ;. Using Lipschitz estimates for
@ umazlion (t) we obtain as above:

Vi (2) £ J(Zstma o) < Oy, (1Y = Z]) 4 Ve (@0t ()

_’_V"Mnaz (Y) _ Vurnaz (@Yﬂ/ﬂnaz]l[(],n] (n))

< YUvmax(YY+Crp, (Y = Z|)+04+0
where we used the fact that X € T’y implies V¥me=(X) = 0 and that V¥me= ig
positive. From now on we continue as above and obtain the Lipschitz property
for Y and Z.

Since V*me= is a Lipschitz function on € with bounded Lipschitz constant it
admits a unique Lipschitz extension over €.

2.2 The HJB equation and value function

Theorem 2.2. The value function V¥me= s a viscosity solution of the Hamilton-
Jacobi-Bellman (HJB) equation:

Find F : Q — R such that

F is Lipschitz on Q, (26a)
P) —H¥me= (X, VF(X)) =0, X€Q, (26Db)
F(X)=0o0nTpa4, (26¢)
F(X)=0onTy, (26d)
—H¥maes (X, VF(X))=0onTI}. (26¢)

11



Remark 3. There is no boundary condition on I' 41.

Proof. Using Lemma [I.2] and Definition [I.2] we first show that V¥me= is a
subsolution of then we will show it is also a supersolution.

Step 1. Let Y € Q and ¢ € C}(Q) such that V¥ma=(Y) — ¢(Y) attains a
local maximum at Y. So for Z in a neighborhood of Y:

yime (V) = Ve (Z) = o(Y) = o(2). (27)

We will prove that:
—H e (Y, Vep(Y)) < 0. (28)

This is equivalent to:

— Umaz (Ox,0(Y) —ry)+ + Y1 Ya(r + Ox,0(Y) — Ox,p(Y))
—7Y20x,p(Y) > 0. (29)

Assume that it is not the case. Then there exists, by continuity, a value
w € [0, Umaz] (see Remark [4] page below) and a constant x > 0 such that in
a neighborhood of Y:

w(ry —0x, e(@V"())) + BBy ()@Y () (r1 + Ox, (@Y () — Dx, p(@V(+)))
— 0y ()Ox, 0 (RV() < =k, (30)

for any u(t) € [0, Umaz]. Let w = w on the interval [0,d] (since Y € €, for a
small § > 0 u € Uy) and denote Z° = ®Y:¥(§). Then, choosing Z = Z° in
we obtain:

1
d
Vi (2%) = Vi (V) S o 2°) = o) = [ Gol@ o) (3)
1
< [ (Ve@ (o). F(@7 1), w)i
0
0
< / —k— BOV () DY () ry — wrydt
0
0
< =0k — / BOYV ()Y (8)r; + wry dt. (32)
0
Or, by the definition of the optimality of V¥me= in Y:
é
Ylmes (V) < / r1B® Y (£) @ (1) + rywdt + Ve (2°)
0
4
v (V) = Vi (20) < [ rgpel 0@} ) + rywa,
0

by summing the inequality we get 0 < —~kd, which is absurd.
Therefore using Lemma [T.2] we obtain:

—Hmar (X, VV"mer (X)) <0 for all X € Q.

12



To prove we use appendix [B| where we prove that trajectories ®¥+¢(-)
with Y € T'; are strictly entering the domain  for all w € [0, Uyqs]. For this
reason when Y € T'y ®Y:¥(¢) ¢ 'y for t €]0,6]. Moreover, we choose ¢ such
as ¢ is C(Q) and C'(Q). These arguments allow to go from equation (31 to
equation . Therefore the proof remains true on I'y so:

—umes (X, VVPUmes (X)) < 0 for all X € Ty.

By Lemma we have that V%mas is bounded on 2 and by Theorem
Vtma= ig a Lipschitz function. By definition of V¥me= we have V¥ma=(X) = 0 on
I'; and I'p4. So V¥mae= is a subsolution of .

Step 2. Now we prove that V*me= is a supersolution of (26]).

Let Y € Q and ¢ € C}(Q) such that V¥me=(Y) — o(Y) attains a local
minimum at Y. So for Z in a neighborhood of Y:

Yimaz (V) — (V) < V¥mex (Z) — p(Z). (33)
We will show that:
— Humen (Y, Vp(Y)) >0V Y € Q. (34)

Assume that it is not the case. Then there exists k£ > 0 such that
H¥ma= (Y, Vip(Y)) > & in a neighborhood of Y. So there exists (a small) § > 0
such that for any u(t) € [0, Umaz]:

~tmaz (0%, (@7 () =1y ) 4 +BT M (Vs () (rr+0x, (@7 () ~Ox, 9(27()))
— 7Py ()0x, (@) > £ VE< 6. (35)

Let w be a control in Uy and Z° = &Y (§) (for small § any w € [0, Upaq] is
in Uy). Then:

Yimes (20) = Vines (V) 2 9(2°) = oY)
)
= [ v o). s@ve v
)
> K +/ Umaz (Ox, (B (1)) — v )4 — 11 BRY Y ()Y () — wdx, (V¥ (1)) dt
0
)
> 0k — / wry + rrBeYY (H)®Y Y (t)dt
0
o
[ e O, (87 () = v ) = (O, @7 (0) = v
4
> 0k — /0 wry 4+ 07" (H)®Y " (t)dt.

(because f05 Umaz (Ox, (@YY (1)) — rv) 4+ — w(dx, (@YY (t)) — ry)dt > 0 since
w € [O, umax])-
So, for any w, we have:

3
Yumas (Z70) + / wry + 711 ()@Y (t)dt > Vi (V) + k. (36)
0
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Taking the infimum with respect to w we obtain Y¥me= (Y) > Y¥me= (V') 4+ k4.
This is absurd, therefore V¥me= is a supersolution on €.

For the same reasons as previously, we have —H"me= (X, VV¥mar (X)) > 0
on I'y and V"= is a supersolution of equation (26)).

Step 3. To summarize this proof, we showed that:

- by Theorem [2.I] V¥me= is a Lipschitz function,

- Vtmaz ig both a subsolution and a supersolution of and (26¢)),
_ Yumes(X) = 0 on Toa UT; by definition of Vmas .

So V¥mez i a viscosity solution of the Hamilton-Jacobi-Bellman equation .

