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Abstract

This paper is devoted to the semiclassical magnetic Laplacian. Until now WKDB
expansions for the eigenfunctions were only established in presence of a non-zero elec-
tric potential. Here we tackle the pure magnetic case. Thanks to Feynman-Hellmann
type formulas and coherent states decomposition, we develop here a magnetic Born-
Oppenheimer theory. Exploiting the multiple scales of the problem, we are led to
solve an effective eikonal equation in pure magnetic cases and to obtain WKB expan-
sions. We also investigate explicit examples for which we can improve our general
theorem: global WKB expansions, quasi-optimal Agmon estimates and upper bound
of the tunelling effect (in symmetric cases). We also apply our strategy to get more ac-
curate descriptions of the eigenvalues and eigenfunctions in a wide range of situations
analyzed in the last two decades.

Keywords. WKB expansion, magnetic Laplacian, Born-Oppenheimer approximation,
coherent states, Agmon estimates, tunnel effect.
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1 Motivation and main results

1.1 Context and motivation

This paper is devoted to the analysis of the self-adjoint operators on L2(R™ x R%, dsdt)
of the following type

£y = (hDs 4 A1 (s,1))? 4 (D; + As(s,1))?, (1.1)

where A; and Ay are smooth functions (on which we will sometimes assume more), D =
—iV, and where the space L2(R™ xR?, ds dt) is equipped with the standard scalar product:

(1, Y2)L2®m xRy, ds dt) = / P19y ds dt.
R™ xR"™
The corresponding quadratic form is denoted by ;. We would like to describe the lowest
eigenpairs (eigenvalues and eigenfunctions) of this operator in the limit ~ — 0 under
elementary confining assumptions.

1.1.1 The Born-Oppenheimer strategy

The problem of considering partial semiclassical problems appears for instance in the
context of [36, 34] where the main issue is to approximate the eigenpairs of operators with
electrical potentials in the form:

— h2As — Ay + V(s t). (1.2)

The main idea, due to Born and Oppenheimer in [11], is to replace, for fixed s, the operator
—Ay + V(s,t) by its eigenvalues pui(s) (by convention we omit the index for k& = 1).
Then we are led to consider for instance the reduced operator (called Born-Oppenheimer
approximation)

—h2Ag + u(s),

and to apply the semiclassical techniques a la Helffer-Sjostrand [30, 31] to analyze in
particular the tunnel effect when the potential y admits symmetries. The main point is to
make the reduction of dimension rigorous. Note that we have always the following lower
bound

— 2D — A+ V(s,t) > —h2A, + p(s), (1.3)

which usually involves accurate Agmon estimates with respect to s: the eigenfunctions
of the operator (1.2) satisfy the same decay estimates as the eigenfunctions of the one
dimensional operator (see for instance [22]).

Our paper aims at understanding the analogy between magnetic case (1.1) and electric
case (1.2). In particular even the formal dimensional reduction seems to be a little more
problematic than in the electric case. Let us write the operator valued symbol of £;. For
(z,€) € R™ x R™, we introduce the electro-magnetic Laplacian acting on L?(R"™, dt):

Mag = (Dy + As(@, 1)) + (€ + Ai(2,1))*.
Let us introduce the notation for the bottom of the spectrum of this operator.

Definition 1.1 For all (z,§) € R™ x R™, the bottom of the spectrum of the essentially
self-adjoint operator My ¢ is denoted by p(x,§).



We would like to replace £, by the m-dimensional pseudo-differential operator:
(s, hDy).

Under different assumptions, such reductions are considered in [38, Theorem 2.1 and re-
mark thereafter] where it is suggested that the spectrum of £, could be completely de-
termined by an effective Hamiltonian (a matrix of pseudo-differential operators) whose
principal symbol can be described thanks to the spectral invariants of the operator valued
symbol of £;. For the present situation the low lying spectrum of £} could be described
by the one of p(s, hDs) modulo O(h) and we will see that, under generic assumptions,
O(h) is precisely the order of the spectral gap between the first eigenvalues in the simple
well case.

1.1.2 Multiple scales induced by the fully semiclassical magnetic Laplacian

Another important motivation to analyze partially semiclassical problems with magnetic
fields comes in fact from the fully semiclassical case (i.e. when the parameter h multiplies
all the derivatives). Let us now explain in which sense. The study of the discrete spectrum
magnetic Laplacian (—iAV + A)? has given rise to many contributions in the last twenty
years, especially in the semiclassical limit. To have an overview on the subject one may
refer to the book by Fournais and Helffer [20], the survey by Helffer and Kordyukov
[26] and the lecture notes by Raymond [49]. Many papers are concerned with finding
approximations of the first eigenfunctions. Such approximations are difficult to obtain due
to the geometry of a possible boundary (carrying in general a Neumann type condition)
and to the possible variations of the magnetic field B = V x A. In dimension two the case
of the disk is investigated in [3, 5, 4, 15] and generalized to smooth domains in [28] where
it is proved that

A (h) = Ooh — Cliemaah®? + o(R*/?), (1.4)
where Kpq: is the maximal curvature of the boundary and where ©9 > 0 and Cy > 0
are universal constants related to a half-line model (actually we have Oy = Blok( ([)O]), see
Section 4). An important point to notice is that, in the above mentioned papers, nothing
is told about the simplicity of the first eigenvalue or about the approximation of the
eigenfunctions. A reason for this is that the spirit of the analysis is essentially variational:
it is based on the construction of appropriate test functions for the first Rayleigh quotient
so that, even if the simplicity of the eigenfunctions were known, nothing could be deduced
for the approximation of the eigenfunctions.

The paper [19] is the first one to establish, in a smooth case and under non-degeneracy
assumptions, the approximation of the eigenfunctions and the simplicity of the lowest
eigenvalues. The crucial idea to get such results is to understand a double scale structure
due to the inhomogeneity of the pure magnetic Laplacian, which is specific to problems
with smooth boundaries or without boundary, and to apply the spectral mapping theorem.
In such situations it appears that the microlocalization (on possibly different scales) of the
eigenfunctions plays an important role in the determination of the spectral asymptotics.
In particular the papers [47, 17, 45], which are concerned with varying magnetic fields,
establish full asymptotic expansions of the low lying eigenvalues and eigenfunctions by
the reduction to the (electric) Born-Oppenheimer approximation which naturally involves
different scales. The analysis of [17], related to vanishing magnetic fields, is motivated by
the papers [40, 27, 23, 25] and solves one of their conjectures on the asymptotic simplicity
of the eigenvalues. This paper will provide simple examples suggested by all the above
mentioned models. Moreover, as we will see, the proof of the simplicity of the eigenvalues



as well as the expansions of the eigenfunctions strongly relies on the multiscale analysis of
microlocal models as it is done while studying hypoellipticity. We will see that an analysis
a la Born-Oppenheimer will allow us to deal with all the above mentioned situations.

1.1.3 Magnetic WKB expansions and Agmon estimates

In all the papers about asymptotic expansions of the magnetic eigenfunctions, one of
the methods consists in using a formal power series expansion. It turns out that these
constructions are never in the famous WKB form, but in a weaker and somehow more
flexible one. When there is an additional electric potential providing easy confinement
estimates, the WKB expansions are possible as we can see in [32] and [39]. The reason
for which we would like to have a WKB description of the eigenfunctions is to get a
precise estimate of the magnetic tunnel effect in the case of symmetries. Until now, such
estimates are only investigated in two dimensional corner domains in [7] and [8] for the
numerical counterpart. It turns out that the crucial point to get an accurate estimate
of the exponentially small splitting of the eigenvalues is to establish exponential decay of
Agmon type. These localization estimates are rather easy to obtain (at least to get the
good scale in the exponential decay) in the corner cases due to the fact that the operator
is “more elliptic” than in the regular case in the following sense: the spectral asymptotics
is completely determined by the principal symbol. Nevertheless, let us notice here that,
on the one hand, the numerics suggests that the eigenvalues do not seem to be simple (see
for instance the case of the square in [8] or of the ellipse in Figure 9) and, on the other
hand, that establishing the optimal Agmon estimates is still an open problem. In smooth
cases, due to a lack of ellipticity and to the multiple scales, the localization estimates
obtained in the literature are in general not optimal or rely on the presence of an electric
potential (see [41, 42]): the principal symbol provides only a partial confinement whereas
the precise localization of the eigenfunctions seems to be determined by the subprincipal
terms. As far as we know, the present paper provides the first examples of WKB expansions
in pure magnetic situations as well as quasi-optimal — optimal in terms of power of h
but with no exhibited distance of Agmon — Agmon estimates in model situations. In
particular, we prove for a wide range of situations analyzed in the past decades that the
magnetic eigenfunctions are in the WKB form under generic assumptions. This paper can
be considered as the first necessary step (WKB expansions and rather accurate Agmon
estimates) towards the complete comprehension of the magnetic tunnel effect.

1.2 Main results and strategy of the proofs

1.2.1 Spectrum of the simple magnetic wells

In the simple well situation, we will work under the following assumptions. The first
assumption states that the lowest eigenvalue of the operator symbol of £; admits a unique
and non degenerate minimum and the second one concerns the simplicity of the spectrum
of the effective harmonic oscillator.

Assumption 1.2 - The function R™ x R™ 3 (x,&) — u(z,§) is continuous and
admits a unique and non degenerate minimum py at a point denoted by (g, &) and
such that iminf |, |¢| 100 (7, &) > po-

- The family (Mz¢)(z,e)ermxrm can be extended into a holomorphic family of type (A)
in the sense of Kato [33, Chapter VII] in a complex neighborhood Vy of (x¢,&o).

- For all (z,£) € Vo N (R™ x R™), u(x,&) is a simple eigenvalue.



Remark 1.3 Let us explain an example that we have in mind when stating Assumption
1.2. As we will see in Section 4, we will consider operator symbols (acting on L2(R;)) in
the form

tk)-‘rl
kE+1

MLL =D +V(x,&), withV(z,§) = <§ —y(z) > , (z,6) e R x R™ |
where k > 1 and ’y is uniformly bounded from below by a positive constant. In this case,
the domain of M, } does not depend on (x,€) and /\/l[ ] depends on (x,€&) analytically
as soon as vy s analytzc Therefore it is a Teal cmalytzc famzly of type (A) and it is not
difficult to extend locally this family into a holomorphic family. The operator has clearly
a compact resolvent so that p(x, &) is always an eigenvalue (and it is simple by a standard
ODE argument). By the min-mazx principle, it is rather direct to see that the function p
is continuous on R™ x R™ and that it behaves nicely at infinity (for example with v as in
Proposition 1.16). The uniqueness of the minimum and its non degeneracy are related to
more advanced considerations (see Section 4).

Remark 1.4 Under Assumption 1.2, the function p is analytic with respect to (x,§) and
it is associated with an L2-normalized eigenfunction uz e € S(R™) which also analytically
depends on (z,§).

In a neighborhood Vo of (x0,&0), we still denote by uz ¢ and p(x,€) the holomorphic
extensions of u and p and we have locally:

/ Uz gl g dt = 1. (1.5)
Rn

Note that the holomorphic extension of u is not always L?-normalized.

Assumption 1.5 Under Assumption 1.2, let us denote by Hess u(zo,&o) the Hessian ma-
triz of p at (xo,&0). We assume that the spectrum of the operator Hess u(xo, &) (o, Dy) is
simple.

Remark 1.6 Assumption 1.5 is automatically satisfied when m = 1.

The last assumption is a spectral confinement.

Assumption 1.7 For R > 0, we let Qr = R™™ \ B(0,R). We denote by £,?ir’QR the
Dirichlet realization on Qg of (Dt + A2(s,t))? + (hDs + A1(s,t))%. We assume that there
exist Ry > 0, hg > 0 and p§ > po such that for all h € (0, hg), the bottom of the spectrum

OfSDlr, Rg

satisfies:

AD|r R

(h) = po-

Remark 1.8 In particular, due to the monotonicity of the Dirichlet realization with re-
spect to the domain, Assumption 1.7 implies that there exist Rg > 0 and hg > 0 such that
for all R > Ry and h € (0, hy):

Dir,QRO

AP () = A (B) > .

By using the Persson’s theorem (see [43]), we have the following proposition.



Proposition 1.9 Under Assumption 1.7, there exists hg > 0 such that for all h € (0, hg):

inf Spess(gh) > MEK)

Theorem 1.10 Under Assumptions 1.2, 1.5 and 1.7, and assuming in addition that Ay
and Ag are polynomials, for all n > 1, there exists hg > 0 such that for all h € (0, hg) the
n-th eigenvalue of £y, exists and satisfies

An(h) = Ao + An1h + o(h),
where A0 = po and Ay, 1 s the n-th eigenvalue of %Hess w(xo, &) (o, Dy).

Remark 1.11 In fact using the double scale construction developed in the proof of the
previous theorem, it is possible to get a complete asymptotic expansion of the following

type
~ 1i/2
An(h) >~ > tgh!'?,
Jj=0
where 1,0 = po, lh1 =0 and [, 2 = Ay 1.

Strategy of the proof of Theorem 1.10. The proof of Theorem 1.10 is divided into
two main steps. The first step is to construct quasimodes as formal series expansions and
to apply the spectral theorem. In order to succeed we will establish Feynman-Hellmann
formulas with multiple parameters which are consequences of the perturbation theory of
Kato. The second step which is slightly more difficult is to get an accurate estimate of the
spectral splitting between the eigenvalues. For that purpose, we will follow the strategy
of [48] by using a partial coherent states decomposition with respect to the semiclassical
variables s and use it to establish polynomial estimates (in the spirit of [46] and also
[24]) in the phase space satisfied by the eigenfunctions. Then the Feshbach-Grushin type
reduction is used to rigorously reduce the dimension and get the spectral splitting. The
proof of Theorem 1.10 is the aim of Section 2.

1.2.2 Magnetic WKB expansions: simple well case

We provide now WKB expansions of the lowest eigenpairs in a pure magnetic case. We
reduce here our study to the case when Ay = 0 for reasons motivated in Remark 1.15. We
therefore focus now on operators of the form

£, = D? 4 (hDs + A;(s,1))°. (1.6)
Let us state one of the most important results of this paper.

Theorem 1.12 We assume that Ao = 0 and that Ay is real analytic. Under Assumptions
1.2, 1.5 and 1.7, there ezist a function ® = ®(s) defined in a neighborhood V of xy with
ReHess ®(x9) > 0 and, for any n > 1, a sequence of real numbers (A, ;)j>0 such that

An(h) ~ > Al

h—0 4
j=0

in the sense of formal series, with A\, o = po. Besides there exists a formal series of smooth
functions on V x R}



with an0 # 0 such that
(S = An(R)) (an(sR)e™") = O (n) /0.

Furthermore the functions t — ay ;(s,t) belong to the Schwartz class uniformly in s € V.
In addition, if Ay is a polynomial function, there exists co > 0 such that for all h € (0, ho)

B(Ano + Anih,coh) M15p (£4) = Phalh)}

and \p(h) is a simple eigenvalue.

In the previous theorem we used the following definition of formal series of functions.

Notation 1.13 Let n > 1. We write ay(s,t; h) o >.i>0 an j(s,t)h? when for all J > 0
- >
and o € Nt there exist hyo > 0 and Cjo > 0 such that for all h € (0,h;,), we have

J
’80‘ (an(s,t; h) — Zan,j(s,t)hj” < Cyoh?™ locally in (s,t) € V x R™.
=0

We also write a = O(h*>) when all the coefficients in the series are zero. The case of
formal series of numbers is similar.

Let us also recall that for any arbitrary sequence of smooth functions a; one can always
find, by a procedure of Borel type, a smooth function a(s,t;h) (up to O(h*°)) such that

a(s,t; h) Ko 22550 aj(s,t)h7 (see e.g. [37]).

Remark 1.14 Thanks to Theorem 1.10, we have sharp asymptotic expansions of the
etgenvalues. In particular, one knows that they become simple in the semiclassical limit.
Therefore, by applying the spectral theorem, we get the WKB approzimation of the corre-
sponding eigenfunctions from Theorem 1.12.

Remark 1.15 When As is not zero, it appears that the dimensional reduction is prevented
by the oscillations of the eigenfunctions of the model operator M ¢. The problem already
appears in the caset € R: we can gauge out Ay at the price to replace Ay by A1+hVsp(s,t)
which is h dependent. As a consequence of our analysis, we can check that the spectrum
associated with the potential (A1 + hVsp,0) is shifted by a factor O(h) compared to the
one associated with (A1,0). In dimension one for t, we can even prove with our method
(and a change of gauge) that the phase ® in the WKB expansion is (s,t)-dependent.

