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QUANTUM PAINLEVE II SOLUTION AND YUKAWA
POTENTIAL APPROXIMATION

IRFAN MAHMOOD

ABSTRACT. In this paper, it has been shown that one dimensional non-
stationary Schrodinger equation with a specific choice of potential reduces
to the quantum Painlevé II equation and the solution of its Riccati form
appears as a dominant term of that potential. Further, this article shows
that the square of quantum Painlevé II Riccati solution is equivalent to the
centrifugal expression of radial schrodinger potential which reduces to the
approximated form of Yukawa potential that can be used to solve the radial
Schrédinger equation by applying the Nikiforov-Uvarov method.. Finally,
I express the approximated form of Yukawa potential explicitly in terms of
qunatume Painlevé IT solution.

1. INTRODUCTION

The Painlevé equations were discovered by Painlevé and his colleagues while
classifying the nonlinear second-order ordinary differential equations with re-
spect to their solutions [1]. The study of Painlevé equations is important
because of the wide applications of these equations in various areas of math-
ematics and physics. For example, in hydrodynamics and plasma physics the
Painlevé equations are usually obtained as reduced ODEs of some PDEs that
describe the evolution of the flow or convective flows with viscous dissipation
[2]. In nonlinear optics, the nonlinear Schrodinger equation plays an impor-
tant role to explain the wave propagation in media, the ODE reduction of
this equation is PIV equation [2|. It has been shown that the description of
two dimensional quantum gravity involves PI equation [3] - [5] and one of the
applications of Painlevé second equation has been studied in [6] for the wave
collapse in the three-dimensional nonlinear Schrédinger equation
Further it has been show that the exactly solvable models in the field of statis-
tical physics and quantum field theory can be expressed in terms of Painlevé
transcendents [7] - [9]. The classical Painlevé equations are regarded as com-
pletely integrable equations and obeyed the Painlevé test [10] - [12]. These
equations admit some properties such as linear representations, hierarchies,
they possess Darboux transformations(DTs) and Hamiltonian structure. These
equations also arise as ordinay differential equations (ODEs) reduction of some
integrable systems, i.e, the ODE reduction of the KdV equation is Painlevé II
(PII) equation [13] and [14]. Further it seems quite interetsing to derive the

Key words and phrases. Quantum PainlevII equation, Riccati equation, Yukawa potential

1



2 IRFAN MAHMOOD

quantum analogue of these equation and to explore their physical aspects in
various areas of physics and mathematics.

In this paper, we construct a connection of quantum Painlevé II equation
[15] and its Riccati solution to the quantum mechanical systems involves the
approximated form of Yukawa potential. We show that one dimensional non-
stationary Schrodinger equation with a specific choice of potential reduces to
the quantum Painlevé Il equation and the dominant term of that potential
can be obtained as the solution of quantum Pianlevé II Riccati equation. Fur-
ther we observe that quantum Painlevé II solution coincides with centrifugal
expression [16] of the radial schrodinger potential that expression was applied
to derive the approximated form of Yukawa potential [16] - [19].

2. QUANTUM PAINLEVE Il EQUATION AND ITS RICCATI FORM

The quantum Painlevé I equation in the following form

"= 3 z C
{ffi%:égv’f“ (1)

can be derived from the compatibility condition of following linear system
U, =A(z; )V, U, =B(zx ¥ (2)
and the Lax matrices A and B are given by

A= (8N +if? — 2iz)o3 + f o2+ (3cA™ — AN f)oy + ihoy (3)
B = —2i>\03 + fO'l + f[

where A is Planck constant and oy, 09, 03 are Pauli spin matrices and [z, f]
is anti-commutator of z and f. The quantum Painlevé 1T equation (1) was
derived in [15] by taking the quantum commutation relations [20] as a kind
of quantization for Noumi-Yamada Painlevé II system [21]. This quatization
can be taken aa a particular case of deformed space that involves the star
product and the version of pure non-commutative Painlevé II under the star
product has been derived by V. Retakh and V. Roubtsov [22]. By using the
commutation relation zf — fz = ihf the first equation in system (1) can be
written as

=2 —4zf — 2%hf +c. (4)

The quantum Painlevé II equation (4) reduces to the ordinary Painlevé II

equation under the classical limit when A — 0. Substituting the eigenvector

U= <Z1) in linear system (1) and setting A = 1195 ', we obtain the quantum
2

PII equation in Riccati form as follow

A = —4iA+ f+[f, Al — AfA. (5)



3. NON-STATIONARY SHRODINGER EQUATION AND QUANTUM PII
EQUATION

In this section we will observe that how the quantum Painlevé II equation is
connected to the quantum system described by one dimensional non-stationary
Schrodinger equation with a specific choice of potential V(x,t) and eigenfunc-
tion v (z,t) that has been explained in the following proposition.
Proposition 1.1.