2.3 Uniqueness of the solution of the HJB problem
Theorem 2.3. Let F; be a subsolution of and F5 a supersolution. Then:

F1(X) < Fao(X) for all X € Q.

Remark 4. In the following, we will use that, for any A;, By, As, By € R with
min(A;, By) < min(As, Bs) there exists p > 0 such as: A1 + pBy < Az + pBs.

Proof. Let B, € © denote the point with coordinates (1 — «, @) and:

FABO‘ = {(X17X2) Eﬁ | X2 > 07 gXl + #X2 = 1}7

FBalz{(Xl,X2)€§|X1+X2:1,X2>a}.

Let D, C € be the domain strictly bounded by I'y, Toa, Tap, and T'g_1,
see figure |§| for a graphical representation. When /8 > 1 the point A will lie
outside ), we take then D, =Q, Typ, =0 and ' =T;.

Xo
|
AN
Do,
~~s FBal
IS
§ DOC ~~s
‘2B, = (1—a,0)
: Caz,
o
Tox A=(3,0) 1 X

Figure 6: Boundary used in proof of the Theorem
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We prove in appendix [B| that for any X, € 9D, the trajectory ®Xo:(t)
with w(t) € [0, umas] Vt enters D,,.

For X € T'p_ 1, X # (1,0), the scalar product with the incoming normal is
positive:

<f(Xa u)7 (*]-a 71)> = PYXQ +u>0VX € ]-—‘Bal,X 7é (1,0),11, € [O,Umaz}~
For X € Tap,, X # (1,0), the relevant quantity is:

B y—B+aB B -
(f(X u), (==, —————)) = Z(BX1Xz +u) +7 1 (BX1 —7)? > 0.
0 v Y
We now show the Theorem for F; and Fs restricted to D,. To this end
we make the change of variable introduce by Kruzkov (see []), for X € D,,
W(X) =1—-e 7). Formally:

VW(X) = VF(X)e "X = VF(X)(1 - W(X)) (37)
thus VF(X) = %. This motivates the introduction of the following
Hamiltonian:

2! P2
— N 2 S XX _F2
umaw(l_W(X) mv)+ + BX1 2(r1+1—W(X)
p1 b2
—— ) =y X 38
) T (38)

Since 1-W(X) will always be positive, for convenience, we conclude the demon-
stration using the Hamiltonian: H%me= : D, x [0,1] x R? = R :

Hemer (X, W(X), p)
= omin[pe F(Xow) 4 (1= WE))(BX0Xs 4 ryw)
= —Umaze(p1 — Tv(1 =W(X)))+ + BX1 Xo(r1(1 = W(X)) + p2 — p1) — 7 Xa2p2.

So we have to prove the following:

Lemma 2.4. Let the Hamilton-Jacobi-Bellman equation:

Find F : D, — R such that

F is Lipschitz on D,, (39a)
W) —Humaz (X, F,VF(X)) =0, VX € D,, (39Db)

F(X)=0onTo, (39¢)

F(X)=0onTy, (39d)

—HUmas (X, F(X),VF(X))=0onTsp, UTp,. (39¢)

If Wy is a subsolution of and Wh a supersolution, then:
Wi (X) < Wa(X) for all X € D,,.

Proof. Suppose now that the Lemma is not true, then there exists ¢ > 0 such
that:

CL’seu[%) Wi(x) — Wa(x)] =0 > 0. (40)

15



Consider ¥ (z,y) : D, — R defined by:

=P
.

Ue(z,y) = Wi(z) = Wa(y)

For any ¢ this function has a global maximum in (z¢, y¢) and we have for ¢
small enough: U (z¢, y¢) > o/2 > 0. Since Wy, Wy are bounded we obtain also
lim._,o |2¢ — y¢| = 0.

In addition, consider the functions:

p1(z) = Wa(y©) + M defined on Q,, = {z € R*" |  + y° < 1},

pa(y) = Wh(z) — @ defined on Q,, = {y e R*" | 2° +y < 1}.

These two functions are C' on €2, and Q,, respectively.

Then Wi (z) — ¢1(2) reaches its maximum in x¢, 1 is C1(Q,,) and W is a
subsolution of . Using the Lemma , we have:

— Humas (:ce,Wl(xE), M) <0. (41)

€

Similarly, using that the application y — Wa(y) — v2(y) has its maximum
in ¢, o is C*(Qy,,) and W; is a supersolution of (39), we have:

B € — €
S (3w, 220 2o (42
€
Combining these two equations, we obtain:

e R e (I Sy T

€ €

We use then Remark [4l with H¥mas written as:

Hemer (X, W, p) = min (tmae (ry (1 = W) = p1) + BX1 X (r1(1 = W) +p2 — p1)
= Xop2, BX1 Xa(ri(1 = W) +p2 — p1) =7 Xops) . (44)

So we obtain after few simplifications and factorisation (p is the constant
given by Remark :

- U«ma;cTV(WQ(yE) - W (mf))
+ (14 p) [B(—=x25 + y5ys) (rr — pi + p5) — vp5(ys — ©5)]
= (1+p)Brr [yiysWa(y©) — 2725 Wi(29)] < 0. (45)

Moreover:

Wi () = Wa(y") < e(af,y)

B e_ye|2

Hence,

(46)



Since W is uniformly continuous (as a continuous function on a compact)
and lim._,o |2 — y¢| = 0, we have:
€ €2
N et
lim ——— =
e—0 2¢

0. (47)
So,

2
(—zi25 +y5y5) (—pi +p3) = (—zi25 + 27Y5 — 27y5 + yiyé);(—wi +yi + 25 —y5)

9
—z7 (25 —y3) —y5(x] —v5)) - (= (@] —y1) + 25 —y5)

—~

IN
IS N NG

2 2
(|21] + w5125 — yallet — il + Zleilles — yal* + ~lvsllet — yil?

IN

€ € € € 2 € €2 2 € €2

—|z5 — ysllz] — yil + =25 — ys|” + —[2] — yil*
€ € €

Hence,

lim B|(~a5 + yis) (~pf +p5)| = 0.
Similarly, using , we have:
p5 (x5 —y3) = 0.