Strategy of the proof of Theorem 1.12. The new Ansatz considered here is given
by a partial WKB expansion with respect to the variable s. Under some analyticity
assumptions, the effective eikonal equation will be solved thanks to the classical stable
manifold theorem and analytic extensions of the eigenpairs of the “model” operators. The
corresponding effective transport equation will be obtained as the Fredholm condition
of an operator valued transport equation jointly with the Feynman-Hellmann formulas.
Theorem 1.12 will be proved in Section 3.



1.2.3 Generalized Montgomery operators: towards the magnetic tunnel effect

Let us introduce a family of magnetic Laplacians in dimension two which is related to [29]
and the more recent result by Fournais and Persson [21]. For k € N\ {0}, we consider the
so-called generalized Montgomery operator on L2(R?, dsdt):

1\ 2
™ = D7 + <hDs —7(8) 1> :

where v is analytic and does not vanish. The corresponding magnetic field is
B (s, t) = y(s)t* .

We call )\Ef ];LgM the n-th eigenvalue (if exists) of this operator. In order to stick to the
previous analysis, we start by the following naive but fundamental rescaling

s—s,  t=hFet, (1.7)

hie (D2 + (heeD Ly
+ ¥ - .
t + S ’Y(S) k' + 1

The investigation is then reduced to the one of

The operator becomes

k] 5 tk+1 2
el = DF+ (WD =) ) - (1.8)

with h = ez

Under some assumptions, the operator ng] is a particular case of the previous theory.
We will see in Section 4.1 (Proposition 4.2) that it satisfies Assumptions 1.2, 1.5 and 1.7.
As a consequence, we could directly apply Theorem 1.12. But, at least in the case when the

oscillations of the function + are small enough, we can prove that the first eigenfunctions
are globally in the WKB form.

Proposition 1.16

o [f~ is a polynomial function and admits a unique minimum o > 0 at sg = 0 which
is non degenerate, then Theorem 1.12 applies.

_ X

o If v is an analytic function and if H

1s small enough, then the conclusion
of Theorem 1.12 is valid and we can take :UOOO: sp, V =R.

Remark 1.17 For the second point of Proposition 1.16, the simplicity of the eigenvalues
is established in [}7, 17] for k = 0,1 whereas slight adaptations have to be done to deal
with the case k > 2.

As a direct reformulation and using the rescaling (1.7), we get the following result in
the original variables.



Corollary 1.18 The n-th eigenvalue of S%k]’gM and the corresponding WKB solution on
Rit are given, as h — 0, by

kl.eM 2k+2 _J_ 2k+2 _J_
Jj=>0

and
1

ulFEM (5, )y (s, h T A o PO/

where an and A\, are given by Theorem 1.12.

In the perspective of the analysis of the magnetic tunnelling, we will now suppose that
v, instead of having a unique non degenerate minimum, satisfies the following assumption
of double well type.

Proposition 1.19 Let us assume that the function v is even and has two non degenerate
minima at s— < 0 and sy = —s_ > 0. Let us fiz § € (0,s4) and let

s _2 s S
/ >Z(S’>\/ V()T = A / >z<s'>\/ ()72 — g d

s+
where 0 < x < 1 is a smooth cutoff function whose support contains s— and sy and where
Xs,— and x5+ are smooth cutoff functions such that

1 forsgg,
0 fors>34,

z(s) = xs,—(5) + x5,4(5)

)

1 fors> —g,

Xo.-(5) = 0 fors<—é.

and  xse(s) = {

Let us consider Cy > 0. There exist g > 0, C > 0 and hg > 0 such that for all eigenpairs
(A ) of Slgd satisfying X < po + Coh we have, for all h € (0, hg),

loo ) < Cllgll  and Qe ) < Cllp)>

We can now give a rough upper bound for the tunnel effect for the rescaled Montgomery
models. For that purpose, let us fix § € (0, s;) and define the two symmetric model wells.
We assume that 7 is even and has two non degenerate minima at s_ < 0 and s, = —s_ > 0.

We consider the Dirichlet realizations on L2((—o00, s_+6§) xR) and L?((s4 —d, +00) xR)

2 . .
of D? + (hDS — 7(3)%) respectively denoted by 55,?7"_ and S’J,?'_ﬁ_. These operators are

isospectral by symmetry. We want to compare the spectrum of ££Zk] with the one of the
: _ Di Di

direct sum $H, = H;'" S H;' .

Theorem 1.20 Let us consider Cy > 0. There exist ¢ > 0, C > 0, hg > 0 such that for

all u € sp (Hr) and X € sp (E%ﬂ]) with p, A < po + Coh, we have, for all h € (0, hy),

range (]l['uice—c/h“tkkce—c/h] (Sgﬂ)) =2
and
dist (A, sp (95)) < Ce /.

The following corollary is a direct consequence of the previous theorem.

Corollary 1.21 In terms of operator [,%k]’gM the gap between pairs of eigenvalues is given
by
1
[k],gM kl.eM —¢/hFFE
>‘2n,ﬁ - )\Qn—l,h = O<e ol )»

for h small enough depending on n.

10



Strategy of the analysis of Sgk] In the simple well case the study of ng] follows

the same lines as for Theorem 1.12 jointly with a normal form argument inspired by
[47, 17, 50] which permits simultaneously to make the WKB expansions global and to
get quasi-optimal Agmon estimates. Concerning the double well case, in order to get the
tunneling effect, we can follow the classical procedure based on the spectral theorem and
the previous Agmon estimates.

1.3 WKB constructions: influence of the geometry

This section is devoted to the fully semiclassical magnetic Laplacian (ADy+ A)? on L2(R?).
We now investigate three kinds of models for which the geometry is more intricate and
for which our theorems do not directly apply. Nevertheless, our WKB strategy is robust
enough and still effective: we are able to exhibit WKB expansions. Note that all the
forthcoming situations have already been studied in the literature but never with the
accuracy of the WKB point of view. The geometric perturbations at stake are: vanishing
magnetic fields on curves or possibly singular boundary.

1.3.1 Vanishing magnetic fields... or not

We will work under the following assumption on B as in [23] and [17] which concerns its
vanishing order £ > 1 (whereas the limit case k = 0 will be described afterwards).

Assumption 1.22 We work in the two dimensional case. The zero locus of B is a smooth
closed non empty curve I':

I ={B(x) =0},

and B vanishes exactly at the order k > 1 on I'. Moreover we assume that the k-th normal
derivative of B admits a non degenerate minimum on I' at xq.

Remark 1.23 Here we work in dimension two, but there is no doubt that we could adapt
the presentation, modulo a few technicalities, to cover the case of magnetic fields vanishing
at a given order on hypersurfaces as in [23].

In Section 5.1 we will construct, in a neighborhood of xy and in normal coordinates, WKB
expansions which come within the study of the generalized Montgomery operator Lgc]’gM.
Under the additional assumption that the minimum is uniquely reached at xg, the splitting
between the lowest eigenvalues has been established in [17] (for the case k = 1 and the
proof is completely similar for & > 2) so that these WKB expansions are local (in the sense
of Theorem 1.12) approximations of the true eigenfunctions.

These considerations can be extended to the case k = 0. We consider here a magnetic
field which does not vanish on Q. The curve I' represents the boundary of an enclosed
open set ) carrying a magnetic Neumann condition. In other words, we can perform a
WKB construction, for the Neumann realization on Q of (hDy + A)?, near each xg where
B\sq is not degenerately minimal. Assuming moreover that

©gmin B < min B,
o0 Q
and that B|pg admits a unique and non degenerate minimum, we can get, by using the

spectral splitting proved in [47], the local WKB approximation of the lowest eigenfunctions.
All the scaling properties, stated in normal coordinates, will be addressed in Section 5.1.

11



1.3.2 Varying edge

The strategy of this paper can also deal with more singular situations in dimension three.
Such a situation is described in the paper [45] where the semiclassical analysis is done when
the boundary of the domain contains a varying edge. We propose to perform the WKB
constructions for a simplified version of the operator introduced there. We are interested
in the operator defined on L?(W,, dsdtdz) and with Neumann conditions

¢ — °D? + h2D? + (hDs — t)?,
where
Wa = {(s,t,2) € R?,[2| < T(s)t},

with 7 (s) = tan <%‘9)> and where o : R — R is an analytic function which represents the

(varying) opening of the wedge W,. We will work under the following assumption.

Assumption 1.24 The function s — a(s) admits a unique and non degenerate mazimum
ap at s =0.

In Section 5.2, we will provide local (near the point of the edge giving the maximal aper-
ture) WKB expansions of the lowest eigenfunctions.

1.3.3 Curvature induced magnetic bound states

As we have seen, in many situations the spectral splitting appears in the second term
of the asymptotic expansion of the eigenvalues. It turns out that we can also deal with
more degenerate situations. The next lines are motivated by the initial paper [28] whose
main result is recalled in (1.4). Their fundamental result establishes that a smooth Neu-
mann boundary can trap the lowest eigenfunctions near the points of maximal curvature.
These considerations are generalized in [19, Theorem 1.1] where the following complete
asymptotic expansion of the eigenvalues is proved

3k
XS = Ooh — Cikimaxh™? + (20 — 1)C163/"4 / 72717/4 +o(R7Y, (1.9)
where ko = —x”(0). In our paper, as in [19], we will consider the magnetic Neumann

Laplacian on a smooth domain €2 such that the algebraic curvature x satisfies the following
assumption.

Assumption 1.25 The function k is smooth and admits a unique and non degenerate
mazimum at 0.

We will prove that the lowest eigenfunctions are approximated by local WKB expansions
which can be made global when for instance 92 is the graph of a smooth function. In

particular we will recover the term 016(1)/ 4 %

[19].

by a method different from the one in

1.4 Organization of the paper

The paper is organized as follows. Section 2 is devoted to models with simple magnetic
wells and to the proof of Theorem 1.10. Section 3 is concerned with the proof of The-
orem 1.12. In Section 4 we establish that the generalized Montgomery operators satisfy
the assumptions of Theorem 1.12, we prove that the WKB expansions are global (Propo-
sition 1.16) and we give an upper bound of the tunnel effect (proof of Theorem 1.20).
These theoretical results are illustrated by numerical simulations. Section 5 deals with the
geometrical examples introduced in Section 1.3.
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2 Simple magnetic wells

This section is devoted to the proof of Theorem 1.10. In order to perform the investigation
we use the following rescaling

s = x0 + h/?0, t=r, (2.1)

i€oo /h1/?

and a gauge transform e , so that £; becomes

Ly, = (Dr + As(zo + h'%0,7))2 + (€0 + h'/?Dy + A1 (zo + W ?0,7))2. (2.2)

The corresponding quadratic form is denoted by Q.

2.1 Formal series and general Feynman-Hellmann formulas

Let us start by proving the following proposition.

Proposition 2.1 Under Assumption 1.2, we assume furthermore that A1 and Ao are
polynomials. For all n > 1, there exist C > 0 and ho > 0 such that, for h € (0, hg),

dist (An.o 4+ A1k, sp(Lr)) < Ch3/2,
where Ap o = p1o and An 1 is the n-th eigenvalue of %Hess w(xo, &o) (0, Dy).

We will need the so-called Feynman-Hellmann formulas:

Proposition 2.2 Let n and 6 denote one of the x; or &,. Then we have

(Mx,E - N(xvf))(anu)r,ﬁ = (8n/~5(x7§) - 877Mr,§)u9:,£ (2.3)

and

(Mag,e0 — 10)(OnOpt) &
= 87789:u(x07 go)uﬂﬁo,ﬁo - 677'/\/1960,50 (aeu)xo,éo - 89M€L‘0750 (anu)wo,éo - 87769-/\/1130{0“930,507
(2.4)

where (Oyu)z, ¢, denotes (Ontie ¢)|(z,6)=(wo,c0) and similarly for the other derivatives of uy .
In a neighborhood of (9, &) in R™ x C™, we have,

Ipp(z, &) :/

- (Og Mg uzg)(T)u, ¢(7) d. (2.5)

Proof:  Feynman-Hellmann formulas (2.3)—(2.5) are obtained by taking the derivative
of the eigenvalue equation
Ma:,fuz,g = M($7 f)ux,& (2.6)

with respect to z; and &. ]

Proof of Proposition 2.1: Since A; and Ao are polynomials, we can write, for some

M e N,

M .
Ly =Y W,
j=0
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with
Lo = Mz Ly = Z(aﬂckM)xo,Eon + Z(ako)xofoDok’
k=1 k=1
1 m
5 Z <(8xja$kM)xo,§oajak + (aﬁjaﬁkM)roﬁoDUjDUk + (afjaIkM)wo,EODGjak
k=1

Ly =

+(aa:k8$jM)x0,§00'kDoj)-
(2.7)
We look for quasimodes in the form

2

2
=Y WP and (=) W/,
§=0

§=0
so that they solve in the sense of formal series
Ly =l + O(h/?).

Let us now deal with each power of h.

Terms of order h’. By collecting the terms of order h", we get the equation

M g0 = loto.

This leads to take
lo = po and Yo(o,7) = fo(o)uo(T),

where ug = 1y, ¢, and fo is a function to be determined in the Schwartz class.

Terms of order h'/2. By collecting the terms of order h'/2, we find

(Moo — 11(20,0))¥1 = (I — L1)vo.
By using (2.3) and the Fredholm alternative (applied for o fixed) we get [} = 0 and

m

V1(0,7) = Y (05, wan g (7) 01 fo(0) + D (e, w)sp 60 (7) Do fo(0) + fr(0)uo(r),  (2.8)
k=1

k=1

where f1 is a function to be determined in the Schwartz class.

Terms of order h. The equation reads
(May.go — 1o, §0))b2 = (I2 — L2)bo — L1th1.
The Fredholm condition gives
(Lotbo + L1t1,u0)12 (e, dr) = l2fo- (2.9)

Let us examine each term which appears when computing the 1.h.s. and recall that Propo-
sition 2.2 holds (especially the Fredholm condition of (2.4)).
The coefficient in front of ooy, fo is

<(8ﬂc]’M)$o,fo (aﬂcku)mo,&)’ UU>L2(R”,d‘r) + <(aka)$o,§o (axju)xo,&)a UO>L2(R",d7-)
+ <(8$j8IkM)IO»§0u07u0>L2(Rn,d7) = 8£Ejaiﬂk:u(x07§0)'
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The coeflicient in front of D, Do, 18

<(8§jM):vo,£o (aﬁku)xo,ém u0>L2(R”,dT) + <(a£kM)wo,£o (8§j u)$07507u0>L2(R",d7‘)
+ (9, 0, M) 2 £0 105 U0) 12 (R7, d7) = Of; O, 110, §p).-

To deal with the coefficient in front of D, 0% + oDy, we use the formula

((Og; M) g 0 (O, W) 2o £0> U0) 12 (R7, dr) T+ (O, M) g 0 (Og; 1) 0,60 > U0)1.2(R7, dr)
+ (g, 0, M)z £ 10, w0) 12, dr) T (T M) g 0 (O, W) 2 0, U0) 127, dr)
A ((Oz; M) g 0 (0, W) 20,605 U0)L2(R, dr) + ((Ogy, O; M) 2 £9U0, U0)1L2 (R, dr)
= Ou; Og, (20, §0) + O O (0, §0)-

Therefore the Fredholm condition (2.9) becomes

m
(8mjaxkﬂajak + 8§j8£k,ungng + a{jaxk,U/Dajo'k + 8a:ka£juakDaj) fO = [2f07
jk=1

N

where for shortness, we write 9,0pp := (050ppt) (0, o). In other words, we have

3Hess u(z0,&)(0, Dy) fo = L2 fo.

We take [ = [, the n-th eigenvalue of SHess i(zo,&o)(o, D) and we choose fj a corre-
sponding normalized eigenfunction. We take f; = 0. The spectral theorem completes the
proof of Proposition 2.1 (with A\, 1 = [, 2). [

Remark 2.3 This construction can be continued at any order by using the same kind of
double scale procedure which can be found in [47, /6, 17] (see also [19] more in the Grushin
spirit or [9] in an electric case). The odd terms in the eigenvalues expansion may easily
be cancelled thanks to the parity of the harmonic oscillator.

