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❞♦✉❜❧❡✲♣❡r✐♦❞✐❝ P♦✐ss♦♥ ✐♥t❡♥s✐t② r❛t❡s t♦ ❤✉rr✐❝❛♥❡ ❞❛t❛✱ ❢♦r ♣❛rt✐❝✉❧❛r ♣❛r❛♠❡tr✐❝ ❢♦r♠s ✭❧✐❦❡

✷



❞♦✉❜❧❡✲❜❡t❛ ❛♥❞ s✐♥❡✲❜❡t❛ ✐♥t❡♥s✐t✐❡s✮ t♦ ❤✉rr✐❝❛♥❡ ❞❛t❛✳ ❍❡❧♠❡rs ❡t ❛❧✳ ❬✺❪ ❤❛✈❡ ♣r♦✈✐❞❡❞ ❛♥

✐♥✲❞❡♣t❤ t❤❡♦r❡t✐❝❛❧ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ s✉❝❤ ❞♦✉❜❧② ♣❡r✐♦❞✐❝ ✐♥t❡♥s✐t✐❡s✳ ❲❡ ❛✐♠ ❛t ❝❛rr②✐♥❣

♦✉t ❛ t❤❡♦r❡t✐❝❛❧ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ✐♥ ❛ st♦❝❤❛st✐❝ ✐♥t❡♥s✐t② ❢r❛♠❡✇♦r❦ ✇✐t❤ s❡❛s♦♥❛❧✐t②✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ t❤✉s ❝♦♥s✐❞❡r ❛♥ ▼▼PP ❢❡❛t✉r✐♥❣ s❡❛s♦♥❛❧✐t②✱ ❛♥❞ st✉❞② ❡st✐♠❛t✐♦♥ ✐ss✉❡s ❢♦r

t❤✐s ♣r♦❝❡ss ✇❤❡♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ♣r♦❝❡ss ✐s ✉♥♦❜s❡r✈❡❞✳ ❆ ♣r♦❜❧❡♠ ✇✐t❤ t❤✐s t②♣❡ ♦❢ ♣r♦❝❡ss

✐s t❤❛t ❝♦♥tr❛r② t♦ ✇❤❡♥ t❤❡r❡ ✐s ♥♦ s❡❛s♦♥❛❧✐t②✱ t❤❡ r❛♥❞♦♠ s❡q✉❡♥❝❡ ♦❢ t❤❡ ✐♥t❡r✲❡✈❡♥t t✐♠❡s

✐s ♥♦t ❡r❣♦❞✐❝✳ ❙t✉❞②✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ▼▲❊✱ ❛s ❘②❞é♥ ❬✶✼❪ ❛♥❞ ●✉✐❧❧♦✉ ❡t

❛❧✳ ❬✹❪ ❞♦✱ ✐s t❤✉s ✈❡r② ❞✐✣❝✉❧t❀ ❢✉rt❤❡r♠♦r❡✱ t❤❡ ♣❛rt✐❝✉❧❛r str✉❝t✉r❡ ♦❢ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♠❛❦❡s ✐t

❤❛r❞ t♦ ❝♦♠♣✉t❡ t❤❡ ▼▲❊ ✐♥ ♣r❛❝t✐❝❡✳ ❚♦ t❛❝❦❧❡ t❤✐s ✐ss✉❡✱ ✇❡ ❜♦rr♦✇ ❛♥ ✐❞❡❛ ♦❢ ❘②❞é♥ ❬✶✽✱ ✶✾❪

❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❙♣❧✐t✲❚✐♠❡ ▲✐❦❡❧✐❤♦♦❞ ✭❙❚▲✮✳ ❚❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤✐s q✉❛♥t✐t② ✐s s❤♦✇♥ t♦

❜❡ ❛ s✉♠ ♦❢ ❡r❣♦❞✐❝ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s❀ ♠❛①✐♠✐③✐♥❣ t❤❡ ❙❚▲ t❤❡♥ ②✐❡❧❞s ❛ ▼❛①✐♠✉♠ ❙♣❧✐t✲❚✐♠❡