After eventually extracting a subsequence (€,),>0 We can suppose that
lim,, 02z = lim,, oy = T. Note that T; = 0 or To = 0 would imply
Z € Fpoa UT'; thus Wi (T) = Wa(Z) = 0 in contradiction with ¥(z¢,y¢) > ¢ and

. Therefore 71 # 0 and T2 # 0.
We can therefore rewrite as follows:

— [(1 + p)?“]ﬁflfg + ummrv] [WQ(E) -W (f)] <0. (48)
Since r7,rv, 8 >0, p > 0 and Ty # 0, To # 0 this implies that:
Wh(Z) > Wi (T). (49)

On the other hand, for € relatively small, we have Wi (z¢) > Wh(y°) + <.
Passing to the limit, we get Wy (Z) > Wa(Z). This is in contradiction with
and ends the proof of the Lemma.

As Wy < W, on D,, we have also F; < F5 on D,. When o« — 0, we obtain
]:1 S .7:2 on (.

This proof is also available for X € I'y. For I'ps and 'y, we just use the
value of the function.

Theorem 2.5. The value function V¥me= is the unique solution of the HJB

problem .

Proof. Let F; and F3 be two viscosity solutions of (26). Since Fj is a subso-
lution and F5 is a supersolution, we have, by Theorem that F; < F5 on €.
Interchanging the roles of F; and F3, we can conclude F3 < Fy. So F1 = Fo
on 2 and therefore on © (by continuity).

Thus the solution is unique. By Theorem the value function V¥me= ig
the unique solution.
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2.4 Solution candidate and its properties: the sub-critical
case

Theorem implies that in order to find the value function it is enough to find
a solution of the HJB equation .

We expect the solution to lead to a partition of the domain into a vaccina-
tion region and a non-vaccination region. An important question concerns the
regularity of the value function which at its turn is related to the uniqueness

of the optimal strategy. The frontier of the vaccination region will be seen to

¢

be related to the level line Eaxlm of Jx,(; see in appendix [Bf the definition of

ﬁf‘f}r .Thus we are about to ask a question similar to that in ﬁgurel does
)
Erx}f contain points that are enterlng the domain for control w,,., and exiting

%1€
TV /’I"
unique optimal strategies (and non smooth value functions).

When v/ < 1, for any umq, < 0o we introduce the critical point X<t

Umazx
which is the unique solution of the equations:

{X T, (50)

it for control 0. The level lines E that contain such points will lead to non

<f(X7 umam)yvaXIC(X» =0.

The proof of existence and uniqueness of X" is left as an exercise for the
reader. One can use the description of the curve (f(X, tumaz), VOx, (X)) =0
(see also the Appendix |A|for formulaes involving ¢ and its derivatives) to show
that X< = (2*,1 — 2*) where z* is the solution of:

7_( ) \/ umaz :x*e_%[(1_r*)+(x*_%)(1+ m)]

B 555 1 —x* + Umax
(51)
Then the value r‘C},’ffmw is defined as
ro = 0x, (X ). (52)

For v/8 > 1 we set rc”t .. =oc. Note that in all situations r‘c}’”ffmw > 1.

When ry < rc“t .71 we define a partition of ) in two regions

QY. ={X €Q] 0x,((X) <rv/rr} (53)

me ={X €Q|0x,{(X)>rv/r}. (54)

The level line LT /T is situated on the common frontier QY N oQY .
For v/B > 1 it may happen that ry /r; is such that Eaxl N = (; then we take

Qq‘fmm = (). This can happen for relatively small values of rv/rr as illustrated
in figure

Lemma 2.6. Any trajectory ®Xo* (t) with Xo € 0QYY N0OQY s such that
eXow(t) e QY for all t > 0 and w € Ux,.

Proof. In order to prove that the trajectory ®Xo:*(t) enters the domain QLVV“

it is enough to prove that the tangent to the trajectory has strictly positive
scalar product with the incoming normal at X to QNWV

U 1€5
(f(Xo,w(0)), —Vx,((Xo)) >0, VXo € 90Q)Y 00

max
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This follows (after some straightforward computations) from the definition of

7{{ ffmm and the monotonicity of the derivatives of {(-) as r%,r’ ffmaz is the smallest

value r where the trajectory u = w4, is tangent to the level line E?ch (see in
appendix the definition of Efxlc).

Introduce also the control ux,(t) taken to be umq, as long as the trajec-
tory ®Xo-uxo()(¢) obtained with this control ux, (t) remains in Q¥ (and zero
otherwise). It is a feedback control. Formally it is the solution of the equation:

Ux, (t) = Umax * ]1<I>X0vuxo(-)(t)eﬂv . (55)

Umazx

The fact that such a solution exists is a consequence of the regularity of the
boundary of 2} and Lemma Note that ux,(t) is of the form tmaq - Ljg,y]
with 7 > 0. Define the function I[[V-"7 : 2 — R by

I 7 (Xo) = J(Xo, ux, () (56)

X

1
dx,¢ =045

Xo

9x,¢ = 0.75 Ox,¢ =0.35
dx,¢ = 0.25

dx,C=0.5
dx,¢ =0.15

dx,¢ =025

1 X,

Figure 7: Illustration of level lines £2%€ of the function 0x, ¢ for v/B < 1 (left)
and v/B > 1 (right).

Theorem 2.7. For ry < r?jﬁmmm:
LoIGY w = Jo =11¢;
2. Iyvorr is the unique viscosity solution of the following problem:

Umazx v

Umax

Find F: QY — R such that

F is Lipschitz on QY | (57a
(Pv){ —H *umes (X, VF(X)) =0, X€QY | (57
F(X)=r{(X), XeQYV nal | (57c

—Hretmer (X VF(X)) =0,X €09Q) \(QNV nQV ). (57d

Umazx Umax

Here HVeumaz : Q) x R? — R is the Hamiltonian function:

HU e (X, p) = (f(X, Umaz), (P1,P2)) + T1BX1X2 — TV Umaa
= _umax(pl - T'V) + ﬁX1X2(7"I + D2 —p1) — v Xap2. (58)
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5. vt e CLQ);

Umazx

4. 1LY is a solution of the HJB equation .
Proof. We only consider in this proof the circumstance when v/8 < 1, the
proof for v/8 > 1 works in the same way.