We deduce from Propositions 1.9 and 2.1:

Corollary 2.4 For all n > 1 there exist ho > 0 and C > 0 such that for all h € (0, ho)
the n-th eigenvalue of £, exists and satisfies:

2.2 Semiclassical Agmon-Persson estimates

This section is devoted to the rough localization and microlocalization estimates satisfied
by the eigenfunctions and resulting from Assumptions 1.2 and 1.7 and Corollary 2.4.

Proposition 2.5 Let Cy > 0. There exist hy,C,e9 > 0 such that for all eigenpairs (X, 1))
of £ with A < pg + Coh, we have

! e s (S Iyl

Proof: The proof is standard but we recall it for completeness. We consider a smooth
cutoff function y; supported in a fixed neighborhood of 0 and, for £ > 1, we introduce
xe(t) = x1(£71t). We let ®o(t) = eox¢(t)|t| and we write the Agmon identity (see [1, 2])

Q) = Mle®p || + || [V ele® ||,
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There exists C' > 0 such that for all £ > 1 we have
[V ®le®||* < Ceglle® .

We infer that
Qn(e®1h) < (1o + Coh + Ceg)|le® |,

For R > 0, we introduce a partition of unity (x1, g, x2,r) in t-variables such that
XTrM® +x520) =1, |Vxirl*+|Vx2,r? <CR™® and  suppxa,r N B(0,R) = 0.
With the so-called IMS formula (see [13, Chapter 3]), we deduce
Qn(x1,re™ ) + Qu(x2,re™9) — CR™?(|e®9||* < (1o + Coh + Ocg)||e® .

Since e®¢ is bounded on the support of X1,R, We get the existence of C, C > 0 such that
for all £ > 1 and h € (0,1):

Qn(x2.re™%) — (110 + Coh + Ccf + CR™?) | xz,re™ 9[> < ||,

By using Assumption 1.7 and Remark 1.8, there exist Ry > 0 and hy > 0 such that for all
R > Ry and h € (0, hy) we have

Qn(x2.re™ %) > p5lIx2,r™ 9.
We infer the existence of ¢ > 0 such that for h € (0, ho)
clxe,re®y|* < Cllyll*.
Then there exist C' > 0 and hg > 0 such that for all £ > 1 and h € (0, ho)
le®)* < Cllv]*.

It remains to consider the limit £ — +o0o and to use the Fatou lemma and the conclusion
follows. ]

Proposition 2.6 Let Cy > 0. There exist hy,C,e9 > 0 such that for all eigenpairs (X, 1))
of £y with A < pg + Coh, we have

by < e, on (enly) < .

Proof:  The proof is the same as that of Proposition 2.5 with ®(s) = eoxe(s)|s|. n

We get the following.

Corollary 2.7 Let Cy > 0 and k,l,d € N. There exist hg,C,eq > 0 such that for all
eigenpairs (X, ) of £y with A < po + Coh and all h € (0, hy), we have

[thslp| < Cllwll,  Qu(tksly) < Ol
(D) s tR || < Cllwl?,  [[(RDs) st || < Clv|>.

Proof: For d = 1, this is an immediate consequence of Propositions 2.5 and 2.6.
Taking successive derivatives of the eigenvalue equation £x1 = A we deduce the result
for d > 2. [
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For another purpose, we will need the following localization result which is again a conse-
quence of Propositions 2.5 and 2.6.

Proposition 2.8 Let k € N. Let n > 0 and x a smooth cutoff function defined on R
and being zero in a neighborhood of 0. There exists hg > 0 such that for all eigenpairs
(A, ) of L, with X < po + Coh and all h € (0, ho), we have

Ix(R"|s)) || prm+ny < OE)ON, (X (R E) Y] prgmtny < OBT) Y]],

where || - || gr(gntm) is the standard norm on
BF(R™™) = {¢ € LX(R™™")[yloh ¢ € LAR™™),¥j, 1 € {L,...,m+n}, p+q < k}.

By using a rough pseudo-differential calculus jointly with the space localization of Propo-
sition 2.8 and standard elliptic estimates, we get

Proposition 2.9 Let k € N. Let n > 0 and x a smooth cutoff function being zero in
a neighborhood of 0. There exists hg > 0 such that for all eigenpairs (X,1) of £y, with
A < ug + Coh, we have

XM D) g gmsny < ORZ)WN IX(RT D) | pr(emsny < ORZ)[[90]]-

2.3 Microlocalization and coherent states

In this section we follow the same philosophy as in [48].

2.3.1 Formalism and application
Let us recall the formalism of coherent states (see for instance [18] and [12]). We define

go(o) = 7ol

and the usual creation and annihilation operators

aj:%(aj—i_aﬂj)v a;f:%(aj_aﬂj)v

which satisfy the commutator relations

[aj, 0] =1, laj,a5] =0 if k # j.
We notice that
oj = %(aj + a7), Oy, = %(aj —a3), aja; = %(D?,j + JJZ- +1). (2.10)

For (u,p) € R™ x R™, we introduce the coherent state

fu,p(o') = eip'UgO(U —u),

and the associated projection, defined for 1) € L2(R™ x R") by

Hupt = (¥, fup)r2@®m, do) fup = Yupfup-

We have the identity resolution formula

S I1,, pv du dp, (2.11)
RQm
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and the Parseval-type formula

o= [ [ Tl dudpar.

Let us emphasize here that the coherent states decomposition (2.11) is performed only
with respect to the variable 0. We recall that
uj + ip;

and

L an \ £ o q
(a;) (a}) T = - <“J;§“’J> (“’“ \é”’f) T, du dp. (2.12)

We recall that (see (2.2))
Ly, = (DT + As(xo + h/ %, 7'))2 + (fo +h'2D, + Aq(xo + h1/2a, 7'))2
and, since Ay and Ay are polynomials, we get an expansion in the form
Ly =Lo+h"2Ly+hLo+...+BM2Ly.

Let us now replace o; and J,; by their expressions in terms of a; and aj (see (2.10)).

Then, we write the anti-Wick ordered operator. In other words, we commute a and a* to

put all the a on the left (in order to apply Formula (2.12)) and we deduce
Ln=Lo+h2L+hLy + ...+ (WM LW - hRy + ...+ (RY)M Ry, (2.13)

W
LY R

where the Ry are the remainders in the anti-Wick ordering and satisfy, for d > 2,
h2Ry = h¥204_y(0, Dy), (2.14)

where the notation O4(c, D,) stands for a polynomial operator with total degree in (o, D)
less than d. We recall that

W _
b = RzmMwo+h1/2u,£o+h1/2dedp'

Proposition 2.10 There exist hg,C > 0 such that for all eigenpairs (X, 1p) of Ly, with
A < pg + Coh and all h € (0, hy), we have

Qn(¥) = o Qhoup(Yup) dudp — Ch$|* > (o — Ch)|[¥], (2.15)

where Qpu,p is the quadratic form associated with the operator My o p1/2,, ¢ p1/2p-

Proof:  We use (2.13). Then the terms of Ry, (see (2.14)) are in the form hh®/2¢' Di7r D?
with [ + ¢ < d and g = 0,1. With Corollary 2.7 and the rescaling (2.1), we have

|h% 25! DL DBy || < Oy

and the conclusion follows. ]
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2.3.2 Localization in the phase space

This section is devoted to elliptic regularity properties (both in space and frequency)
satisfied by the eigenfunctions. We will use the following generalization of the “IMS”
formula the proof of which can be found in [48].

Lemma 2.11 (“Localization” of P? with respect to 21) LetH be a Hilbert space and
P and A be two unbounded operators defined on a domain D C H. We assume that P is
symmetric and that P(D) C D, (D) C D, 2*(D) C D. Then, for ¢ € D, we have

Re (P?y, A2*) = || P(A*Y)||* — [[[(*, Pleb||* + Re (P, [P, 2], A*]v)
+ Re ((Pw,Ql*[P, ) — (P, AP, m*m). (2.16)

The following lemma is a straightforward consequence of Assumption 1.2.

Lemma 2.12 Under Assumption 1.2, there exist g > 0 and ¢ > 0 such that

(o + z, & + &) — p(zo, &) > c|z* + [€]7), V(z,§) € B(eo),

and
M(l“o + x, 50 + g) - ,LL(.Z'O, §0> Z C, V(IE, g) € CB(€0)7
where B(gg) = {(x,€) : |z| +|¢| < o} and CB(gg) is its complement.

Notation 2.13 In what follows we will denote by 11 > 0 all the quantities which are
multiples of n > 0,i.e. in the form jn for j € N\ {0}. We recall that n > 0 can be chosen
arbitrarily small.

Proposition 2.14 There ezist hg,C,e9 > 0 such that for all eigenpairs (X, 1) of Ly, with
A < po + Coh, we have
low|” + Vo |I* < Ol

Proof: =~ We recall that (2.15) holds. We have

(1) = M| < (po + Coh)||9]>.

We deduce that

| Qo (bup) = polthupl” dudp < Chllg|*

and thus by the min-max principle

Lo (a4 20,604 725) = o) oy P dup < C

Let g > 0 be given in Lemma 2.12. We split the integral into two parts and find

/ ([l + [p2) [P
B(hil/Zso)

Yu,
/[;B(hl/QEQ) | P

The first inequality is not enough to get the conclusion. We also need a control of momenta
in the region CB(h~1/2¢y). For that purpose, we write:

Zdudp < C|¢l? (2.17)

Zdudp < Ch|jy|. (2.18)

0u(&0) = [ | Qs (“j = m) dudp+ (Rpaj,ajes). (219)
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Up to lower order terms we must estimate terms in the form:
d/2 1
h{h??a' DiT* DEas, arv),

with I+ ¢ =4d, @« € N and § = 0,1. By using the a priori estimates of Propositions 2.8
and 2.9, we have i
|h% 20! DIT*DEalep|| < Ch™T||asv]|.

The remainder is controlled by
(R, )| < CRUT((| D1 + [lo]|?).

Then we analyze Qp(ajt) by using Lemma 2.11 with 2 = a;. We need to estimate the
different remainder terms. We notice that

I[as, Porplol < CRMY2|yl,
[(Parn ¥, 05 [Py 6510 < || P n®ll 165 [Prrns as]20 ]l
[(Parn 0, 03[ Prr, 510 < || Pl 65 [Pan, a7]20]),

|(Prrn®s [Prerpy 05, 0510 < [ Prnll |[[Pr s 0515 05190

where Py, denotes the magnetic momentum hl/QDgr + A (o + hl/QO',T) and P, p
denotes D, + As,(zo + h'/20,7) and Ay, is the r-th component of Ay (k = 1,2). We
have

[Pt |l < Cll90]|

and
0% [Pro s a]90]| < CRY2[|axQ(hY 20, 7)),

where () is polynomial. The other terms are bounded in the same way. We apply the
estimates of Propositions 2.8 and 2.9 to get

a3Q (R %0, 7)pp|| < Ch™7|jafap||.
We have
Qn(aiyy) = Allaiy||* + O(h) ||| + Oz M) (Vo | + log]|?),

so that L
Qn(a5e) < pollaiyl|* + Chl|y|1* + Ch2 (|| Vo) ||* + [lowp]?).

By using (2.19) and splitting again the integral into two parts, it follows
. 1 5
/ (ful + 1p*)|(uj — ipj)vupl® dudp < Cle|* + Ch™Z7(|Votpl|* + [|lo]?),
B(h_1/2€0)
. 1 =
/ |(wj — ip;)upl dudp < ChWI* + Ch2T"(| Vo |* + [low]?).
CB(h_l/Qso)

Choosing 7 small enough so that 7 < %, combining the last inequality with the first one
of (2.17) and the Parseval formula we get the conclusion. [

Proposition 2.15 Let P € Cyo[X1, ..., Xom]. There exist hg,C,e9 > 0 such that for all
eigenpairs (X, ) of Ly with A < po + Coh, we have

1P(0, Do)b||> < Ch™7 3|2,
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Proof: From the proof of Proposition 2.14, we infer
. 1=
/ (lul® + |p*)|(uj — ipj)tbup* dudp < Ch™277g?, (2.20)
B(h_l/Qso)

. 1 =
/ |(uj = ip)upl* dudp < Ch277|[g|% (2.21)
EB(h_l/Qso)

Then we use Lemma 2.11 with A = aja;. The worst remainders in (2.16) are
I[P ajasleol* < Chlly],
* 15 *
[(Prrnt); 0505 Pr iy aa5]0) | < Ch27 7|9 [|aGagel].

We infer L L
Qn(aaiy) < pollaaiy || + Chz[¢|* + Chz~"|aja}y|*.
We deduce

. _1l_5 LAk ox
/ ([ul® + pI*)(uj = ip;)*upl* dudp < CH27[9|* + Ch™2 77l ajaj ||,
B(h71/280)
/ (4 = ipj)*bupl* dudp < Ch2 Y| + Ch2 Tjasas|®. (2:22)
EB(h71/2EO)
Jointly with Proposition 2.14, estimates (2.20) and (2.22) imply that

l_...
Lo el ) dulp < O3

The conclusion follows from the Parseval formula and Proposition 2.14. [

2.4 Spectral gap

We introduce the projection

Vo = ot = (¥, Usg £0)1.2(R7, dr) Yo £o
and, inspired by (2.8) where fj is replaced by (), uzg.0)12(Rn, d7) and f1 by 0,

m m

vy = Z(aﬂcju)xo,&) 0j <7/)7 uro,ﬁo)LQ(R",dT) + Z(aﬁju)ro,ﬁo Doj (@b, ux0,§0>L2(R”,dT)' (2'23)
Jj=1 J=1

This leads to define the corrected Feshbach projection
Iy = Uy + h'/20, (2.24)
and
Ry =9 — 1y
Note that the functions ¥y and ¥y will be a priori h-dependent. By the L2-normalization
of uy¢ (when £ € R™), ¥y and Rj, are orthogonal (with respect to the 7-variable) to

up (and V). Let us recall that the £; were defined in (2.7). Furthermore, we have by
construction and Proposition 2.2

(Lo — po)¥1 = —L1¥g (2.25)
and, by the Fredholm alternative,

<£1\I/0, \I/()>112(]Rn7 dr) = 0.
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2.4.1 Approximation results
We can prove a first approximation.

Proposition 2.16 There exist hy,C > 0 such that for all eigenpairs (X, 1) of Ly with
A < ug + Coh, we have
l_..
[ = Tow|| < Ch2|9]].

Proof: We can write
(Lo — o)t = (A — po)yp — h'/2L1ap — hLop — ... — WMLy,

By using the rough microlocalization given in Propositions 2.8 and 2.9 and Proposition
2.15, we infer that for d > 2

W2 r*DEo! DL < Che~F 37Ty = ChA ], (2.26)
and thanks to Proposition 2.14
| £13]| < Ch™T|3||,
so that L
(Lo = po)¥|| < Ch27"|4]],
and the conclusion follows. ]

Corollary 2.17 There exist hg,C > 0 such that for all eigenpairs (X, 1) of Ly, with A\ <
o + Coh, we have

lo( = Tow) | < ChAMbl|,  [|D (0 — Towh)|| < ChT 3]
We can now estimate ¥ — I1,.

Proposition 2.18 There exist hg,C > 0 such that for all eigenpairs (A, 1) of Ly with
A < ug + Coh, we have

IRw|| = [l — Tuep|| < ChI~ ).

Proof: Let us write
Lrp = M.

We have
(Lo + hY2L1) = (o + OW))p — hLoh — ... — WMLy,

Let us notice that, as in (2.26), we have, for d > 2,
WP\ Lapl) < OhA T
We get
(Lo — po)Rp = —h'2L1 (0 — o) + O(h)) — hLop — ... — WM2 Ly
It remains to apply Corollary 2.17 and obtain

W2 L1 (¢ — Wo)|| < ChET||y]|.
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2.4.2 Proof of Theorem 1.10

Let us introduce a subspace of dimension P > 1. For j € {1,..., P} we can consider an
L2-normalized eigenfunction of £, denoted by ¥;n and so that the family (v;n);cq1,.. Py
is orthogonal. We let

Ep(h) = span ;.
je{1,...,.P}

Remark 2.19 We can extend the estimates of Propositions 2.14 and 2.15 as well as the
approzimations proved in Section 2.4.1 to ¢ € Ep(h).
We can now prove the following proposition.

Proposition 2.20 For all n > 1, there exists hy > 0 such that, for all h € (0, hg), we
have
)\n(h) > Ho + An,lh + O(h),

where we recall that Ay, 1 is the n-th eigenvalue of %Hess w(xo,&0) (0, Dy).

