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Abstract

This paper is devoted to the convergence analysis of stochastic approximation algorithms of
the form
9n+1 - 971 + 7’!1+1H(9n7 XnJrl)

where (0,,),, is a Re-valued sequence, (7,), is a deterministic step-size sequence and (X,,), is a
controlled Markov chain. The originality of our framework is to address the convergence under
weak assumptions on the smoothness-in-6 of the function 6 — H(6,x). It is usually assumed
that this function is continuous for any x; in this work, we propose a new condition which allows
to consider fields H which are not continuous in . Our results are illustrated by consider-
ing stochastic approximation algorithms for quantile estimation and stochastic approximation
algorithms for solving a vector quantization problem.

1 Introduction

Stochastic Approximation (SA) methods have been introduced by [34] as algorithms to find the
roots of h : R? — R¢ when only noisy measurements of h are available. It is therefore among the
class of stochastic (local) optimization algorithms which solve mingee L(6) where L is the objective
function (also called loss function), 6 is the adjustable parameter and C is the constraint set. In this
optimization framework, h is the gradient of the function L or the gradient of the sum of L and a
penalty function to take into account the constraint set.

SA algorithms are iterative algorithms of the form

9n+1 =0, + In+1Tn+1 (1)

where 6, is the estimation of the root of h at time n, {7y,,n € N} is a sequence of deterministic
nonnegative stepsizes and {n,,n € N} is a random sequence of noisy measurements of h. In the
seminal work of Robbins and Monro [34], 1, is a noisy observation of h(,) while in the paper by
Kiefer and Wolfowitz [20], 1, is an approximation of the gradient of L based on measurements of L.
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There is a rich convergence theory developed for many years about stochastic approximation
algorithms. Some of them are about the long-time behavior: they prove the convergence of the
sequence {0,,,n € N} to the set {6 : h(f) = 0} and establish asymptotic normality of the normalized
deviation v, 1/2 (05, — 6,) along the event {lim,, #,, = 6,}. Robbins and Monro in [34]| provide condi-
tions implying the mean-square convergence of the sequence {6,,n € N}, while the first conditions
for almost-sure convergence were given by [7]. The first results on the asymptotic normality were
obtained by [37, 14, 36]. These long-time behavior analyses are derived under conditions on the set
{6 : h(0) = 0}, on the sequence {~,,n € N} and on the noise sequence {n,,n € N}. The limiting
set {6 : h(#) = 0} has to be attractive in some sense. The stepsize sequence has to vanish at a rate
such that )+, = oo in order to prevent the algorithm to have premature and false convergence,
but has to decrease rapidly enough in order to control the noise sequence {n,,n € N} and allow
the convergence of the iterative scheme (1). About the noise sequence {n,,n € N}, the first results
were obtained in the case 1,41 = H(0,, X,+1) when {X,,,n € N} are independent and identically
distributed. They were then extended to the case the conditional distribution of X,,1; given the
past history of the algorithm depends on 6,, or on both (6,,X,). The former is sometimes called
Robbins-Monro algorithm (see e.g. [6]) and the latter corresponds to a controlled Markovian (also
called state-dependent) dynamic. The interested reader will find in [24, 6, 40, 5, 25, 41, 8] many
results on stochastic approximation algorithms.

The goal of this paper is to provide almost-sure convergence results of the sequence {6,,,n € N}
in the case 1,41 = H (0, X5+1) under weaker conditions on the regularity of the field H than what
is usually assumed in the literature; and in the general case when {X,,,n € N} is a controlled Markov
chain.

When the elements of the sequence {X,,,n € N} are independent, no regularity conditions are
required on the field H. Indeed, in this case, convergence results are directly obtained from super-
martingale arguments |6, Section 5|. When {X,,,n € N} is a controlled Markovian sequence, Kushner
[23] and Tadi¢ [43, Theorem 4.1] provide convergence results on SA algorithms by introducing reg-
ularity assumptions on H: for any z, 6 — H (6, x) is assumed to be Holder-continuous (see [23, Eq.
(4.2)] and [43, Eq. (4.1)]; see also |2, assumption (DRI2) and Proposition 6.1.]). Nevertheless in
many practical cases, the field H may not be continuous with respect to 6: examples are given in
[9, 10] for online learning, in [21] for finding the distribution with minimal quantile of a given order
among a parametric family of distributions; see also Section 4 below.

Convergence results on stochastic approximation algorithm with discontinuous dynamic H are
established under restrictive assumptions. For example, in 27|, the sequence {X,,,n € N} has to
satisfy a strong law of large numbers: lim, n=t >"7_; H(0x, X,,) = h(6,) almost surely, at some rate,
for any 0, € {h = 0}. Such a strong law of large numbers with a rate of convergence may reveal to
be restrictive on {X,,n € N}.

In this paper, we aim at proving the convergence of a stochastic approximation scheme for a
discontinuous dynamic H when {X,,,n € N} is a controlled Markov chain; note that this case covers
the Robbins-Monro case. A preliminary step to the proof of convergence is the proof of stability [25].
Different strategies have been proposed in the literature in order to make SA algorithms stable
(see for example [44, 25, 19]). Among them, Chen and Zhu force the sequence produced by their
algorithm to remain in a randomly growing compact set [12]. Below, we will address the convergence
of the self-stabilized stochastic approximation algorithm proposed in [2]: this algorithm introduces



truncations on random varying sets, as Chen and Zhou do but with Markovian dynamics, and in
Theorem 2.1(i) sufficient conditions implying that the number of truncations is finite almost-surely
are provided. Therefore, this stabilized algorithm follows the equation (1) after some random (but
almost-surely finite) time. We then provide sufficient conditions for the almost-sure convergence of
{6,,n € N} (see Theorem 2.1(ii)).

These results are motivated by the following applications. Firstly, quantile and multidimensional
median approximation are considered. Such approximations can be used in adaptation processes for
controlled Markov chains, as suggested in [3]. Quantile stochastic approximation is for example used
with Markovian dynamics in [39] as an adaptation process. The second application considered in this
work is vector quantization when solved by the 0 neighbors Kohonen algorithm. This algorithm is
used for example in finance, in frameworks where the observation sequence {X,,,n € N} is Markovian

[33].

The paper is organized as follows: the stabilized stochastic approximation algorithm is described
in Section 2.1; the assumptions and the convergence results are resp. in Sections 2.2 and 2.3. Section 4
is devoted to some applications. Finally, the proofs are postponed in Section 3.

2 Convergence results

2.1 A stabilized Stochastic Approximation algorithm

A popular method to solve the stability problem is to force the sequence {6,,,n € N} to remain in
a fixed active compact set . Nevertheless, this method is not satisfactory because a good choice
for K requires some knowledge about the location of the roots of h. The advantage of the solution
proposed by Chen and Zhu [12] (see also [11, 43]) is that it does not require to fix, prior the run of
the algorithm, a compact set in which all the estimates will be restricted: the active compact set is
allowed to randomly grow. The proof of convergence of this stabilized algorithm relies on the key
fact that the number of updates of the active set will be almost surely finite so that almost-surely,
the limiting points of this stabilized sequence are the limiting points of the original algorithm. The
paper by Andrieu, Moulines and Priouret [2]| introduces a slightly different version of the algorithm
of [11] by allowing a control on the stepsizes after each update of the active set and by modifying
the variation mechanism of the active set. A last strategy for stabilization is proposed by Andrieu
and Vihola [4], in which Andradottir’s expanding projection approach is studied in the Markovian
case. Hereafter, we will consider the stochastic approximation algorithm as proposed in [2]. We now
fix some notations and describe this stabilized algorithm.