Point It is enough to show that a trajectory with initial point in
remains there forever. Considering the definition of the domains for any X €

QY NNV = £8X1< the tangent direction f(X,u) to the trajectory points

Umaz Umaz

strictly to the mterlor of QuNn‘l/:z.z (for any u € [0, Umaz]); this follows from
Lemma

Point 2| These properties of the function II}V-"7 are obtained as in the proofs
of Theorems u and [2.2|once we write HTV’:I as the “value function” of a trivial
control problem Where the control is taken in the one-element set {uq,} until
reaching the frontier Q} OQNVQ on the frontier the value is r7¢(X) = Jo(X).
Point (3 The functlon C ( ) is Cfon Q (see Appendlx ; in particular TI7V "1
will be C' on QNVT. For X € QV .. We mote that HTV*” is the solutlon
of a quasi-linear first order PDE (Cf point [2) ' ) and has boundary conditions

NV
Q,

Tox,C
defined on a non-characteristic curve QNV Ade QV = 7% the curve is

Umaz — Trv/rI ;
non-characteristic because on Q3V N QY we have (f(X, umaz), Ox, (X)) #
0. Another way to see things is to parametrize the boundary curve with a
parameter a; and denote g the time required to reach the curve. Using the
regularity properties of the ODE the function is C' in parameters (o, asz) and
the change of coordinates from X to (a1, as) is regular around each point in
the interior of QV . Thus IT;V "7 will be C'on QY

Umaz "

It remains to be proved that IT;V"1 is also C! around any point X € £f§}” N

; since II7V77 and II7V "7 are both C!, the side gradients exist and
max v v

Umazx

Umax Umax

it remains only to be proved that

9x,¢
VILY " . (X) = VILV" . ( ), VX € Erv}m
Using continuity and C! properties and the fact that Iyr and II3V"!

\4 NV
Umazx Umazx

coincide on the common frontier it follows that the tangential derivatives along
the frontier are the same. Let us prove that the directional derivative also
coincide in the direction f(X, tumaz), which can be written:
(VI (X), (X, tmaz)) = (VILY T (X), f( X, Umaz)).  (59)
[9)4

Umax Umax
Umaz

Umaz

But IT;v "1 satisfies (57b]) then
<VH7U‘7/n,aTi v (X)7 f(X7 Umagg)> = _TIBX1X2 + TV Umax
Q“mam
= —H e tmes (X, VILY ™ (X)) + (VI (X), f(X, tmaz))
/]u\/]’""fal Qquxam
= (VILY™ (X), f(X, wmaz))-
8 NV

Umax
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We used above the fact that Jo = r7( satisfies H?%%(X,VJy) = 0 on  and

that for X € ﬁrX}r we can add U, multiplied by the null term r;9x, ((X)—ry

to HV0(X,V.Jp) to obtain HUa¢umaes (X V.J) = 0.
Note that the direction f(X, umqz) cannot be collinear with the tangent at

a i o i
X to the boundary [,rj}fl because for 1y < 777/ the definition of /it

ensures that f(X, tmaz) has non-zero scalar product with the normal Vix, ((X)

to the boundary. From and the coincidence of the tangential derivatives it

follows that side gradients VII}V-"1 and VIIV-1 coincide on the
Y B A

common boundary thus II;V-"7 € C!(9).
Point {4} Giving what was already proved, it remains to show that

Ix IV (X)) <ry VX € QY'Y (60)
Ox IV (X)) >ry VX € QY (61)
Equation is a simple consequence of and Point[1] For we have
to analyze in detail the function IIY "7 , we will prove that in addition:
T eNy..
Ox, IV (X) > 0VX € QY . (62)

) . ..
Consider X, € £TX}7 We integrate 8X1H7"V*a” on the characteristic curve
Youmes () issued from YV € QY that reaches the frontier at time ¢ > 0 and

point Xy which can be written: &> umaz (1) = X. Formally
Ox, IV "H(Y) = 0x, IV "1 (X)

Umaz Umaz

t
- / (VOx, Iy T (@Y maz (1)), f(@V 4 (), Umaz))dT.  (63)
0

From now on we will drop the notation ®¥>%ma= (7) and only denote (X1 (7), Xo(7)) =
X(T) — §Yotimas (7_) Note that H7V,T1 satisfies HVOCUmaz (X VHTVﬂI) = 0 on
Q'}:;nam Le., <VHZX7;:£7f(X umaw)> + TIﬁX1X2 + TV Umaz = 0 thus by differenti-

ating formally with respect to X; one obtains:

<V8X1HTV7TI (X(T))v f(X(T)7umaa:)> = BXQ(_T] — 8X1HLYR’Ii + 8X2HTV77‘I).

Umazx Umazx

But this latter quantity is integrable over [0, ¢] and after classical arguments we
obtain that [ (Vx, [IV-71 (@Y:tmas (7)), f(®Y4mar (T), Uy, ) )dr is well defined

and equals fg BXo(7)(—rr — Ox, IIV"T + Ox, I,V ") (X (1) )dT. Moreover using
again the HJB equation satisfied by II}V-"7 this term can be replaced by

Umazx Umax

/0 %(T) {umax(a)ﬁnrv,rl (X(7)) = rv) + v Xa(71)0x, IV T (X(T))] dr.

We obtain thus

Umax Umax Umax

dx Hrv r;( ) _ 8X1 v, ’I”I XO / X1 umax(axlﬂ?”v ,TT (X(T)) - TV)

Umax

1 Xa(r)Ox, I (X (7)) dr (64)

21



Similar computations allow to write:

Ox, TV 1 (Y) = 0, TV 71 (X / T [t O T (X)) = 7).
2

(65)
Then since IT;V"7 is C* it follows from the properties of ¢ that dx, HTV’” (XO)
ry and Ox, HZ‘;:; (Xo) > 0. Combined with the identities 1 (and

reasoning infinitesimally starting from X, along the characterlstlc) we obtam
Ox, IYV-"1(Y') > ry and Ox,II;V>"1(Y') > 0 and equations and follow.

Theorem 2.8. For rv < rﬂ“”” . the function 1171 is the unique solution
of the HJB equation and HZYMZ = VY¥maz = As a consequence in this case

the value function V“m‘“" is in CH(Q).

Proof. The Theorem proves that IT}}V "7 is a solution of . Furthermore,
Theorem assures the uniqueness of the solution. Then, Y¥maz = I[TV-"T,

Umaz *

2.5 Solution candidate and its properties: the super-critical

case
We work here under the hypothesis ry > r%,rff . In particular this implies
v/8 < 1.

