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Stability of variational inequalities and prox-regularity
in Hilbert space

M. Sebbah*

Abstract

In this paper we study the problem of stability of solutions of a classical variational inequality in
a general Hilbert space. To do so, we use the concepts of local normal map and local natural map to
transform the multi-valued problem into a single-valued one. Then we use the degree theory to obtain
the stability result under some general hypotheses. Finally we discuss those hypotheses under different
concepts of prox-regularity (local and uniform).

1 Introduction

In several optimization problems, we have to study a recurent variational inequality, V¢ ¢(u, v, w) or VI(u,v, w)
when there is no risk of ambiguity, of the form

w € N(C(u),z) + ¢(v, z), (VI(u,v,w))

where z is the unknown variable, C' is a set-valued mapping from a topological space U to a Hilbert space H,
¢ is a mapping from V x H to H, with V another topological space, and N(C(u),x) denotes a certain normal
cone of the set C'(u) C H at the point z € H.

One well-known example to illustrate the importance of this variational inequality would be that, given
a set-valued mapping C : R = R with non-empty closed convex values and a convex function ¢ : RN — R
of class C' then, finding a pair (z,u) € RY x R such that z € arg ming,) ¢ is equivalent to solving the
variational inequality

0 € Vo(z) + N(C(u),x),

where N(C(u), z) is the convex normal cone of C'(u) at the point z. We refer to [9] for several other examples
of concrete problems which can be formulated with the variational inequality (VI(u,v,w)). Thus, studying
problems of the form (VI(u,v,w)) can be of great interest.

In particular, a relevant question dealing with variational inequalities is the stability of solutions with
respect to changes of the parameters. Indeed, considering a set-valued mapping F' : X = Y, where X and
Y are two topological spaces, and a point (zg,y0) € X X Y satisfying the inclusion yo € F(xp), it is crucial
to know whether, for x sufficiently close to xg, the inclusion yo € F'(x) still holds, or symmetrically, for y
sufficiently close to yo, the inclusion y € F'(xg) is satisfied.

In the single valued case, i.e., of the form y = F'(z) with F' a mapping instead of a set-valued mapping,
one of the fundamental tools to study existence and stability of solutions is given by the degree theory. This
is the reason why great efforts have been made to reduce set-valued problems into single-valued ones.

Such a reduction has been realized by Robinson in [18] for the study of the variational inequality

w € N(C(u),z) + ¢(u, x) (Rob)

in the finite dimensional setting, i.e., keeping the same notations than in (VI(u,v,w)) with # = RY with
the difference that, in Robinson’s equation, the mapping ¢ is defined on U x H, whereas in (VI(u,v,w)), ¢ is
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defined on ¥ x H. To study the stability of the solutions, Robinson in [16, 17] generalized the approach used
in the convex setting (i.e. C convex valued) and introduced the concept of localized normal map. He showed
that under the "right assumptions* on C and ¢, the set of solutions (u,w, x) satisfying (Rob) is topologically
equivalent to the set of solutions (u,w, z) satisfying an equation of the form

w = f(u,z) (1)

f, defined on a subset of U x RY, being the so called normal map associated to (Rob). Thus he transformed a
multivalued problem (Rob) into a single valued one (1). Then he used the degree theory to solve the stability
problem on (1) and, by the topological equivalence between the solutions sets of (Rob) and (1), he obtained
stability results on (Rob).

One of the main interest of Robinson’s work is that he showed in [19] that, in the finite dimensional setting,
those "right assumptions“ needed to obtain the topological equivalence between (Rob) and (1) are fulfilled by
a class of set-valued mappings larger than the class of non-empty closed convex valued set-valued mappings.
Those set-valued mappings are called proz-reqular with compatible parametrization and it is well known that
the concept of prox-regularity of sets is a good candidate to generalize properties from the convex setting based
on the uniqueness of the projection mapping in Hilbert spaces (see [2], [3], [5], [7], [14], [20] and references
therein).

In a previous work, see [21], we generalized Robinson’s work in [19] to the setting of general Hilbert space
in showing that prox-regular set-valued mapping satisfy also the "right assumptions“ in this general context.
This inclines us to pursue the generalization of Robinson’s results to the possibly infinite dimensional Hilbert
spaces. This paper aims to establish stability results of (VI(u,v,w)) in the general Hilbert setting through the
method used by Robinson in [18].

Our work is also highly inspired by Kien and Yao’s paper [10]. These authors used Robinson’s method to
study, in the general reflexive Banach space setting, the stability of the solutions of the variational inequality

0e N(C(u),x) + ¢(v, x) (KY)

using the same notation than in (VI(u,v,w)), forgetting about the dependance of w involved in (VI(u,v,w)).
However, they do not use Robinson’s localized normal map, but what they call generalized normal maps in
order to turn the multivalued problem into a single-valued one. Then, they cite Robinson’s stability result as
a corollary of their result to the finite dimensional case, but, strictly speaking, it is not fully a corollary for two
reasons. First to get Robinson’s result, we have to follow Kien and Yao’s proof with the localized normal map
instead of the genralized normal map. The second reason is that there are no a priori links between the degree
of the localized normal map and the generalized one, so we cannot deduce Robinson’s result under Kien and
Yao’s hypothesis. However, the method in KY shows that a generalized abstract feature can be established
through the degree theory in view of obtaining both Robinson’s stability result and Kien and Yao’s one.

The present paper provides, in our view, three main contributions. The first one is that it unifies the
inequalities studied by Robinson and Kien and Yao, in the sense that, (Rob) and (KY) can both be deduced
from (VI(u,v,w)). The second contribution is the generalization in a more general framework of the proof of
Robinson’s and Kien and Yao’s stability results using degree theory. And the third interesting point is that
our results are valid for a large class of set-valued mappings that may not be convex-valued in the general
Hilbert setting.

We organize our work as follows. In the second section, we start by shortly recalling some features of degree
theory in order to give a general abstract stability result using tools of degree theory. In the third section, we
define the concept of local normal map and see that, under some basic key hypotheses, the set of solutions
of the variational inequality (VI(u,v,w)) and the set of solutions of the local normal map are topologically
equivalent. This allows us to apply the stability result of section 2 to get stability results of solutions of
(VI(u,v,w)). Finally, we show in the third section that the class of prox-regular set-valued mappings satisfies
one of those key hypothesis needed to have the topological equivalence shown in the third section.

2 A stability result using degree theory

In this section, our purpose is to study the stability of solutions of equations of the form f(t,-) = yo, where
t is a more general variable than u, on a set Q with a variation on ¢t. Consider a topological space T, a
Banach space &, a subset Q) of £ and a mapping f : T x £ — £. Given yy € £ and ¢y € T, a first interesting



question is to know whether the equation f(¢o, ) = yo has a solution in Q, that is, to know whether there
exists a certain xg € € such that f(to,z9) = yo. Assuming that such a solution exists, the second question
that comes naturally in mind is the stability of the solution on 2 with a variation on ¢, i.e., if ¢ is ”close to“
to, the equation f(¢,-) = yo still has a solution on Q. The intuition would tell us that if the function f is not
"too bad®, for instance if f is continuous on T x &, then f(¢,-) being ”close to* f(to, ), we could expect that
f(t,+) = yo has also a solution in Q. Unfortunately, this is not enough, as we can see with the very simple
following example. Considering
f: RxR — R
(t,z) +— 2%+t

we notice that the equation f(0,-) = 0 has a (unique) solution on Q =] — 1; 1], which is z = 0. However, as
soon as t > 0, the equation f(¢,-) = 0 does not have any solution on | — 1; 1].

The main reason of this lack of stability of the solution is that the topological degree of the function f(0,-)
on 2 =] — 1; 1] for the point yo = 0 is equal to zero. To understand it, we first recall the topological degree of
a mapping on a set for a certain point.

2.1 Topological degree

As the aim of this paper is not to give a lecture on the topological degree, we will only present the results that
will be used later on without giving any proof. However, the interested reader would find those proofs in [6]
(very good and in French) and [8] from which we have been highly inspired.

Considering a mapping ¢ from a Banach space £ into itself, an open subset {2 of £ and a point yg of &,
the degree aims to answer the question: is there a solution to the equation () = yo that belongs to Q7 A
good way to compare the degree of a mapping in the finite dimensional setting is to consider the determinant
of a linear mapping ¢ of a finite dimensional vector space & into itself. If the determinant is non equal to
zero, then the map is onto and so for every yo € &, there exists xg € & satisfying ¢(x9) = yo. Roughly
speaking, the degree acts in the same way adding the constraint that xy has to belong to a given subset 2 of
E. Thus, if deg(¢, 2, y0), the degree of the triple (p,,yo) is non equal to zero, there will exist zg € €2 such
that ¢ (z0) = yo.

However, all the solutions of () = yp in Q are not necessarily taken into account by the degree. Indeed,
one of the principal property of the degree is that it is stable under certain homotopies (cf. 3) of Definition
2.1). Thus, if ¢ is such a homotopy of ¢, then deg(p, Q,yo) = deg(¥,Q,yo). This highlights the reason for
which our previous example, f(t,z) = 2? +t did not work. Indeed, for t = 0, we consider ¢(z) = f(0,z) = z?
which does have x = 0 as a solution for the equation ¢(-) = 0 on ] — 1, 1[. However, this solution is not taken
into account by the degree, i.e., deg(p,] —1;1[,0) = 0, because there exists a a homotopy v such that ¢(-) =0
does not have any solution on on | — 1;1[ (take ¢(x) = f(¢t,z) with ¢ > 0).

Moreover, as the determinant is defined only for the class of linear mappings, the degree is not defined for
any mapping. In fact, there exist many ways to define degree concepts that differ mainly on the considered
class of functions. For our part, we will first introduce the Brouwer’s degree for continuous functions defined on
finite dimensional spaces, then we will present the Leray-Schauder’s degree defined on continuous perturbations
with finite range of the identity map in any Banach space.

2.1.1 The Brouwer’s degree in finite dimensional space

In this subsection, £ will be a finite-dimensional real vector space of dimension N endowed with any of the
usual norms, € will be an open and bounded subset of £, yg a point in £ and ¢ : Q — £ a continuous mapping
from the closure of Q to £ such that yg ¢ ¢(bd Q) with bd 2 being the boundary of Q. We will denote by Ag
the set of triples (¢, 2, 10) satisfying the previous properties (the subscript £ will become important in the
next subsection where we will consider several vector spaces). We use the following characterization of the
degree as a defintion (cf [6]).

Definition 2.1. There exists a unique function degs : As — Z called the Brouwer’s degree such that:
1) (normalisation) if €2 is an open and bounded subset of £ and yg € €2, then
degf (I? Qa yo) = 17

where I denotes the identity map of &;



2) (additivity) if (¢, Q,10) € Ag and Q; and Qs are two open subsets of Q such that yo ¢ (2 \ (21 U Qy)),
then

dege (9,2, y0) = dege (@, Q1,yo) + dege (0, Q2,%0);

3) (homotopy invariance) if €2 is an open bounded subset of £, and h : [0;1] x @ — & and y : [0,1] — &£ are
two continuous mappings such that y(A) ¢ h(\, bd Q) for all A € [0;1], then

degg (h(0,-), 2, 4(0)) = degg (h(1,-), 2, y(1)).
Then, we have the most important property of the degree (see [6]).
Proposition 2.2. Let (¢,$,yo) € Ag. If dege(p, Q,y0) # 0, then there exists xo € Q such that p(zo) = yo.