Let © be an open subset of R? equipped with its Borel o-field B(0); X be a general space with a
countably generated o-field X'; and let H : © x X — R? be a measurable function. Let {Pp,6 € O}
be a family of transition kernels on (X, X’). For any non negative number ~, define a transition

kernel @ on (X x ©,X x B(©)) by

Q. f(x.0) = / Py(e.dy) f(y.0 +~H(0.y), zeX.6€0, )

for any measurable function f such that the integral is well defined. Before running the stabilized
algorithm, the user has to choose a sequence of increasing compact sets: let {ICy,q > 0} be a sequence



of compact subsets of © such that

U Ky=06, and K, Cint(Ksy1), ¢>0, (3)
q=>0

where int(A) denotes the interior of the set A. Roughly speaking, the algorithm runs as follows:
the algorithm is initialized at (Xo,6p) and the active set is set to Ko. If, at iteration n, 6, is in the
current active set then conditionally to the past, (X, 41,0,41) is sampled from Q- (X, 0n; -, -) where
{Sn,m € N} is some (possibly random) counter. If 6,, is not in the active set, then (i) (Xp41,0n41) ~
Q~,, (P(Xp,0,);-,-) where @ : X x © — X x O is a measurable function which is usually chosen as
a projection function on a bounded set of X x O; and (%i) the active set is modified.

In order to give a Markovian dynamic to the above algorithm, integer-valued random variables
Kn, Vn,Sp have to be introduced. k,, is the index of the active set at the end of iteration n. v, is the
time spent from the last update of the active set: v, = 0 iff k, # k,_1. Finally, the method also
allows a modification of the stepsize sequence every time the active set is modified: at time n, the
step size is v, where ¢, is defined by

Gn + &(vy)  if the active compact set is modified at iteration n
§77/+1 = . .
Sn+1 otherwise;

and ¢ : ZT — Z is a measurable function such that ¢(k) > —k for any k. As discussed in [2], different
choices can be made for the function ¢. For example, ¢(k) = 1 for all k£ in N implies that the sequence
{sn,m € N} is deterministic and g, = n. Another example consists in choosing ¢(k) = 1 — k: the
number of iterations between two successive updates of the active set is not taken into account.

The above algorithm can be summarized as follows: it is initialised at (Xg,0y) € X x © and
vy = ko = 0 and ¢y = 1; a transition (X, 0p, Kn, Vn,Sn) = (Xnt1, Ont1, Bnt1s Vntl, Snt1) 1s described
by Algorithm 1.

Algorithm 1

e sample
(X415 0n41) ~ { g:z: E;}}(n),(g,;,eg% ! iC)ft}Verv:vi(s)e : @
e set .
(Knt1s Vnt1, Sn1) = { Ezriqﬁ),l;;l—tp?yn)) ftﬁzzrvifije].cﬁn 5)

Note from (2) that, except when the active set is modified at time n, the conditional distribution of
Xn+1 given the past is a Markov transition kernel controlled by the current value of the parameter
0. The above framework is quite general: it covers the case when {X,,,n € N} is a (non-controlled)
Markov chain by choosing Py = P for any €, the Robbins-Monro case by choosing Py(z,-) = my for
any x where {mg, 0 € O} is a class of distributions on X, and the case when {X,,,n € N} is an i.i.d.
sequence with distribution 7 by choosing Py(x,dy) = w(dy) for any x, 6.



2.2 Assumptions

In the rest of the paper, for any d € N, let <-, > denote the usual scalar product in R? and || - ||
denote the associated norm.

We now introduce sufficient conditions for the stability and the convergence of the sequence
{6,,n € N} described by Algorithm 1. By construction, a path of the sequence {6,,n € N} can be
decomposed into blocks of random length such that during the block, the sequence is in a compact
set. Therefore, as shown in [2|, the proof essentially consists in controlling the increment 6,11 — 6,
along the event that {0,,,n € N} remains in a compact. To that goal, for any K C ©, define the
stopping-time

o(K) = inf{n > 1,0, ¢ K} , (6)

with convention inf () = +00. For any function W : X — [1,00), define the WW-norm of a measurable
function f: X — R and the W-norm of a signed measure u on (X, X) by
— o _
|flw = sup 7, [ullw = sup  [u(f)]
X Llflwsl

Finally, for a sequence v = {7y,,n € N}, denote by PZ,@ (resp. EZ,G) the probability (resp. the
expectation) associated with the non-homogeneous Markov chain with §, ) as initial distribution
and @,,Q~,,- - as transition kernels.

It is assumed that the functions ® and H satisfy Al; assumptions on the ergodic behavior of
the transition kernels Py are given by A2. A4 introduce the conditions on the regularity in 8 of the
dynamic H and the mean field function. Finally, conditions on the stepsize sequence {~,,n € N} are
given in Ab.

Al (a) ¢: X x 0O — K x Ky where K € X.

(b) H: © x X — O is measurable and there exists a measurable function W : X — [1, 00)
such that for any compact set I C O, supgeic |H(0,.)|lw < oo.

(c) supg W < 0.

A2 The kernels { Py, 0 € O} satisfy the following conditions:

(a) For any 0 in O, the kernel Py has a unique stationary distribution 7.

(b) For any compact K C ©, there exist positive constants C' < oo and A < 1 such that for
any x € X, [ >0,

sup | Py(z,.) — mllw < CAW (z) , sup mp(W) < oo .
oeK oeK

(¢) There exists p > 1 and for any compact set K C O, there exists a constant C' such that
for ¢ > 0 and any z € X,

supsupEZ;q [Wp(Xk)l{a(lC)Zk}] < CWP(x)
0ek k>0

where v = {y,4n,n € N}.



When Py = P for any 6, sufficient conditions for A2 are given in [30, Chapters 10 and 15|: they are
mainly implied by a drift condition of the form

PWP(z) < AWP(z) + ble()

where 0 < A < 1, b > 0 and C is small [30, Chapter 5. When P depends upon 6, A2(b-c) results
in an homogeneous behavior of Py for # being in a compact set. Sufficient conditions in terms of
drift inequality and minorization conditions implying A2(b-c) can be found in [15, Lemma 2.3|. For
example, a family of adaptive Metropolis-Hastings kernels with the same invariant distribution 7
satisfies A2 provided 7 is sub-exponential (see e.g. [38, Proposition 15| or [15, Example 2|). Note
that in general, it is really unlikely that conditions of the form A2(b-c) when the supremum in 6 is
for 0 € © hold. Nevertheless, the stabilization procedure only requires to control the chain when
{6,,,n € N} remains in a compact, thus yielding to a supremum over K, for any compact set K.

We now introduce the regularity conditions on H and assume that there exists a global Lyapunov
function for the mean-field h defined by

ho) = / wo(dz) H(0, ) (7)

A3 There exists a € (0,1] and for any compact set K C O, there exists a constant C' > 0 such
that for all § > 0,

sup/ﬂg(dx) sup |H(0' z) — H(0,2)|| < C6 .
oex {0",]16"—0]|<d}

A3 is used to obtain some regularity for the solution to the Poisson equation associated to the
field H (see details below). This solution to the Poisson equation appears when decomposing the
sum of the noises obtained at each iteration in a martingale term and a remaining term. As said
previously, when the sequence {X,,,n € N} is independent, convergence results are directly obtained
with martingale arguments (see |6, Section 5| for details), and there is no need to assume A3.

This assumption does not imply that  — H(6,z) is continuous for any z, which is the usual
framework when proving the convergence of SA algorithms |2, Section 6]; the classical assumption is of
the form supy, g,ex [|01—02]| 77 |H (61,)—H (02, -)|w < oo for some 3 € (0, 1] and suppex mp(W) < o0,
which implies the condition A3 with o = § so that our framework covers this usual case.