▲✐❦❡❧✐❤♦♦❞ ❊st✐♠❛t♦r ✭▼❙❚▲❊✮ ✇❤♦s❡ ❝♦♥s✐st❡♥❝② ❛♥❞ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ❝❛♥ ❜❡ ♣r♦✈❡♥

✉s✐♥❣ r❡❣❡♥❡r❛t✐✈❡ t❤❡♦r②✳

❚❤❡ ♦✉t❧✐♥❡ ♦❢ t❤❡ ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳ ❲❡ ❣✐✈❡ ❛ ♣r❡❝✐s❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♦✉r ♠♦❞❡❧ ✐♥ ❙❡❝t✐♦♥ ✷✳

■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❞❡✜♥❡ ♦✉r ❡st✐♠❛t♦r✱ ✇❤♦s❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ❛r❡ st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳

❲❡ ❡①♣❧❛✐♥ ❤♦✇ t♦ ✐♠♣❧❡♠❡♥t ♦✉r ❡st✐♠❛t✐♦♥ t❡❝❤♥✐q✉❡ ✐♥ ♣r❛❝t✐❝❡ ✐♥ ❙❡❝t✐♦♥ ✺✱ ❛♥❞ ✇❡ st✉❞②

t❤❡ ♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤✐s ❡st✐♠❛t♦r ♦♥ ❛ s✐♠✉❧❛t✐♦♥ st✉❞② ✐♥ ❙❡❝t✐♦♥ ✻✳ Pr♦♦❢s ♦❢ t❤❡ ♠❛✐♥

r❡s✉❧ts ❛r❡ ❞❡❢❡rr❡❞ t♦ ❆♣♣❡♥❞✐① ❆ ❛♥❞ t❤♦s❡ ♦❢ t❤❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts t♦ ❆♣♣❡♥❞✐① ❇✳

✷ ❚❤❡ ♠♦❞❡❧

❲❡ ❝♦♥s✐❞❡r ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ▼❛r❦♦✈ ♣r♦❝❡ss J ✇✐t❤ ❣❡♥❡r❛t♦r L ♦♥ t❤❡ st❛t❡

s♣❛❝❡ {1, . . . , r}✱ ✇❤❡r❡ r ≥ 2✳ ❈♦♥s✐❞❡r ❢✉rt❤❡r ❛ ❝♦✉♥t✐♥❣ ♣r♦❝❡ss N ❛♥❞ r❡❛❧ ♥✉♠❜❡rs

τ0 = 0 < τ1 < · · · < τk−1 < 1 = τk s✉❝❤ t❤❛t ❢♦r ❡✈❡r② q ∈ N✱ ♦♥ t❤❡ ✐♥t❡r✈❛❧s [q+ τs−1, q+ τs)✱

✐❢ J ✐s ✐♥ st❛t❡ i✱ t❤❡♥ N ✐s ❛ P♦✐ss♦♥ ♣r♦❝❡ss ✇✐t❤ ❥✉♠♣ r❛t❡ λ
(s)
i ✱ ✇❤❡r❡ λ

(s)
i ≥ 0✳ ❚❤❡ t✐♠❡

✐♥t❡r✈❛❧ [q + τs−1, q + τs) r❡♣r❡s❡♥ts s❡❛s♦♥ s ♦❢ t❤❡ ♣❡r✐♦❞ q + 1✳

❚❤❡ ❝♦♥t❡①t ♦❢ ♦✉r ✇♦r❦ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❧❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦❝❡ss N ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞

✉♥t✐❧ t✐♠❡ n ∈ N \ {0}✱ s♦ t❤❛t t❤❡ ❛✈❛✐❧❛❜❧❡ ❞❛t❛ ❝♦♥s✐sts ♦❢

✶✳ t❤❡ ♥✉♠❜❡r r ♦❢ st❛t❡s ♦❢ J ❛♥❞ t❤❡ t✐♠❡s τj ✱

✸



✷✳ t❤❡ ❢✉❧❧ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ♣r♦❝❡ss N ❜❡t✇❡❡♥ t✐♠❡ 0 ❛♥❞ t✐♠❡ n✳