We will also need the following property (see Theorem 2.7 of [§]).

Proposition 2.3 (compact excision property). Let (©,Q,1y0) € Ag and K be a compact subset of Q such that

Yo ¢ @(K)z then
degg(ﬂp, Qv yO) = degg(% Q \ Ka yO)

Now we see how the Brouwer’s degree can be extended to the infinite dimensional setting.

2.1.2 The Leray-Schauder’s degree in infinite dimensional space

To be able to talk about the degree in infinite dimensional spaces, we first need to introduce the notion of
degree of a mapping on a vector subspace.

Let us consider a finite dimensional space £ and F a vector subspace of £. As above, we will denote by Ag
the set of triples (¢, Q, o) such that  C € is open and bounded, ¢ : Q — £ is continuous, and yo ¢ ¢(bd ¢ Q),
and we will use Az for the set of triples (1, ©, zp) such that © C F is open in F and bounded, ¢ : © — F is
continuous and zp ¢ ¥ (bd  O).

Assume now that Q C & is open in £ and bounded as always but that ¢, defined on €, takes its values
in F instead of £ and that yo € F \ ¢(bdgQ). As F C &, we have (p,Q,y0) € Ag, so dege(p,Q,yo) is well
defined. Moreover, 2 N F is open in F and bounded, the restriction ¢p|g~7 of ¢ to 2N F is continuous, and
Yo & p(QNF\ QN F), hence (plgaz, 2N F,y0) € Ar and so we can talk about degr(p|gaz, 2N F,v0)-

A fair question is to know whether

deg5(90797y0) = deg}—(gplﬁ79m-’ra yO) (2)
The next proposition provides a partial response. It says that for continuous mappings of the form
Y= I— wa

with ¢ : @ — & and ¥ : Q — F continuous, then if xo € ¢~ 1(yo) with yo € F \ ¢(bdQ), we have zq =
Yo + Y(xo) € F, and the desired equality (2) holds true. This leads us to the following property (cf. [6]).

Proposition 2.4. Let £ be a finite dimensional vector space, F be a vector subspace of £, § be an open and
bounded subset of £, ¢ : ) — F be a continuous mapping and yo € F \ (I — ¢)(bd Q).
Then

dege (I — v, y0) = degr((I — ¢)lgaz 2N F,y0)-

We can now generalize the Brouwer’s degree to the infinite dimensional case by modifying once again the
class of involved mappings.

Let £ be any Banach space and 2 be an open bounded subset of £. The idea is to consider continuous
perturbations with finite dimensional range of the identity map, i.e., of the form I — ¢ where ¢ : Q — & is

such that () is contained in a finite dimensional vector subspace of €. Thus, considering yo ¢ (I —»)(bd Q)
and a finite dimensional vector subspace F of & such that ¢(Q2) C F and yo € F, we can talk about
degz((I — ¢)lgrz Q2N F,y0). By Proposition 2.4, considering any other finite dimensional subspace G of £

such that () C G and yo € G, we have

degg((I - ¢)|Wa aQn gvyo) = deg}'((l - ¢)|Wa Qn ‘Fv yO)

This number being independent of the considered vector subspace, we can finally define a degree on £ as
follows.



Definition 2.5. Let & be a Banach space, £ C € be an open bounded subset, ¢ : Q — £ be a continuous
mapping with finite dimensional range (i.e. ¢(€2) is contained in a finite dimensional vector subspace of &)
and yo ¢ (I — ©)(bd ).

We define the Leray-Schauder degree by

degf(l - @,QJJO) = deg]—'((l - ¢)|Waﬂ mfa yO)a

where F is any finite dimensional vector subspace of £ such that p(2) C F and yo € F.

We have finally presented all the tools that will be needed to obtain our stability result.

2.2 A stability result

Let us remember that our goal is to study stability of solutions of equations of the form f(¢,-) = yo on a given
set €2 under variations of ¢, where T is a topological space, £ is a Banach space, f : T x £ — £ is a continuous
mapping, {2 is an open bounded subset of £ and yy € €.

Before giving the result, we recall the definition of the lower semicontinuity of a set-valued mapping at a
given point, as it appears in Theorem 2.7 below.

Definition 2.6. A set-valued mapping F from a topological space T to another topological space Y is said
to be lower semicontinuous at a point tg € T if for all open set O of Y such that F(to) N O # (), there exists a
neighbourhood V' of ¢y such that F(t) N O # 0, for every t € V.

We can now present the stability result.

Theorem 2.7. Let f: T x&E — &, Q2 C E be a nonempty open bounded subset of £ and V C T be an open set

such that f is continuous on V x Q and for every (t,x) € V x Q, f can be decomposed as f(t,x) = x — g(t, )

where g : V x Q — & is with finite dimensional range. Let to € V and yo € € be such that yo ¢ f(to,bd Q).
Consider the set-valued mapping

)

F: 7 = €& B
t o= U )y nQ

and suppose
(i) F(to) is a singleton, say F(tg) = {zo};
(ZZ) degé'(f(t(h ')7 Qa y()) 7& 0.

Then F takes on nonempty values on a neighbourhood of to and is lower semicontinuous at the point tg.

Proof. Let O be an open subset of & such that F(to)NO # 0, i.e., with g € O. Let F be a finite dimensional
vector subspace of £ such that g(V x Q) C F and yy € F and set Qx := QN F. We have by definition of the
Leray-Schauder degree that

0 7& degé’(f(th ')7va0) = deg?—'(f(t07 )|ﬁ7 Q}'vyo)'

Now consider Ox := ONQr = O0ONQNF. Notice that, as yo ¢ f(to, bd Q) and by (i), we have 2o € ONQ
with xo — g(to, o) = f(to, o) = yo € F. Thus zg = g(to, zo) + yo € F, and xy € OF which implies O # 0.
Moreover, as O N is an open subset of £, Of is open in F and so Qx \ O is closed and bounded in the
finite dimensional space F, therefore Q7 \ OF is compact in F.

Also as F(ty) = {zo} with 29 € O, we have yo & f(to,")(Qx \ Ox). We can then apply the excision
property of a compact subset to obtain

degr(f(to, )lo5 OF yo) = degr(f(to, )z r. v0) # 0.

Now, since zg is the unique point in Q satisfying f(to,z0) = yo and since bd Ox C Q, we deduce that
f(to, ) # yo, for all z € bd Ox. Thus, for each x € bd Oz, there exists §, > 0 such that

Yo §é B(f(t(Jfo)v(sx) =: By,



where B(f(to,x),d;) denotes the open ball of radius d, centered at f(to,x). Therefore, by continuity of f on
V x Q, for each x € O0F, there exist a neighbourhood V,, C V of ¢ty and a neighbourhood X, C Q of z such
that f(V, x X,) C B,.

Moreover, since bd Ox is compact (closed and bounded) in the finite dimensional space F, and since
{Xs N F}ueo0o, is an open cover of bd O, there exist z1,...,%, € bd OF such that

bdOF C | J Xa, N F.
=1

Let us consider the neighbourhood V' = NP, V,, of ty and let us show that F(t)NO # (), for all t € V. Let
t € V and let L
h: [0;1]x0Or — FE
(A7) = Af(to,x) + (1= N)f(t, )
be the natural homotopy between f(to,-) and f(t,-) on Or. We show that yo # h(\, ), for all z € bd O,
in order to apply the homotopy invariance of the degree. Let 2 € bd Or. Since bdOr C U}, X, N F, there

exists 7 € {1,...,n} such that € X, N F and since ¢y and t are in V', we have that (t,z) € V,, x X, hence
f(to,x) and f(t,x) are in B,,. Now, as B,, is convex, we get that for all A € [0;1],

h(A,z) = Af(to,z) + (1 = N) f(t,x) € By,.

But we saw that yo ¢ B,,, so for all z € bd O and for all A € [0; 1], we have h(\, z) # yo. We can then apply
the homotopy invariance of the degree to obtain that

deg]—'(f<ta )|@a 0.7:7 yO) = degf(f(t07 )|@a 0.7:3 yO) 7é 0.

Therefore by Proposition 2.2, we have that, for all t € V, there exists € Ox such that f(t,x) = yo, and since
Or CONQ, we get that for all t € V, F(¢t) N O # 0, and also F'(t) # (). This concludes the proof. O

We see now how this result can be applied to solve stability problems of variational equalities through the
concepts of normal and natural mappings.

3 Stability of solutions of variational inequalities through localiza-
tion of normal and natural maps

As it is already mentioned in the introduction, the aim of the paper is to study the stability of solutions of

variational inequalities of the form
w € N(C(u),z) + ¢(v, z). (VI)

To do so, we will transform the multi-valued problem into a single valued one, using Robinson’s local
normal map and Kien and Yao’s local natural map.

Throughout this section U, V will be two topological spaces, H a Hilbert space, ¢ : V x H — H a mapping
and C : U = H a non-empty closed valued set-valued mapping. We also consider a normal cone concept which
associates to a set S C H and a point € S a cone N(S,z) C H in such a way that N(S,x) coincides with
the normal cone in the sense of Convex Analysis whenever the set S is convex.

3.1 Local normal and natural maps

To introduce the concepts of local normal and natural maps, let us assume for the moment that C(-) is convex
valued. We first remark that the variational inequality

w € N(C(u),z) + ¢(v, ) (VD)

can be rewritten as

v € (N(C(u),") + )7 (w = ¢(v, ) + x). (3)



We know, by convexity of C'(u), that the set-valued mapping

II: UxH = H
(u,2) = (N(C(u),-) + 1)~

is in fact single-valued and equal to the projection mapping, i.e., for all (u,z) € U X H,
H(u7 Z) = PC(u) (2)7

where P (,)(2) denotes the unique nearest point in C(u) of z. This is due to the fact that N(C(u),-) coincides
with the normal cone of C'(u) in the sense of Convex Analysis.
Thus (3) is equivalent to
x = Poy(w — ¢(v, ) + ),
ie.,
0=2— Pow(w—é(v,2) + x),

or also, by the change of variable z = w — ¢(v, ) + z, equivalent to,

zZ—w+ ¢(U7P0(u)(z)) = PC(u)(Z)a

ie.,
w =2 — Pow)(2) + ¢(v, Po)(2))-

Thus, defining the normal map as,

[i(u,v,2) = 2 = Pow (2) + é(v, Pow)(2)),

and the natural map as,
g: (u,v,w,x) = — Popy(w — ¢(v,z) + ),

we have turned the multi-valued problem (VI(u,v,w)) into two single-valued ones: one using the variable z,
flu,v,2) =w, (norm.)

the other using the variable z,
g(u,v,w,x) =0. (nat.)

Note here, that for fixed ug, vg, wp, the maps f(ug, vo, ) and g(ug, vo, wo, -) are both perturbations of the
identity map, which will allow us, with some extra assumptions, to apply our stability result.