Proof: Since we want to establish a lower bound for the eigenvalues, let us prove a
lower bound for the quadratic form on €p(h), for P > 1. By definition of the £; in (2.7),
we have, for ¢ € €p(h),

Qn(¥) = (Lo, ) + W2(L1eh, ) + h(Lath, ) + .+ WLy, ) + o+ B2 (Larp, 0.
Using Propositions 2.14, 2.15, 2.8 and 2.9, we have, for d > 3
d_d—

B2 (L, )| < Che="2" 174 |2 = Chi |||

We infer .
Qn(¥) > (Lo, ) + WYLy, ) + h(Lot, ) — Chi~ |2,

It remains to analyze the different terms. We have
(Lo, ) = (Lo(Vo + Y2y + Ry), Ug 4+ hY20) + Ry).

The orthogonality (with respect to 7) cancels the terms (LoVU1, Vo) and (R, ¥o). More-
over, we have, with Propositions 2.8 and 2.9,

W2 (LoRn, 1) < B2 R[] @1 ],
and we use Proposition 2.14 to get
W]l < Clill;
so that, with Proposition 2.18,
(Lov, ) = ol Dol + A(LoTr, 1) + Ok~ [
We have
(L1t 9) = (L1W0, Wo) + 20" > (L1Wo, U1) + R(L1 W1, W1) + 2(L1), Ry,).

Then, a Feynman-Hellmann formula provides (£, o) = 0. Using again Propositions
2.8, 2.9, 2.14, 2.15 and 2.18, we notice that

(L1tp, ) = 212 (L1 W, W) + O(R3 ) |42,
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We notice

(Lo, ) = (L2Wo, Vo) + (L2(t) — Wo), ¥) + (Lath, ¢ — Wp).
Writing ¢ — ¥y = hY2W, 4+ Ry, we have the estimate

(L2 = Do), ) + (Lawh,p = Wo)| < Ch™3Tha~|[ys|%.
We infer the lower bound
Q1) > pol| Wo|*+h{LoW1, W1)+h(L1W0, W1)+h{L1 V1, Uo)+h{LaWo, Vo) —Chi~T|[[|.
Using (2.25), we get
h{LoW1, W1) + h{L1Wo, ¥1) = hpuo|| W1,
so that, by orthogonality,
Qn () > pol|Wo + AWy |? + h{L1 W1, Vo) + h{L2Wo, Vo) — Chi ],

Since (Ry,, ¥o) = 0 we deduce that

5

1o + A2 |2 = o + hY/2W1 + Ry |? + O(hT ) ]2
It follows that
On(¥) — pol|lI? > h(L1 W1, Wo) + A{LaTo, To) + O(hT™T) [3]12,
and, since Qp,(¥) < Ap(h)||®]|?, we have
(Ap(h) = 1) [0]1> = h{L1W1, Wo) + h(L2Wo, ¥o) + O(h1 )42,
Thus we get
(Ap(h) — o)[[Wo 1% = h(L1 %1, Vo) + h(L2T0, T) + O(hT )|l

We recall that (see (2.9) and below)

(L1, Vo) + (L2W0, Wo)
= <%Hess ,u(xo, 50)(0'7 DU)(<¢? UU>L2(R”,dT))7 <1/}7 uO>L2(Rn7dT)>L2(Rm,dU) :

Finally we apply the min-max principle to the P-dimensional space (€p(h), U0>L2(Rn7 dr)
to get the wished lower bound. |

Theorem 1.10 is a consequence of Propositions 2.20 and 2.1.

3 Magnetic WKB constructions

3.1 Stable manifold and eikonal equation

In this section we study the construction of WKB solutions in the general case

£, = (hDs + A1(5,1))* + (Ds + Aa(s,1))? with D = —iV.
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As mentioned in the introduction, for (z,&) € R™ x R™, we are interested in the following
electro-magnetic Laplacian acting on L?(R™, dt), when looking at the partial semiclassical
symbol of £ in variable s,

Mg = (D + Ag(z, 1)) + (€ + Ar(2,1))2 (3.1)

Denoting by u(z,§) its lowest eigenvalue, we would like to replace (in spirit) £, by the
m-dimensional pseudo-differential operator p(z, hD;). In order to complete this program,
the main assumption on the operator M, ¢ in variable ¢ concerns its lowest eigenvalue
and is stated in Assumption 1.2 in the introduction.

In order to build suitable quasimodes for £, it will be of great use to first study the
following eikonal equation

p(zo +x,& +iVe(x)) = o, (3.2)

with unknown @, where we recall that (zg,&p) is the point where the minimum pg of p,
is attained (as a real function of (z,£¢) € R?*™). Although certainly well-known (see e.g.
[51]), in particular in the context of Sjostrand’s theory of FIO with complex phases, we
recall in the next subsections this construction with elementary tools. In order to simplify
the notation, we denote in the following

p(2,8) = p (2, &) — o with  p¥(z,€) = p(zo + 7, & + &).

With these notations, we deal with a real analytic symbol p defined at least in a neigh-
borhood of (0,0) in the complex plane, and such that

p(0,0) =0, Vp(0,0) =0, and Hessp(0,0) is (real) positive definite.

The point pp = (0,0) is then a so-called doubly characteristic point for p, and the eikonal
equation now reads

p(x,iVP®(x)) = 0.

In the next subsection, we introduce our general framework.

3.1.1 Framework

In order to stick to the standard theory (see e.g. [16]), we introduce

Q(x’ é-) = —p(ﬂj, Zf)

and the eikonal equation reads
q(z, Vo&(x)) = 0. (3.3)

We focus from now on (3.3). In general, the symbol ¢ is not necessarily real, so that we
cannot expect to get a real phase ®. Anyway the classical construction in C?>™ of the
phase remains true as we shall shortly recall below (both in quadratic and general cases).
We can look at the Hamiltonian vector field Hy, in a small neighborhood of py = (0,0),

_ %

Jq

Hq(l‘,f)

and its linearization Fy, at pg, called the fundamental matrix, is
9? 9?2
aTaqg(Po) aTg(Po)

J— ( 0 I>
52 52 ’ - _ .
—373(00) —ang(m) I 0

F, = JHessq(po) =
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Since p is real, the Hessian of p is real, and of the form

A B
MP = HeSS p(pO) = (B C) 9

with A, B and C real symmetric matrices. If M, denotes the Hessian of ¢, we therefore

get that
—-A —iB
w=(Z5 )

Since pg is a non degenerate minimum of p, the Hessian of p at pg is positive definite. We
directly check that F;, = JM, and we have

Now using that Fj,, = JM,,, we also have

B C
Fp_FO_(—A —B>’

F, = —i (é ! I) F, (é 2) . (3.4)

We now deal with the eikonal equation in the quadratic case.

so that

3.1.2 The quadratic case

In this subsection we recall basic facts from [51] about the quadratic case and also about
symplectic geometry. Recall that T*R™ is endowed with the canonical symplectic 2-form
which can be written as w = Zj d¢; A dz; in coordinates, and that this form naturally
extends to a symplectic 2-form in T*C™ with the same expression

w((@,€),ym)=¢y—z-n  (,8,(y.n €T C™, (3.5)

where we denote x -y = Z;n:l xjyj. Note that

%w(X,Y):%(f-f—xf):ﬂm(f-i)G]R. (3.6)

We recall that an endomorphism &° of T*R™ is said to be symplectic if w(x®.,x%.) =
w(.,.). In coordinates, w is represented by the matrix J so that w(X,Y) = 'Y JX. Let
X = (z,§) € T*C™ and consider a quadratic form pg associated with the bilinear form by,

X = bo(X,X)=po(X) onT*C™,
which is real positive definite when restricted to T*R™. Note that this implies that
bo(X, X) >0, VX € T*C™\ {0} .

We first recall that the fundamental matrix Fj of pg may be defined through the symplectic
form via the following formula

20(X,Y) =w(X,FyY), VXY eT*C™
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Let us recall some properties of Fy (see [16, 37]). Let M be the matrix of the quadratic form
po. We have Fy = JM. Since M is positive, we may consider M2 and MY2F,M~—1/2 =
MY2JMY? is a real antisymmetric matrix. Its eigenvalues are purely imaginary and
conjugate (the matrices are real). We denote them by +iv; with J; > 0. Following

[30, 16], we introduce
A = @ Ey;, A = @ E_iv;,
J J

and note that 1\9r and AY are Lagrangian vector spaces of T*C™ (we recall that both
families (Ejy,);j, (E_i;); are w-orthogonal).
The next step is to show a transversality property.

Lemma 3.1 We have A) NT*R™ = {0}.

Proof: Let us take X € Ag NT*R™. Then by stability of AY, we also have Fy X € A0+
and we get
2bp(X, X) =w(X, FoX) =0,

since A(_)F is Lagrangian. In addition we know that pg is positive definite, and this implies
X =0. |

‘We now show that

Lemma 3.2 For all X € A9\ {0}, we have }w(X,X) > 0.

Proof: This is done by a perturbation argument. For X = (z,&) € T*C™, we denote
p1(X) = 22 + €2 the harmonic oscillator, and we introduce

Pt = (1 - t)p() +tp17 Vt S [07 1]7

and we denote by F; the fundamental matrix of p;. The eigenvalues of F} = J are +i and
the Lagrangian subspaces are given by

AL ={¢=iz}, AL ={¢=—ia}.
In particular we have from (3.6) that for all X = (z,iz) € AL \ {0},

Lo(x, X)) = a(, iw), @, i2)) = 2Im (iz - ) = 22 > 0. (3.7)

2 (3

Now we can consider

Az— = @Ezﬁ§ )
J

where iﬂ; are the eigenvalues of Fj.

For R > 0, let yg be the contour made of a segment [—R, R] and the semi-circle
C(0,R) N {Imz > 0}. Since ¥4 > 0 for all ¢ € [0,1] and j > 1, the open semi-disk
surrounded by vg contains all eigenvalues i19§ as soon as R is sufficiently large. We get

1
Ai = range— (z — Ft)*1 dz
2im .

so that the application ¢ — A’ is a continuous family of subspaces.
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Now we want to show that
1 _
gw(X,X) >0, vVXeA \{0o}, vtelo,1]. (3.8)

This is already known for ¢ = 1 by (3.7). Let us prove (3.8) by contradiction. Let us
consider the largest ¢ € [0,1] so that there exists Xo € A2 \ {0} with

1 _
~w(Xo, Xo) = 0.
1

By definition of ty and continuity this implies that (X,Y) — w(X,Y) is a non negative
Hermitian form on Aﬁf. By the Cauchy-Schwarz inequality, we get

—_

1 T
’fw(X,Y)‘ < WX, X)-w(Y,Y), VXY eAb.
2 (3 2

Applying this to Y = Xy, we have
w(X,Xo) =0, VX €AY,

which implies X € (AT)LW = A'EE, since Aff is Lagrangian. As a consequence we get that

Re Xg = =(Xo+ Xo) € AL NT*R™, ImX,=

1 v *
3 (Xo — Xo) € A NT*R™.

1
24
From Lemma 3.1, we get that Xy = 0, which gives a contradiction and proves (3.8). Taking
t =0 in (3.8) gives the lemma. ]
Let us now prove that A(}r is a graph. For this we establish first a transversality lemma.

Lemma 3.3 AY N {z =0} = {0}.

Proof: Let us consider (0,&) € A%. Applying (3.6) gives 1w((0,%), (0,%)) = 0.
Using Lemma 3.2 with X = (0,&p), we get & = 0. ]

Then we describe a parametrization of the graph.

Lemma 3.4 There exists a unique matriz L € M,,(C) such that A} = {(z, Lz), € C™}
and it satisfies 'L = L and Im L > 0.

Proof: By Lemma 3.3, we know that there exists a matrix L such that Ag =
{(z, Lz) : x € C™}. We have to check that L satisfies the required properties. Since AY. is
Lagrangian, we have, with (3.5),

0=w((z,Lz),(y,Ly)) =Lz -y — Ly -z =x(*L — L)y, Va,y € C™.
This implies ‘L = L. From (3.6), we also have for all x € C™ \ {0},
0< tw((z,Lz), (@ L)) =21 (Le 7 —Lz-2) = +(L—"L)z - T=2Im Lz - T. (3.9)
This implies Im L > 0 which is the desired result. ]

We can now solve the so-called eikonal equation in the quadratic case.
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Proposition 3.5 Let L given by Lemma 3.4 and define ®o(z) = Q%.Lx - x.

Then ®qg is a quadratic homogeneous polynomial with Re Hess ®g > 0 and such that
A = {e=iveo(@)}, AL ={e=-iVO@)}.

Furthermore this function satisfies the eikonal equations

po(z,iVPy(z)) =0, po(z, —iV®(Z)) = 0, Vo € R™.

Proof: Since ‘L = L, we have V®(z) = Lz and ReHess®y = Im L > 0. For the
eikonal equation, we check that for X = (z, Lz) € A9,

po(l‘,ivq)o(l‘)) = bo(X,X) = OJ(X, F()X) = 0,

since X and FpX € A9r, and Ag is Lagrangian. We can deal similarly with A%. This
concludes the proof. [

Let us now explain the relation with the transport equation. We will later need some
information about the transport operator

To(z) = 3 (Veq(z, Vo () - Vi + Vi - Veg(z, VOo(2))) -

We let
vo(z) = 2: V- Veq(z,iV Oy (z)) = $V4 - Veq(z, VO (2)).

Then the transport % is exactly the projection on TRY* of the Hamiltonian vector field
of q(z, &) at the point (z, V®q(z)) € AY,

To(x) = mp(Hy(z, VOo(2))) + vo(z),
which reads in suitable coordinates
To(x) => 993V, + Vol (1)),
j=1

where (y,n) = (k(z),! dx(z)1€) is the corresponding symplectic change of variable (the
existence of x is justified by the transversality of AY with {x = 0} stated in Lemma 3.8).

Remark 3.6 We recall that the spectrum of the operator F acting on L%(e~®/"dzx) is
nothing but the one of Opy (p).

3.1.3 General case

Let us now deal with the general case. By Proposition 3.5, we have the following lemma.

Lemma 3.7 The matriz Fy, is antisymmetric with respect to w. The eigenvalues of F, are
of the form (—v;,+9;), j € {1,...,m}, where the 9; > 0 are counted with multiplicity. In
addition, for qo the quadratic approximation of q at 0, we have

qo(z, V®o(z)) =0,

where ®q is defined in Proposition 3.5 with the py associated with qq.
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Here we recall that A} = {(x, Lz) : x € C™} is the Lagrangian subspace associated
with the eigenvalues i; of F}, (¥; > 0). The transformation

U: (l‘,g) = (CE, —Zf)

and (3.4) give directly that Aer’q = UAY = {(z,—iLz) : x € C™} is also a Lagrangian
subspace associated to eigenvalues of positive real part {);,1 < j < m}. We have another
interpretation of the set A(J)r’q: For this we study the linearized flow at pg given by

Z'(t) = Fy(2) -V Z.

This is clear that Ag_’q and A%? are respectively the unstable and stable manifolds associated
with the vector field F,;(Z) - V. By this we mean that

VZo € AYY, i Z(t) = po. (3.10)

As already noted, these two spaces Aiq are Lagrangian. Now we show that the stable and
unstable manifolds A% associated with the vector field Hy are also Lagrangian. Knowing
the spectrum of the linearization of H,, we just have to apply the (complex) stable manifold
theorem and we directly get that there exists one unstable holomorphic manifold A'_i and
one stable holomorphic manifold A? , for which we have

Oa
T, A% = A%, (3.11)
Since Agéq are m dimensional, so are A%. Our next result is the following

Lemma 3.8 The manifolds A% are transverse to {x = 0} and {£ = 0}.
Proof: The first result is a direct consequence of Lemma 3.3 for pp and (3.11). [

Now we can solve the eikonal equation, near gy, in the general case.

Proposition 3.9 There exists a holomorphic function ® such that
AL = {€ = VO(2)}.

In addition ® solves (locally) the eikonal equation q(z, V®(x)) = 0 and AL = {§ = —V@(E)},
and ReHess ®(pg) is positive definite.

Proof: The existence of ® is a consequence of the fact that A% N {z = 0} = {0} and
that Ai is Lagrangian. We first recall that at the linearization level (see Proposition 3.5),
we have

AT = {¢ =Vd(z)},

where V®y(z) = —iLx is exactly the linear part of the expansion of V®(z) at py and
ReHess ®(pp) is a real positive definite quadratic form.