❚❤❡ ❣♦❛❧ ✐s t♦ ❡st✐♠❛t❡ t❤❡ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧✱ ♥❛♠❡❧② t❤❡ ❡❧❡♠❡♥ts ℓij ♦❢ t❤❡

tr❛♥s✐t✐♦♥ ✐♥t❡♥s✐t② ♠❛tr✐① L ♦❢ J ❛♥❞ t❤❡ ❥✉♠♣ ✐♥t❡♥s✐t✐❡s λ
(s)
i ♦❢ N ✳ ❙✐♥❝❡ t❤❡ ♣r♦❝❡ss J ✐s

♥♦t ♦❜s❡r✈❡❞✱ ❡st✐♠❛t✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤✐s ♠♦❞❡❧ ✐s ♥♦t str❛✐❣❤t❢♦r✇❛r❞✳ ❋♦r t❤❡ s❛❦❡ ♦❢

s❤♦rt♥❡ss✱ ✇❡ ❧❡t Φ ❜❡ t❤❡ ❣❧♦❜❛❧ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ♠♦❞❡❧✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss ✇✐t❤

♣❛r❛♠❡t❡r Φ ✐s ❞❡♥♦t❡❞ ❜② PΦ ❛♥❞ ✇❡ ❧❡t E ❜❡ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡

E =

{
Φ |L(Φ) ✐s ✐rr❡❞✉❝✐❜❧❡ ❛♥❞ min

1≤i≤r
min

1≤s≤k
λ
(s)
i (Φ) > 0

}
.

❚❤❡ s♣❛❝❡ E ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ s❡t ♦❢ t❤♦s❡ ♣❛r❛♠❡t❡rs ❢♦r ✇❤✐❝❤ ✐♥ ❛♥② st❛t❡ ♦❢ J ❛♥❞ ✐♥ ❛♥②

s❡❛s♦♥✱ ❛♥ ❡✈❡♥t ❝❛♥ ♦❝❝✉r ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✳ ◆♦t❡ t❤❛t ❛♥ ❡❧❡♠❡♥t ♦❢ E ❝♦♥s✐sts ✐♥

|E| = r(r− 1)+ rs ♣❛r❛♠❡t❡rs✳ ❇❡❢♦r❡ ♣r♦❝❡❡❞✐♥❣✱ ✇❡ ❣✐✈❡ s♦♠❡ ✉s❡❢✉❧ ♥♦t❛t✐♦♥✿ ❢♦r 1 ≤ s ≤ k

❛♥❞ 0 ≤ y ≤ τs − τs−1✱ ❧❡t

f(y, s,Φ) = exp(y(L(Φ)− Λ(s)(Φ)))Λ(s)(Φ)

❛♥❞ F (y, s,Φ) = exp(y(L(Φ)− Λ(s)(Φ))),

✇❤❡r❡ Λ(s)(Φ) = diag(λ
(s)
1 (Φ), . . . , λ

(s)
r (Φ))✳

✸ ❊st✐♠❛t✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs ✇✐t❤ ❛♥ ▼❙❚▲❊

■t ✐s ✐♠♣♦ss✐❜❧❡ t♦ ❛♣♣❧② ❛♥② ❦♥♦✇♥ r❡s✉❧ts ♦♥ ▼▼PPs ❤❡r❡ s✐♥❝❡ t❤❡ ❥✉♠♣ ✐♥t❡♥s✐t✐❡s ❝❤❛♥❣❡ ❛s

t✐♠❡ ❣♦❡s ❜②❀ ❡s♣❡❝✐❛❧❧②✱ ❣✐✈❡♥ t❤❛t J ✐s ✐♥ st❛t❡ j✱ N ✐s ❛♥ ✐♥❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ ♣r♦❝❡ss✳ ❚♦