Now remark that the previous construction of the normal and the natural maps is highly based on the
fact that if C(u) is closed and convex, then the set-valued mapping I(u,-) : 2 = (N(C(u),-) + I)"1(2) is in
fact single-valued (and equal to Po(y)(-)). Thus, to deal with nonconvex sets C'(u), it is sufficient to assume
directly that II(u,-) is single-valued. So, instead of considering at this step a general class (see Section 4)
of nonconvex sets C(u) for which II(u,) is single-valued, the above comments lead us to the following first
hypothesis.

Hypothesis 1. We suppose that there exist sets U C U and X,Z C H such that the localization of IT on
U x Z x X defined by
ly: UxZ =X
(u,z2)  —  (NCu),)+D)tnNnX

is single-valued and we denote by mx its associated mapping, that is,
Ox(u,2z) ={rx(u,2)}, Y(u,z) €U x Z.
This hypothesis naturally leads to a second one. Indeed, as it appears clearly in the natural map, putting
C(v,w,z) :=w— ¢(v,x) + x, (4)

we have to take the image of ((v, w,x) under the mapping II(u, -).
Therefore, restricting the single-valuedness of II(u, ) to Z requires to suppose that ((v,w,z) € Z in order
to make sure that I x (u, {(v,w,x)) is a singleton set, and so the natural mapping is still well defined.
Consequently, we have to assume that, for all (v, w,x) € V x H x X, the inclusion ((v,w,z) € Z holds. So
we restrict again the sets on which we make the assumptions.



Hypothesis 2. Under notation of Hypothesis 1, we suppose that there exist sets V. C V and W C H such
that, for all (v,w,z) € V x W x X, one has,

C(v,w,z) € Z.

This assumption seems natural when dealing with the natural map but do not seem necessarily at first
sight when considering the normal map.
At this point we can generalize the normal and natural mappings.

Definition 3.1. Let U C U, V CV and W, X, Z C H satisfying Hypotheses 1 and 2 and define IIx and nx
as in Hypothesis 1.
We define the local normal map by

fx: UxVxZ — H,
(w,v,2) = z—ax(u,z)+ o(v,mx(u,z))

and the local natural map by

gx: UxVxWxX — H,
(u,v,w, x) =z —rx(u,w— ¢(v,x) + x).

Finally, the third assumption below seems quite natural since we want to obtain an homeomorphism
between the sets of solutions of the multi-valued problem and the single-valued ones, and then to apply the
stability of section two.

Hypothesis 3. Under notation of Hypotheses 1 and 2, we assume that mx is continuous on U x Z and ¢ is
continuous on V x X.

It is worth noting here that those three hypotheses are not too strong in the sense that, as we will see in
the last section, they are fulfilled by a general class of set-valued mappings called prox-regular under a certain
type of continuity assumption.

We are now ready to show the links between the different solutions sets.

3.2 Homeomorphism result

So far we are facing three different problems, one multi-valued and two others single-valued. We first need to
define the sets of solutions of those problems.

Definition 3.2. Let U C U, V CV and W, X, Z C H satisfying Hypotheses 1, 2 and 3, and define IIx and
mx as in Hypothesis 1.
We denote by M the set of solutions of (VI(u,v,w)) associated to U, V, W and X, that is,

M= {(u,v,w,z2) eUXV xW x X :w e N(C(u),z) + ¢(v,z)}.

Likewise we denote by A the set of solutions of the local normal map equation associated to U, V., W and Z,
that is,
N i={(u,v,w,2) eUxV XWX Z:w= fx(u,v,2)},

and by L the set of solutions of the local natural map equation associated to U, V., W and Z, that is,
L:={(u,v,w,z) eUxV xWx X:0=gx(u,v,w,z)}

It is worth noting here that the notations M, A" and £ do not show the dependence in U, V, W, X and
Z, but we have to keep in mind that for different sets U, V, W, X and Z we get different M, N and L.
Now, let us start by showing the equality between M and L.

Theorem 3.3. Let U CU, V CV and W, X, Z C H satisfying Hypotheses 1, 2 and 3, and define Illx and
wx as in Hypothesis 1, and, M and L as in Definition 3.2.
Then one has

M=L.



Proof. Let (u,v,w,x) be in M, then w € N(C(u),z) + ¢(v, z) with (u,v,w,z) € U x V. x W x X. This gives
w—¢(,z)+z € NC(u),z)+ =z,
which is equivalent to
z € (N(C(u), ) + )7 w — $(v,z) + ).

Since x € X, we have
z€ (NCu),)+I) Hw—o(v,z) +2)NX =Tx(u,w— d(v,z) + x).

Moreover w—¢(v, x)+z = ((v,w, x) and by Hypothesis 2, {(v, w, z) € Z which implies that (u, w—¢(v, z)+x) €
U x Z. Now using Hypothesis 1, we have that IIx is single valued on U x Z with associated mapping mx, so
we obtain

r=7x(u,w—¢(v,z)+ ),

ie.,
0=z—7mx(u,w—¢v,z)+z)=gx(u,v,w,x),

hence (u,v,w,z) € L.

Now assuming (u,v,w,z) € L gives (u,v,w,z) € U x V x W x X and

0=2—mx(u,w—¢(v,z)+ ),
which implies by definition of 7y,
z € (N(C(u),) + 1)~ (w — ¢(v, ) + ),
ie.,
w € N(C(u),z) + ¢(v, z),

hence (u,v,w,z) € M. O

Now we establish Robinson’s homeomorphism result to possibly infinite dimensional Hilbert spaces.

Theorem 3.4. Let U C U, V CV and X,Z C H be as in Hypotheses 1, 2 and 3, and define wx as in
Hypothesis 1, fx as in Definition 3.1, ¢ as in (4), and M, N and L as in Definition 3.2.
Then the map
I M - N

(u7v7w7 :1:) '_) (u7v7w7 C(/U7w7 x))
s an homeomorphism from M to N, and its inverse map is given by

v: N - M

(U,U,’LU,Z) = (U,U,w,ﬂ'X(U7Z))-

Proof. First of all, it is not difficult to see that, under the assumptions, p and v are continuous on their
domain.

Now we show that 1 takes its values in N. Let (u,v,w,z) € M. We have (u,v,w,z) €U xV x W x X,
and p(u,v,w,z) = (u,v,w, (v, w,x)). Set

z:=C((v,w,z) =w— ¢(v,x) + x. (5)
Thus z € Z by Hypothesis 2. We have to show that fx (u,v,z) = w, that is,
(v, mx(u,2)) + 2z — mx(u,z) = w.

As (u,v,w,x) € M, we have by Theorem 3.3 that (u,v,w,z) € L, i.e., x = mx(u, z). Thus replacing x by
mx(u, z) in (5) gives
2= d)(va 7-‘-X(uv Z)) + 7TX(U7 Z)a
or equivalently,
w=¢(v,mx(u,2)) + 2z —mwx(u,2) = fx(u,v, z)



which shows that pu(u,v,w,z) € N.
We claim that (v o p)(u,v,w,z) = (u,v,w,z). Indeed

(vou)(u,v,w,z) =v(u,v,w, z) = (u,v,w, 7x(u, z)) = (u, v, w, x)

since we showed above that © = mx(u, 2). So we have v oy = In.

Now we show that v takes its values in M. Let (u,v,w,2) € N. We have (u,v,w,2) €U XV X W X Z
and v(u,v,w, z) = (u,v,w,7x(u, z)). Set x := wx(u, z) and note by definition of 7x that z € X.

We know that fx(u,v,z) =w, ie.,

(v, mx(u,2)) + 2z — 7x(u, z) = w,
or equivalently,
z=w—¢(v,2) + x = ((v,w,x) (6)

since * = mx(u, z). Therefore, we can write x = mx (u,((v,w,x)), or equivalently, 0 = = — mx (u, ((v,w, x))
which gives gx (u,v,w,z) = 0. This implies that (u,v,w,z) € L, and so, by Theorem 3.3, (u,v,w,z) € M,
ie., v(u,v,w,z) € M as desired.

Finally we deduce from (6) that

(/’L © V) (u7 ’07 w’ Z) = u(u7 U? w7 x) = (u’ IU’ w? C(’L)? w’ I)) = (u7 ’U7 w7 Z)7
which shows that uov = Ix and concludes the proof. O

We now see how this result allows us to solve two stability problems of solutions of (VI(u,v,w)).

3.3 Stability of solutions of variational inequalities

In this section, we study two stability results of solutions of (VI(u,v,w)).
Assuming (ug, vo, wo, o) €U x V x H? and

wo € N(C(UQ),JIQ) + (b(’l)o,xo),

we first study how the solution z evolves with a variation of w, i.e., the stability with respect to w of the
solution x of the inequality
w € N(C(uo),z) + ¢(vo, 7). (Probl)

In the second problem, wy will be the fixed variable, and the variation will be with respect to (u,v), that is,
we will examine the behavior (with respect to (u,v)) of the solution x of the variational inequality

wp € N(C(u),z) + ¢(v, ). (Prob2)

Let us introduce some notation in order to solve (Probl). Let ug € U, vg € V and W, X, Z C H be such
that U := {up}, V := {vo}, W, X and Z satisfy Hypotheses 1, 2 and 3. We can then consider IIx, mx and
M, N as above.

However, to emphasize the dependence in (ug,vg), we will denote M, resp. N, by M/(ug,vy), resp.
N (ug,vg). Then we construct the sets X, resp. W, as the projection of M(ug,vg) on X, resp. on W, and Z
as the projection of A (ug,vg) on Z, which means,

X={reX:TweWst we N(C(u),z) + ¢(vg, z) and ((vo,w,z) € Z},
W={weW:3zx € X s.t. we N(C(up), z) + ¢(vo, x) and (v, w,x) € Z},
Z={ze€Z:3xe X, FweWst we N(C(up),x) + ¢(vy, ) and z = {(vg,w,z)}.

Finally, as we want to study how x evolves under a variation of w, we naturally define the set-valued

mapping
M(UO7'U()): w = X.
w — {xe€X: (ug,v9,w,x) € M(ug,vo)}
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Theorem 3.5. Let ug €U, vg € V and W, X, Z C H be such that U := {up}, V :={vo}, W, X and Z satisfy
Hypotheses 1, 2 and 3 and define M(ug,vo), N (ug,vo), X, W, Z and M (ug,vo) as above.

Then the map fx(ug,vo,-) : Z2 = W is an homeomorphism if and only if the set-valued mapping M (ug, vo)
is single-valued on W and its associated mapping m is continuous on W.

In this case, one has for all w € W,

m(w) = mx (uo, fx (uo,vo, )~ (w))

and
fX(UOa Vo, ')71(7"0) = g(UOa Vo, m(w))
Further
M(ug,vo) = {(uo,vo)} x {(w,m(w)) : w € W}
and

N (g, vo) = {(uo,vo)} x {(w, fx (uo,v0, ) (w)) : w € W}

Proof. First we show that fx(ug,vo,-) takes its values in W. Let z € Z. There exists some w € W such that
(ug,vo,w, z) € N(ug,v), which implies that w = fx (ug, vo, z) by the definition of N (ug, vg), s0

(UOaU()a fX(UOaUOaZ)’Z) € N(UOaUO)'
Therefore, we have by Theorem 3.4 that
v(uo, vo, fx (1o, vo, 2), 2) = (uo,vo, fx (w0, vo, 2), Tx (w0, 2)) € M(uo, vo)

which implies that fx (ug,vo,2) € W by the definition of W.