The time dependent Shrodinger equation for a particle of mass m with poten-
tial V(x,t)

0 h? 0%Y(x
% _ _%% + V(z, t)(z, t) (6)

reduces to quantum PII equation (4) at constant ¢ = 0 with the choice of
potential V' (z,t) as follow

V(z,t) =~vx — 20" (x, t)(x,t). (7)

where v = 42’(277”)% and the eigenfunction

—ih

. 2m

V(x,t) = f(z,\)e™, z= Z<ﬁ)

where function f(z,\) satisfies the quantum PII equation (4).
Proof:

For the Schrodinger equation (6) we can easily evaluate
terms of z variable as follow

N

x (8)

31/)(55775) 821/1(907'5) 3
5 and =55 in

—%g D _ gz, Neot (9)
and
O*p(x,t 2m -
% = —h—n; (z, \)e™". (10)

Now substituting the potential from (7) and using the results from (9) and
(10) in Schrodinger equation (6). After simplifications, we obtain the following
expression

=23 —4zf — ahf. (11)

The expression (11) represents quantum PII equation (4) at constant ¢ = 0
and o = 1.

4. SOLUTION TO THE QUANTUM PII RICCATI EQUATION

This section consists the derivation of solution for the quantum Painlevé II
Riccati form (5) that has been described in proposition 1.2 and further, in
next section we will observe that how this Riccati solution coincides to the
centrifugal expression [16] that is helpful to construct approximated analytic
solution of Yukawa potential for the radial Schrodinger equation [16] - [19].
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Proposition 1.2.
We can show that the following choice of f(z;A) and A

{ f — 6(1 . 678)\z)71674)\z (12)

A = 64)\2

satisfies quantum PII Riccati equation (5) where /3 is a complex parameter.
Proof:
By using system (12) we can show that

AfA = Be* (1 — e )7L [f, Al =0. (13)
Now after using the valus of f(z;\) and A from (12) in Riccati equation (5)
we get
4)\64)\2 o 4)\674)\2 — _42-64)\,2 + 42'674)% + ﬁ€74/\z o 664)\2

or

4N+ 1)e™ — 4\ i)™ = BemF — etz (14)
We can show that system (12) satisfies the Riccati equation (5) by taking
f = —4(\ +1i) in equation (14).

5. QUANTUM PII SOLUTION AND YUKAWA POTENTIAL APPROXIMATION

In this section we will observe that how the quantum Painlevé 1T solution f
coincides to the centrifugal expression of [16] and finally we express approx-
imated form of Yukawa potential [16] - [19] in terms of quantum Painlevé II
solution f, the procedure has been explained in following proposition. The
explicit expression of Yukawa Potential [23] in radial form can be expressed as

follow

e—2ar

V() =V

et (15)
where where Vy = aZ, a = (137.037)7! is the fine-structure constant and
Z is the atomic number of neutral atom. This potential can be applied to
evaluate the normalized bound-state and the energy levels of neutral atoms.
Proposition 1.3.

The potential (7) can be expressed in terms of z and spectral parameter A by
using the transformation from (8) as follow

V(z,\) =4z — 2f* = 42 — 23%(e " — %) 72 (16)

where 32 = 3*3 and solution to the non-stationary Schrédinger equation (6)
can written as

w(x’ﬂ — 5(1 . 678)\z>71€74/\z+iat' (17)
The quantum Painlevé II solution f in potential (16) is equivalent to the cen-
trifugal expression [16] that has been applied to derive the approximated form
of Yukawa potential [16] - [19] to solve radial Schrodinger equation by using
Nikiforov-Uvarov method.
Proof:
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The dominant term f? in potential (16) represents the square of quantum
Painlmevé II solution and explicitly can be written as and given by

f2 — 52(674)\2 o 64)\z)71 (18)

or
2 _ ZLSAZ 19
N e (19)

The expression (18) is equivalent to the following centrifugal term [16] of radial

Schrédinger equation

1 6—2117"
R L T
r (1 —e20r

)% (20)
by setting the parameters 5 and a of (19) and (20) as follow
62 — 4(12
(o o)

and for one dimensional case we can take r along z — axis. Now after

comparing the equation (19) and equation (20) we can express -5 in terms of

quantum Painlevé II solution f as follow
1
=1 (22)
and after taking the square root of both sides we obtain
Ly (23)
S =xf

We only consider the positive value of (23) because r represents separation and
finally we get

L=, (24)

the result (24) holds for ar < 1 and also equivalently for Az < 1. Finally
we can express the approximated form [16] - [19] of Yukawa potential (15) in
terms of quantum Painlevé II solution with the help of (24) in the following
form

—4)z

V(z) = —V()|5|€_4AZ(1_TM) (25)
V(z) = —Vo|5|ﬁ (26)

where |8] = 4(\2 + 1)z.
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6. CONCLUSION

In this article, we have derived a connection of one dimensional non-stationary
Schrédinger equation to the quantum Painlevé I equation and also we have
constructed the solution of Schrodinger equation by using quantum Painleé
IT Riccati solution. We have expressed the centrifugal term 7%2 of the radial
Schrodinger potential |16] in terms of quantum Painlevé II solution. We ob-
served that the quantum Painlevé IT solution f(z; ) coincides to the results of
[16] for centrifugal expression by setting the parameters § of quantum Painlevé
IT solution and a screening parameter of Yukawa potential, as 3% = 4a.
The radial centrifugal expression has been applied to derive the approximated
analytic solutions of radial Schrodinger equation by using Nikiforov-Uvarov
method [24]. Further we can extend our results to derive an explicit expres-
sion for Killingbeeck potential [25] and [26] in terms of Painlevé II solution for
smaal values of 3% and also it seems straight forward to derive the equivalent
expression of Cornell potential [27] and 28] in terms of quantum Painlevé II
transcendent.
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