A4 h is continuous on © and there exists a continuously differentiable function w : © — [0, c0)
such that

(a) There exists My > supy, w such that
L= {e c o, <Vw(a),h(e)> - o} c {0 €0,w®) < M)} . (8)

(b) There exists My € (M, o] such that {# € ©,w(f) < My} is a compact set.
(c) For any 0 € ©\ L, <Vw(a), h(0)> <0.
(d) w(£) has an empty interior.



Lemma 3.7 shows that under assumptions A2 and A3, h is continuous as soon as limg_,g Dy (6,0') =
0 where Dyy is some measure of the difference between the kernels Py and Py and is defined by

A4 is a classical assumption in stochastic approximation theory (see for example [6, Part II, Section
1.6], or [8, Section 3.3]). It is known as the Robbins-Siegmund assumption [27]| in reference to
the Robbins-Siegmund Lemma [35]. We finally conclude this set of assumptions by conditions on
the stepsize v = {7,,n € N}. To make these conditions readable, we assume that this sequence is
polynomially decreasing. The proofs are nevertheless written with a generic stepsize sequence and
A6 in Section 3 states the conditions on {7,,n € N} in the general case.

A5 v = {y/(n+1)% n >0} with 3 satisfying:

(a) B € (max <1 1+°‘/p> ; 1], where p and « are respectively defined in A2(c) and A3.

2 1ta
(b) For any compact set K C © and any C > 0, there exists r € (5% —11- 6_1p) such that
for any I' > 0,
k
. log2 k+q
lim Z (76) Z Dji(q) =0,
g0 (k+q)Pf
k:k—[Clog(k+q)]>0 j=k—[Clog(k+q)]+1
where
—q _ (p—1)/p

Dj(q) = sup  EJ, [DW(%,@J'—Q”/ D1 0021 g, -6, 1 J<r ()50 ,

(z,0)eKxKo
[-] denotes the upper integer part and K, p are respectively given by Al(a) and A2(c).

In the simple case when for any § € ©, Py = P, Dy (0,6") = 0 for any 6, ¢, and A5(b) is trivial.

When for any compact subset £ C ©, there exists a constant C' such that supy gcxc Dw (6, 6') <
C||0 — 0'|| (this is the case for some Adaptive Metropolis kernels Py, see [1, Lemma 13]), then A5(b)
holds if B(1 +r) > 1; since a € (0, 1] (see A3), the condition 7 > a~1(1/8 — 1) implies B(1 +7) > 1
and A5(b) holds.

2.3 Main result

Algorithm 1 defines a © x X x N3-valued homogeneous Markov chain Z = {(X, 0, kn, Vn,5n), 1 €
N}. We denote by P, (resp. E,g) the canonical probability (resp. the canonical expectation)
associated to Z, with initial distribution 6, ,0,0,1)-

The following theorem shows that the number of updates of the active set is finite almost-surely:
this implies that there exists a random time N, finite almost-surely and such that for any n > N,

an—l—l - Hn + ’YCN+n7NH(0n7 Xn—l—l) .

The second statement establishes the convergence of this stabilized sequence to the set £ defined by
(8). The proof of Theorem 2.1 is given in Section 3.



Theorem 2.1. Assume Al to Ab.

(i) With probability one, the number of updates of the active set is finite: for any x € K and
RS IC(),

@x,g supkr < oo | =1.
k>1

(i) With probability one, the sequence {0,,n € N} converges to the set L given by (8): for any
ze K and 6 € Ko,

P, ( lim d(0g, L) = 0) =1.
k—o0

3 Proofs

Define the translated sequence v = {7y,4n,n > 0} and the level set Wiy = {6 € ©,w(0) < M}.
All the discussions below are written with a generic sequence -, in order to outline the extension of
our work to the case when ~,, is not polynomially decreasing. We prove Theorem 2.1 by replacing

A5 with

A6 The sequence v = {7y,,n € N} is a non-increasing positive sequence such that:

(a) 3 = 0.

(b) 3= (7% +72) < oo where p is given by A2(c).

c) There exists a constant r € (0,1) satisfyin

() : ying
(i) o 75(14) < oo, with p defined in A2(c).
(i) For any constant C' >0, Y, 'yll\'f(ka_(

(iii) For any constant C' > 0, lim,_, supy, T’Z)‘I(kj)w;rkqu(k) = 0 where ¢y(k) = (k — 1) A
[Cllog(Vk+4)1-

(iv) For any compact subset I of © and any positive constants C, T,

Ol log 1) 108(0) [TH* < 00, with o defined in A3.

k
. “q _ (r—1)/p
qgrgoZ’YkJqurﬂbg(k) Z ( G)Seulgx/c EZ,Q [DW(ejvaj—l)p/(p 1)1{0(’C)2j}1||9j—9j—1||§F“/§+q =0,
k j=k—tq(k)+1 1 0

where K, p are respectively given by Al(a) and A2(c).

Note that these conditions are verified with 7, oc n™? (for all large n) with 8, satisfying A5.



3.1 Proof of Theorem 2.1.(i)

If an update of the active set occurs at time ¢, then until the next update of the active set, the
update of {60,,,n > ¢} is given by:

9n+1 =0, + 'anh(an) + Yen (H(am Xn+1) - h(en)) .

As shown in [2, Theorems 2.2. and 2.3.], it is important to control the noise between two successive
updates of the active set. Note that the update of the active set mechanism described in Algorithm 1
differs from the mechanism in [2]|: due to their assumptions on the m-iterated transition kernels for
some m > 1 (see [2, Assumptions DRI]), the distance between two successive values of the parameters
have to be controlled. To that goal, they introduce a second update of the active set every time
|0n+1 — 6r] is larger than a time-dependent threshold. In this paper, our assumptions on the
transition kernels are in terms of geometric ergodicity (see A2) and therefore, this supplementary
update of the active set is relaxed.
For a stepsize sequence p = {p,,n € N}, a compact subset I of ©, and [,n > 0, set

Sin(P, K) = Liogoyzny D ok (H (01, X) — h(0-1)) ,
k=l

where o(K), defined by (6) denotes the first exit time from the set K. Following the same approach
as in [2, Sections 4 and 5|, the proof of Theorem 2.1(i) is in two steps. The first step consists in
showing that the quantity ﬁmﬂ (sukaI Kk > m) decreases at a geometric rate. This rate is an upper
bound of the sum of the errors 7y, (H (0, X, +1) — h(0,)) between two updates of the active set.