♦✈❡r❝♦♠❡ t❤✐s ✐ss✉❡✱ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥✿ ❧❡t Wq,s ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❥✉♠♣s ♦❢ N ❞✉r✐♥❣

s❡❛s♦♥ s ♦❢ t❤❡ ♣❡r✐♦❞ q✱ ❛♥❞ ❧❡t T
(q,s)
1 , . . . , T

(q,s)
Wq,s

❜❡ t❤❡ s✉❝❝❡ss✐✈❡ ❥✉♠♣ t✐♠❡s ♦❢ N ❞✉r✐♥❣ t❤✐s

s❡❛s♦♥✳ ▲❡t Y
(q,s)
l = T

(q,s)
l −T (q,s)

l−1 ❜❡ t❤❡ ✐♥t❡r✲❡✈❡♥t t✐♠❡s ✭✇✐t❤ T
(q,s)
0 = (q− 1)+ τs−1✮✳ ■t ✐s

❛ss✉♠❡❞ t❤❛t t❤❡ st❛rt✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ J ✐s ✐ts ✉♥✐q✉❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ a ♦♥ {1, . . . , r}✱
t❤❛t ✐s✱ t❤❡ ♦♥❧② r♦✇ ✈❡❝t♦r a s✉❝❤ t❤❛t aL = 0 ❛♥❞ t❤❡ s✉♠ ♦❢ t❤❡ ❡♥tr✐❡s ♦❢ a ✐s ❡q✉❛❧ t♦ ✶✳

▲❡t Zq = (Wq,s, Y
(q,s)
1 , . . . , Y

(q,s)
Wq,s

)1≤s≤k ❜❡ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r r❡♣r❡s❡♥t✐♥❣ t❤❡ ✐♥❢♦r♠❛t✐♦♥

❛✈❛✐❧❛❜❧❡ ❢♦r ♣❡r✐♦❞ ♥✉♠❜❡r q✳ ❲✐t❤ t❤✐s ♥♦t❛t✐♦♥✱ t❤❡ ♣r♦❝❡ss (Zq)q≥1 ✐s st❛t✐♦♥❛r②✳ ❇❡s✐❞❡s✱

❣✐✈❡♥ t❤❡ st❛t❡s ♦❢ t❤❡ ✐rr❡❞✉❝✐❜❧❡ ▼❛r❦♦✈ ❝❤❛✐♥ (J(q))q∈N✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Zq✱ q ≥ 1 ❛r❡

✐♥❞❡♣❡♥❞❡♥t✱ s♦ t❤❛t ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✶ ✐♥ ▲❡r♦✉① ❬✽❪ s❤♦✇s t❤❛t t❤❡ ♣r♦❝❡ss (Zq)q≥1 ✐s ❡r❣♦❞✐❝✳

✹



❲❡ ❞❡♥♦t❡ ❜② Z = (Ws, Y
(s)
1 , . . . , Y

(s)
ws )1≤s≤k ❛ r❛♥❞♦♠ ✈❡❝t♦r ✇❤✐❝❤ s❤❛r❡s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢

t❤❡ Zq✱ q ≥ 1✳

▲❡t t❤❡♥ L1(Z,Φ) ❜❡ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s ♦✈❡r ♦♥❡ ♣❡r✐♦❞✱ ❝♦♠♣✉t❡❞ ✉♥❞❡r t❤❡

♣❛r❛♠❡t❡r Φ✿ ✐❢ z = (ws, y
(s)
1 , . . . , y

(s)
ws )1≤s≤k✱

L1(z,Φ) =
∑

i0,...,ik+1

ai0(Φ)

k∏

s=1

[
e′is−1

ws∏

l=1

f(y
(s)
l , s,Φ)

× F

(
τs − τs−1 −

ws∑

l=1

y
(s)
l , s,Φ

)
eis

]
✭✶✮

✇❤❡r❡ ej ✐s t❤❡ ❝♦❧✉♠♥ ✈❡❝t♦r ♦❢ s✐③❡ r ❤❛✈✐♥❣ ❛❧❧ ❡♥tr✐❡s ❡q✉❛❧ t♦ ✵ ❡①❝❡♣t t❤❡ jt❤ ♦♥❡✳ ❋♦❧❧♦✇✐♥❣

❘②❞é♥ ❬✶✾❪✱ ✇❡ ❧❡t

ST Ln(Φ) =

n∏

q=1

L1(Zq,Φ)