The simplest case is when ry > 2r; and will be dealt with directly latter
in Theorem On the contrary, the situation when rv € [r{7if rr,2r]

requires some more work. In this case the value function V¥me= will not be C'.
Define (see also figure [§):

rrit = (P € L2 | £(P, umaz), VOx,C(P)) < 0} (66)

rv/rI

Using the formulas for f and the derivatives of ¢ one can prove with straight-
forward computations:

o ¢ {X € QIX; > v/} (since ri7if > 1);

rv/rr

dx,x,C(P) < 0,¥P e £2%¢

’r‘v/’l“j

Fc”bt is connected; denote by PTC;“ the other extremity of the curve; then
<f(Pcnt umaw) vaX1C(PC”t)> — 0;

Ty

VP e L2 \Terit py > (Perity;

rv/rr sub>

e the trajectories starting from points on the curve I enter the domain
{X € QVOx,((X) <ry/r;} for any u € [O,Umam];

the trajectories starting from points in L' o /” \ [Tt exit this domain for

U = Umazx-
For any Y € T'“"% introduce

ty =sup {t = 0| Jo(¥) + 1vttma

t
- / rrB®Y e (—7) By e (—7)dr < J0(<I>Y’“m“(—t))}. (67)
0
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X24~

Figure 8: Illustration of the construction of the domains Q2 and Q' . The

. A0 - : -
solid curve is Lr::}f;' The dashed curves are I'7f (from A to P*) and T'¢,

Vv

Umax

(from PZrt). The gray domain is €2

We note that the previous properties imply that tx, > 0; indeed, take Z =
@Y-umaz (—¢) for € small enough; then integrating over the curve 7 > % tmaz (7)
we obtain:

Jo(Y) = Jo(@7" e (€)) = Jo(Z) (68)
+ /0 (VJo(@Z M mes (7)), F(DZm% (1), Upnaq ) )dT. (69)

Developing the last term and using the HJB equation satisfied by Jy we can
write:

t
Jo(Y) = Jo(Z) = rvtumas — / rI [5@%“% (r)®F"mee (7)
0
Ftmar (D, Jo (@407 (7)) = 1v) | dr. (70)

The curve 7 + ®Z%Umaz (1) belongs to the domain where Oy, Jo(®Z4maz (7)) >
ry therefore Z = ®Y-4mae=z(—¢) satisfies the inequality in the equation and
as such we obtain ty > € > 0.

We define a curve I'“7%  as:

super
Do, = (@ (<ty) | Y € TS}, (71)

The curves [T and T'¢%! - define a domain that will be denoted QY : set

super
also QYV =Q\ QY asillustrated in figure
Lemma 2.9. The following inclusion holds:
{(XeQ|ox,X)=ry/ri}CQy . (72)

Therefore we also have:

QNV X e Q| 0x,((X) <ry/rr). (73)

Umax
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Proof. Let Z € {X € Q| 9x,{(X) > ry/rr} and consider the trajectory
G2 wmaz (t) starting from Z. This trajectory will exit this set at some point on

the border CTX}T , more precisely at some point of I'"%! (the direction tangent
to the trajectory has to exit the domain, which is precisely the definition of
rerit). Denote this point Y = ®Z%ma=z (7*). Using the same arguments as in the

proof of ty > 0 above and recalling that 3X1 Jo(®Zwmaz (1)) > ry for all 7 < 7
we obtain ¢ty > 7* and in particular Z € QY

Umazx

Introduce the solution candidate II}V "7 : ) — R defined by equation (5 ,
but with the control ux,(-) defined in equatlon 55) depending on the newly
defined set QY

Umaz "

Theorem 2.10. Forry € [r{ifif  rr,2r

1.
Jo(Y), f Yy e Qv (T4a)
t
H;‘T’n’:f (Y) = rvt+ / 711/3¢}/yu7nam (T)¢;/:u7nam (T)dT + JO(<1>Y,umaz (t)),
0
ifY € Q) and @ "mes(t) € TS, (74b)

Umax

2. Iyvorr is the unique viscosity solution of the following problem:
4

Find F : QV .. — R such that

F is Lipschitz on Q}fmm,

(Pv){ —HU*Umes (X, VF(X)) =0, X€Q)

F(X)=ri((X), Xe€ QNV. nayv

Umaz

(
: (75

Umaz Umaz

3. II"v-r1 s Lipschitz on §);

Umax

4. TIIVoTT s g solution of the HJB equation .

Umaz

Proof. Much of the proof uses concepts already invoked in the proof of Theo-
rem [2.7] We will only emphasize points that are specific to this situation.

Pomt 1} A trajectory with initial point in QfXXw remains there forever there-
fore we conclude as above that I}V = Jy = r1(; to prove the second

max NV

Umax

property note that the function J satisfies

(Y, u() = / ryu(r) + 11 BT (1)@ (r)dr
+J (@O (1), u(- +1)). (76)

Thus the two definitions coincide as the control iS g, on QV and 0 on
QNV' because once the trajectory reaches the frontier rerit of Q . it enters
QW and remains there.

Point 2} The proof follows the same lines as point [2] in Theorem [27]
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Point |3} The definition of the domain QV .. and the previous point ensures
that HTV’T; is continuous in points of the common boundary 992" N BQN v
thus it is continuous on 2. It is also Lipschitz on vaaw and QY Va with L1psch1tz
constants that are universally bounded, thus it is Lipschitz on Q.

Moreover, as before, one can prove that II7V-"7 is C! on T2

Another alternative is to repeat the arguments used to prove that the value
function is Lipschitz (here the control has the same structure: it has value w4,
from 0 to some finite time and then 0).
Point [4; We have to prove (the analogues of) the equations and .

Any trajectory from Z € Qvn“ (for control u = umaz]lXeQV ) will en-
counter I'“"% when exiting the domain QV e Together with the fact that

sub
ILYTT s Clin ch this allows to use 1dent1t1es . and obtain as above
that Ox, IIVoT1 (Y) > ry and Ox,IITV"1(Y) > 0 for any Y € QY ; then

follows. "

To prove use Lemma and point [3| of this Theorem.

Theorem 2.11. Forry € [rpr{fi ,2rq| the function IL,Y:"1 (defined by equa-
tion with the control ux, (- ) deﬁned in equation (55|) depending on the set

umw) is the unique solution of the HJB equation (26) and IIY "1 = Vtmasz,
The value function V¥me= is Lipschitz in Q.

Proof. The Theoremmproves that IT;V>"7 is a solution of . Furthermore,
Theorem [2.5] assures the uniqueness of the solution. Then, V¥maees = [[7V-"T,

Umaz

Theorem 2.12. For ry > 2r; the function Jy = r1C is the unique solution of
the HJB equation and V¥maer = Jy. As a consequence in this case the value
function V¥ma= s in C1(€2).