Proposition 3.1. Assume Al(a), Al(c) and A4. For any M € (My, M;], there exist dp; > 0 and
qum € N such that for any m > qx > qu,

m
sup sup E,e sup Kk = m | < | sup sup sup Pzzq sup |Sl,k(’7eq, WM)| > 0m .
€K 0Ky E>1 ¢>qx zeK 0Ky k>1

Proposition 3.1 is a slight adaptation of [2, Corollary 4.3] and the proof is omitted.
The second step of the proof consists in showing that there exist M € (My, My) and ¢, > qumr
large enough so that

sup sup sup Pzzq sup [S1 (YL W) > o | < 1. (10)
¢>qx teKOEKy k>1

To that goal, we decompose Si, into a martingale and remainder terms; set

90 =Y |Ph(H(8.)) =m0 (H(D..)] - (1)

>0

g solves the Poisson equation g — Pyg = H(0,.) — mp(H(H,.)). Under A2(b), such a solution exists
and for any compact set K it holds (see e.g.[30, Chapter 17.4]) supgex (lgolw + |Pogolw) < oo. This
allows to write for any compact set K C © and any sequence {p,,n € N}

5

S10(p: K) = Lioorzny O Pk (9001 (Xk) = Pop_ 900, (X&) = Liopyzny D Lim - (12)
k=1 =1



with

Tl,n(lc) = Zpk‘ (ggk_1 (Xk?) - ng—lggk—l (Xk;—l)) l{U(K)zk} )

=1
n—1
Ton(K) =) (prs1— or)Pop_1 90, (X)Lio(c)>k+1} >
k=1
T3 (K) = p1Po,960(X0)1{o(x)>1} — Prbb,_196,_1 (Xn)Lio(c)>n} >
n—1
Tun(K) = prs1 (Po,g6, (Xi) — Po,_ 196, (Xk)) Lio(0)>kt1} »
=1
n—1
Ts5n(K) == > prPo,_ 90, (Xi)1{o(c)=k} -
k=1

Note that 1(5(x)>n1 15, (K) = 0. Then, by Markov’s inequality, for any p; > 1, we write

3 4 Dpi
—q —q .
P7o (supysl,n(fﬁq,/qy > 5> <> (g) Elo [Sup 1{U(IC)Zn}’Ti,n(,C)‘pl]
n>1 i—1 n>1
+P7 " (Sup Ty (K)| > 5/4) .
’ n>1
Proposition 3.2 below controls the moments of 17 5, T, and T3,. Since Ko C Wy, supg W < 0o

and limg ), 7,3+q = limg 37 74, = 0 (see assumptions Al(c), A4(a) and A6(b)), Proposition 3.2
implies that for any M € (Mg, M;],

3 4 .

pi
lim — su EY,* [su 1, Tin(W pl} =0,
q%m; <5M> (:B,@)EI?XKO o anl) t (WM)Zn}| Zm( M)|

with (p1,p2,p3) = (1,1, p). The originality of our work is in the control of the last term T4 ,,. Note
that under our assumptions on H, the condition (A3) of [2] may not hold so that the computations
in the proof of |2, Proposition 5.2| can not be used for Ty ,. Choose r satisfying A6(c) and set

- ) 0 — 05—
AT ) = sup Oy <t (13)
1<k<j  Tk+4q

We write for any I' > 0,
P, (sup Ty 1 (K)| > 5/4)
k>1

4 +q
=5 E)y

- O — O
+F," (Sup Ml{o(mzk} > T) -

sup [Ty (K)[1 T
k;l)! k()L g ) B Vg

10



Lemma 3.3 combined with the assumption Al(c) shows that for any € > 0 and any M € (M, M;],
there exists I' > 0 such that

“q Or — Or—1
sup sup sup IP);/ﬁ sup Hriul{a(,qzk} > | <e
¢>0 zeK 6eko k Vg

Proposition 3.4 and the assumption Al(c) imply that for any ¢ > 0, any M € (My, M;) and any
I' > 0, there exists ¢4 such that

Y
sup sup sup E’,
¢>q x€K 0eky

- L Ze.
igll)’T4,k(WM)‘lﬂjA; q(WM,])] =€

This will conclude the proof of Theorem 2.1(i).

Proposition 3.2. Assume A1(b) and A2. For any compact subset K C O, there exists a constant
C' such that for any ¢ > 0 and any x € X,

N
Q
T
gk
2.
+
(=}
\/
g
~—
[\
&

—q
sup Ele [sup T 5 (KC)
e n>0

upET ;" [sup TntO)| < CruW @) .
oeK n>0

sup IE;’;Q [sup 1T5,(K)|P| <C <Z 7£+q> WP (z)
k=0

0eK n>0

where p is given in A2(c).
The proof is on the same lines as the computations in |2, Appendix A| and is omitted.

Lemma 3.3. Assume A1(b-c), A2(c) and let r € (0,1) satisfying A6(ci). For any compact set
K C © and any € > 0, there exists I' > 0 such that

- 0, — 0,_
sup sup sup Pzﬁq <sup Ml{a(mzn} > I’) <e
>0 zeK 9k n Tn+q

Proof. Fix a compact subset  C ©. Under ]P"7 and on the set {o(K) > n}, 0, — 0,1 =
YntqH (0n—1,X,) for any n > 0. Then, by Al(b) there exists a constant C' such that, on the set
{o(K) > n}, |0n — Op—1]| < C’yn+qW(Xn). This yields for any T > 0,

- On — O CP__ .«
Pleq (sup —H 77, 1H 1{0(/C)2n} > F) < EEZ,GQ |:Sllp ngrq )Wp( )l{O(IC)Zn}:|
n n+q

<% Zvﬁ“ DB WP (X igoysny] -
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By Al(c) and A2(c), there exists a constant C’ such that
a [0 — On—1]] Cl (1-r)
sup sup sup P sup ———— 14, >T — ~P ,
q>0 zeK 0Ky 2,0 < n ’yILJ’,q {o(K)=zn} F ; n
which concludes the proof by A6(ci). O

Proposition 3.4. Assume A1 to A4 and A6(b-c). Let M € (Mo, M) and I' > 0. There exists qx
such that for any q > qx and any x € X,

GEW]\/[

sup E7" [sgg|T4,n<wM>|1A;*q<wM,n>] < (Z CMH)) W), (14)
n2 k=1

where the C(y™?) are finite constants depending on v~ and such that limg 00 D~ Cr(v77) = 0.

Proof. Let T' > 0 and M € (My,M;) be fixed. Set K = Wy, (note that by Ad(a), Ky C K)
and let A € (0,1) be the ergodic rate given by A2(b) when applied with the compact K. Set

Pe(k) = (k—1) A {M—‘ , where [-] denotes the upper integer part. Fix M’ € (M, M) and set

[Tog(M)]
K'= Wy
By A6(ciii), there exists ¢, such that for any ¢ > g,

{# €0,d(0,K) <T S‘épwq(k)'Yngkqu(k)} cCK. (15)
Hereafter, ¢ > g.. By definition of gy (see (11)) and k() (see (7)),

Py, 96, — Poy,_, 96, = Z {Pelk (H(Ok,.)) — h(ak‘)] - Z [Pelk_l (H(Ok-1,-)) — h(Ok-1)
I>pq (k) I>q(k)

+ g (k) [h(6k) — h(Br—1) Z Bl (H(0y,.)) — P5_ (H(0k-1,.)) .
This implies Ty, (K) = Z T4(ZT)L, with

Ti,ln) = gtk Y [Pelk (H(0,.)) (Xk) — h(%)} L{o(K)>k+1} -
k=1 1>tpq (k)

Tﬁz == Yorkr1 [Pék,l (H(Ok-1,.)) (Xi) — h(@k,l)} Lo(k)>ht1} 5

1>1pq(k)
n—1
3
TéE,n) = > Yark+1¥q(E) [M(Ok) — R(Or—1)] L{opc)>k41} >
P
A n—1
TéE,n) = D Vat+k+1 Z [Pek (6k, ) (Xk) — Py, (H (61, -))(Xk)] o) >k+1} -
k=1

12



Control of T(l) and T(Q)
By Al(b) and A2(b), there exists C' > 0 such that for any ¢ > 0,

76 <

n—1
c
=1 Z7q+k+1)\wq(k)W(Xk)l{U(K)szrl} .
k=1

Hence,

Y
supE’ , Sup T4n
geK

C D ! Xi)1 o
)\¢q( ) w .
] T <§ :7q+k+1 ) Sulyc)?;;lo) z,0 [ (Xk) { (IC)Zk}]

Finally, by AQ(C), there exists a constant C' > 0 (depending upon K) such that for any ¢ > 0,