=: Let us suppose that fx(ug,vo,) is an homeomorphism from Z to W and let us show that M (ug,vo)
is single-valued on W with its associated mapping m continuous on W.

First we show that dom M (ug,v9) = W. Let w € W. There exists « € X such that (ug, v, w,z) €
M((ug,vg), i.e., x € M(ug,vo)(w), and so, w € dom M (ug, vp), which leads to dom M (ug,v9) = W.

Now we show that, for any w € W and any z1,x2 € M (ug,vo)(w), we have that z; = x2. So let w € W
and x1,z2 € M(ug,vo)(w). For i = 1,2, set z; := ((vg,w,x;). We have by definition of M (ug,vg) that
(up, vo, w, ;) € M(ug,vp), so we deduce by Theorem 3.4 that

(w0, v0,w, 2;) = pug, vo, w, z;) € N (ug,vo),

i.e., fx(uo,v0,2;) = w, which gives that fx (ug,vo,21) = fx(uo,vo, z2). We then use the fact that fx (ug,vo, ")
is one-to-one (as an homeomorphism) to obtain that z; = 2zo. Therefore, using Theorem 3.4 once again, we
conclude that

(uo,vo,w,z1) = (v o u)(ug,vy,w, 1)
= v(ug,vo,w, 21)
= v(ug, v, w, 22)
= (vou)(ug,vo,w,xs)
(ug, vo, w, T2)
hence z1 = x».

Thus, we have shown that M (ug,vp) is single-valued on W. Let us call m its associated mapping. We
claim that, m(w) = 7x (uo, fx (v, vo, ) "1 (w)), for all w € W. To do so, we prove that, for every w € W,

mx (uo, fx (uo,v0,-) " (w)) € M (ug, vo)(w).
Let w € W and set z = fx (uo, vo, )~ (w) which implies that z € Z. Set also x = 7x (ug, 2) and show that
x € M(up,vo)(w). By the definition of z, we have that fx(ug,vo,2) = w with z € Z C Z, which gives that

(ug,v0, w, z) € N(ug,vp). So from Theorem 3.4 we deduce that

(Uo,’l)(),w,x) = V(’ll,o,’l}o,’U_J,Z) € M(Uo,vo)
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so © € M (ug,vp)(w) which proves the claim.

Now, since m(w) = mx(ug, fx (o, vo, ) 1 (w)), for all w € W, it is not hard to see that, under the
homeomorphism hypothesis on fx (ug, vo, ), the mapping m is continuous on W as a composite of continuous
mappings, which concludes the proof of the first implication.

<: Let us suppose that M (ug,vg) is single-valued on W and that its associated mapping m is continuous
on W, and let us show that fx(ug,vo,-) is an homeomorphism from Z to W with fx(ug,vo, ) 1 (w) =
¢(vg, w,mx(w)), for all w € W. Consider the mapping

o: W — Z.
w = C(UOawvm(w))

Once again, it is not hard (using Theorem 3.4) to see that, on one hand, g takes its values in Z and that, on
the other hand, the mappings fx (ug,vo,-) and ¢ are continuous on Z and W respectively. We show that

fX(u07’U07')OQ:IW and QOfX(UO,’UO,‘):IZ.

Let w € W. We have by definition of m that (ug,vo, w, m(w)) € M(ug,vo). So, applying Theorem 3.4 gives
that
(ug, vo, w, ,Q(U))) = (u07 vo, W, ((vo, w,m(w))) = p(ug, vo, w, m(w)) € N(u07 UO>7

which gives, by definition of N (ug,vg), that w = fx (ug, vo, m(w)), that is, (fx (v, vo, ") o m)(w) = w.
Now let z € Z. Set w := fx(ug,vq, 2z). Then, by the definition of A (ug,vo) we have that (ug, v, w, z) €
N (ug,vp), and so, by Theorem 3.4

(uo,vo,w, z) = (o v)(ug, vo, w, z) = (ug, vo, w, (v, w, mx (g, 2)))
hence z = ((vo, w, mx (ug, 2)). Moreover, (ug, v, w, z) € N (ug,vo) implies, by Theorem 3.4, that
v(ug, vo, w, z) = (ug, vo, w, Tx (ug, 2)) € M(ug,vq)
so mx (ug, z) € M (ug,vo)(w), which gives that 7x (ug,2) = m(w). We deduce that
z = ((vo, w,m(w)) = e(w) = (¢ © fx (uo, vo,-))(2)

which concludes the equivalence.
We finish the proof by showing that, through the above equivalence, we have

M (ug,vg) = {(ug,v0)} x {(w,m(w)) : we W}

and
N (uo, vo) = {(ug,v0)} x {(w, fx (uo,vo, )~ (w)) : w € W}

Let (ug, v, wo, o) € M(ug,v0). So wyg € W by definition of W and, by the definition of M (ug,vy) we have
that g € M (ug,vo)(wp). But as M (up,vp) is single-valued and m(-) is its associated mapping, we obtain
xg = m(wyp), hence (ug, vo, wo, o) = (ug, vo, W, m(wp)) with wy € W, so

M((ug,v9) C {(ug,v0)} x {(w, m(w)) : w € W}.

If now (ug, vo, wo, o) € {(ug,vo)} x {(w,m(w)) : w € W}. We have g = m(wyp), i.e., g € M (ug,vo)(wp),
which gives (uq, vg, wo, Tg) € M(ug,vg) and so

{(uo,v0)} X {(w,m(w)) : w €W} C M(ug,vp).

To show that
N (ug, vo) = {(uo,v0)} x {(w, fx(ug,vo,-) "} (w)) : w € W}

it suffices to observe that if (ug, v, wo, 20) € N (ug,v0), we have by Theorem 3.4 that

(Uo, Vo, Wo, Zo) = (M o V)(Uo, Vo, Wo, Zo)
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with v(ug,vo,wo, 20) € M(ug,vo). But as
M (ug,vg) = {(ug,v0)} x {(w,m(w)) : we W}

we have
(U07U07w0a20) = M(u07v07w07m(w0)) = (Uo,U07w0»C(U07007m(w0)))

by definition of . But we saw that ¢(uo, vo, m(wo)) = fx (uo,vo, )~ (wp), hence

(10, vo, wo, 20) = (o, Vo, Wo, fx (U0, vo, )~ (wo))

which proves
N (ug,v0) € {(ug,v0)} x {(w, fx(ug,vo, ) *(w)) : w € W},

We apply the same arguments to show the reverse inclusion and conclude the proof. O

Now we study Problem (Prob2) to see how the solution = evolves in function of (u,v) when wy is fixed.
To do so, we first remark that, for fixed (ug,vo, wp), the natural map gx (ug, vo, wo, -), and the normal map
fx (ug,vo, ), are both perturbations of the identity.

This will allow us to apply the stability result obtained in Section 2, to get stability results for the equations

0 = gx(u,v,wp, ) (7)

and
wo = fX(ua'Uax)' (8)

Since M = L, stability result for (7) directly yields stability for Problem (Prob2), but when considering the
normal map, we will need to link solutions of (8) to solutions of Problem (Prob2). This is the purpose of the
following lemma. But first, we need once again to introduce notation.

Let wo € H, U CU,V CV and X,Z C H such that U, V, W := {wp}, X and Z satisfy Hypotheses 1, 2
and 3.

As we did previously for M(ug,vo) and N (ug,vo), we will denote by M (wy), resp. N (wg) and L(wy), the
sets M, resp. N and £ with W := {wy}, to emphasize the fact that wy is fixed.

From there, we define the set-valued mappings

Mwy): UxV = X
(u,v) = {zeX:(uv,wy,x) € M(wp)}

and
N(wg): UxV = Z.

(u,v) = {z€Z:(u,v,wg,z) € N(wp)}

We can now give the lemma showing that those two set-valued mappings behave similarly on a continuity
point of view.

Lemma 3.6. Let wo € H, U CU, V CV and X,Z C H such that U, V, W := {wg}, X and Z satisfy
Hypotheses 1, 2 and 3, and define M(wq), N (wo), M(wo) and N(wp) as above.

Considering (ug,vg) € U XV, we have that M (wq) is lower semicontinuous at (ug, vo) if and only if N(wp)
is lower semicontinuous (Isc for short) at (ug,vo).

Proof. Let us suppose that M (wp) is Isc at (ug,vo) and show N(wyp) is Isc at (ug, vg) too. Let Oz be an open
subset of Z for the topology induced by the one of H such that N(wg)(ug,v9) N Oz # @ (if such an open set
does not exist then N(wy) is trivially Isc at (ug,v9)). So by definition of the induced topology, there exists
an open subset Oy of H such that Oz = Z N Oy, hence N (wq)(ug,vo) N Z N Oz # B. Therefore, there exists
z € Oy such that (ug, v, wo, z) € N'(wg) which gives by Theorem 3.4 that

(Uo,vmwo,z) = (M © V)(u07vo7w072) = (Uo,Uo,wo,C(UmwoﬂTX(umZ)))

so z = ((vg, wo,mx (ug,2)). Now using the continuity of ((-,wq,-) we have that ((-,wp, )"} (Oy) is a
neighbourhood of (vg, 7x (ug, z)) for the product topology on V x H. Thus, there exists a neighbourhood
Vo of vy for the topology on V and a neighbourhood Xy of mx(ug,z) for the topology on #H such that
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Vo x Xo C ((-,wo,-)"1(O%). Moreover by Theorem 3.4 we have also (ug,vo,wo, Tx (ug,2)) € M(wp), so
mx (ug, 2) € M(wp)(up,vo) N Xo N X which gives M (wq)(ug,v9) N Ox # O for the set Ox = Xy N X which is
open with respect to the topology on X induced by H.
We now use the fact that M (wy) is 1sc at (ug, vg) to obtain the existence of a neighbourhood Uy of ug (for
the topology on U induced by the one of &) and a neighbourhood V; of vy (for the topology on V' induced by
the one of V) such that, M (wp)(u,v) NOx # 0, for all (u,v) € Uy x V1. So setting Vo = Vo NV which is still a
neighbourhood of vy for the topology on V, fixing (u,v) € Uy x Vo we can choose some = € M (wp)(u,v) N Xp.
Now by definition of M (wo)(u,v) we have (u, v, wp, x) € M(wp) which gives by Theorem 3.4 that (u, v, wo, (v, wo, z)) €
N (wy), that is, ((v,wp,z) € N(wp)(u,v). Also, using the definitions of V; and X, we have that (v, wo,x) €
Oy, thus (v, wg, z) € N(wp)(u,v) N Oy. Consequently, for all (u,v) € Uy x Va, we have

N(wo)(u,v) NOz = N(wo)(u,v) N Z N Oy = N(wp)(u,v) N Oy # 0,

hence N (wp) is Isc at (ug,vp).

Let us suppose now N (wp) is lsc at (ug, vp) and show that M (wp) is Isc at this point too.