Proof. Straightforward computation and the results from Lemma [B-4] indicate
that the derivative Jy does not exceed 2r; and as such (0x,{ — rv)4+ = 0 and
Jo satisfies the required HJB equation.

3 Instantaneous vaccination

Recall that for u,,,, = oo the value function is denoted as V°°; also consult
equation for the definition of H>.

The following result connects the bounded and unbounded control problems
(see also [4] pages 113-115 for generic related results):

Theorem 3.1. The sequence (V¥me=) >0 15 decreasing and

Umaz

lim  Pimes = P>, (77)

Um gz —>00

Moreover the convergence is uniform over compacts of Q and V> is Lipschitz
over 2.

Proof. Since for any us > u; > 0 we have the inclusion L{;ﬁl C Z/{;ﬁQ the sequence

(Vumas), >0 is decreasing. Therefore liminf,, _ o V¥maer > VP>,
Let Y € Q and (dV,,)n>0 C Us® a sequence of strategies such that
lim J(Y,dV,) = V=(Y). (78)
n— oo
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For each n construct an approximating sequence of admissible strategies uj, €
U¥ such that lim uj, =dV,. Then V¥(Y) < J(Y,ul) — J(Y,dV,) thus

w—r00
limsup,,_,., VYY) < J(Y,dV,). Passing once more to the limit n — oo we

obtain limsup,,_,.. VY(Y) < V>(Y).

Then lim,,, o0 V*me* = V*°. Since functions V*me= are Lipschitz with
Lipschitz constants independent of .4, the limit V°° will be Lipschitz and the
convergence will hold in a neighborhood of Y (thus uniformly over compacts of

3.1 HJB equation and value function

Theorem 3.2. The value function V™ is a viscosity solution of the Hamilton-
Jacobi-Bellman equation:

Find F : Q — R such that

F is Lipschitz on Q, (79a)
Py ] HIXVF(X) =0, Xe0 (79b)

F(X)=0onTopa, (79¢)

F(X)=0onTy, (79d)

—H>®(X,VF(X))=0onT;. (79¢)

Proof. We will use the same arguments and notations as in the proof of the
Theorem 2.2

Step 1. First, we prove that V*° is a subsolution of . We take
the same notations and the same reasoning as in the case g, < 00. So

equation becomes:
min {ry — p1, BY1Ya(rr + p2 — p1) — vYapa} > 0. (80)

Suppose that there exists x > 0 such that:
min {ry — p1, BY1Ya(r; + p2 — p1) — yYapa} < —k.
Remark 4| page [L4] assures that there exists p > 0 such that:
p(rv = 0x,0(Y)) + BY1Yz(r1 + 0x,p(Y) — Ox,0(Y) = 7Y20x,0(Y) < —k.

Here, we choose the control p on the interval [0, ] and for the same reasons
as above, we obtain:

1)
VR(Z%) -~ V>2(Y) < —kK6 —/ pry 4+ rrB®YP (£) DY P (t)dt. (81)
0
In particular, by the optimality of V*° on Y, we have:
s
VR(Y) < / rrB®Y P (6)®Y " (t) + prydt. (82)
0

And we can conclude as above that V*° is solution of equation .
Step 2. We prove that V*° is a supersolution of .
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Using the same notations and reasoning as in the proof for ;.. < oo
equation becomes:

min{ry —x,p(Y), BY1Y2(r1 +0x,(Y) = 0x,0(Y)) =7Y20x,0(Y)} > £. (83)
In order to invalidate we invalidate, in a neighborhood of Y

ﬁ@f’“ﬂ)@g’"(')(7‘1+3x2w(‘1>y’“(~))3X1<P(‘I>Y’“(~)))V‘PQY’“(')@XQw(‘I)Y’“(')))( >)H.
84
We obtain, as above:

)
VEZ) = V() 2 oY) = 0(2%) 2 [ (Tp®¥ ) F@T ) wha
4
> 0k + / —BOV ()Y (t)rp — wix, pdt
05 4
> b — / wry + BBV (DY ()t + / w(ry — Ox, o(Y))dt
0 0
4
> 0K — / wry 4+ rrBRYY (H)®Y Y () dt,
0

because w(ry —dx, o(®Y*(+))) > 0 since w > 0 and (ry —dx, (Y (-))) >
HX(V (1), Vip(@V () > k> 0.

Once again, we conclude as in the proof of the Theorem [2.2]
3.2 Uniqueness of the solution of the HJB problem.
Theorem 3.3. Let F; a subsolution of and Fa a supersolution. Then:

F1(X) < Fo(X) for all X € Q.

Proof. We use the same notation and reasoning as in the proof in Section [2.3
The Hamiltonian used here is:

H (X, W(X),p) = min(ry (1-W™), BX1 Xa(r1 (1= W) +p2—p1) =7 Xaps).
(85)
Equation becomes:
= pry (Wa° (y°) = Wr*(a))
+ [B(=2i75 + y7ys) (rr — pi + p3) — Y05 (y5 — 25)]
= Brr [yiysWse (y°) — a1z (a9)] < 0. (86)
And for the same reasons as in the proof for u,,,, bounded we obtain instead
of :
— [r1BT1 T2 + prv] W () — W°(T)] < 0. (87)

We can conclude as when 4, is bounded.

27



3.3 A candidate value function: the sub-critical case
We introduce the critical point value r€,’:ff0:

Pl = sup{r > 0 | 0%, x,C(X) > 0 VX € £}, (88)

We see (after some computations) that r%”oz < oo forvy/B < 1and rc”t =00
for v/8 > 1. Note that in all situations r{7% > 1.

We introduce the critical point ng” Whlch is the unique solution of the
following equation:

0%, x, C(XL') = 0, XL e Ty (89)
As in (51)), we show that X% = (2*,1 — 2*) where z* is the solution of:
8 « _ VN s —F[a—a)+2(a" - 3)]
— |z = =zxe ? Bl 90
B ( 5) &0
When ry < rcm r; we define a partition of €2 in two regions
QX ={Y € Q| 0x,((Y) <rv/r1} (91)
QL ={Y €Q|0x,((Y) > rv/r}. (92)

crit 1 crit
Note that {71, = limy,,,, o T,

: and for u,,q, large enough Qum =
QY (and QY = QIV). As before we can prove the following:

x

Lemma 3.4. Any trajectory ®Y-V (t) with Y € E?‘f} = 00NV NoNY is such
that Y2V (t) € QXY for allt > 0 (dV € Uy ).