❜❡ t❤❡ s♣❧✐t✲t✐♠❡ ❧✐❦❡❧✐❤♦♦❞ ✭❙❚▲✮ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s✳ ■❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Zq✱ q ≥ 1 ✇❡r❡

✐♥❞❡♣❡♥❞❡♥t✱ t❤❡ ❙❚▲ ✇♦✉❧❞ ❜❡ t❤❡ t♦t❛❧ ❧✐❦❡❧✐❤♦♦❞ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s❀ ✇❡ s❤❛❧❧ ✐♥ ❢❛❝t s❤♦✇

t❤❛t t❤❡ Zq ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❣✐✈❡♥ ❛ s✉✐t❛❜❧❡ s❡q✉❡♥❝❡ ♦❢ ✐♥❝r❡❛s✐♥❣ r❛♥❞♦♠ t✐♠❡s✱ ✇❤✐❝❤ ✐s t❤❡

❦❡② ✐❞❡❛ t♦ t❤❡ ♣r♦♦❢s ♦❢ ♦✉r ♠❛✐♥ r❡s✉❧ts✱ s❡❡ ❆♣♣❡♥❞✐① ❆✳ ❆♥ ▼❙❚▲ ✐s t❤❡♥ ❛♥② ♣❛r❛♠❡t❡r

t❤❛t ♠❛①✐♠✐③❡s t❤❡ ❙❚▲✱ ♦r ❡q✉✐✈❛❧❡♥t❧② t❤❡ ❧♦❣✲❙❚▲

logST Ln(Φ) =

n∑

q=1

logL1(Zq,Φ)

❛♥❞ ❛♥ ▼❙❚▲❊ ✐s ❛♥② ❡st✐♠❛t♦r ♦❢ ❛♥ ▼❙❚▲✳

✹ ❆s②♠♣t♦t✐❝ r❡s✉❧ts

❲❡ s❤❛❧❧ ✇r✐t❡ Φ ∼ Φ′ ✇❤❡♥❡✈❡r t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ Z ✉♥❞❡r PΦ ❛♥❞ PΦ′ ❛❣r❡❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣

❝♦♥s✐st❡♥❝② r❡s✉❧t t❤❡♥ ❤♦❧❞s✿

❚❤❡♦r❡♠ ✶✳ ▲❡t Φ0 ∈ E ❜❡ t❤❡ tr✉❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r ❛♥❞ Φ0 ❜❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢

Φ0 ♠♦❞✉❧♦ ∼✳ ▲❡t K ❜❡ ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ E s✉❝❤ t❤❛t Φ0 ∈ K ❛♥❞ Φ̂n ❜❡ t❤❡ ▼❙❚▲❊ ❢♦r

Φ0 ♦♥ K✱ ❝♦♠♣✉t❡❞ ♦✈❡r n ♣❡r✐♦❞s✳ ❚❤❡♥ ✐❢ O ⊂ K ✐s ❛♥ ♦♣❡♥ s❡t ❝♦♥t❛✐♥✐♥❣ K ∩Φ0✱ ♦♥❡ ❤❛s

Φ̂n ∈ O ❛❧♠♦st s✉r❡❧② ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤✳

✺



❲❡ ♥♦✇ ✇✐s❤ t♦ ♦❜t❛✐♥ ❛♥ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② r❡s✉❧t ❢♦r ♦✉r ❡st✐♠❛t♦r✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱

✇❡ ♣✐❝❦ i0 ∈ {1, . . . , r} ❛♥❞ ✇❡ ❧❡t ωk ❜❡ t❤❡ s✉❝❝❡ss✐✈❡ t✐♠❡s ✇❤❡♥ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ (J(q))

r❡❛❝❤❡s i0✿

ω1 = min{q ≥ 1 | J(q) = i0} ❛♥❞ ∀k ≥ 1, ωk+1 = min{q > ωk | J(q) = i0}.