Let Ox be an open set of X (for the topology induced by the one of H) such that M (wo)(ug,vo) NOx # 0.
By definition of the induced topology, there exists an open set Oy of H such that Ox = Oy N X. Now,
because 7x is defined and continuous on U x Z for the topology induced by the one of U x H, the set 7r;(1 (Ox)
is open in U x Z. So there exists an open set Oyxy of U x H such that 71';(1(07.[) = (U x Z) N Oyxy-
Moreover, as M (wp)(ug,vg) N Oy # O, there exists x € Oy such that (ug,vp,wo,z) € M(wp), hence by
Theorem 3.4, x = 7x (ug, {(vo, wo, x)) and so (ug, (vy, wo, x)) € 7'(')_(1(07.[) C Oyxn- Now by definition of the
product topology, there exists a neighbourhood Uy of ug in U and a neighbourhood 0%, of ((vy,wo,z) in H
such that Uy x 0%, C Oyxy. But by Theorem 3.4, we have (ug, v, wo, ¢ (vo, wo,z)) € N (wp) which implies
that ((vo, wo,x) € N(wo)(uo,v0) C Z, and by construction of 0%, ((vo, wo,x) € O%,. Therefore, considering
the set Oz := ZN 0%, which is open in Z for the induced topology, we have ¢(vo, wo,x) € N(wo)(uo,vo) N0z,
hence N (wq)(ug,v0) N Oz # 0.

Now, as N(wo) is 1sc at (ug,vp), there exists a neighbourhood U of ug for the topology on U induced
by the one of U and a neighbourhood Vg of vy for the topology on V induced by the one of V such that,
N(wo)(u,v) N Oz # O, for all (u,v) € Uy x V. So for any (u,v) € Uy x Vg, there exists z € Oz such
that (u,v,wp,z) € N(wg), which implies that for every (u,v) € (Uy N Up) x Vp, there exists z € Oz such
that (u,v,wo,7x(u,2)) € M(wp) according to Theorem 3.4, that is, mx(u,z) € M(wo)(u,v) € X with
7x (u, z) € Oy, hence M (wo)(u,v) N Ox # B and M (wy) is Isc at (ug,vo), which concludes the proof. O

We can now give Kien and Yao’s stability result and Robinson’s one in the Hilbert setting. The first result
(that is, Theorem 3.7) corresponds, in the context of Hilbert space, to Theorem 3.1 in KY. In the rest of the
paper, int X denotes the topological interior of X.

Theorem 3.7. Let ug € U, vg € V, wq, xg € H such that
wo € N(C(U0)7ZL'0) + ¢(Uo,$0).

Assume that there exist U, resp. V, X and Z, neighbourhoods of ug, resp. vg, xo and zg := ((vg, wo, o) such
that U, V, W :={wo}, X and Z satisfy Hypotheses 1, 2 and 3. Let M(wy), N(wo) and L(wp), and, M (wg)
and N(wp) be as above.

Suppose also that:

(i) X is closed and bounded;
(ii)
wx(,((wo, ) UxVxX — H
(U,U,ZL’) = ’/Tx(U,C(’U,U)(),fE))
1s with finite dimensional range;
(ZZZ) M(wo)(UO,’UQ) = {{L‘()},'
() degy (gx (uo,vo,wo,-), int X,0) # 0.
Then
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(a) M(wo)(ug,v9) = {x0} and N(wp)(ug,vo) = {z0};
(b) there exist a neighbourhood Uy C U of ug and a neighbourhood Vo CV of vy such that

M(wo)(u,v) #0 and N(wo)(u,v) # 0, V(u,v) € Uy x Vp;

(¢) M(wp) and N(wo) are lsc at (ug,vg).

Before giving the proof, it is worth noting that the assumption (iii) is equivalent to N (wq)(uo,vo) = {20},
since by Theorem 3.4, N (wg)(uo,vo) = {20} if and only if M (wg)(uo,vo) = {zo}-

Proof. We will apply Theorem 2.7 with the mapping

f: UxV)xH — H
{gx(u,v,wo,x) ifreX

(u,v,z) .
0 otherwise.

Observe first that, for all (u,v,z) € (U x V) x X, we have

f(’LL7’U7.'I}) = gX(U,’l)7’lU0,(E)
= z—7mx(u,wo — $(v,7) + )
= JC—TFX(U,C(’U,’IU(),I)).
Setting = int X, we have that, on (U x V) x Q, wx(-,{(+,wo, ) is continuous by Hypotheses 1, 2 and 3,

and with finite dimensional range by assumption (ii).
Now remark that, as M(wp) = L(wy) by Theorem 3.3, we can rewrite the set-valued mapping

Mwy): UxV = X
(u,v) — {zxeX: (u,v,wo,z)€ M(wy)}
as
M(wo)(u,v) ={x € X : gx(u,v,wp,z) =0},
ie.,
M (wo)(u, v) = gx (u, v, wo, )~ {0} N X.
And by assumptions (iii) and (iv) we have M (wq)(uo,v9) = {20} and

deng(f(U,O,’Uo, ')a 970) = degH(gX(anUOa Wo, )7lnt X7 0) 7é 0.

It remains to verify that 0 ¢ f(ug,vo,bd ), i.e., 0 ¢ gx (ug, vo, wo, bd ).

If 0 € gx(ug, v, wo, bdQ), then there exist x € bd Q such that gx(ug,vo,wo,z) = 0, which means x €
M (wo)(ug, vo), and so, by assumption (iii), = zy. Therefore we have that z¢ ¢ int X which contraddicts
the fact that X is a neighbourhood of z(, hence 0 ¢ gx (ug, vo, wo, bd ).

We can now apply Theorem 2.7 to obtain that there exist a neighbourhood Uy C U of ug and a neighbour-
hood Vi C V of vg such that, M (wg)(u,v) # 0, for all (u,v) € Uy x Vi, and M (wy) is lsc at (ug, vg)-

This combined with Lemma 3.6 ensures that N (wyg) is Isc at (ug, vo) too.

Finally, we use Theorem 3.4 to prove (a) and (b). We start by showing that N (wo)(uo,vo) = {#0}-

As xg € M (wo)(uo, vo), we have (ug, vg, wo, g) € M(wp), so by Theorem 3.4,

(w0, vo, wo, ¢(vo, wo, o)) € N (wp),

i.e., zg9 := C(’Uo,’ll)o,l‘o) S N(’LUQ)(U(), 1}0).
Now let z € N(wp)(uo,vp). We have, once again by Theorem 3.4,

z = ((vo, wo, mx (Uo, 2)),

with (ug, vo, wo, mx (ug, 2)) € M(wp). We deduce that mx (ug,2) € M(wg)(ug,vo), which, by asumption (iii),
implies that 7x (ug, z) = xo, and so, that

z = ((vo,woxo) = 20,
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hence N (wo)(ug,vo) = {20}, which proves (a).
Let us show (b). We obtained that M (wg)(u,v) # 0, for all (u,v) € Uy X Vp, so for each (u,v) € Uy X Vp,
there exist x € X such that (u,v,wq,z) € M(wp). Thus, applying Theorem 3.4, we get

(uv U, Wo, C(U, Wo, ‘T)) € N(w())a
that is, ((v,wo,x) € N(wp)(u,v), hence N(wp)(u,v) # @ which concludes the proof. O
The next theorem establishes a similar result for the normal map.

Theorem 3.8. Let ug € U, vg € V, wg, g € H such that
wo € N(C(uo), o) + ¢(vo, To)-

Assume that there exist U, resp. V, X and Z, neighbourhoods of ug, resp. vo, xo and zo := ((vg, wo, o) such
that U, V., W :={wo}, X and Z satisfy Hypotheses 1, 2 and 3. Let M(wq), N(wo) and L(wy), and, M (wp)
and N(wp) be as above.

Suppose also that:

(i) Z is closed and bounded;
(ii)
UxVxZ — H
(w,v,2) = wx(u,z) = ¢(v,mx(u, 2))
is with finite dimensional range;

(iti) N(wo)(uo,vo) = {20};

() degy (fx (wo,vo, ), int Z,wy) # 0.

Then

(a) M(wo)(ug,vo) = {x0} and N(wp)(ug,vo) = {z0};
(b) there exist a neighbourhood Uy C U of ug and a neighbourhood Vo CV of vy such that

M (wo)(u,v) #0 and N(wo)(u,v) # 0, Y(u,v) € Uy X Vp;

(¢) M(wp) and N(wp) are lsc at (ug,vo).

Once again we can change assumption (iii) into M (wo)(uo,v0) = {xo}, since, by Theorem 3.4, the two
hypotheses are equivalent.

Proof. We apply Theorem 2.7 with the mapping

UxV)xH — H
{fx(u,v,z) ifzeZ

(u,v, z) i
0 otherwise

to get the results on N(wg) and use Lemma 3.6 and Theorem 3.4 to obtain the results on M (wp) as we did in
the proof of the Theorem 3.7. O

4 Prox-regularity and key hypotheses

In section 3, all the results have been established under the assumption that IIx is single-valued on U x Z and
its associated mapping 7y continuous on U x Z. Here we present a class of set-valued mappings that satisfy
this assumption, the so-called prox-regular set -valued mapping with compatible parametrization.

We first give a short review of the theory of prox-regularity in order to give a definition of those so called
prox-regular set-valued mappings. Then we will present the results showing single-valuedness and continuity
of ITx under prox-regularity and continuity hypotheses on C(-).
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4.1 Prox-regularity

It is well known that in a Hilbert space H the metric projection mapping on a non-empty closed convex set C'
is well-defined, that is, single-valued, and continuous on the entire space H. Fortunately, this does not mean
that if a non-empty closed set is not convex, then we cannot define the projection from no point of H. Indeed,
considering S := R?\ B(0;1), the Euclidean plan without the unity open ball, we see that the projection on
S of the origin point is multi-valued, but single-valued for every other point in B(0,1) \ {0}. Therefore, given
0 < r < 1, we can define the r-enlargement of .S,

E.(S):={zx € R? : dg(x) < r},

on which Pg(-) is single-valued.

This notion has first been considered by Federer in 1959 [7] in which he defines r-positively reached sets S
in RY as non-empty closed sets of RV satisfying uniqueness of the projection mapping on some r-enlargement
of S, r being a positive real. Similar concepts appeared in the literature under other names and forms (see [22],
[2], [20], [3], [14] and [4]) and are nowaday known to coincide under the name of (uniformly) r-prox-regular
sets.

Now if § C R? is the complementary of a triangle in R?, we see that S is not uniformly prox-regular
because at any point of one of the bisectors that does not belong to S, we will always have two projections
on S. Hence, there is no 7 > 0 such that the projection mapping is well-defined on the r-enlargement of S.
However, for every point of the boundary of S except the vertices, we can find a neighbourhood of the point
on which the projection is well-defined and continuous on a certain way. This is what Poliquin, Rockafellar
and Thibault [14] called local prox-regularity. Thus, a non-empty closed set S of a Hilbert space H is (locally)
prox-regular at a point T € S if Ps(+) is single-valued and strongly-weakly continuous on a neighbourhood of
T.

This property is equivalent to the following analytic definition.

Definition 4.1. A nonempty closed set S C H is proz-reqular at T € S if there exists €, p > 0 such that for
all z,z’ € SN B(T,¢), and all v € NE(S,2) N B(0,¢), we have

v, —x ng’—xQ.
o ’

Remark that in Definition 4.1, the notation N*(S,z) refers to the Mordukhovich normal cone, or limiting
normal, of the set S at the point x (see [12] for definition and properties). However it is known (see [5])
that when Definition 4.1 holds for N¥(S,z), N¥(S, ), or NL(S,x) of NC(S, x), refering respectively to the
proximal normal cone, the Frechet normal cone, the Mordukhovich normal cone and the Clarke normal cone
(see [12] for definitions and properties), then one has

NP(S,z) = NF(S,z) = NL(S,z) = NS, z).