SupEZ; sup T4(172 <C <Z 7q+k+1)\wQ(k)> W(z) . (16)
ek Ln>0 1

Similarly, we obtain
supEZ;q sup Tﬁz <C qu+k+1)\w‘I(k) W(z) . (17)
ek Ln>0 =1

3)
n

Control of T4(
By Lemma 3.7, there exists C' > 0 such that for any k£ > 1
|h(0k) — h(Ok-1)1io(c)> k1) < C (Dw Ok, Ok—1) + [0k — Ok—111") Lio(x)>k+1) -
When k < o(K), 0 — Ok—1 = YgruH (Op—1, Xi) Pm; -almost surely. By A1(b), this implies
|h(0k) — P(Or—1) 11 {o(0)2kt1y < C (Dw Ok, 0r—1) + Yy x W (X1)) Lio(0)k+1} -
A2(c) finally yields

supE;’;q [sup ‘Tﬁz 1
oeK n>0

< CY grr1ty(k) (EZ;q[DW(Hk, Or—1)1trr1<o0) gz o) T 'yqoﬁrkW“(x)) . (18)

Ay (K,n)}

4)
s

Control of T4(

We finally consider the term Tﬁz along the event A'IZHI (K,n). We write

Yq (k)
T4(4n 27q+k+1z Py (H(Ok, ))(Xi) = Ph_  (H(Op—p, )5 ) (Xi) | Lo(o)>hriy
k)

wq(k‘
+Z%+k+1 Z [ Oy iy H Ok—sy (k) ))(Xk)_Pelk_l(H(ak—l,-))(Xk)} Lio(k)>kt1}

13



and consider the first term. The second term is on the same lines and will be omitted.
—q
Note that as the sequence 4“7 is non-increasing, on the set A} (K, n), for any k < n A o(K),

16k = Oy | < T 9q (k) Vorh—yq(r) -
Define the function Fp, : © x X — O by

FL(TV%') = sup ’H(G,l’) - H(Tw%')‘ :
{0:)10—7[<L}

By A4, the set K’ is a compact set, so that by Al(b), supgexs [H(6,.)|w < oo. Then, (15) implies
that there exists a constant C, such that for any & € N and any ¢ > g, on the set {o(K) > k—14(k)},
BT supy, 90 (0197 gy OB =0k )l < O (19)

It holds on the set AIXHI (K;n)n{k+1<0o(K)}

(P (H (00 0)(X0) = B, (H (0,00, ) (X5
< Pl g O = HO 00| (X) + | (P, = P, ) (B, ))(X5)
< Py vato F0a00 g0y =009 ) (Xe) + C sup [H (0, )lw Do (B, Oy 0) W (Xie) - (20)

where we used Lemma 3.5 in the last equality, and the constant C' only depends on K (and not on
k,q). On one hand, by the Holder’s inequality and the assumptions A2(c) and A6(civ)

vy -
EEEEM [DW(amek—wq(k))W(Xk)lk—f—lga(IC)lAlz q(m)]

— (»-1)/p
; 7 p/(p—1) -
< sup <Ex,9 {DW(%, Ok—yy (k) Lot gy q(,c,k)D Wz).  (21)

On the other hand,

v pl
SUplE, [Pek,wq(k)Fm(k)m_wq(k) (O (k) ')(Xk)lk-FlSU(’C)lAlT_q(K,k)]

BT [ p
< SUETS [P Frvnb11uy 00 Orn ) X0 kot Lag s

. caf !
<sup By | Po i By o Frugr, o Okt ) (K1) Lr<oto) L 47 (;C,HJ

gex
Y [ pltl
< Zgllé B _Pek,wq(k)Fqu(k)ng_wq(,@) (Ok—yq k)5 ) (Xk—1)Lk<o(x) 1A;‘_“ (K,kfl)}

—q
+ C, ZlellréElg Dw (01,0, —yp k) W (Xk—1) 1k§o(l€)1A1T_q(lc,k—1)] (22)
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where we used (19) in the last inequality. By recursion, we have

g‘g}gE , [P By LT (R, wq(k)(ek—%(k)")(Xk‘)lk-f'lﬁa(’c)lAIT_q(IC,k)}
(k)1

<G Y. ZUEE [Dw(%—j,@k—wq(k)) W (Xp—;) 1k—j+1§a(l€)1A;‘_q(K,k,j)}
j=1 '€

1 [ pl ()
+sup Rl B Fr gy O ) K)o | - (23)

By A2(b-c), A3 and (19), there exists C such that for any z € X, ¢, k,¢ >0

<0 [l (k)
£ [Pak ot FT0a 07 i Or—tia (k) ')(kawq@))1k7wq<k>+1@<fc>]

< CONHOW (@) +C (Teg() g yy) (24)

Therefore, by combining Eqgs. (20) to (24), we obtain that there exists a constant C' such that for
any ¢ = gx,

C supIE;/ﬂ [sup T4(n ‘1 ICn):|

e n>0
< Z%ﬁ?ﬁwq(k) ¢q(k)1+a + Z'Yq—i—k-i—l )\wQ(k) W(CU)
k k
g (k)—1
“aq _ (r=1)/p
) ;7q+k+17/)q(k7) ZO ZEEEZ’G [DW(9k—j,9k—wq(k))p/ P 14 j1<o(o) Lok oy
]:
(25)
Conclusion
Combining the upper bounds (16), (17), (18) and (25), we obtain (14) with C(y?) given by
= i+ DT k) + quli,?’"w w0 a(R)
k k
+ §7k+q+1 Yq(k) sup EL@ [DW(%@kq) Lit1<o00)L 40 e iy
Pq(k)—1
“q _ (r=1)/p
+§'Yq+k+lwq(k) ZO zlel}gEZﬂ [Dw(ak*ﬁek—lﬂq(k))p/(p 2 1k—j+1§0’(l€)1A;<_q(’C7k_j)
]:
The conditions A6(b) and A6(cii-civ) imply that limg ), Cip(v<9) = 0. O

Lemma 3.5. Assume A2(b). For any compact set KK C O, there exists a constant C' such that for
any 0,0 € K
o sup P2 = PGz,
n>0xeX W(x
where Dy is defined by (9).

< CDw(6,0),
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Proof. For any measurable function f such that |f|w <1,

n—1

Py (@) = Bpf(e) = 3 Ph(Py — B) (By 77 fla) = mo(f)) -
§=0
Then for any 0 < j <n—1,
PPy = Py) (B fla) = mo() | < BJW (@) | (o = P} (B F = ma(£))|

< D (6.6) ByW (&) |7 — o)

w

W
By A2(b), there exist C' > 0 and A € (0, 1) such that for any 6,6 € I,

PLW (x) ‘Pg“j’lf - w@(f)‘w < C(NW (@) + 7 (W) A3
This concludes the proof. O

Lemma 3.6. Assume A2(b-c). For any compact set K C ©, there exist C > 0 and X € (0,1) such
that for any 0,6’ € K

7o — mor|lw < CDw (6,6) .
Proof. For any x € X,y € N,

vt < [~ 5, 50 500 -]

By A2(b), there exist constants C' > 0 and A € (0,1) such that for any ¢ € N and z € X

3161’13 Hm) - Pew(x, )HW < CNYW () .

Moreover, using Lemma 3.5, there exists a constant C’ > 0 such that for any 0,6’ € K and any
r e X,

31;11% HPew(x, ) - Pée(x, )HW < C'Dw (6,0 YW (z) .