Now for z in a neighborhood of py in C™, and looking at the characteristic X (¢) of H,
starting at Xo = (x, V®(x)), we get that

g(z, Ve(z)) = ¢(Xo) = lim ¢(X(t)) = q(po) = 0,

—0o0

where we have used that ¢ is constant along the characteristics of Hg, (3.10) and the stable
manifold theorem. The phase ® therefore solves the eikonal equation. For the description
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of A7, we first check that for all # in a neighboorhood of py in C™, T also belongs to a
neighborhood of py and therefore ¢(Z, V®(Z)) = 0. Taking the complex conjugate and
using that p is real analytic we get

0=4q(x, VO (7)) = —p(x,iVP(ZT)) = —p(z, —iVE(T)) = q(z, -V P(T)) (3.12)

which gives that ¢ is zero on {§ = —VQJ(E)}. This holomorphic manifold is of dimension

m, is clearly Lagrangian and we only have to check that it coincides with A? , with tangent
space A%, For this, it is sufficient to check that (z, —V®(zZ)) € A?. If we look at the

solution of X'(t) = Hy(X(t)) with initial condition Xy = (z,—V®(7)), we get, by the
stable manifold theorem, that lim; . X () = pg. From dimensional considerations, we

get that {{ = —V®(T)} = AZ. "

3.2 WKB expansions

We assume that Ao = 0in (1.1) (note that this was not the case in the previous subsection).
Before starting our magnetic WKB analysis we center the operator £ at xg and perform
a change of gauge in order to center the phase at ;. This means that we rather consider

£ = D2+ (hDs + A%)?, Af(s,t) = & + Ai (o + s, 1).
In order to lighten the notation, we introduce

Mi,é = Mot 460y Ui,g = Ug4xo,6+£0s Nh(% §) = pu(x +20,& + &o)-

We always have

(ME%) =ML, V(@€ eR"xC"
and the assumption As = 0 implies the fundamental property:
wl = o V@EeR™xC™ (3.13)

We conjugate SEL via a weight function ® = ®(s) and define
eh = P)/h g o)/
= D} + (hDs +iV® + A%)?
= ¢ +nel 4+ n2gl,
with
£ = D} + (iVO+ AD? = M? 0
2? =D, - (qu) + Ah) + (ZV(I) + Ah) -Ds = %(Ds : (véMh)s,ivfb(s) + (vé"Mh)s,iVCI)(s) : Ds>7
¢l = Do,

where we have used
(VeM?),iva(s = 2(V8(s) + A7), (3.14)

We now look for a formal solution on the form

A~ MK, as ) aghd

j=0 j=0

such that an = Aa. We cancel each power of h step by step.
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3.2.1 Term in h": Solving the operator valued eikonal equation

We have to find (Ao, ap) such that
S(h)ao = A\gag.
According to Theorem 1.10, we must choose
Ao = [o-
Thus we have to find ag such that
E(h)ao = Lpag, (3.15)

that is to say
ME’,@'VCD(S)GO = Hoao-

To solve (3.15), we choose ag in the form
a0(5,1) = U} ;g (Db0(s), (3.16)

where by has to be determined and ® is the solution constructed in Section 3.1 of the
following eikonal equation
15(5, 0V ®) = puo.

3.2.2 Term in h!

Collecting the terms in h', we obtain the first transport equation
(Qg - Mo)al = —(Qi — )\1)&0.
Pointwise in s, the Fredholm compatibility condition can be written as

(A1 — £9)ag € (Ker(£5 — o))" = (Ker(€8" — o)™ (3.17)

Lemma 3.10 The condition (3.17) is equivalent to

T by = Aibo,
where
7 =4 (Ve Dy + D, - Veiit).
Proof:  From Assumption 1.2, we have Ker(SE;k —up) = span(uu — ), so that, with

5,—tV®(s)
(3.16), the compatibility condition is equivalent to

— [l 8 i

i i m
A1 <us,iV<I>(s)b0(S)’ us,fiV6(3)>L2(Rm?dt) - <£1us,iv¢(s)b0(s)’ us,fivg(s)>L2(Rm7dt) , Vs €R™.

By (1.5), we have

b i _ m
|t w0 gyt =1, Vs e R (3.18)



Let us rewrite the first term:
b b _
A <u57iv¢(s)bo(5),usy_ivg(5)>L2(Rm’dt) = Aibo(s). (3.19)

Let us deal with the second term. Differentiating the relation /\/li 5“53 £ = pi(z, & )ui ¢ with
respect to (the complex variable) £ leads to (see Proposition 2.2)

(M ¢~ 1i(2.)) Verl ¢ = (Vert(e. &) — VeME ol o (3.20)
The Fredholm condition associated with (3.20) can be written as
(VeM ¢ = Verl(z, &)l ¢l Jian, ap = 0.

Consequently, taking £ = iV®(s) and using (3.13), we get

v&ﬂh(saivq)(s)) = / (vﬁMh)s,iV'@(s) ui,iV(I)(s) (t)ug,ivqmg) (t) dt. (3.21)

n

Multiplying by by and differentiating with respect to s, we infer

D, - (bo(s)Ven' (s, iV(s))) = / D, - (VeM?)iwaebo(s)u g (1)) 4 spag () dt

b [ (VM iwoa ol (0 Dt g 1)
= [ D (VM) b5 i 0) s ()
+ /n(vﬁMu)s,iV¢(S)ui,z‘V®(s) (t) - Ds (bO(S)“i,NMS) (t)) dt

- Dst(S) ' /n<v§Mh)s7iV€D(s)uijiV@(s) (t)ui,¢v<1>(s)(t) dtu

where we have used byDsu = Dg(bou) — uDsby. We recognize the expression of 2? and
using (3.21), this yields
<£§“i,iv¢(s)b0(5)7 ui_iv@(s))LQ(Rm, dt)

= 5 (Veti(5,iV0(s)) - Dbo(s) + D - (Veri (5, i90(s)bo(s) ) ).

Combining this last relation with (3.19), the compatibility condition gives the effective
transport equation

L (Ve Dy + Dy Ve ) bo = M,

where p? stands for pf(s,iV®(s)) for short. ]

3.2.3 Solving the effective transport equation

We recall now some notations from Section 3.1 in order to solve the standard transport
equation given in Lemma 3.17. We let

q(s,€) = po — 1 (s,i€)
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so that with this notation
T (s) = % (Veq(s,VO(s)) - Vs + Vi - Veq(s, VO(s))) . (3.22)
We let
v(s) = Q%VS . (Vg,uu(s,ivq)(:c))) = %Vs - (Veq(s, VO(s)).
Then the transport .7 is exactly the projection on T'C7* of the Hamiltonian of ¢(s,§) at
the point (s, V®(s)) € AL,
T (s) = ms(Hy(s, VO(s))) + v(s),

which reads in suitable coordinates

T = Zﬁjijyj +O(y*)Vy, +v,

Jj=1

where (y,1) = (k(s),! dx(s)71¢) is the corresponding symplectic change of variable (the
existence of & is justified by the transversality of A% with {z = 0} stated in Lemma 3.8).
Using again this change of coordinates, we also directly get that

v(s) = Z 39,4+ O(s).
J

We are reduced to the study of a standard transport equation (see e.g. [16]) and we can at
least formally solve the equation by = A1bg in the space of formal series first, provided
that

A € {zmj(; +a)9;, aeN"]

7j=1
By Remark 3.6, these values are exactly the eigenvalues of %Hess w(xo, &) (o, Dy), with in
particular % > j ¥; for the smallest one and recall that they were supposed to be simple by
Assumption 1.5. This is of course coherent with the statement of Theorem 1.10. Following
again e.g. [16], we can also solve this first transport equation in C* in a neighborhood of
0 and so determine bg.

3.2.4 Determination of a;

Let us now take o € N fixed and let by be the corresponding solution of the transport
equation. Let us come back to

(88 — po)ar = —(£] — Ai)ao,

where ag is given in (3.16). We look at a function a; not necessary given in a tensor form,
but with an orthogonal decomposition in the form

a1(s,t) = U} g0 (Db1(5) + (s, 1), (3.23)

with
i1 € (Ker(£ — o)™

From the transport equation, we see that we can directly find

dr = — (€5 — o)1 (L} — A)ao,
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where by operator (£E — p19)~! we mean the inverse of the operator
(€5 — 10) : Dom(£f — po) N (Kex(8h — jro))* — (Ker(€]" — po))*

where Dom(SE) — p1p) is the domain in L2(R™, dt) of operator Sg — [o, pointwise in s. Note

that ao(s,.) belongs to Dom(Sg — 1) because of the properties of u?, and that we indeed
get that a; is smooth by elliptic regularity.
To summarize, at this point, and whatever b; is, we have been able to find a function

alll(s,t) = ag(s,t) + hai(s,t)

such that
(EEZ — po — hay)allle=®/h = ple=®/h,

Furthermore, there exist a neighborhood V of 0 € R" and for all « € N, 8 € N", a
constant C' > 0 such that

10207 (s,8)] < Ch?, Vs € V,Vt € R™.

3.2.5 Full asymptotic expansion

The first step is to find the function b; built in the previous section. For this we look at
the next transport equation, which reads

(L5 — po)az = —(£] — M)ar — (£3 — A)ao
We look at the compatibility Fredholm condition which gives, pointwise in s,
(&1 — A\)ar + (€5 — A)ag € (Ker(L] — p10)*) ™.

This condition is equivalent to

- b
<(£1 Al)a1(3)7us,—iV5(5)>L2(Rm,dt)

_ (gt B B
<22a0(5)’ us,—iV(I)(s)>L2(Rm7dt) A2 <a0(s)’ us,—iV®(5)>L2(Rm,dt)
=— <£gao(s), uzﬂ.vas)%%w’dw + A2bo(s), Vs € R™,

where we used (3.19). Using the splitting (3.23) and the expression for ag in (3.16) we get
that for all s € R™,

b b
<(2 )\1) Slv‘b(s)b ( )’us,fiV5(5)>L2(Rm dt)

i b
o <£2a0(8)’ us,—iV5(3)>L2(Rm7dt) < 0(8)’ us —iVe 5)>L2(Rm dt)
)+

+ 2—)\1(11

b
(s),u s —iV6(5)>L2(Rm,dt)
b b ; b
- <£2a0(s)7 us,fiV$(8)>L2(Rm,dt) + Aabo(s <(2 — A1)ai(s), u; *iV6(8)>L2(Rm,dt) '

Using the definition of the reduced transport introduced in (3.22), this equation reads

Tb1 = AMb1 + Aaby + Ry,
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where Ay has to be determined and R; is already known and defined by

Ri(s) = — <£gao(s),uh

I \)\a h
T S A (C BTN

5,—iV®(s) >L2(Rm7 dt)

Using again the theory of formal series, this completely determines the value of Ay as well
as the Taylor expansion of b;. Now, exactly as we did for by in the previous section, we
can also solve in C* the transport equation on b .

We can look for the next function as in the form

as(5,1) = U] g0y (Db2(s) + dia(s, ) (3.24)

with
ay € (Ker(£] — po))™.

From the transport equation, we see that we can directly find
dz = — (£ — po) (€] — M)ar.
At this stage, whatever bs is, we have found a function
all(s,t) = ao(s,t) + hay (s, t) + has (s, t)

such that
(85 — o — Ay — h2Xg)alHe=®/h = pRlg=0/h

where, for all « € N, g € N?,
102972 = O(h%),  locally in s.

The same procedure can be continued at any order and we are able to find a full family
of functions a; and A; such that the formal series

an~ Y aihl A~) MR
Jj=0 Jj=0

solve the equation
(&8 — Nae=®/h = O(h®)e= /",

Then we consider a truncated (with respect to s) C* realization of a and we apply the
spectral theorem. Using Theorem 1.10, this completes the proof of Theorem 1.12.

4 Generalized Montgomery operators

We focus on the operator

S[k}_D2+ hD. — ()thrl 2
h — i s 78/{4—1

obtained in (1.8) after the rescaling described there. We denote by Al ](h) its n-th eigen-
value if it exists.
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4.1 Verifying assumptions
The aim of this section is to prove that the operator ng} fulfills the assumptions mentioned
in Section 1.2.

Definition 4.1 If kK > 0 is an integer, we let Qp = R for k > 1 and Qi = Ry for k = 0.
Let us introduce the generalized Montgomery operators bék] as the self-adjoint realization,

on L2(Qg, d7), of
D2y (e RN 2 1)
4 k+1) '

with Neumann condition in the case k = 0. Let uék] be an L%-normalized eigenfunction

depending analytically on ¢ and associated with the first eigenvalue VW(C).

Fork =0, h[ck] is nothing but the de Gennes operator (see [1/] or [20, Chapter 3]) and
in this case we omit the superscript [0].

Proposition 4.2 Let us assume that either vy is polynomial and admits a unique minimum
Y0 > 0 at so = 0 which is non degenerate, or v is analytic with iminf, L7 = Yoo €

(70, +00). For k € N\ {0}, the operator S%C] satisfies Assumptions 1.2, 1.5 and 1.7.

This proposition is proved in the following two sections.

4.1.1 Uniqueness and non-degeneracy

The symbol of Qgﬂ with respect to s is

k41 0\ 2
The family (Mgf],é)(%&)eRzm is clearly analytic of type (A). Given a point (z1,£1) € R?™,
there exist ¢, C' > 0 and a C-neighborhood V of (1, &) such that,

ReV(z,§) > —C+cV(x1,&) > —C, V(x, &) € V.
Therefore, for (x,£) € V, the operator M, ¢ is well defined thanks to the Lax-Milgram
[K]

theorem. This extension is holomorphic of type (A). The lowest eigenvalue of M £

denoted by pl¥l(z, ¢), satisfies
i, &) = (v(@) 2ol ((y(2) 7o)

It is proved in [21, Theorem 1.3] that R 3 ¢ — v[¥1(¢) admits a unique and non degenerate
minimum. Therefore Assumption 1.2 is satisfied. Note that Assumption 1.5 is satisfied
since m = 1 according to Remark 1.6.

Notation 4.3 We denote by Cgﬂ the point ¢ where the minimum of v*! is reached.

4.1.2 Confinement

This verification is a little more delicate. It is based on a normal form procedure. Let us
denote by Qgﬂ the quadratic form associated with S%k]. For ¢ € Dom(Q%k]), we have
2

dt ds.

k+1
DEF(¢)=/R2 |th\2+'<hDs—v<s)£H)w

We would like to prove a lower bound for Q%k] (¢) when 1 € C§°(R?) is supported away
from the square [—Rg, Ro)%.
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Magnetic confinement for the variable t. If ¢ is supported in {(s,t) € R?: |[t| > R},
we can use the standard inequality (see for instance [20, Lemma 1.4.1]):

Q0) 2 [ AR dsdr > Rl (42)

Spectral confinement for the variable s. If v is supported in the set {(s,t) € R? :
|t| < R, |s| > R}, we use the canonical transformation associated with the change of
variables .
t=(y(0)) F21, s=o, (4.3)
we deduce that Sgd is unitarily equivalent to the operator on L?(R2, do dr)
L b A)
2(k +2) y(o)

-
kE+1

[k],p =3 D2 w3 ’
2 = 5(0)72 D2 + (WD — 5(0) (D +D:m))

Let us denote by " the function ¢ transported by the canonical transformation. In terms
of the quadratic from, we have

Let us notice that ¢° is supported in {(O‘,T) €ER%:|o| >R, |7] < Rv(a)k%?}. We can
write, for all ¢ € (0,1)
2
) dodr
2

dodr. (4.4)

2 1 k+1
Q@) 2 (1-9) [ () (|DTW|2+\<M<U>—MDU )V

k+1
5_1h2
- (2(k+2))? /Rz
In the analytical case for v, there exists g > 0 and for all n € (0,70), Ry > 0 such that,
on {|o| > Ry}

¥'(o)

T T b
TR

o) i Q) > {287 0 anin ¥0) > b ). (45)

Note that in the polynomial case for v, we can replace -, by any positive constant larger
than vg. Up to choosing Ry larger, we may also assume that
Ro\" s .
(52) 0= {& 0} minsc0 (1.6

¢eR

Moreover, we have

7€) (b, + Dy

2
dodr < C’/ 1”2 do dr
RQ

+4/RZ (7,(")>2 \rD 2 dodr. (4.7)
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Using support considerations, we get

J.