Under this consideration, from now on the notation N(S,x) will refer to one of those four normal cones.
Definition 4.1 is related to the definition of Poliquin and Rockafellar [13] for prox-regular functions to ¥g
the indicator function of S.
We refer the reader to [14] and [5] for more results and history on local and uniform prox-regularity.
Then Robinson [18] extended the concept of local prox-regularity to parameterized sets {C(u)}uey in the
finite dimensional setting by applying the definition of local prox-regular parameterized functions given by
Levy, Poliquin and Rockafellar [11] to the family of functions {W¢(y) }uey. This gives the following definition
in the general Hilbert case.

Definition 4.2. Given a nonempty closed valued set-valued mapping C(-) from a topological space U to a
Hilbert space H, a point @ € U and a point T € C(u), we say that C(-) is proz-regular in x at T with compatible
parametrization by u at u if there exist a neighbourhood U of w and e,p > 0 such that, for all v € U, all
z,2’ € C(u) N B(T,e) and all v € N(C(u),z) N B(0,¢), we have

2

p|x/—m| .

(0,2 — o) < &

We are now able to see how prox-regularity satisfies the assumptions on Ily.
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4.2 Single-valuedness and continuity of Ilx

In a previous work [21], we showed single-valuedness and continuity of a localization of IIxy under prox-
regularity and continuity assumptions on C(-). We briefly recall those theorems in order to apply them to our
stability problems. We refer the reader to [21] for the proofs and more discussions on the results.

The first result shows that under prox-regularity the set-valued mapping Ilx is single-valued on a local-
ization and Lipschitz continuous with respect to the second variable with a certain control on the Lipschitz
constant. But first we need to recall what lower semicontinuity of a set-valued mapping is.

Definition 4.3. Recall that the set-valued mapping C' : U = H is inner semicontinuous at w € U for
T € C(u) whenever for each neighbourhood X of T there is a neighbourhood U of @ such that X N C'(u) # ()
for all u € U.

Theorem 4.4 ([21]). Let C : U = H be a set-valued mapping with nonempty closed values, T be a point in
U, and T be a point in H with T € C(u). Assume that C(-) is inner semicontinuous at T for T and that C(-)
is also proz-regular in x at the point T with compatible parametrization by u at u.

Then for any real 3 > 1 there exist an open neighbourhood U of @ and two closed neighbourhoods X and
Z of T such that

(a) for allu € U, the set-valued mapping

My(u,): H = H

z = (NE(C(u),) —I—I)_l

(z)NX
18 single valued and Lipschitz continuous on Z with 8 as a Lipschitz constant;

(b) for all u € U, the mapping Pcy)(-) is well-defined on X, that is, Projc(y)(-) is nonempty and single
valued on X ;

(c) forallue U and z € Z,
HX(U,Z) = Pc(u)(z)

The second result establishes a quantitative bound of IIx with respect to the first variable involving the
o-Hausdorff semidistance.

When dealing with distances between closed sets, a key concept is the excess between two closed sets
S, S’ C H, defined by

e(S,8") = supdg (z).
zeS

Since usually e(S,S") # e(5’,5), we create distances by taking the maximum between the two quantities. For
instance, the Pompeiu-Hausdorff distance between the closed sets S and S’ is given by

haus (S, S") = max{e(S,5"),e(5’,S)}.

However, it can be easily seen that, when dealing with unbounded sets, the Hausdorff distance may be
infinite. To avoid the problem, the idea is to truncate the sets. Thus, given ¢ > 0, we define the o-Hausdorff
semidistance between closed sets S and S’ by

haus, (S,5") = max{e(SNoB,S"),e(S ' NaoB,S)},
and the (o, 0)-Hausdorff semidistance by
haus, , (9,9") = max{e(SNoB,S NoB),e(S ' NoB,SNoB)}.

The fact that
haus, (S,S5") < haus (S, S) and  haus, (S5,5’) < haus,, (S,9")

motivated the choice of haus, (5,5’) in the next result.
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Theorem 4.5 ([21]). Let C : U = H be a set-valued mapping with nonempty closed values, T be a point in
U, and T be a point in H with T € C(u). Assume that C(-) is inner semicontinuous at T for T and that C(-)
is also prox-regular in x at the point T with compatible parametrization by u at .

Let B> 1 and let U, X, Z and I1x be as in Theorem 4.4. Reduce the neighbourhood X of T to be bounded
and choose o > 0 such that X C oB.

Then, for all z € Z and all u,u’ € U, we have

hﬂ 52 %

M (u,2) ~ TLe(u', )] < 2+ | 208l ~ M (w, 2)] + BT+ 6= 1)

where h = haus, (C(u), C(v)).

Now we would like that, for u tending to @, haus, (C(u),C (%)) tends to 0 in order to obtain continuity of
IIx with respect to the first variable. But since the choice of o in Theorem 4.5 is determined by the size of X
which is not known a priori, we want ”u close to @ implies haus, (C(u),C(@)) close to 0“ for all ¢ > 0. This
concept is known under the name of Attouch-Wets continuity (see [1] and [15]).

Definition 4.6. Let C(-) be a set-valued mapping from ¥ into H with nonempty closed values and @ be a point
in Y. One says that C(-) is Attouch- Wets continuous at @ or continuous for the o-Hausdorff semidistances if for
any o > 0 and any € > 0 there exists a neighbourhood U of @ such that for all v € U, haus, (C(u),C(w)) < e.

If now U is an open subset of T, we will say that C(-) is Attouch-Wets continuous on U or continuous on
U for the o-Hausdorff semidistances if the corresponding continuity property for C(-) is fulfilled at each point
uelU.

We can then establish the continuity of Ilx with respect to the first variable which, by uniform continuity
of ITx with respect to the second variable, implies that Ix is continuous with respect to the pair (u, 2).

Theorem 4.7 ([21]). Let C : U = H be a set-valued mapping with nonempty closed values, uw be a point
in U, and T be a point in H with T € C(u). Assume that C(-) is proz-regular in x at T with compatible
parametrization by u at . Assume also that C(-) is Attouch-Wets continuous on a neighbourhood O of u, i.e.,
continuous with respect to the family of o-Hausdorff semidistances.

Let 8> 1 and let U, X, Z be as given by Theorem 4.5. Then the single valued mapping

IIx: UxZ — H
(u,z) (NL(C(u),-)+I)

nx

is continuous on (UNQO) x Z. Further
Hx (u,2) = Pow(2) forallueUNO andz € Z.

Therefore we have given a sufficient condition for IIx to be single-valued and continuous on a localization.

4.3 Relaxed hypotheses

Practically, without any assumption on the way that C(-) evolves under a variation of u, it can be very difficult
to find sets X and Z satisfying Hypotheses 1 and 2.
However, we can slightly relax those assumptions and still have M = £ and M homeomorph to N.

Hypothesis 1*. We suppose that there exist sets U C U and X, Z C H such that the set-valued mapping

IIx: UxZ =X
(u,z)  —  (NCu),)+D)tnNnX

admits a continuous selection mx on U X Z.

Let us recall now that Hypothesis 2 was due to the fact that

w € N(C(u),z) + ¢(v,z) & x € (N(C(u),-) + I)*l(x +w — ¢(v,x)).
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However, as Kien and Yao observed in [10], this equivalence is a particular case of the following one:
w € N(C(u),z) + ¢(v,x) & x € (N(C(u),:) + )"z + (0(w — (v, 2)))), V>0,

which holds true according to the cone property of N(C(u),-). We can then transform Hypothesis 2 into the
following hypothesis.

Hypothesis 2*. Under the notations of Hypothesis 1*, we suppose that there exist 6 >0, V C Vand W € H
such that
Cv,w,x) ==x+0(w— ¢(v,x)) € Z, Y(v,w,z) €V xW x X.

So far, we can define the generalized natural and normal mappings and the sets of solutions as follows.

Definition 4.8. Let 6 >0, U CU,V CV and W, X, Z C H? satisfying Hypotheses 1* and 2* and define ITx
and mx as in Hypothesis 1*.
We define the generalized local normal map by

fo: UxVxZ = H,
(’LL,”U,Z) = %(Z_WX(U'?Z))+¢(vv7TX(u7Z))

and the generalized local natural map by

gy UxVxWxX — H,
(u,v,w, 2) — z—7x(u,x+5(w—¢(v,x))).

Definition 4.9. Let § > 0, U CU, V CV and W, X, Z C H? satisfying Hypotheses 1*, 2* and define ITx
and 7x as in Hypothesis 1*.
We define
M ={(u,v,w,x) eU XV xW x X :we N(C(u),z) + ¢(v, x),
N* i ={(u,v,w,2) EUXV xW x Z:w = f%(u,v, )},
and
L :={(u,v,w,x) eU XV xWxX:0=g%(u,v,w,x)}.

To keep the same relations between those sets, we have to introduce another hypothesis. Indeed, we recall
that in the last section we had M C L because

(u,v,w,z) e M = z€llx(u,{(v,w,x))
= LE:?T)((U,C(U,U),I))
since Il x was supposed single-valued.

But since now ITx is not necessarily single-valued, there are no reason to have x = wx (u, {(v, w,x)), so we
need to assume it.

Hypothesis 3*. Let 6 >0, U CU, V CV and W, X, Z C H? satisfying Hypotheses 1*, 2* and define ITx
and mx as in Hypothesis 1*.
We suppose that for (u,v,w,x) € M, one has

Tr=T7Tx (’U,7 Cé(vv w, LC))

And finally, we have the following hypothesis to have f% and g% continuous.

Hypothesis 4*. Let 6 >0, U CU, V CV and W, X, Z C H? satisfying Hypotheses 1*, 2*.
We suppose that ¢ is continuous on V' x X.

The next two theorems show that the links between the sets M*, N* and L* are the same than the one
between M, N and £ in the previous section.
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Theorem 4.10. Let 6 >0, U CU, V CV and W, X,Z C H satisfying Hypotheses 1%, 2*, 3* and 4%, and
define llx and wx as in Hypothesis 1%, and, M* and L* as in Definition 4.9.
Then one has

M =L".

Proof. By Hypothesis 3*, it is clear that M* C L*.
Now let us take (u,v,w,x) € L*, then (u,v,w,z) € U x V x W x X, with

z = 7mx(u, (v, w, x)).
So by definitions of 7x and ¢?, one has
v € (N(C(u),) + D)~z + d(w + 6(v, ),

which implies that
z+ 6w+ ¢(v,x)) € N(C(u), z) + =z,

ie.,

d(w+ ¢(v,z)) € N(C(u), x).
Now, N(C(u),z) is a cone and § > 0, we deduce
w+ ¢(v,x) € N(C(u), ),

or equivalently,
w € N(C(u), ) + 6(v, ),

which gives (u,v,w,z) € L* and concludes the proof. O
Likewise, the sets M* and N* are still homeomorph.