The proof follows, upon noting that x is fixed and arbitrarily chosen. O

Lemma 3.7. Assume A1(b), A2(b-c) and A3. For any compact set KK C O, there exist C > 0 and
A € (0,1) such that for any 0,0 € K,

[h(0) = h(6)] < C (Dw (0,6") + (16 = 6']]) ,

where Dy and o are given by (9) and AS3.
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Proof. Let K be a compact subset of © and 6 and ¢’ be in K. By definition of A, it holds
[1(0) — h(0)| = |mo(H(9,.)) — mo (H(9',.))| < mo(|H(0,.) — H(O',.)]) + (g — mo)(H (¥, )] -
Condition A3 implies that there exists a constant C' > 0 such that for any 6,60’ € K,
mo(lH(0,.) — H(¢',.))) < Cllo - o' .

By Lemma 3.6 and condition Al(b), there exist constants C' > 0 and A € (0,1) such that for any
0,0 € K,

mo(H(6',.)) — mor (H(6,.))| < CDw(6,0) .

The proof follows. O

3.2 Proof of Theorem 2.1(ii)

By Theorem 2.1(i), there is an almost-sure finite number x of updates of the active set. Denoting
by T, the time when the last update occurs, the second step of the proof consists in studying the
sum of the errors made from this last update to the end. Define

n

B, =limsup sup | Y v (H(0;-1,X;) = h(6;-1))| Lz, <00} -
l—woo0 n>Tx+l =Tt

Following the same lines as in [2, Theorem 5.5.], it can be shown that Propositions 3.2 and 3.4 imply
By, = 0 almost surely. This concludes the proof of Theorem 2.1.(ii) using [2, Theorem 2.3]. Details
are omitted and can be found in [2, Section 5].

4 Examples - Illustration
In all this section, for any d € N, any = € R? and any r > 0 we define
B(w,r) ={y € R [ly —z[| <r} .

4.1 Quantile approximation

The goal of this section is to estimate the quantile of order ¢, for a fixed ¢ € (0,1), of a given
distribution 7 which is assumed to satisfy the following conditions:

E1 The distribution 7 on R? is absolutely continuous with respect to the Lebesgue measure, with
bounded Radon-Nikodym derivative, and satisfies [ ||z||w(dz) < occ.

In particular, E1 implies that the cumulative distribution function associated with 7 is continuous.

E2 {Py,0 € O} is a family of kernels satisfying A2, and such that 7y = 7 for any 0 € ©.

17



4.1.1 Quantile in one dimension

We focus here on the case of quantile approximation in one dimension (i.e. d = 1); © = R and

X =R. Let g € (0,1). We consider the stochastic approximation procedure with field

H(G,x) =q- 1{:1:§«9} .

(26)

We prove that the conditions Al (b), A3 and A4 are satisfied. Therefore, Algorithm 1 run with
(m, Py) satisfying conditions E1 and E2, H given by (26), a truncation mapping ® satisfying A1 (a)
and a sequence {7,,n € N} of stepsizes satisfying A6 defines a sequence {6,,n € N} converging to

L=1{0ec0,P(X<0)=q}

Proposition 4.1. Assume E1 and E2. Then conditions A1 (b), A3 and A4 are satisfied for H given

by (26), with L = {0 € ©,P (X <0) = q}.

Proof. H is bounded, so Al(b) is satisfied for any function W > 1. Moreover,

|H(01,2) — H(02,2)| = 19, ngy<a<,v02} >

and by E1,

sup/ sup  |H(01,2) — H(bs,z)|r(dx) < sup/1{9_5<x<9+5}w(daz) < 2§sup .
0erR J 0,,0,€B(6,5) 9cR == X

Therefore, A3 is satisfied with a = 1 and C' = 2supx 7.
Define

w(®) = 38 10 XU+ (5-0) 0.

where under P, (and the associated expectation E;), X ~ 7. We have for any ¢ > 0,

1 1
w(@+1t) —w(l) = 5/(|9+t—x| — 10 — z|) w(x)dx + <§—q>t
= E/ m(x)dx — E/ m(x)dx

2 {z,x<0} 2 {z,x>0+t}

+ / (0 — z)7(z)dx + ! / 7(x)dx + <l — q> t.
{2,0<z<0+t} 2 J{zp<a<o+t} 2

Therefore, w is differentiable, and

w'(0) == (Po(X <0)— (1 -P(X <0))) + (1 — q> =P (X <0)—q.

N |

By definition of h and H (see (7) and (26)),

18
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Therefore, the set £ in A4(a) is given by £ = {6 € 0,P,(X < 0) = ¢}, and A4(c) is satisfied. Note
that w is constant on £ since w'(f) = 0 for any 6 € £ and L is an interval. Hence, A4(a) and A4(d)
hold. Moreover, by (27), there exists a constant C' such that

1(6) — h(0)| = |w/(8) — w'(0)| = |= (H(6,.) — H(#,.))| < Clo— 0| .

Therefore, w’ and h are continuous.
In addition, as w is continuous, A4(b) holds if limg_,, w(f)) = co. Note that this holds true
since under E2,

1 1
2 |0] =00
Finally, observe that w(#) reaches its minimum at 6, € £. Since the Lyapunov function w is
defined up to an additive constant, we can assume with no loss of generality that w is non-negative,
which concludes the proof.

O

4.1.2 Median in multi-dimensional spaces

Here, d > 1, © = R? and X = R% This section aims at approximating the median of a multi-
dimensional distribution. To that goal, we consider the stochastic approximation procedure with

field

X -0
HO,X)=——7>+-1 . 2

Proposition 4.2. Assume E1 and E2. Then conditions A1 (b), A8 and A/ are satisfied for the field
H defined by (28), and L is the singleton {0.}, where 0, is the unique solution of E {ﬁ] =0.

Proof. Throughout the proof, set u(z) def x/||xz||. As ||H| = 1, Al(b) is satisfied for any function

W > 1. Moreover, for z ¢ {61,605},
0y — 01

r— b — |z —01]) + 5
(e =02l = 2 = enl) + 2=

(z = 01)||lz — b2l — (z — Oa)[lx — 0]
[l = O[] — O
.%'—01
[l = O1ll|lz — b2

VH(01.2) — H(0y. )] = \

< o601 —
|z — 0
Define
AHps(x) = sup [[H(01,2) — H(02, )] .

01,02€8(6,9)
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Let 0 < < 1/d. Then

/W(x)AHM(m)dx :/ W(m)AH975(x)dm+/ m(x)AHy s(x)dx
2€B(0,6+6°) c¢B(0,6+6°)
0, — 6
S/ QSupHH(H,x)Hﬂ(x)dx—i—/ 2 sup 162 = 2] 7(x)dx
vEB(0,5+07) Oz c¢B(0.5+16%) 01.6,e5(0.6) |17 — 02|

< 2/ 7(x)dx 4 46"
z€B(0,6+58)

By El, there exists a constant C' > 0 such that for any ¢ € (0,1),

sup [ n(d)AHos(x) < C6° 45177,
0cO

and A3 is satisfied with o = Bd A (1 — B) < 1. To prove that A4 is satisfied, define
w(f) = Ex [[| X - 0[] .

For any z,60,t € R? it holds

|lz—6+t| = ||x—9||—<t,u(x—9)>—|—%tT (/01 m (I —u(z — 0+ M\)u(z — 0+ xt)T) dA) t
Therefore,

E[IX —0+t]] =E[|X —0|] - <t,E [u(X — e)]> + %tTR(G,t)t ,
where

1 —
RO SR [ /0 m (I — (X — 04 M)u(X — 0+ A)") d)\} .

Lemma 4.3 and the Fubini theorem imply that

1 —
R(H,t)z/o E[m (I—U(X—9+)\t)u(X—9+)\t)T)} dA .