2

/
7' (o) (D + D.7)Y"| dodr

v(o)

< C/ ]wb\2d0d7+4R2/ (o) 22y (0)2| Dy’ 2 do dr
R2 R2

go/ \¢b|2dad7+4CR2/ | D,y do dr.
R2 R2

We deduce
QPP () > (1- ) (1E7 - (10702 + | (hy(o) 72 D, - Tk“)wf) do dr
h < Teo ) [T 7 7 k+1
2 2
— e 2 / wb‘ do dr — 4CR%'h? / DT@Z)"‘ do dr.
R2 R2
We choose € = h, we infer that
2 2
9 () = {(1 —h) (vm - 77> - 4OR2h} @y -on [ | aran @)
where
(k].b ¢ b b2 -3 T b2
dw) = [ (1P + |(mie)y w0, - Z ) ] ) doar
We have
K] p
an’ (") =
k+1 ; 2
b2 - T th AT
L. <\D7w P (120000 = - g onter ) v > dodr, (49)
with Z(o, D,) = ’y(U)*TlﬂDoﬁy(U)*ﬁ. We get the lower bound:

k+1
(Kb /b b2 = T b
IR (|wa| +|(hzo:00) - 7 ) v

2
) dodr
k+3

e [ iv(on(o) H (120, 00) -

2
) dodr

2h? / -1y b
; k2 = b
+ Sy 4Re /]RQ iy (o)y(o)” *+2E(0, D)y’ ¢° do dr.

k+1

k+1

b b
+2k:+4 >¢wdod7.

This becomes

> [ (|wa|2+‘(hz<a,z>a>— Tm)wb
RQ

k+1

e
w

By using in particular that 2Re (&ﬂbb E) = 8g|111b|2 and by integrating by parts, we infer

_ k43

2h? _
‘%Z g /Rz i/ (0)1(0) " F2E(0, Do)y’ ¢ dodr

gChQ/ 1|2 do dr.
R2
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By using the functional calculus, we get

ap () > (minu“ﬂ(o—ch?) / 2 do dr. (4.10)
R2

CeER
Fixing R = Ry and 7o defined in (4.5) and (4.6) and combining (4.8) and (4.10), we infer
the existence of hy > 0 and C > 0 such that for h € (0, hg) and all n € (0,7)

2
QI (g > <%o minu““w)—n—ch) / ¥’ ? do dr
CeR R2

or equivalently
_2
al(w) > (1 min M)~ - cn) [ uiasa
CeR R2
for all 1 € C§°(IR?) supported in {(s,t) € R? : |t| < Ry, |s| > Ro}-

Gluing the lower bounds. Using (4.2) (with R = %) and (4.6), we deduce

() > (%o min oH(0) —n—0h> [ 1wk asae
CeR R2

for all ¢ € C5°(R?) supported either in {(s,t) € R? : |[t| < Ry, |s| > Ro} or in {(s,t) €
R?: [¢| > %} We now use a standard partition of unity with respect to ¢ such that

1 for |t| < %,
0 for |t| > Ry,

2

2 _
Xpy + X0 =1 XiRe = { and (X1 g,)" + (Xbr,) < CRy>.

The “IMS” formula provides, for all ¢ € C§° (R? \ [- R, Ro]?):

Q) > a1 rew) + QM (x2, 10 1) — CRGZ ).

By supports considerations we have

supp (x1,Ro¥) C {(s,t) € R?: |t| < Ro, |s| > Ro}, supp(x2,r,%) C {(s,t) € R?: |t| > %},

so that, for all ¢ € C§° (R?\ [~ Rq, Ro]?), there holds
2
Q) > (vé’o” min v (¢) —n — Ch — CR(;?> / 1|? ds dt.
CeR R2

2
k42

Therefore, for all pf € <M07 Yoo - min y[k]) , up to choosing 7, h small enough and possibly

Ry larger, we have

) 2 [ JoPdsde, o e G (R [-Ro, RoP).
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4.2 Explicit WKB expansions, weak magnetic barrier
4.2.1 Renormalization

The key point to perform the spectral analysis of 2%91 is the normal form procedure intro-
duced in [47, 17, 45], see also [50] which is pervaded by this spirit. Let us explain this basic
idea. We again use the canonical transformation associated with the change of variables

t=(1(0) "7, s=o.
We deduce that ,8[:] is unitarily equivalent to the operator on L?(do dr)

k+1 /
R h (o)
©h W)= D+ <h s =o)L +1 " 2(k+2) (o)

In order to estimate the low lying eigenvalues, we may write the heuristic approximation

k41 2
o) (D% + (hfy(a)—kiwa - ) )

(7D + D7) )

Q

alkl

h kE+1

~ o)l (o) F1D, ).

Let now make this approximation more rigorous. We may change the gauge

o900 gk Gig(o)/h

— ()55 D2 4 (1Dy + ()4 — (o)

with "
(] “\ i dA
glo) =C [ ~(o)F=2 do.
0
For some function ® = ®(o) to be determined, we consider

ng}’wg _ e@/he—ig(a)/hgl[f},b 019(0)/he=®/h _ alklwg0 | palklwel | h2£[k],wg,2,

with
olklwe,0 W%H (Dz + (Vc[k] + Z"Y_ki2c1)1>2> :
0
S[k],wg,l _ <7%+2ch[k] + lq),) Do‘ + Da' (ry%”‘/([k] + Z@l) + %1(0-77—;DT)7
L 0
£[H:Wg:2 — Dg_ + %2(0’, T, Do—; -DT)7
where
Tk+1
Vi =6C— 3 ——7
(=5

and where R (o, 7; D;) is of order zero in D, and cancels for o = 0 whereas Ry (0, 7; Dy, D)
is an operator of order one with respect to the variable o.

Now, let us solve, as in the previous section, the eigenvalue equation
Sgc] "8a = \a

in the sense of formal series in h,

a~y Way, A~ T HiN

j=0 J=0
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4.2.2 Solving the operator valued eikonal equation

The first equation is
g[kLWg,OaO = \odo.

We must choose ,
Ao = ¢ (),
and we are led to take

a(0.7) = folo)ul (), with  w(o) = ¢! + ir(e) Fd (o). (4.11)

Recall that u[ck} (with ¢ € R) denotes an L2-normalized eigenfunction associated with

v#1(¢) for the generalized Montgomery operator (4.1) and that it admits a holomorphic
extension near (y. Then the equation becomes

_2
W) T2 (1 + i (o) 720/ (0)) = ol (),

and this can be written in the form
2
M () + into) P 0)) = o () = (5007 - 1) oM ().

Therefore we are in the framework of the following elementary lemma.

Lemma 4.4 Forr > 0, let us consider a holomorphic function v : B(0,r) — C such that
v(0) =/ (0) =0 and v"(0) € Ry. Let us also introduce a smooth and real-valued function
F defined in a real neighborhood of o = 0 such that o = 0 is a non degenerate mazimum.
Then, there exists a neighborhood of o = 0 such that the equation

W(ip(0)) = F(o) (4.12)
admits a smooth solution ¢ such that p(0) =0 and ¢'(0) > 0.

Proof: We can apply the Morse lemma to deduce that (4.12) is equivalent to

(ip(0))? = —f(0)?,

where f is a non negative function such that f/(0) = —%(0) and F(o) = —f(0)? and

v is a holomorphic function in a neighborhood of 0 such that 72 = v and 7/(0) = 4/ %(0).
This provides the equations

v(ip(o)) =if(o), or wlip(o)) = —if(0).

Since 7 is a local biholomorphism and f(0) = 0, we can write the equivalent equations

p(o) = —iv ' (if(0)), or ¢(o)=—iv ' (~if(0)).

The function ¢ = —iv~1(if) satisfies our requirements since ¢’(0) = —%. ]
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_2
We use Lemma 4.4 with F (o) = ( 0’““7(0)_’6%2 - 1> vkl (C([)k}) and, for the function ¢
given by the lemma, we have (up to a translation by C([)k]):

' (0) = v(0) 72 p(0)

and we take
1

B0) = [ 1(5)74(3) do.
0
which is defined in a fixed neighborhood of 0 and satisfies ®(0) = ®'(0) = 0 and

, B %H 9 7//(0) yIK] (g([)k])
7(0) = g J F250) (o) () > 0. (4.13)

Therefore (4.11) is well defined in a neighborhood of o = 0.

4.2.3 Solving the transport equation
We can now deal with the operator valued transport equation
(elHwed _ \Yay = (A — glFvel)g,,

For each o the Fredholm condition is

(On-gtetoall)) =0
L2(R,dr)

Using (1.5), (3.13) and a Feynman-Hellmann formula (as in Section 3), we get the transport
equation

Afo= <£[k]’wg’1a°’ “Ea>> )
L2(R, dr)

= 1§27 (44 (wio)Dy + D)7 (M) wlo)) b s

+ <9‘i1u7[j]o ,uf]g > fo-
(o) wlo) L2(R,dr)

The term

(K] (k]
f'ptluw o ’uw o >
< (@) (@) L2(R,dr)

is just a smooth function which cancels in ¢ = 0 so that we have just to consider the
linearization of the first part of the equation. The linearized operator is
1

5 <y[k})/l (C([]k})q)”(o)(aﬁg +,0).

The eigenvalues of this operator in the corresponding weighted space are

{() e G+d). sent. (4.19)

Let us notice that

" 1 0k (N (IR (R
(v) (Cé'“])@”(o)zvé“”\/ Ea (40720% &),
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4.3 Estimates of Agmon in the normal form spirit
4.3.1 Weighted semiclassical elliptic estimates

Proposition 4.5 Let us assume Assumption 1.7. Let Cy > 0 and z : R™ — Ry be a
Lipschitzian function. There exist eg > 0, €1 > 0, hg > 0 and C' > 0 such that for all
eigenpairs (X, ) of Ly satisfying X < ug + Coh we have, for all p > 1:

e e e

(e oz ) < Clesoh ey,
where x,(s) = x1(p~ts), with 0 < x1 < 1 a smooth cutoff function supported near 0.

Proof: Let us consider an eigenpair (A, ) of £ such that A < pg+ Cph. We have the
Agmon type formula

Qn (€®9) = Al[e®d[|* + (|0, P[> + [|hds e |,
where ® is bounded and Lipschitzian. We look for ® in the form
B(s,t) = By(s,t) = e1]t| + coh ™ xp(5)z(s).
We get
Qp, (€®79) < (1o + Coh + &) [|e®||* + 25|12 xpe™ 9 || + 2¢5||zxge ™.
Since z is Lipschitzian, there exists K > 0 such that for all s € R™
|z(s)] < |e(0)] + K.

Therefore there exists C' > 0 such that for all p > 1, g9 > 0 and &; > 0 we have

Qp (") < (s0 + Coh + €1 + Ceg) ™ |2,

where we have used that s + x},(s)z(s) is uniformly bounded with respect to p. We
introduce the partition of the unity

X%,R(t) + X%,R(t) =1,
where x2 g is supported in {|t| > R}. We may assume that there exists C' > 0 such that
forall R >0
XTr+X{r < CR™2
The so-called “IMS” formula implies that
Qn(x1,ze"7Y) + Qp(x2,re®" ) — OR[> < (1o + Coh + £F + Cep) e 9|,

We choose R large enough, g > 0, €1 > 0, hg > 0 small enough such that we have for
h € (0,hg) and p > 1
Qn(x2,re™7) > 5]l x2,rE™ 0

and

Coh+e2+ e+ CR2 < w

For these choices of R, e¢, €1 and hg, we find é,C > 0 such that for all h € (0, ho) and
p > 1, we have R )
&llxz,re™r Y )|? < Clle™xe™ 2y |12,

and the conclusion easily follows. ]
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4.3.2 Agmon estimates

Proposition 4.6 Let us assume that v is analytic with iminfi. vy € (y0,+00) and a
unique minimum which is non degenerate. We let

s _2
/ X(S/)\/’Y(S’)’“i2 — 7 " ds’

S0

z(s) =

9

with 0 < x < 1 a smooth cutoff function whose support contains sy. Let us consider

Co > 0. There exist eg > 0, C > 0 and hg > 0 such that for all eigenpairs (X, ) of 2%3]
satisfying A < po + Coh we have

0" 2] < C|4b)]

and i B

Qe ) < Oyl
Proof: Let us consider an eigenpair (\, 1) of Sgd such that A\ < pg + Coh. We first
use the Agmon estimate

Qe ) < Al 22 4 Cefl2 e |2 4 Ced gz E P (4.15)
In order to simplify the notation, we consider the weighted 1:
wwg _ esoxph_lzfl/}‘

Now, we shall establish a very fine lower bound of Qg{] (y8). For that purpose we use the
normal form already introduced in Section 4.1.2 and associated with the change of variables
(4.3). If we denote by 1)"&° the function /"€ transported by the canonical transform, we
get

9, (4"8) = 9, ().

Using again (4.4) with € = h, we deduce with (4.7)
D w
Qi (yret) >

2 1 k41
(1=n) [ o) (rDTwwgvm'(hwo)mDa ) e

k+1
—Ch/
R2

2
TDTdJWg’b‘ dodr = / D" dsat
R

2
) dodr

2
D" | do dr — ChJ[*E|2. (4.16)

But we have

J.

and we apply Proposition 4.5 to get
/ D[ ds dt < O[] |2.
R2
With (4.16), we infer
Q) (u8?) >
2 1 Tk+1 2
(1—nh) /RZ y(o)®2 [ D72 + ' <h7(0)k+2Dg T 1) e’ | dodr

— Ch||["& |, (4.17)
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We can write

) k1
JRCE <|Dngb| (mtoy "D, - )wgb

> dodr
_ wg,b |2 - o ThHl ng
= [ (1Dr6"° + |(hDor(0) 72 = 5 ) 67| | dodr
R2

:/ |D-¢"&"2 + | ( hZ(0, Dy) — o b 7 (0)y(o) K5 ) gre?
R2 ’ E+1 2k+4

with

2
) dodr,

6" (0,7) = 7(0) Y8 (0, 7).,

We are reduced to the same analysis as after (4.9). We deduce that
k 7b w k ,b 1 W W
Q7 () = (1= )y (72 ") — Chle" |

1 1
We may use the functional calculus for the self-adjoint operator v 2s+% D,y 2k+4 and it
follows that

) 2 (1 ) min Q) [y FE P - Ol
We now come back in the variables (s,t) and we have proved
min V() |y F |2 — Rl |2 < Aw"e|2 + Cefll2/v|? + Cedllxz e,
We deduce that

minv[k](C)/ (vk%—Wém)lngIstdt—C‘h||¢wg||2
R2

CeR
< C3|lZve|? + Ceglx,ze ™8 ||*.  (4.18)

We infer that there exist ¢ > 0, C' > 0, ho > 0 and £y > 0 such that for all h € (0, ho) and
p > 1 we have:

2 a2 wi ~ W, ~ w,
e [ (775 —ad ) s s e - Cnpus|? < Ceflpzl®. (419)

We deduce by standard arguments that there exist C >0, hg > 0 and &y > 0 such that
for all h € (0, ho) and p > 1 we have:

l9"8|* < Cll|1? + h™' Ceglxgz 8|,

1

Since ¢ is bounded and | X;’ < Cp~*, it remains to take the liminf and to apply the Fatou

p—r+00
lemma. ]

In fact, when v admits two non degenerate minima, we also have Agmon estimates. Let
us now prove Proposition 1.19.
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Proof: The proof is essentially the same as for Proposition 4.6. The inequality (4.19)
becomes in this case

L ~
c / (775 =277 ) lue2ds i — Chllue?
R2

< CelIxhze™8||? + C|| f-u™8||* + Cedl| £+ ™82,

with
s 2 2
£ =X als) | [ R ) = 5F 7 a,
S_—
/ R = =
£15) = Xrals) | [ R0 ) =55 a.
S
2 2
We can deal with the last two terms by using the positivity of y#+2 —~;*? away from the
minima and the conclusion standardly follows from an electric type case. ]

4.4 Tunnelling estimates
Let us first state an elementary result.

Proposition 4.7 The asymptotic expansions (modulo h® ) of the n-th eigenvalue ofﬁ}?ii
are the same as for ng}. In particular, the spectral gap between two consecutive eigenval-
ues is of order h. Moreover the eigenfunctions of 56,?"_ satisfy the same kind of Agmon

estimates as in Proposition 4.6.