Theorem 4.11. Let § >0, U CU, V CV and X,Z C H be as in Hypotheses 1%, 2% 3% and 4% and define
mx as in Hypothesis 1%, f% as in Definition 4.8, ¢° as in 2%, and M*, N* and L* as in Definition 4.9.
Then the map
W M - N*

(u’ U’ w7:17) — (u’v7w7 C(s(vﬂw7x))

is an homeomorphism from M* to N**, and its inverse map is given by

v* N* - M

(U,’U,U],Z) — (U,’U,U),ﬂ')((u, Z))
Proof. Similar to the proof of Theorem 3.4. O

We now see that those hypotheses are fully fulfilled by the concept of uniform prox-regularity.

4.4 Uniform prox-regularity and Hypotheses 1*, 2*, 3* and 4*

Let us recall that a non-empty closed S is (uniform) prox-regular if there exists a real » > 0 such that the
projection mapping Pg(-) is single-valued and strongly-weakly continuous on the r-enlargement of .S,

E.(S):={r e R? :dg(x) <r}.
This definition can be stated in the following analytic equivalent form.

Definition 4.12. Given a non-empty closed set S C H, we say that S is (uniformly) proz-regular if there
exists p > 0 such that, for all z,2’ € S, and all v € N(S,z) N B, one has

(v,a' —a) < LJa’ —al?,

where B denotes the closed unit ball centered at the origin.
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Like for the concept of local prox-regularity seen in the begining of this section, we can extend the concept
of uniform prox-regularity to set-valued mappings by the following definition.

Definition 4.13. Given a set-valued mapping C : Y = H with non-empty closed values and a point ©w €
U, we say that C(-) is (uniformly) proz-reqular with compatible parametrization by u at U if there exists a
neighbourhood U of @ and a real p > 0 such that for all w € U, all z,2" € C(u) and all v € N(C(u),z) N B,
one has

(v,2' —x) < g|:v’ — ]

The following proposition links the concepts of local and uniform prox-regularity.

Proposition 4.14. If C(-) is (uniformly) proz-reqular with compatible parametrization by u at T for the
parameters U and p, then C(-) is (locally) proz-regular for x at T with compatible parametrization by v at
for all T € C(u) and for the parameters U, p and e < 1.

We can then extend Theorem 4.7 to the setting of uniform prox-regularity. But first we need to express
Theorem 4.7 in the following quantitative way. Indeed, the proof of Theorem 4.7 shows the following result.

Theorem 4.15. Let C : U = H be a set valued-mapping with non-empty closed values, @ € U and T € C(u).
Suppose

(i) C(-) is (locally) prox-reqular for x at T with compatible parametrization by uw at w for the parameters U,
p>0ande >0

(i) C(-) is Attouch-Wets continuous on a neighbourhood O of 1.

Then, for 8 > 1, choosing v1,7v2,1n > 0 such that

. _p—1
v < min{§, * QBp e}

n <min{y,e - 271}
n+2y2<m
and setting Xo := B(T,71), Zo := B(T,72) and Uy := {u € UN O : deu)(T) < n}, we have:
(a) the set-valued mappings
Ix, : (u,2) = (N(C(u),") + )" (2) N Xy and Pc: (u,2) = Popy(z)
are single-valued and continuous on Uy X Zy;
(b) Ux,(u, z) = {Pow)(2)}, for all (u,z) € Uy x Z.
Thanks to Proposition 4.14, we can extend Theorem 4.15.

Theorem 4.16. Let C : U == H be a set valued-mapping with non-empty closed values and u € U.
Suppose

(i) C(-) is (uniformly) prox-regular with compatible parametrization by w at @ for the parameters U and
p>0;

(i) C(-) is Attouch-Wets continuous on a neighbourhood O of u;
(i1i) C(-) is Hausdorff continuous at @.
Then, for 8 > 1 and € < 1, choosing vy1,72,m > 0 as in Theorem 4.15 and setting
Up :={ueUNO: haus (C(u),C(u)) < n},
Xo:={z €H dem(z) <m},

and
Zy ={x € H:dom)(x) < 7},

one has Po : (u,z) = Pgoy)(2) is single-valued and continuous on Uy x Zy and for all (u,z) € Uy X Zo,
Po(2) € x, (u, 2), in other words, Pc is a continuous selection of Ilx, on Uy X Zj.
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Proof. Let > 1 and € < 1 and choose 1, 72,7 > 0 as in Theorem 4.15. Choose also vg > 0 such that v > 72
and 279 + 71 < 7.

As C() is prox-regular at u for the parameters U and p, we have by Proposition 4.14, that for all z € C(n),
C(-) is (locally) prox-regular for x at T with compatible parametrization by u at u for the parameters U, p
and e.

So, setting for each x € C(u), X (z) := B(x,7), Z(x) := B(x,v) and U(z) := {u € UNO : do()(z) < n},
we have by Theorem 4.15 that P is single-valued and continuous on U (z) x Z(x) with Po(y)(2) € Ilx (g (u,2) =
(N(C(u),") +I)71(2) N X (z), for all u, 2) € U(z) x Z(x).

Set

Up :={u€UNO :haus (C(u),C(w)) < n},
Xo:={z € H :dow(x) <},
and
Zy:={x € H :dew)(z) < 72}
Let us show that Pc is single-valued on Uy x Zy with Po(y(2) € Ilx, (u, 2) for all (u,z) € Uy x Zp.

Let (u,z) € Uy x Zo. As z € Zy and 7y > 71, there exists T € C(u) such that z € B(Z,v) = Z(z). And

as T € C(u), we have por all u € Uy that

do(u)(Z) < haus (C(u), C (7)) <,

(remark here that Uy is non-empty by the Hausdorff continuity of C(-) at @).
So, by what precedes, one has that Pg(,)(z) is well-defined and continuous at (u, z).
Moreover, we have that

Peuy(2) € My (u, 2) = (N(C(u), ) + 1) 7' (2) N X (@).

But since

X(@) =B@ M) C{r € H  dowm(r) <n} = Xo,
as T € C(u), we deduce that Pg(y(2) € x,(u, z) which proves the result. O
We will also need the following proposition.
Proposition 4.17. If C(-) is (uniformly) proz-reqular with compatible parametrization by u at @ for the
parameters U and p, then for allu € U, all x € C(u) and all v € N(C(u),z) NB,
2
HARS PC(u) (I + ;U)

Proof. Let w € U, z € C(u) and v € N(C(u),z) NB. Then, for all 2’ € C(u), one has

(v, —x) < g|$’ —z|?,

S0 )
0< <U,£C - :v’> + |z — 2|2
p
Hence, adding |%v|2 to both sides of the inequalities, we obtain for all ' € C(u),

2 2

(@+>) =2 = [=0f
p
2 2
< |vg+<v,x—x'>+|x—x’|2
p p
2
= |@z+=) -2
p

which implies that
2 2
(@+2) —al <@+ ) —a', Vo' € Olu),

and gives x € Po (2 + %v) as wanted. O
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We can now show that under uniform prox-regularity and continuity of C(-), Hypotheses 1*, 2* 3* and 4*
are fulfilled.

Theorem 4.18. Let wg,xg € H, ug € U and vy € V such that
wo € N(C(uo), o) + ¢(vo, xo)-
Suppose
(i) C(-) is (uniformly) proz-reqular at uy for the parameters p >0 and U;
(i) C(-) is Attouch-Wets continuous on a neighbourhood O of ug;
(i1i) C(-) is Hausdorff continuous at ug;

(iv) ¢ is continuous and bounded on V x X where V' is a neighbourhood of vy and X = {x € H : do(yy)(x) < v}
for some v > 0.

Then, for any a > 0, there exist 6 > 0, neighbourhoods Uy, resp. Vo, Wy and Xo, of ug, resp. vg, woy and
xo, and a set Zy such that &, Uy, Vo, Wo, Xo and Zy satisfy Hypotheses 1%, 2%, 3% and 4* with Xo and Zy
closed, Zy neighbourhood of ¢°(vo, wo,xo) and Wy := B(wg, a).

Proof. Let 0 <e <1and > 1. Let us take 71,792,717 > 0 as in Theorem 4.15. Set
Up :={ueUNO :haus (C(u),C(ug)) < min{%,n,v}},
which is a neighbourhood of ug as C(-) is Hausdorff continuous at ug. Set also
Zy = {x € H: dowy)(r) <12},

Xo = {z € 1 s doguy) (@) < min{ 2,7},

which are closed neighbourhoods of zp and o respectively.

Choose o > 0 and set Wy := B(wy, «).
Moreover, by assumption (iv), there exists ¢ > 0 such that

lp(v,z)| <e, V(v,z)eV xX.

Thus, set § := min{ p(aﬂio‘ﬂ), 2(a+|7u2)0|+c)}.

We prove that d, Uy, V, Wy, Xo and Z; fulfill Hypotheses 1*, 2* 3* and 4*.

Let us show first that Pc is a continuous selection of IIx, on Uy x Zp.

As Uy C {u € UNO : haus (C(u),C(ug) < n)}, and C(-) satisfies (i), (ii), and (iii) of Theorem 4.16, we
have, by the same theorem, that Pc is single-valued and continuous on Uy X Zj.

We also know by Theorem 4.16 that Pcy)(z) € (N(C(u),-) + 1)~ (z), for all (u, z) € Uy X Zp.

It remains to show that Pe(,)(2) € Xo for all (u,z) € Uy x Zy. Let (u,z) € Uy x Zy. By definition of Pc
we have Pg(y,)(2) € C(u). Therefore by definition of Uy we obtain

e up) (Pe)(2)) < hans (C(u). C(ug)) < min{ 7},
hence Pg(y)(2) € Xo. Thus

Po)(z) € (N(C(u),-) + 1)) N Xo = Mx, (u,2), Y(u,z) € Uy x Zo,

which shows that Pc is a continuous selection of IIx, on Uy x Zj.
We show now that for all (v,w,z) € V x Wy x X,

(v, w,x) € Z.
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Let (v,w,z) € V x Wy x Xy. One has

dC(uo)(Cé(U7 w, ZU))

¢ (ue) (€ +0(w = ¢(v, 7))

< dogu (@) + 150w - 6(v,))|
< 24 6(w — wol + wo| +¢)
< g+ dat fuol +o)

Y2, 2
< _— —_— =
=~ 9 + 9 Y2,

hence ¢° (v, w,z) € Z.
We show now that for all (u,v,w,z) € Uy x V x Wy x X such that

w € N(C(u), ) + ¢(v,z),

one has © = Pr(y)((° (v, w, x)).
Let (u,v,w,x) € Uy x V x Wy x Xj such that w € N(C(u),x) + ¢(v,x). This implies that

d(w — ¢(v,z)) € N(C(u),x).

This gives that € C(u). Further, by definition of §, one has

|6(w—¢(v,2))| < §(lw—wol| + |wo| + |p(v,z)])
< dla+ |wo| + ¢
S g7
p

we deduce that
gé(w — ¢(v,2)) € N(C(u),z) N B.