To any Y € Q associate the unique AY > 0 such that (Y1 —AY,Y3) € Ef‘f}m
and define: TITY"(Y) = J(Y, AY §;—p). If AY does not exist then set AY =0
with the convention 0 x §;—g = 0. Note that AY =0 for any Y € QY and

umaa:
moreover:

Jo(Y)if Y € QYV

Jo(Yi = AY,Yy) + 1y (AY) i Y € QY. (Y1 - AY,Y) € L07¢
(93)

For tmqe large enough II7V-"1 and IITY>" coincide on Qfxxw Moreover since

forany Y € QZM and given uq, the optimal strategies uy™” converge (when

Umaz — 00) to the Dirac delta function AY d;—g then:

Iy (Y) = {

AY > 0.

VeY)= lim V¢me=(Y)= lim J(Y,uym)=J(Y,AY §=) = 0" (Y).

Umaxz —> OO Umaz —>00
(94)
Therefore we proved the following:

Theorem 3.5. For TV < rlrc”t the function IILY " is the unique solution of
the HJB equation and HTV’” = V. As a consequence in this case the
value function V> is in C1((2).

Proof. The proof is already above.
A direct proof also can be given; for instance suppose one wants to prove
e.g., that —H>(Y, VIILY""1(Y)) =0 for Y € Q.
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The mere definition of the domain QY imply that ry — dx,Jo > 0 on
this domain; on the other hand X1 Xs(rr + dx,Jo — Ox, Jo) — 7X20x,Jo = 0
everywhere; thus —H> (Y, VIV "1 (Y)) = 0 for Y € QYV.

For Y € QY (with (Y; — AY,Y3) € £, ) the definition of I im-
plies that for any e < AY: TI0V-"1(Y1,Ys) = IILV"1 (Y] — €,Ys) + rye thus
Ox, IV (Y) = ry; in addition dx,IT5V" (V) = Ox, 10" (Y1 — AY, Ys) and
0x, ¢

the conclusion follows from the HJB equation of Jy on the Erv .

3.4 A candidate value function: the super-critical case

We consider here the situation 7y /r; > r¢7  : note that this implies v/8 < 1.

Viumaaz
Introduce _ ox. ¢
Do = {Y € £298 | 9%, x, C(Y) < 0}, (95)
For any Y € T'“"%! define:
}Gsuper = sup{Z1 >V | J()(Y) + Tv(Zl — Yl) < Jo(Zl,YQ)}. (96)
We define a curve Fgg’;er as:
Dorper = 1Y, Y2) | Y € T07 ) (97)

Remark 5. We can express ' in a parametric form:

Fcrit _ {(X1A7X2A) e | 0< A < Amafb}v

sub —

where A,,q. is such that XQA"“” =0 and

Ale P78 1)

A
M= i awa (%)
YT
_ v rv. YA ByA
XQA_—61H< ! L A)-’”Xl (H;”fl). (99)
Y 1+ 22Xy 1+ 22Xy
The curves ¢ and T'%if - define a domain that will be denoted QY ; set
also QYV = 0\ QY.

Note that when ry > 2r; the sets T¢Té Fgffz’fer and QY are empty.

To any Y € Q associate the unique AY > 0 such that (Y; — AY,Ys) € T'¢"it

and define: TITY"(Y) = J(Y, AY §;—p). If AY does not exist then set AY =0
with the convention 0 x §;—9 = 0. Note that AY = 0 for any Y € QYV and
moreover:

Jo(Y)if Y € QYV

Jo(Y1 =AY, Y,) + 1y (AY) if Y € QL (Y1 — AY,Ys) € I‘jg& AY > 0.
(100)

Note that for any given Y € QXC for e, large enough Y € QXMI. Moreover

for any Y € Q}fmw and given Umq, the optimal strategies uy™** converge (when

Umaz — 00) to a Dirac delta function AY d;—¢ then:

V>e(Y)= lim OOV“"W (Y)= lim J(Y,uy™=)=JY,AYd=) =IIY" (V).

Umaz— Umaz =0
(101)

() = {

Therefore we proved the following:
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Theorem 3.6. For rv > 7"17“%}“ the function IILY " is the unique solution
of the HJB equation and IITY"™" = V. In particular when ry > 2rp:
Ve = Jy € CHQ) but when % E}rﬁff”oﬁ),%[[ the value function V*° is only
Lipschitz.

4 Summary of optimal strategies

When 4, < oo from the equations and , the Bellman principle and
the properties of the value function it follows that for Y € QV ., the optimal
strategy is initially u = %pqe, while in QY Va the optimal control is necessar-
ily null. Similar arguments hold for other situations; thus we can completely
describe the optimal strategies for an arbitrary initial point Y € Q:

e when U,q, < oo: if Y € QV vaccinate with rate u,,q, until reaching
the frontier of domain va{m "and then stop vaccination. If Y ¢ QY do
not vaccinate at all;

e when Uy,q, = 00: if Y € ng instantaneously vaccinate the minimal num-
ber of individuals that allow to reach the frontier of domain QY. and then
stop vaccination. If Y ¢ QY do not vaccinate at all.

Note that when ry E]r%fff LT 27| the optimal strategy may not be unique.
This happens on the frontier F‘s"%w when two different strategies give the same
cost (because the value function is continuous): either vaccinate until reaching
ngjg and then stop vaccinating or do not vaccinate at all. See also figure [5( for
an illustration. Otherwise the optimal strategy is unique.

We refer to the text for the definitions of the domains 2} and QY for
instance when e, < 00 and ry < {7y (for y/8 < 1): QY ={Y €
Q| Ix,C(Y) > ry/ri} but when upme, < oo and ry € [r%}jfmmr]ﬂr]] (for
v/B < 1) the definition of the domain Q) is more involved (cf. previous
sections); same for QY. and rmt

With respect to the eX1st1ng hterature the above optimal strategies are dis-

tinct in several aspects:

e when U4, < 00: previous contributions take Q) ={V € Q| 0x,{(Y) >
rv/rr} while our definition is different for rv € [r{7if r7,2r7]. The

strategies here will lead to lower costs.

e when ., = o0o: we do not ask full vaccination but only vaccinate the
minimum proportion that allows to reach the frontier of QY .