Proof: The construction of quasimodes is the same as for Proposition 2.1. We have
just to add a suitable cutoff function and to use the exponential decay of the explicit

quasimodes. In order to estimate the spectral gap between the lowest eigenvalues of .6,?}'7,

by the min-max principle, we have just to notice that .6}[3}: is bounded from below by the
tk+l

realization on L?(R?) of D? + (hDs =78 5T
with v on (—o00, s— 4+ J) and admits a unique minimum at s_. This lower bound is enough
to deduce the Agmon estimates. |

2
) where the smooth function 4 coincides

Let us now prove that the low lying eigenvalues of 2%“] are exponentially close to the
eigenvalues of $y,.

Proposition 4.8 Let us consider Cy > 0. There exist ¢ > 0, C > 0, hg > 0 such that for
all 1w € sp (S[hk]> with p < po + Coh, we have, for all h € (0, hg),

dist (s, sp (93,)) < Ce™/,

Proof: The proof is based on the introduction of suitable quasimodes for the operator
91 and on the Agmon estimates satisfied by the eigenfunctions of S%k]. Let us consider an

eigenpair (A, 1) of Egg] such that A < pg + Coh. One knows that i satisfies the estimates
of Proposition 1.19. In particular, we deduce that

AR (x— ) = AMx—a) + O™ MYl 9D (xp.at) = Axp.atd) + O™

The spectral theorem provides the conclusion. ]
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In fact, exponentially close to each eigenvalue of §);, there are at least two eigenvalues of
Lh.

Proposition 4.9 Let us consider Cy > 0. There exist ¢ > 0, C > 0, hg > 0 such that for
all p € sp (9r) satisfying p < o + Coh, we have, for all h € (0, hy),

range (]].[M_Ce—c/h’u_;'_cefc/h] (2%’“])) > 2.

Proof:  Let us consider u € sp ($)p,) such that p < pg+Cph. We can find a corresponding
normalized eigenfunction (¢_, ¢4) of $. The Agmon estimates imply that

(&0 = n) (o) = 0™, (87— 1) (warpn) = O™/,

and where x_ #¢_ and x4 #¢4+ are orthogonal. The proof follows again from the spectral
theorem. ]

We have now all the elements for our tunnelling result. It remains to prove that, in
Proposition 4.9, the range of the spectral projection is exactly 2. By contradiction, if this
range were at least 3, then we could consider three eigenfunctions (ugk,]L) of 2%6] mutually
orthogonal associated with an eigenvalue A\ such that there exists u € sp (9;) satisfying
lu— A < Ce~¢/". Then one could apply the same argument as in the proof of Proposition
4.8 with 1) = 1;. The spectral theorem would imply that the multiplicity of u is at least
3 but this is impossible since the multiplicity of the lowest eigenvalues of §y, is 2.

4.5 Numerical simulations
4.5.1 Method

Let us now deal with numerical simulations for the model operator Egd on R? if k =1 and
on the half-plane Ri if £ = 0. In each case, we propose simulations for the simple and
double well models. We analyze the convergence of the eigenvalues as h — 0 and give the
first eigenfunctions for small A. This illustrates the localization of the modulus and the
behavior of the phase.

To approximate the eigenpairs ( %f] (h), ugf]h) of the operator ng] on Q (with Q¢ = Ri
and ; = R?), we use the Finite Element Library MELINA++ [35]. Since the domain
is unbounded, we use an artificial domain Ry qp = Qx N (—a,a) x (=b,b). We compute
the eigenpairs (A%](h,a,b),uf]h(a,b)) on Ry qp and impose Dirichlet conditions on the
artificial boundaries {|z| = a} U {|y| = b}. We use quadrangular elements and polynomial
approximation @, and a mesh n, x n,.

By this way, we obtain upper bounds for A%ﬁ }(h) and we know that

ME(h,a,b) — MF(R)  as min(a,b) — 4o,

We compute the eigenpairs for several sets of parameters (a, b) with several combinations
of degree of approximation p and of size of the meshes n, x n, until convergence is found.

We normalize the computed eigenfunctions so that ||u7[f]h(a, b)) |leo = 1.
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4.5.2 Simple well models

For the numerical simulations, we take
v(s) =1+ 452, seR.

Parameters used for the numerical simulations are given in Table 1. Among the compu-
tations, we take, for each value of h, the smallest numerical eigenvalues for the different
choices of a, b, p, ng, ny.

a mny b ny p 1/h

1 5 20 20 16 1:1:100,110:10:1000
1 5 40 20 14 10 : 10 : 1000

1.5 5 30 20 14 1:1:100

2 5 40 20 14 1:1:100

Table 1: Simple well: Parameters of the numerical simulations for ng}, k=0,1.

In Figure 1, we analyze the convergence of the eigenvalues )\Lf ] (h)yash —0for1 <n <

12. Figure 1(a) gives an approximation of the first twelve eigenvalues Al (h), 1/h € [1,100]

and corroborates the convergence
Al (R) — pFl = L IF] (C([)k]) as h — 0.
Using [10, 6], we know that
v ~05698, vl =0y~ 0.5901.
To catch the next term in the expansion of the eigenvalues, we plot in Figure 1(b)

1 AM (R — yl#]

We observe a linear convergence: the slope r illustrates the behavior
A (hy = v 4 CLh™ + o(R7).

In Figure 2, we give the approximation of the first two eigenfunctions u[: ]h for h =1/20
if k=1and h =1/15if k = 0. We draw the modulus, the logarithm of the modulus and
the phase.

4.5.3 Double well models

Let us now consider the double well model and take
v(s) =1+ (s* — 1)%, s €R.
Parameters used for the numerical simulations are given in Table 2.

Figure 3 illustrates Corollary 1.18, Theorem 1.20 and Remark 1.21 in the scale h instead

of h. The first line concerns the low eigenvalues A (h) with & = 0 (on the half-plane) and

the second line with £ = 1 (on the plane). The first column illustrates the convergence

AEL () — pl# as h — 0.
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E=0
(a) A (h) vs. L, L e {1,...,100}.

k=0 k=1
(MH%ﬂmmfgm)wln#%G{L”wwm}

Figure 1: Convergence of the eigenvalues Al ](h).

LA S

1
) First eigenfunction u1 h, h={¢ ) Second eigenfunction u2 h, h

o
2

Fle

- 46

R

-10

m 1

- o 1

(c) First eigenfunction u[ﬁ]h, h=

0

A A ) 1 - 0 1

o (d) Second eigenfunction u2 h, h= s

Figure 2: Moduli, log;o(moduli) and phases of the first two eigenfunctions, ugc]h
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a ng b mny p 1/h

2 5 40 20 12 1:0.1:500
2 5 40 20 16 10:1:1000
3 5 60 20 14 10:1:300
4 5 40 20 14 10:1:300
5 5 40 20 14 10:1:200
10 10 50 50 10 10:1:200

Table 2: Double well: Parameters of the numerical simulations for Sglk], k=0,1.

x10°
1

A (n) Ay = A3 () —hin(AF (h) — A ()

(b) k=1

Figure 3: First eigenvalues )\gf](h) vs. 1/h, k=0,1.

The second column represents the splitting Agﬂ(h)—)\[ﬂfl (h) according to 1/h € {1,...,50}.
We recover the exponential decay of Remark 1.21. This decay is faster when k£ = 0. In
the last column, we aim at catching the exponential decay rate and we plot

1/h — —hln (Agﬂ(m - A[lk](h)).

Let us discuss this last column a little more. We observe a break of the curve when 1/h
becomes too large (1/h > 24 for k = 0 and 1/h > 33 for k = 1). For smaller h, the
gap between the first two eigenvalues is very small: )\[gk}(h) - A[lk](h) < 3 1072, which is
the accuracy of the computations. So the gap is no more significant when h becomes too
small: the error due to the computations and the splitting is at the same order ~ 10712,
We try here to catch two scales: a polynomial scale for the convergence of the eigenvalues
as h — 0 and an exponential scale for the splitting. Thus the range of h to have the two
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convergences is small. Let us recall that, from Remark 1.21, we have
A (h) = AP (n) = o(emer/M).
The third column in Figure 3 gives the following estimates
1.25 <¢p < 1.3, 0.86 <¢; <0.9.

In Figure 4, we give the first two eigenfunctions (modulus, logarithm of the modulus and

VI Y

) First eigenfunction h = —5 ) Second eigenfunction h = —5

1 5 o
05 4
-2
o0z
= o7 2
B
06
- os 3 - e
- qos Bl
e
03 2
02 3
10
4
5 12
2 E3 o 2

(c) First eigenfunction h = 55

s o
4
-2
2
e
- e
Fle
2
3
-0
-+
K 12
2 o 2

(d) Second eigenfunction h = -

20

Figure 4: Moduli, logjp(moduli) and phases of the first two eigenfunctions.

phase) of 2,[5} for h =1/15if k =0 and h = 1/20 if kK = 1. To compute them, we use
a Q1o approximation and Ry 25 as artificial domain for computations. We observe the
change of symmetry between the first two eigenfunctions: the first eigenfunction satisfies
the Neumann condition along the symmetry axis x = 0 whereas the second one is anti-
symmetric as it can be seen on the phase or on the logarithm of the modulus. If we take
too small values for h (h < 1/24if k =0 and h < 1/33 if k = 1), then the accuracy of our
computations is no more sufficient to catch the tunneling effect and the modulus the first
two eigenfunctions is no more symmetric: The first computed eigenfunction is essentially
localized in one well whereas the second one is localized in the other well.

5 Geometric models: an application of the strategy

In this section, we use the same notation as previously but add an exponent ff = vf, e, c to
distinguish between our three geometric operators.

5.1 Vanishing magnetic fields

This section is concerned with the result announced in Section 1.3.1.
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5.1.1 Description of the operator in curvilinear coordinates

If £ > 0 is an integer, we let Q; = R if £ > 1 and Q; = Ry if £ = 0. By using the standard
tubular coordinates near I" (see [20, Appendix F]), we are reduced to analyze the following
operator, depending on the integer k > 0 and acting on L%(R x €, (1 — tx(s)) dsdt) and
with Neumann condition on t = 0 if £k = 0:

LM = (1 = tr(s)) ' AD(1 — tr(s))AD
+ (1 —tr(s)) "N (hDs — AWM (s 1)) (1 = tr(s)) " (hDs — AP (s, 1)),

with .

AV (5 p) = / (1= (s)) B8 (s, ')

0

and where B¥F*] is a magnetic field which satisfies

B (5, 8) = y(s)tF + 6(s)tF T 4+ O(tFF2)
so that

tk-‘rl _ tk+2
)
1 P

AV (s, 8) = 5(s) +O(t9)

where

5(s) = 8(s) — v(s)A(s).

The function & is nothing but the curvature function of the zero line of the magnetic field
(if £ > 1) or of the boundary (if £ = 0). We will work under the following assumption.

Assumption 5.1 The functions k and B (or equivalently B"f’[k]) are smooth, v is analytic
and admits a positive and non degenerate minimum at s = 0.

Let us perform the rescaling

h=he2,  s=—o,  t=hr
We denote by S\;lf’[k] the rescaled operator divided by h2*+2:
vkl _ 4 _ -1 _
£, =1 —=hrr(0))""D-(1 = hrr(0))D-
+ (1= hrr(0)) Y (hDy — AWM (0, 7)) (1 = hrk(o)) " (hDy — AT F (5, 7)),
with
A\];f;[/d (0.’ T) — hf(kJrl)Avf,[k} (0_? hT)

Theorem 5.2 Under Assumption 5.1, there exist a function ® = ®(o) defined in a neigh-

borhood V of (0,0) with ReHess ®(0) > 0 and, for any n > 1, a sequence of real numbers
vf,[k]
(A

nj )j>0 such that

v v [k] 1 5
)\nf,[k'}(h) h:() Z An,][ }hjv
Jj=>0

in the sense of formal series. Besides there exists a formal series of smooth functions on

Vv
v [k] [ . - vii[k] 7 j
ay (. h) }HOZG”’J n,
j=0
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with af,b[k}((), 0) # 0 such that

<£\];f,[k} _ )\\;Lf,[k](h)> (an(.;h)e"b/h) = O (h>)e /",

vf [k] w13 Ik (R vf [k] :
We also have that A, ™ = v(0)F2v™((5") and that A, ™ is the n-th eigenvalue of the
operator
LHess 1l"(0,¢)") (0, Dy) + R (0), (5.1)
with
2k+3 2
VEIR () K(0)7(0) / [K]
REE0) = 2(0) (5(0) S (k+1)(k +2) (w0 (7)) dr
k
+ (0 / 0 uo i(0 glq),(o)(T> dr. (5.2)

The main term in the Ansatz is

an s (0,7) = Frig (O g (7),

0,i®' (o

where f;:f(’)[k](a) is the n-th normalized eigenfunction of (5.1). Moreover, for all n > 1,
there exist hg > 0, ¢ > 0 such that for all h € (0, hy), we have

BV 4 X 5 cn) nsp (sij[’“]) = (A ()Y,
and )\Zf’[k}(h) is a simple eigenvalue.

5.1.2 WKB expansion
Let us now prove Theorem 5.2. We have the expansion (in powers of h):

k+1 k+2

T

kE+1

T

k+2

A\,;f’[k] (o,7) =~(0) + S(O’)h + O(h27k+3).

We can write the following formal series expansion

vi[k] —
2(@)/h gyilH] N hig;,
7>0

where we have

2= 02+ () ()
0 — T ? g ’YO-]C—f—]_

and

rhtl 27(0)5(0)7’2]”‘3

£ :_k+1(Da’Y(0)+’Y(U)DJ)+ (k+2)(k+1)

Fht1 N\ 2
+ k(0)0- + 27K(0) (’y(a) T 1) .

Our Anséitze are again in the form
a~y Way, A~ T hi
Jj=0 Jj=0
The first equation is given by

£0a0 = /\()ao.

54



This leads to the choice
a0(0,7) = fo(@)ulr s (0 (7)
and ® must be such that
1 (0,9 () = Ao

and \g = w(O)k%?VW (C(gk}). The next equation to solve is
(Lo — po)ar = (A1 — £1)ag

and the associated Fredholm condition is given by

Lrap,ul® _, Y .
< 100, U " & (U)>L2(Qk’d7) 1fo(0)

We get the transport equation
(Do (0,1 (0)) + et (0,39 () Dy ) fo + B (0)fo = A fo,

where R¥f is an explicit smooth function. Considering the linearized equation near o = 0,
we are led to choose A1 in the set

sp (%Hess MW(O7 Cgf])(a, Dg)> + R"f(O).

We recognize the set which appears in [47, 7,2 in Theorem 1.3] (for k& = 0), [17, 03 in
Theorem 1.6] (for k = 1) and in the conjecture of [23, A for our R¥f(0) in (4.5)] (for k > 1).
In particular the simplicity of the eigenvalues is established in [47, 17] for k = 0,1 whereas
slight adaptations have to be done to deal with the case k > 2.

5.2 Along a varying edge in dimension three

Let us now deal with the situation described in Section 1.3.2. Let us recall that the bottom
of the spectrum of the magnetic Neumann Laplacian on the wedge W, with constant
aperture o with a magnetic field normal to the symmetry plane is a non increasing function
with respect to « (see [44]). The wedge is so that W, = R x S, where S, is the angular
sector in R2.

5.2.1 Framework
We will need the Neumann realization of the operator defined on L2(S,,, dtdz) by
MS, = Di+T(s)*T(0)*DZ + (n = t)°,
whose form domain is
Dom(QS,) = {v € L*(Say) : Detp € L*(Say), D2t € L*(Say), t1h € L?(Sag) }
and with operator domain
Dom (M) = {9 € Dom(Q5,) : MS 1) € L*(Sa, ), T(s)y = 0},

where
T(s) = —sgn(2)Dy + T (s) 2T (0)D..

The family (Mg, ) (s ,)er2 is analytic of type (A). Note that, near each point (s1,71) € R2,
this family can be holomorphically extended. The lowest eigenvalue of Mg, is denoted by
pe(s,m). As in [45], we will also investigate the consequences of the following conjecture
(see [45, Remark 1.8]).
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Conjecture 5.3 For all ag € (0,7), the function n — p*(0,n) admits a unique critical
point g which is a non degenerate minimum.