Since |ju(x)|] < 1, there exists a constant C' such that for any ¢, 6,
t"R(0,t)t| < C supE [||X — 0] 7' ||¢]* .
0cO

This implies that Vw(f) = —E [u(X — 0)] = —h(#) and directly gives the condition A4(c).
In addition, we can write

so that, by the dominated convergence theorem, Vw and h are continuous.
Moreover, by E1, A4(b) is satisfied because

w(®) 2 101l = B[l X1} 2= o0

Finally, by E1 and [31], £ contains a single point, and A4(a) and A4(d) are satisfied. O

X -0
X - 9H X — o]l

|h(8") — h(6)|| < E. [
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Lemma 4.3. Under E1, for any 0 < k < d,

1
supE {7] < 00 .
sco | LIX —0|"

Proof. Let 0 < k < d.

o0 1 o0
B (1 -6 = [P [hx -0l < | ar <1 (TR fhx ol <
0 1

&+ | =

Jar.

By E1, there exists a constant C' such that for any ¢t > 1,

1
sup P, [HX —0]" < —] = sup/ m(dz) < Ct~U"
0O t 0€6 JzeB(0,t-1/%)

This concludes the proof since d/k > 1. 0

4.2 Vector quantization

4.2.1 Context

Vector quantization is a well known problem [42] which consists in approximating a random vector in
R? by a random vector taking at most N values in R%. Such a problem occurs in many mathematical
fields, as for example information theory, speech coding [18], numerical integration [32] or finance
[33].

For 0 = (61,0s,...,0n) € (RD)Y and for any 1 < i < N, define the Voronoi cells associated to
the sites 6 by

Q)

) — d _ 0. = ; _0.
(0= {uwe R Ju b = i Ju-s,1f

A Voronoi partition (C;i(0))1<i<n of R associated with § € (R?)Y is a collection of sets satisfying
N
UCZ‘(H):Rd, CZ(G)QC](G) =0 if 927&(% and CZ(G) CEZ(H) V1<i<N.
i=1

This partition allows to approximate a random vector X by X0 = Zfil 0ilc; (o) (X). Denote by w

the mean squared error when approximating X by X,

N
w(®) =E ||X = X2 = DB [IX ~ 6,1P1c,6)(X)] - (29)
=1

w is often called the distortion. Whenever 7 is such that E[||X||?] < oo, then w is guaranteed to be
finite. Given the distribution of X, vector quantization consists in finding # € (R?)"Y minimizing the
distortion w.

Numerous studies of optimal quantizers and their asymptotic properties, when N — oo, have
been done (see for example [17]). In practice the optimal quantizer has no explicit formulation,
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and needs to be approximated. It was first proposed in the literature to retrieve optimal quantiz-
ers by deterministic methods based on a fixed point property of this optimum (see [28] and [29]).
Unfortunately, these methods are in general intractable in more than one or two dimensions. There-
fore, some stochastic methods with more tractable computations have been introduced by Kohonen
[22]. The Kohonen algorithm (with 0 neighbors) is a stochastic approximation algorithm with field
H: (RHN x R? — (RHN given by

H(0,u) = -2 ((«9, —u)1g, () (u))lgz’gN . (30)
An iteration of this algorithm is given by
6(n+1) = a(n) + 7n+1H(0(n)a Xn+1) ) (31)

where (X, )nen are random vectors with distribution related (in some sense, see below for an example)
to the distribution of X.

There exist few results on the theoretical properties of the Kohonen algorithm (see [16] for a
review). Indeed, the convergence of this algorithm has only been proven in one dimension for i.i.d.
observations (X, )nen with the same distribution as X [13|. Nevertheless, in many applications
the dimension is larger than one, and the dynamics of the observations can be Markovian (see for
example the examples in finance described in [33]). The goal here is to extend these results.

4.2.2 Convergence of the Kohonen algorithm

We consider here Algorithm 1 run with H defined in (30) and a collection of kernels {Fy,8 € ©}
satisfying assumptions E3 and E4:

E3 The distribution of X is absolutely continuous with respect to the Lebesgue measure on R
Denote by 7 its density. The density 7 has a bounded support, that is w(x) = 0 for any
x € B(0,A)¢ for some A > 0.

E4 {Py,0 € O} is a family of kernels satisfying A2, and such that 7y = 7 for any 6 € ©.

Let © = {6 = (61,...0n) € RN N (B(0,A))N,0; #0; Vi # j}. Lemma 4.4 shows that if the
algorithm is initialized in © ((°) € ©), then it remains in © almost surely (P(¥n € N,0( € ©) = 1).
Lemma 4.4. For any v <1/2, z € B(0,A) and 0 € ©, 0 +~vH(8,2) € O.

Proof. Let z € B(0,A) and 6 = (01,--- ,0x) € (B(0,A))"N. Denote by i the unique integer in
{1,---, N} such that z € C;(0). Set ¢/ =0 +~vyH(0,z). Then

0, =0;,j #i 0, = (1—27)0; + 27z . (32)

Since 2 € (0,1), 6 € B(0,A) for any k and z € B(0,A), then ¢ € (B(0,A))". Let us prove that
0’ # 0} for any j # k. Since 6 € ©, this holds true by (32) for any j, k # i. When k = 4, we have

165 — 6511 = 110; — 6; + 2v(z = 05) || = [1 = 29T1(2)| [16; — 6]

where we wrote z — 0; = I1(2)(0; — 0;) + (2 — 6;)* for II(z) € R such that <(z —0,)*,0; — (9,~> =0. We

also have 2z — 0; = (II(2) — 1)(0; — 6;) + (2 — 6;)*. Since z € C;(0), ||z — 6;]| < ||z — 6;|| and we have
TI(2)| < [TI(z) — 1| which is equivalent to II(z) < 1/2. Then, 1—-27II(z) > 1/2 and || —¢%|| > 0. O
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Lemma 4.5, which is a restatement of [32, Proposition 5 and 9| establishes that there exist optimal
quantizers in O, which are also in the set of the zeros of the mean field associated to H.

Lemma 4.5. Assume E3 and let h be the mean field function defined by (7) associated to the function
H given by (30). Then,

1. w is continuous on (RYN and differentiable on ©; h(0) = —Vw(f) and h is continuous on ©.
2. argmingegayvw(0) N O # 0 and argmingegayyw(f) C {6 € (RHYN,6; #0, Vi#j}.

3. argmingcow(f) C {6 € ©,h(0) = 0}.

Proposition 4.6 shows that our assumptions on the function H are satisfied under E3 and E4.

Proposition 4.6. Assume E3 and E4. Then conditions A1(b), Al(c), A3, A4(a) and A4(c) are
satisfied by the field H defined in (30) and the Lyapunov function w defined in (29).

The proof of Proposition 4.6 is postponed in Section 4.2.3. Proposition 4.6 implies the convergence
of the Kohonen algorithm, as stated in Corollary 4.7.

Corollary 4.7. Assume E3, Ej and that the density 7 is such that conditions A4(b) and A4(d) are
satisfied. Then the 0 neighbors Kohonen algorithm converges to L = {0 € ©,Vw(0) = 0}, where w
is the distortion (see (29)).

Remark 4.1. By Sard’s theorem, A4(d) is satisfied if w is Nd times continuously differentiable. A
sufficient condition for A4(b) and A4(d) to hold is:

L = argmingcg(w(h)) . (33)

Indeed, under (33), w(L£) = mingco w(f) is a singleton, so that A4(d) is satisfied. Moreover, by
Lemma 4.5(2) and continuity of w, w(L) < M, where

M = inf {w(e),e = (01,...0x) € RDN|Zi £ 4,0, = aj} .
By choosing My and M; such that w(L£) < My < M; < M, we have that
{0 €0,w0) <M}= {9 e (RYN N B(0, AN, w(8) < Ml} :
which is a compact set by Lemma 4.5(1). Therefore A4(b) is satisfied.