Finaly, Remark [1| shows that the cost functional in the equation @ has the
same optimal strategies and vaccination regions.
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Appendix
A Properties of the number of infected people
without vaccination

We recall some properties of the number of infected people in absence of vacci-
nation. The reader can also consult [2] [I]. Consider the model without control:

4D = —BX(H)Xa(1),
Pl = BX (£) Xa (t) — 7 Xa(1), (102)

ax
;t(t) =X (1).

Lemma A.1. The size ¢ of an epidemic without vaccination starting at ®*°(0) =
X = (X1, X2) is the unique solution in [0, X1[ of the equation:

1— X% = e 5240, (103)

Moreover ((X) > X1 — %, VX € Q and ¢ € CH().

Remark 6. Although ¢ depends on X, when there is no ambiguity, we will just
write (.

Proof. Denote X{° = lim;_,oo ®7°°(t), X5° = limy 00 ®5 °(t). Straightfor-
ward computations allow to prove that:

X0(p) = Xy e F -2 O-200), (104)

Or X5° = 0 thus X1 Xle_?(Xl"’X2 ). Using that ¢ = X; — X° we
obtain equation

Let F(y,Xl,Xg) = T tXa) _ (1 — &) defined on [0, X1] x Q. Since
F(0,X1,Xo) = e 552 =1 <0 and F(Xy, X1, X2) = e FX2) 5 0 the equa-
tion (in y) F(y, X1, X2) = 0 has at least a solution in [0, X [; thus equation
has at least a solution in [0, X;[.

Moreover B—F(y,Xl,Xg) = —é e~ 5 WHX2) + 1 . Since y < X3 < 1 and

X; + X5 < 1 we obtain 2 (y,Xl,Xg) —ﬁe ¥+ 1 > 0 (because 1 > ze™* for
any z > 0); therefore F( Xl, Xs) is strlctly increasing in y and the solution (
is unique.

If X1 < g since ¢ > 0 we obtain immediately { > X; — % If on the contrary

X1 = 4 (thus in particular 5%~ €]0,1]) we obtain:
X1 -2
F(¥; - %’X%XQ) =S - S
_B _a Yy
<e"Xm3 oL < 105
<e X < (105)
where for the last inequality we used that e!~1/? —z < 0 for any z = ﬁT €]0, 1.

Therefore the solution ¢ is in [(X7 — v/8)+, X1[. When X belongs to the open
set 2 then same arguments show that the inequality ¢ > (X7 — ~/f) is strict.
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Remark 7. Thanks to (103) we obtain by the implicit function Theorem that ¢
has continuous derivatives around any X € 2; we can calculate first and second
partial derivatives of ¢ with respect to X; and Xo:

¢ _ ¢

_ , 106
X1 x, (1+§(<—X1)) "
¢ /B _
0Xo (—Xi+7/B o
¢ ¢ —2X1 +29/B)(C — Xy) (108)
X2 B X3¢ — X1 +v/B)° 7
¢ ¢ (X1 —/B)(C - X1) (109)

0X,0X,  0X20X1 B Xu(C— X1 +7/B)°
Note that since ¢ > Xy — 4 all fractions are well defined and ¢ is even C?(Q).

B Properties of the trajectories

Lemma B.1. 0x,Jo = g)‘](ol is decreasing along trajectories of the system (102)).

Proof. We have to prove that:

(f(X,0), Vox, Jo(X)) < 0. (110)

Using the expression of ¢, we have: Jo(X) = [~ 71 X1(7)Xa(7)dr = r{(X).
Equation (110) can thus be rewritten as follows:

(f(X,0),Vox, () <0. (111)

Using equations ((108)) and (109)), this gives after some computations:

2
X <§X1+7> >0
B
which is always true because X; is strictly positive and ( # X; — %

Lemma B.2. For all Y € Ty UT 4 the trajectory ®Y(t) is incoming in
QVYu e Uy.

Proof. For I'y, the scalar product with the incoming normal is positive:
(f(X,u),(=1,-1)) =yXo +u > 0 Yu € [0, Upmaz)-
For I'44:
(FX ), (0,1)) = Xa(BX1 =) = 0 ¥ € [0, tpnae):
Lemma B.3. J, is C1(Q).

Proof. Since Jy = r;{ the conclusion follows from Lemma
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Lemma B.4. For all X € Q, we have %(X) < 2. Therefore 0 < g)‘](ol (X) <
2r; VX € Q.

Proof. Using expression in (106), to prove dx, ¢ < 2, we just have to show that
2X1(X1-7%)
2 —x—7

the Lemma so X; > % and we denote £ =
that F(£, X1, Xa) < 0.
With these notations, we have F(£, X1, Xs) = e B (EFX2) _ 2X1%—%'
If we note z = gﬁ, we obtain, e 2 X2 _ (z+V22+1).

Ase *7 5% < ez < ﬁ, this proves that F(£, X1, X5) <0.

. For that, we take same notation and result as in the proof of

2X,(X1-3)

pema We have to prove

Lemma B.5. The level lines defined by £ = {(X1,X2) € Q] aa)gl (X)=r}
have the parametric equation:

i -
1-— T éXl (112)
oo

and have point A = (%, 0) as limit (but A ¢ %16 ).

rv/rr

Proof. If X = (X;,X3) € Joiaal using the definition of £ and (109) we

have:
_B 1
=X —I—. 113

Then, we replace in to obtain the parametric equation. Note that Vx(
is not defined at A. The level line ,nglc is Toa and the level line E?ch
is {X € Q[ Xy = J}. Suppose r ¢ {0,1}, then for any X € £ we
have aa—)gl(X ) # 0. The level line £2%¢ i regular in the neighborhood of any
X = (X1,X3) € Q. Indeed if %(y) = r by the implicit function Theo-
rem in the neighborhood of X there exists a curve X = X5(X;) such that
%(Xl,Xg(Xl)) = r. Moreover, by the same Theorem X,(X;) is C! lo-
cally. Thus the level line L?Xl( is regular around any point in . As such
it does not have self-intersections either. In addition for any r € [0, 2] since
limxl_%_ Ba—)gl(Xl,O) =0 and limxl_)%Jr aa—)gl(Xl,O) = 2 by continuity we ob-

tain that folc will be as close to A as wanted thus A is an extremity of folc
(but does not belong to it).
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