Proposition 5.4 Under Assumption 1.2/ and if Conjecture 5.3 is true, the function u®
admits a local non degenerate minimum at (0,19). Moreover the Hessian at (0,79) is given

by

ART(0) "M Dz, 1 5° + (054%) g, 17 (5.3)
where k = —w > 0.
Proof: The proof follows from the perturbation theory. We have the eigenvalue

equation
M?,nuz,n = Me(sa 77)”2,77, I(s)u:,’rz =0.
We notice that T'(0) = 0 and T”(0) = 4k7(0)"2D,. Let us analyze the derivative with

respect to s. We have

(Mg,n - Me(& 77)) (8Sue)s,77 = S:ue(sa "7)“:,77 - (asM:,n) uz,n'

We notice that 9, MG, = 0 and T(0) (0su®)y, = 0. This implies that dsu°(0,n) = 0 by
the Fredholm condition. Therefore (0,79) is a critical point of ;. Let us now consider the
derivative with respect to s and 7. We have 950, Mg, = 0 and by the Feynman-Hellmann
formula

0s115(0,7m) :/S 85/\/18?77u8mu8m dzdt,
@Q

we get
05Oyt (0,m0) = 0.

We shall now analyze the second order derivative with respect to s:

(MG, — 150, 0)) (020, = O2u(0,10)uf o — DTME UG

07770
with boundary condition T(0) (92u®), o = —%"(0)ug ,,,- We have 92M§, = 4xT(0)~' D2
With the Fredholm condition, we get 02u¢(0,70) = 4/@7’(0)_1|]Dzu87n0 2. ]

The function (5.3) is the symbol of the effective harmonic oscillator introduced in [45].
We will see that our WKB analysis succeeds as soon as we work near a local and non
degenerate minimum of p®. The goal of Assumption 1.24 and Conjecture 5.3 is to provide
sufficient conditions to have such a critical point as well as to get the spectral splitting as
in [45].

5.2.2 Normal form

We introduce the change of variables
5=s, t=t, 2 ="T(s)"'T7(0)2

and we let

] hDs —i — hZ-(2D; + D:2)
Vi = hD; + 0
RT(3)~1T(0)Ds 0
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The operator £F is unitarily equivalent to the operator Q; on LQ(WOCO, dsdfdz) defined
by

1/ 2
e — <hDg —i— h;r(é))(wg + D52)> + h?D? + K*T(3) 2T (0)*D3.
The boundary condition becomes, on OW,,,
o —T'(3)t
Vi -n =0, with n=| -7() |. (5.4)
+1

We now perform the scaling which preserves W,,:
h=n'"%  s=o0, i=h'"r,  z=h'%

The operator h‘lf,% becomes £7:

. T (o 2 _
e — (hDU —7 - hQT((U)) (zDz + Dzz)> + D2+ T (o) 2T (0)?D2.
Now, the boundary condition is, on OW,,,,
Vip-n=0  with  n=ng+h"n (5.5)
where
0 —T' (o)
n=1|-7()|, n; = 0
+1 0
and )
- hD, ~7 — hyp (2D + Dzz)
vh = D + 0
T (o)~ 'T(0)D~ 0

Theorem 5.5 Under Assumption 1.2 and Conjecture 5.3, there exist a function & =
®(0) defined in a neighborhood V of 0 such that ReHess ®(0) > 0 on V and sequence of
real numbers (A}, ;)j>0 such that

e ~ e pJ
M(h) ~ D OXS .
Jj=0
in the sense of formal series. Besides there exists a formal series of smooth functions

(a5, ;(0,7,2)) defined for (o,7,2) €V X S,

as ~ al .h
" s = I
j=0
such that
(£5 — X2 (h)) (age—%) = O (h®) e /",

We also have that \&

n

0= 1%(0,m0) and that XS, | is the n-th eigenvalue of the operator
LHess 24(0, 10)(, Do), (5.6)

The main term in the Ansatz is in the form ag, 4(0,7,2) = fﬁ,o(a)u;@,(g) (1,2). Moreover,

for all m > 1, there exist hg > 0, ¢ > 0 such that for all h € (0, hg), we have
B(X0 + Anihsch) Nsp (£5) = {A5(R)},

and A (h) is a simple eigenvalue.
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5.2.3 WKB expansion for the normal form
Let us consider the conjugate operator

T'(o)
27 (o)

T(0)?

TP

2
e®@)/hge o —®@)/h (hDo +id' (o) —T—h (zD- + DZZ)> + D2 +

with the corresponding boundary conditions. We can write the formal power series expan-

sion:
eq’(a)/hgze*@(a)/h ~ Z hjﬁj
Jj>0
with
Lo = D2+ T (o) *T(0)2DZ + (i®'(0) — 7)?,
-x/ -x/ -V T/(J)
L1 = (19 (o) —7)Ds + Dy (i®"(0) — 7) — (i®'(0) — T)m(zDz + D;z).
Our Ansétze are in the form:
a~y Way, A~ T hiN
Jj=0 Jj=0
The first equation is given by
Loap = Aoao,
with boundary condition (which is in fact a Neumann condition)
—T
DT ap - Ny = 0.
T(o)™'T(0)D=
We take
ap(o,T,2) = fO(U)uz,it‘D’(g) (1,2)
and A\g = u(0,79). The equation becomes
ps(o,i® (a)) = Ao.
The second equation is
(20 - )\Q)al = ()\1 - Sl)ao
with boundary condition
—T —T
D, ap - Ny + D, a1 -ng = 0.
T(o)'T(0)D= T (o) *T(0)D>
The Fredholm condition can be rewritten in the form
1 . .
{2 (Opus(0,i9'(0)) Dy + DyOpp(o,i®'(0))) + Re(a)} fo = A1fo,

where the smooth function o — R®(0) vanishes at ¢ = 0 since 7'(0) = 0. The conclusion
follows by iteration. The simplicity of the lowest eigenvalues follows from [45, Theorem
1.14].
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5.3 Curvature induced magnetic bound states

This section is devoted to the analysis of the result announced in Section 1.3.3.

5.3.1 A higher order degeneracy

Let us consider the following Neumann realization on L*(R%, m(s,t) dsdt),

LS = m(s,t) ' hDym(s, t)hD;
2 2
+m(s, ) (hDS okt —t+ /4;(8)2) m(s, £)~! <nD5 +Cohd —t + ﬁ(s)1;> . (5.7)
where m(s,t) = 1 — tk(s). Thanks to the rescaling
h=h'? t=hr, s=o,
and after division by h? the operator L} becomes
£¢ = m(o, hr) "' D.m(o, hT)D;
2 2
+ m(o, hr) ™! (hDa +C T+ hn(a)7-2> m(o, hr)~! (hDC, Y —T+ hﬁ((;)T) ,
(5.8)
on the space L2(m(c, h7)do dr).

Theorem 5.6 Under Assumption 1.25, there exist a function

o (200 NP
<I)_(I)(U)_(V//(<0)> /0(11(0) k(5)) /= dg

defined in a neighborhood V of (0,0) such that Re ®”(0) > 0, and a sequence of real numbers
(ALj)j=0 such that

J
Aah) ~ DX b
Jj=0

Besides there exists a formal series of smooth functions on V,

such that ) )

(25— 2500) (age ) = 0 ey
We also have that A}, j = ©o, A, 1 =0, Al 9 = —Clikimes and A}, 3 = (2n — 1)C1@(1]/4\ / %
The main term in the Ansatz is in the form

a%,o(‘fﬁ) = fﬁ,o(U)UCo (7).

Moreover, for alln > 1, there exist hg > 0, ¢ > 0 such that for all h € (0, hg), we have
B(X+ XS+ X5, cht ) Nsp (25) = AR},
and XS (h) is a simple eigenvalue.

Remark 5.7 In particular, Theorem 5.6 proves that there are no odd powers of hs in the
expansion of the eigenvalues (compare with [19, Theorem 1.1]).
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5.3.2 WKB expansion

Let us introduce a phase function ® = ® (o) defined in a neighborhood of ¢ = 0 the unique
and non degenerate maximum of the curvature . We consider the conjugate operator

eoME e@(a)/h%gzeffb(cr)/h%‘

As usual, we look for

aNZh%aj, )\NZ)\jh%

J=0 Jj=0

such that, in the sense of formal series we have
£7%8a ~ Aa.

We may write
1 3
L9~ Lo+ h2L +hEy +h2L+ ...,
where
Lo=DZ+ (¢ —1)>%
L1 =2(¢ — 7)i®' (o),

2

22 = K(0)0, +2 (Do + K0V ) (= 7) = ¥(0) + 26(0)(Go — 7

2 7_2

£3 = (DU + n(a)72> (i®'(0)) + (i®'(0)) (Dg + k(o) 5 ) + 4i®' (o) 7r(0)(Co — 7).

Let us now solve the formal system. The first equation is
Loag = Aoag

and leads to take
Ao = Op, CLO(U’ T) = fO(U)uCO (7—)7

where fp has to be determined. The second equation is
(Lo —Ao)ar = (M1 — £1)ag = (M1 — 2(¢o — 7)i®'(0))ug, (1) fo (o)
and, due to the Fredholm alternative, we must take \; = 0 and
ar(o,7) = i®'(0) fo(0) (Ocu)¢, (1) + fr(o)ug, (1),
where f; is to be determined in a next step. Then the third equation is
(Lo — No)az = (A2 — £2)ag — L1a1.

Let us explicitly write the r.h.s. It equals

Aaugy fo + ©(ug, +2(Go — 7)(cw)gy) fo — 2(Co — 7)ug, (19" f1 — 105 fo)

+ 5(0) fo(Brug, — 2(Co — ) Tug, — 72 (Co — T)ug,)-

Therefore the equation becomes

V" (¢o)

(20 — )\Q)ELQ = )\gugofo + Tq),2uCof0 + /ifo(—a-,-uCO — Q(Co — T)QTUCO — 72(C0 — T)”Co)’
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where
as = ag — (8<u)§0 (i(I)/fl — iagfo) + %(6§u)§0<1>’2f0.
Let us now use the Fredholm alternative (with respect to 7). We will need the following

lemma the proof of which relies on Feynman-Hellmann formulas (like in Proposition 2.2)
and on [19, p. 19] (for the last one).

Lemma 5.8 We have:
/ (Co — T)ugo (r)dr =0, / (Ocu)¢o (T)ug, (1) dT =0,
Ry Ry

2/R+(C0 — T)(aCU)CO(T)UCO(T) dr = Y (2<0) -1,

/ (27(¢o — )2 4+ 72(¢o — 7)) ugo + ¢y Orug, AT = —Ch.
Ry
We get the equation

" 2
”(;0)@’2(0) +CiR(0) =0, O = “403(0)

This eikonal equation is the one of a pure electric problem in dimension one whose potential
is given by the curvature. Thus we take

Ao +

)\2 = —01/*?(0),

o) = (2<C<>>/

and

/0 " (5(0) — ()2 d

In particular we have:

vo-(5G)

where ko = —£"(0) > 0.
This leads to take

a2 = f0&2 + (8416)(0 (i(I)/fl - Z‘(90]1.0) - %(agu)Co(blsz + f2uC07
where a3 is the unique solution, orthogonal to u, for all o, of

v"(Go)
2

and f5 has to be determined.

Finally we must solve the fourth equation given by

(20 — Ug)&g = VU, + (I)QUCO + K (—67—u§0 — 2((0 - T)QTUCO — 72(4.0 - T)UCO) ,

(;80 — )xo)ag = ()\3 — Sg)ao + ()\2 — £2)a1 — L1as.
The Fredholm condition provides the following equation in the variable o:
(L3a0 + (L2 — A2)ar + £1a2, ugy) 12k, dr) = A3fo-

Using the previous steps of the construction, it is not very difficult to see that this equation
does not involve f; and fo (due to the choice of ® and Ay and Feynman-Hellmann formulas).
Using the same formulas, we may write it in the form

v"(Co)
2

(9'(0)05 + 059(0)) fo + F(o)fo = X3 fo, (5.9)
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where F' is a smooth function which vanishes at ¢ = 0. Therefore the linearized equation
at o = 0 is given by
V" (Co)

(p//(o) 5

(Uaa + 800) fO = )\BfO-
We recall that

R

7
(QCO) = 3C,0,/”

so that the linearized equation becomes

3k
019(1)/4\/ 72 (005 + 050) fo = A3fo.

We have to choose A3z in the spectrum of this transport equation, which is given by the set

{(Zn 1)01@(1)/4,/32&, n > 1}.

If A3 belongs to this set, we may solve locally the transport equation (5.9) and thus find
fo. This procedure can be continued at any order.

5.3.3 Numerical estimates of the magnetic camel

For the numerical computations, we consider the magnetic potential A = (—x2,0) and we
denote by (XS (h), uS ;) the n-th eigenpair of the magnetic Laplacian (hD,, —x2)* 4+ h?D2,
on €.

Camel with one bump Let us first consider the case where € is an unbounded domain
with a unique point with maximal curvature. We consider

Q = {(x1,12) € R 2o < —42?%}.

For the numerical computations, we proceed as explained in Section 4.5.1: we bound
the domain and impose Dirichlet condition on the artificial boundary. Let us define the
truncated domain

QH = {(a;l,azg) € Q,Jjg > —H}.

We consider triangular elements of degree Pg. For the numerical computations, we take
H = 2.5,3,4 and a mesh with approximately 3000, 3600, 4800 triangular elements and
1/h € {1:0.1:1000}.

Figure 6 illustrates the asymptotic expansion (1.4) for the first eigenvalue:

c u2 (0
)\I;Lh) = 90 - Cfll“imaachl/2 + O(h1/2)’ Wlth Cl - CO?)()‘ (510)

In our example, we have K4, = 8. Using [6], we have

Oy ~ 0.59010 and Cq ~ 0.873043.

Figure 5(a) shows the convergence to ©g, which is quite slow because only in O(h'/?). In
Figures 5(b)-5(c), we aim at recovering numerically the power appearing in the expansion.
For this, we plot, according to ln% the quantities

Af(h) Af(h)

In (@0 _ T) and In =L — 0, + Chitmanh!/?.

In Figure 8, are represented the modulus, the logarithm of the modulus and the phase
of the first eigenfunction for h = 1/20.
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(b) In (@0 - *17“”) vs. InL  (¢) 22— Q) + Chrmach? vs.
In

=

Figure 5: Convergence of the eigenvalues Af(h).
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Figure 6: Moduli, logjp(moduli) and phases of the first two eigenfunctions, h = 2%.

Camel with two bumps Let us now deal with the case of a double well on the geometry.
For this, we consider

Q= {(z1,12) € R% 2o < —(1 — 22)%}.
Let us look at the behavior of the first two eigenpairs. Figure 7(a) illustrates the conver-
gence of the first two eigenvalues AS (h) to Og as h — 0. We represent

1 A0
h )

n=1,2.

>

To analyze the splitting between the first two eigenvalues, we plot in Figures 7(b)-7(c),
according to In1/h

A5(h) = Ai(h)

N and

h
For the last figure, we take h > 1/70 otherwise the splitting computed numerically is of
the same order as the accuracy of our computation and the numerics is no more relevant
when h < 1/70. These computations suggest that

Xs(h) — X5 (h)

- = 0@ MMy with 52<C <54

Figure 8 gives the modulus, logarithm of the modulus and the phase of the first two
eigenfunctions for h = 1/20.
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Figure 7: Convergence for A (h).
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Figure 8: Moduli, logig(moduli) and phases of the first two eigenfunctions, h = 2—10.

6 Perspectives

Let us finally provide some perspectives. As we have seen in Section 4.3.2, even in explicit
situations, the optimal Agmon estimates are still an open problem. If these estimates are
improved, one will obtain an accurate asymptotics of the splitting between the low-lying
eigenvalues. Extended enough WKB constructions for computing the exponentially small
splitting are related to the holomorphic extensions of the model operators eigenpairs (for
instance the generalized Montgomery operators). Furthermore in the case of curvature
induced magnetic bound states, we have proved, at the WKB expansion level, that the
effective operator is purely electric so that we can think that the optimal Agmon estimates
are accessible. Numerically, this paper was concerned with one symmetry (camel with two
bumps) and we observed that the lowest eigenvalues seemed to be simple. With more
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symmetries, we expect multiplicity (see Figure 9). Moreover, in more singular geometrical
situations (see [8]), the WKB structure of the eigenfunctions is not clear at all since there
is no obvious dimensional reduction (for example, the case of polygonal domains is based
on models on angular sectors).
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(b) First two eigenfunctions, h =

S| s+

Figure 9: Eigenpairs on the ellipse, A = (—x2,0).
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