If d =1 and 7 is log-concave (example: uniform distribution, Gaussian distribution), then it is
proved in [26] (see also [13, Theorem 3|) that £ is a singleton (up to a permutation of its elements),
and therefore, by Lemma 4.5(3), (33) is satisfied.

As a conclusion of the above discussion, we established the convergence of the 0 neighbors Ko-
honen algorithm under weaker assumptions on the dynamics (X,,),en and on 7 than previous works
(see e.g. [13]):

e Our framework addresses the case when (X,,),en is @ Markov chain with invariant distribution

m, or when (X, )nen is a controlled Markov chain where each transition kernel admits 7 as
invariant density.

e We have no condition on the dimension d. Our results apply whatever d is provided A4(b) and
A4(d) are satisfied.
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4.2.3 Proof of Proposition 4.6

We start with a preliminary lemma which gives a control on the intersection of two Voronoi cells
associated with two different sites 6,6’ € (R?)V.

Lemma 4.8. For any compact set K of ©, there exists dx > 0 such that for any 0 € K and any
R

()
1 0; -0 0; — 0;
sup —= sup - <00 (34)
s<ir V3 greBosNne || 105 — il 1160 — 64l
(11) for any 6 < O, there exists a measurable set R; j(0,6) such that
wp 1 <1 = [ 1r 0@ ds < (39)
up ) (o A <1g 05 sup — (0.5 (x)dr < o0 .
vetne Ci(O)NC; (0)NB0,A) < 1R, ,(0.6) sup 5 | 00

Proof. Let K be a compact set of ©. The function on (R?)Y given by 6 +— min,;||0; — 0] is
continuous. Since K is a compact subset of ©, there exists bx > 0 such that for any 6 € K,
min,,; ||6; — 6;|| > bx. Choose 6k € (0,bx/2A1). Let i # j e {1,--- ,N} and § € K be fixed. For
any § < dx and 6’ € B(0,6), it holds

165 = 6ill > 110 = 0ll = 116 — 0511 — 1107 — 6:l] > [16; — 04l — 20 (36)
>bxe—20>0.

Similarly,

165 = 71 < 1165 = 6:]] +20.. (37
Define

0; — 0 , 00

n=———— and n = -——-.
16 — 6l 16; =]

Proof of (34) We have ||n —n/||? = 2 (1 - <n,n’>>. In addition, for any ¢ < dx and ¢’ € B(6,9),

<n,n'> = HHJ — Hz‘Hil<0j — Hi,n'>
:H@—9ﬂ4<W§—%Wﬂ+%—ﬁ}+%—9hﬂ>

16 — 6;]] 26 46 46
> - S LS
10; —0:ll  116; — 64 10; — 0] bk

where we used (36) in the last row. Therefore
In —n'|> < 86/bx , (38)

which concludes the proof.
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Proof of (35) Let x € C;(0). We write

xr—0; = <x—0i,n>n+m where <m,n> =0.

2
It stands ||z — ;% = ‘<x - Hi,n>‘ +||m||*>. Moreover, z —0; = x—0;+0;—0; = <x—0i,n>n— 116; —
2
0;|n-+m leading to [|z—6;]2 = ‘<x - 9n> —116; — 9j||\ +mlf?. Since x € C4(8), |lz—6; < |lz—0;]|
2 2
so that <x —Hl-,n>‘ < ‘<x —Hl-,n> —116; —9j||‘ . This implies that <x - Hi,n> < 16; — 6;|/2.

Therefore,

1
d
Ci(8) C {x eR ,<x—9i,n> < §H9j —9z‘H} .
Let now z € C;(0") N B(0, A). Following the same lines as above and using (37)
9//>19' 9/>19- 0; 0 39
z—05m ) 2 =510 =il = —510; — il -0 (39)

Moreover

<:c — Gi,n> = <x —0;,n— n'> + <x — 9;,n'> + <9§ — Hg,n'> + <9; — Hi,n'>

_ <x — G — n> + <x - a;.,n'> + 116, — 04 + <e; - Hi,n/> .
Since z,0; € B(0,A), we have by (36), (38) and (39)
1
(2= 0:m) = =2A|n —n'| = 5110; = 0:l] = 5+ 116 — 6] =20 =&

10; — 0i]] — 46 — 4A\/2/bxc V5 .

>

DN =

Therefore,
C;(0') N B(0,A) C {m e RY, <m - 9n> > %Hej — 9] — 40 — 4A\/2/blcx/g} .
Hence,

1 1
CZ(H) N Cj(el) N B(O, A) C {x S B(O, A), §H9J — 9@” — 46 — 4A/ 2/bIC\/S < <$ — 92,n> < 5”9] — 92”} .
Finally, since dx < 1, we have § < v/8, and this concludes the proof, by noticing that this last set is
independent of 6'. O

Proof of Proposition 4.6. For any compact set I C ©, there exists C' such that supgcx [|[H (0, u)|| <
C(||u] +1). Therefore, A1(b) and Al(c) are satisfied with W (u) = 1 + ||u/|.

By Lemma 4.5(1), w is nonnegative and continuously differentiable on ©. Moreover, as Vw = —h,
A4(c) is satisfied. And A4(a) is satisfied as w is bounded on ©.
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Let us prove that A3 is satisfied. Let K be a compact set of ©. For any 6 € K, any 6’ € ©, and
any = € R?,
1/4|H(9' ) — H(8, )|
N
= [I6; = 0:1*1e,0nci 0 () + 10 — 2P Ley)ncy e (@) + 10 — 2P Ley@)encuon (7)) -
i=1

Therefore, for any x € B(0,A), any 6 € K, and any 6’ € B(0, ),

120H(0',x) — H(0,z)| <

N N N
SO =62 +> " > 16— zll1e,@)nc; @) ()
=1

i=1 j=1,ji

N N
+> 0 > 10—zl @ncie) ()

i=1 j=1j#i

< 6+ 2AN? Sip 1o, 0)nc;0)nB0,0) (x) .
i#]

By Lemma 4.8, there exists dx such that for any § < dx, there exist a measurable set R; j(f,6) such
that

) 681131(18,5) Lc,0)nc;(0nnB0,4)(T) < 1k, (0.6 (7) -

Therefore,

12 H(8' 2) - HO,2)|| <5+ 2AN?sup Ly, (5.(x) -
i#]

Under E3, 7 is bounded on ©. In addition, Lemma 4.8 shows that

/ /
sup —=supsup [ 1p, (g5 (x)dx < oo.
5<ox V0 0K i#j 4(6:9)

Then, there exists C’ such that for any § < g,

Sup/ﬂ'(d$) sup |H(0',z) — H(#,2)|| < C'Vs .
bek (0", l6—6)1<5}

Moreover, as ||H| is bounded on © x B(0,A), for any 6 > ik,

1
sup/w dx sup H@,z)—-H(@O,z)|| <2 sup HI|))————V5 .
veK ) {0",]16"—0|| <6} H ( ) ( )H ®Xsupp(7f)(H H)mm(l, Vo)

Therefore A3 is satisfied with aw = 1/2.

26



5

Conclusion

As briefly illustrated in Section 4, stochastic approximation procedures with discontinuous field can
be found in a lot of applications, for which the independence assumption for the observation sequence
{Xn,n € N} may be unrealistic as, for example, in learning or in finance. In this paper, we have
proposed a theoretical justification for the use of such procedures, in the case where the associated
fields are discontinuous. This provides for example a justification to adaptation procedures using
stochastic approximations of quantiles or median in Markov chain or for vector quantization in
Markovian contexts that often arise in finance.
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