As Uy C U, the latter inclusion and Proposition 4.17 imply
2
HANS PC(u) (l‘ + ;g(;(w - ¢(U7I))) = PC(u)(I + 5(’[1) - ¢(U7I))) = PC(u)(Cé(vawa ‘T))

Since ¢ (v,w, ) € Zy with Pg single-valued on Uy x Zy, we get that

€T = PC(u)(Cé(’U’wv ‘T))

Finally, assumption (iv) gives directly that ¢ is continuous on V x X; as Xy C X.
It only remains to show that Zj is a neighbourhood of zg := ¢®(vo, wo, o) to conclude the proof.
As

Pc(ug)(20) = Pe(ug) (¢ (vo, wo, 20)) = @0,

with Pe continuous on Uy X Zg, one has that Pgl(Xo) C Uy x Zy is a neighbourhood of (ug, 29) since Xj is a
neighbourhood of g, hence Zj is a neighbourhood of zy; which concludes the proof. O

We are now ready to derive stability results under prox-regularity assumptions.

4.5 Stability theorems under prox-regularity

Let us recall the two problems considered in Section 3.
Given a solution x¢ of (VI(u v, wp)), that is, ug € U, vo € V, wo, xo € H verify the inclusion

wo € N(C(ug),xo) + ¢(vo, xo),

the first problem consists in studying the stability of x under a variation of w, i.e., the stability of with respect
to w of the solution x of the variational inequality

w € N(C(up),x) + ¢(vo, x). (Probl)
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The second problem studies the stability of x with respect to the pair (u,v) of the inclusion
wp € N(C(u),z) + ¢(v, ). (Prob2)
Dealing with (Probl), we first adapt the definitions of section 3 to the new hypotheses setting.

Definition 4.19. Assuming 6 > 0, U := {up} CU, V := {vp} CV and W, X, Z C H fulfill Hypotheses 1*,
2%, 3% and 4*, we define

X ={zecX:FweWst we N(C(up),z) + ¢(vo, ) and ¢*(vo, w,z) € Z},
W ={weW:3ze X st.we N(C(u), x) + ¢(vo, z) and ¢°(vo, w, x) € Z},
Z*={z€Z:3xecX,FweWst. we N(C(u),z) + vy, z) and z = ¢°(vo, w, x)}.

and
M*(ug,vp) : W* = X*
w = {xeX: (ug,vg,w,x) € M*(ug,v0)}

where M*(ug, vg) = M* and N*(ug,vp) = N*.
We can now state a result similar to Theorem 3.5 but under prox-regular assumptions.
Theorem 4.20. Let ug € U, vg €V, wo,xg € H be such that
wo € N(C(uo),z0) + ¢(vo, o).
Suppose
(i) the set C(ug) is uniformly proz-regular;
(ii) ¢(vo,-) is bounded and continuous on {x € H : dc(yy)(x) < v} for some v > 0.

Then there exist 6 > 0, W neighbourhood of wg, X neighbourhood of x¢ and Z neighbourhood of zg such
that 8, U := {ug}, V :={wo}, W, X and Z fulfill Hypotheses 1%, 2% 8% and 4*.

Therefore, considering M*(ug,vo), N*(ug,vo), X*, W*, Z* and M*(ug,vo) as in Definition 4.19, one has
that the map f%(uo,vo,-) : 2% — W* is an homeomorphism if and only if the set-valued mapping M*(ug, vo)
is single-valued on W* and its associated mapping m is continuous on YW*.

In this case, one has for all w € W*,

m(w) = 7x (uo, £ (uo,vo, )~ (w))

and
f)*((UO’ Vo, ')71(11)) = CJ(UOv Vo, m(w))
Further
M*(ug,v0) = {(ug,vo)} x {(w, m(w)) : w e W*}
and

N*(ug, v0) = {(uo,v0)} X {(w, fX (uo, v, )~ (w)) : w € W}.
Proof. Let us consider the constant set-valued mapping

S: U = H
u = Clug).

As the set C(ug) is uniformly prox-regular, say for the paramater p > 0, it is obvious that the set valued-
mapping S(-) is (uniformly) prox-regular with compatible parametrisation by w at wy for the parameters U
and p > 0. Likewise, it is straightforward that S(-) is Hausdorff and Attouch-Wets continuous on U.

Now let us define the mapping

d: VxH — H.
(v,2) = P(vo,x)

Then by the assumption on ¢(vg, ), it is easy to check that ® is continuous and bounded on V x {z € H :
Ao (ue) () < 7}

We can then apply Theorem 4.18 to obtain the existence of § > 0, Uy neighbourhood of wg, Vj neigh-
bourhood of vy, W neighbourhood of wy, X neighbourhood of ¢ and Z neighbourhood of ¢°(vg, wo, ) such
that
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(a) the set-valued mapping (u, 2) — (N(S(u),-) + I)~*(2) N X as a continuous selection 7x on Uy X Z;
(b) &+ 6(w — ®(v,x)) € Z for all (v,w,z) € Vo x W x X;

(c) 7x (u, C®(v,w, x)) for all (u,v,w,z) € Uy x Vo x W x X such that w € N(S(u), z) + ®(v, z);
)

(d) @ is continuous on Vy x X.

8
I

Then, setting U := {up} and V := {wvg}, we get by (a) that (u,z) — (N(C(u),) + )7 (2)N X is a
continuous selection mx on U x Z, since C'(u) = S(u) for all u € U.
Likewise, as ®(v,z) = ¢(v,x) for all (v,z) € V x X, we obtain that

x4+ o6(w—ov,x)) € Z, V(v,w,x) eV xW x X.

Now taking (u,v,w,x) € U x V x W x X such that w € N(C(u),z) + (v, z), we have w € N(S(u),x) +
®(v, ), hence = = mx (u, (* (v, w, x))

And finally, it is straightforward that ¢ is continuous on U x X.

This gives that 0, U := {up}, V := {vo}, W, X and Z fulfill Hypotheses 1*, 2%, 3* and 4*.

We can then consider M*(uq,vp), N*(ug, vo), X*, W*, Z* and M*(ug,v) as in Definition 4.19 and follow
the proof of Theorem 3.5 to obtain the result. O

Concerning Problem (Prob2), we also need to introduice the following notations.

Definition 4.21. Assuming 6 >0, U CU, V CV, W = {wo} C H and X, Z C H fulfill Hypotheses 1*, 2%,
3* and 4*, we define the set-valued mappings

M*(w): UxV = X
(u,v) = {xeX:(u,v,wy,x) € M*(wo)}

and
N*(wg): UxV = Z
(u,v) = {z€Z: (u,v,wy,2) € N*(wp)}

Where M*(wo) = M*7 N*(wo) :N* and ﬁ*(wo) = ;C*.

Since the proof of Lemma 3.6 is only based on the homeomorphy result which still holds when dealing with
the relaxed hypotheses, we have the following lemma.

Lemma 4.22. Assume 6 >0, U CU, V CV, W = {we} CH and X,Z C H fulfill Hypotheses 1%, 2% 3*
and 4%, and define M*(wp), N*(wo), M*(wo) and N*(wp) as above.

Considering (ug,vo) € U x V, we have that M*(wg) is lower semicontinuous at (ug,vo) if and only if
N*(wyg) is Isc at (ug,vo).

Proof. Similar to the proof of Lemma 3.6. O

We can now give the stability theorems for Problem (Prob2) under prox-regularity assumption. Remark
that, as the neighbourhood X of xy and Z of zy need to be bounded to apply the degree theory, we need to
assume that C(ug) is bounded, since the neighbourhoods X and Z of 2y and zg resp. created in Theorem 4.18
are of the form

{z € H:dow)(x) <7},
with v > 0.

Theorem 4.23. Let ug € U, vg €V, wy, xg € H such that
wo € N(C(uo), o) + ¢(vo, o).
Suppose
(i) C(-) is uniformly prox-regular at ug;

(ii) C(-) is Attouch-Wets continuous on a neighbourhood O of ug;
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(iii) C(ugp) is bounded and C(-) is Hausdorff continuous at ugp;
(iv) ¢ is continuous on V x {x € H : do(u,)(x) < v} for some neighbourhood V' of vg and some v > 0

Then there exist 6, U, resp. V, X and Z, neighbourhoods of ug, resp. vo, xo and zg := ((vo, wo, o) such
that 6, U, V, W :={wo}, X and Z fulfill Hypotheses 1%, 2* 3* and 4* and we can consider M*(wq), N*(wg)
and L*(wp), and, M*(wo) and N*(wo) as above.

Suppose in addition that:

(1)
x (5w, )): UxVxX — H
(u,v,x) = WX(U,Ca(’U,wo,:C))

is with finite dimensional range;
(2) M(wo)(uo,vo) = {0}
(3) degy (g% (o, vo, wo, ), int X,0) # 0.
Then
(a) M*(wo)(uo,vo) = {xo} and N*(wo)(uo,vo) = {z0};
(b) there exist a neighbourhood Uy C U of ug and a neighbourhood Vo CV of vy such that

M*(wo)(u,v) #0  and N*(wo)(u,v) # 0, V(u,v) € Uy X Vo;

(¢c) M*(wq) and N*(wq) are lsc at (ug,vg).

Proof. By assumptions (i), (ii), (iii) and (iv) we can apply Theorem 4.18 to get the existence of 4, U, resp. V,
X and Z, neighbourhoods of ug, resp. vg, 2o and zq := {(vg, wo, xg) such that §, U, V, W := {wo}, X and Z
fulfill Hypotheses 1*, 2*, 3* and 4*.

Now in order to follow the proof of Theorem 3.7, it only remains to see that X is bounded since we know
that X is closed. This is given by the fact that C'(up) is bounded. Indeed, we know that the neighbourhood
X of zg created in the proof of Theorem 4.18 is of the form {x € H : dg(uy)(z) < 71} with 41 > 0, s0 X is
bounded since C(up) is bounded.

We get the result by following the proof of Theorem 3.7. O

Likewise, we express Theorem 3.8 in the prox-regular setting.
Theorem 4.24. Let ug € U, vg € V, wqg,xg € H such that
wo € N(C(uo),zo) + ¢(vo, To)-
Suppose
(i) C(-) is uniformly prox-regular at ug;
(ii) C(-) is Attouch-Wets continuous on a neighbourhood O of ug;
(11i) C(ug) is bounded and C(-) is Hausdorff continuous at ug;
(iv) ¢ is continuous on V x {x € H : do(u,)(x) < 7} for some neighbourhood V' of vg and some v > 0

Then there exist 6, U, resp. V, X and Z, neighbourhoods of ug, resp. vo, xo and zg := ((vo, wo, o) such
that 6, U, V, W :={wo}, X and Z fulfill Hypotheses 1%, 2%, 3* and 4* and we can consider M*(wq), N*(wg)
and L*(wp), and, M*(wg) and N*(wo) be as above.

Suppose in addition that:

(1)
UxVxZ — H

(u, v, 2) = mx(u,2) — ¢(v, mx (u, 2))

is with finite dimensional range;
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(2) N(wo)(uo,vo) = {20}
(3) degy(fx (uo,vo,-), int Z, wo) # 0.
Then
(a) M*(wo)(uo,vo) = {xo} and N*(wo)(uo,vo) = {z0}:
(b) there exist a neighbourhood Uy C U of ug and a neighbourhood Vo C V' of vg such that

M*(wo)(u,v) #0  and  N*(wo)(u,v) # 0, V(u,v) € Uy x Vo;

(¢) M*(wp) and N*(wp) are lsc at (ug,vo).
Proof. By the arguments of the proof of Theorem 4.23 and following the proof of Theorem 3.8. O

This concludes our study of stability of variational inequalities in the prox-regular setting.
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