▲❡t ❢✉rt❤❡r Pi0
Φ (·) = PΦ(· | J(0) = i0) ❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ❞❡❞✉❝❡❞ ❢r♦♠ PΦ ❣✐✈❡♥ t❤❛t

J st❛rts ❛t i0✳

◆♦t❡ t❤❛t ❢♦r ❡✈❡r② Φ ∈ E ✱ s✐♥❝❡ L(Φ) ✐s t❤❡ ❣❡♥❡r❛t♦r ♦❢ ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ▼❛r❦♦✈

❝❤❛✐♥ ♦♥ ❛ ✜♥✐t❡ st❛t❡ s♣❛❝❡✱ t❤❡♥ ✵ ✐s ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ tr❛♥s♣♦s❡ L′(Φ) ♦❢ L(Φ) ✇✐t❤

♠✉❧t✐♣❧✐❝✐t② ✶ ❛♥❞ r❡❧❛t❡❞ ♥♦r♠❛❧✐③❡❞ ❡✐❣❡♥✈❡❝t♦r a′(Φ)✳ ❙✐♥❝❡ t❤❡ ♠❛♣ ϕ 7→ L′(ϕ) ✐s ✐♥✜♥✐t❡❧②

❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ Φ✱ ❛ str❛✐❣❤t❢♦r✇❛r❞ ❡①t❡♥s✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✽ ✐♥

❈❤❛♣t❡r ✾ ♦❢ ▲❛① ❬✼❪ s❤♦✇s t❤❛t t❤❡ ♠❛♣ ϕ 7→ a′(ϕ) ✐s ✐♥✜♥✐t❡❧② ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ ❛

♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ Φ✳ ❚❤❡ ❢✉♥❝t✐♦♥ ϕ 7→ logL1(Z,ϕ) ✐s t❤✉s ✐♥✜♥✐t❡❧② ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡

✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ tr✉❡ ♣❛r❛♠❡t❡r Φ0❀ ✐❢ E
i0
Φ ❞❡♥♦t❡s t❤❡ ❡①♣❡❝t❛t✐♦♥ ✉♥❞❡r t❤❡ ♠❡❛s✉r❡

P
i0
Φ ✱ ✇❡ ❝❛♥ s❡t ❢♦r Φ ❝❧♦s❡ ❡♥♦✉❣❤ t♦ Φ0

hi(z,Φ) =
∂ logL1

∂ϕi
(z,Φ),

Aij(Φ) = E
i0
Φ

(
ω1∑

q=1

hi(Zq,Φ)hj(Zq,Φ)

)
,

Vij(Φ) = E
i0
Φ

(
ω1∑

p,q=1

hi(Zp,Φ)hj(Zq,Φ)

)
.

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♠❛tr✐① A(Φ) = (Aij(Φ)) ✐s ✐♥✈❡rt✐❜❧❡ ❢♦r Φ = Φ0 ❛♥❞ ✇❡ ❧❡t V (Φ) =

(Vij(Φ))✱ C(Φ) =
1

ai0(Φ)
A−1(Φ)V (Φ)A−1(Φ) ❢♦r Φ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ Φ0✳

❖✉r ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② r❡s✉❧t ❢♦r Φ̂n ✐s ❛s ❢♦❧❧♦✇s✿

❚❤❡♦r❡♠ ✷✳ ▲❡t Φ0 ∈ E ❜❡ t❤❡ tr✉❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r ❛♥❞ Φ0 ❜❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss

♦❢ Φ0 ♠♦❞✉❧♦ ∼✳ ❆ss✉♠❡ t❤❛t Φ0 ❧✐❡s ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ E ❛♥❞ ❧❡t K ❜❡ ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ E✱
✇❤♦s❡ ✐♥t❡r✐♦r ❝♦♥t❛✐♥s Φ0✱ s✉❝❤ t❤❛t K ∩Φ0 = {Φ0}✳ ▲❡t Φ̂n ❜❡ t❤❡ ▼❙❚▲❊ ❝♦♠♣✉t❡❞ ♦♥ K

♦✈❡r n ♣❡r✐♦❞s✳ ❚❤❡♥

√
n(Φ̂n − Φ0)

d−→ N (0, C(Φ0)) ❛s n→ ∞.

✻



✺ Pr❛❝t✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s

❚❤❡ ▼❙❚▲❊ ✐s t②♣✐❝❛❧❧② ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❛ ✭q✉❛s✐✲✮◆❡✇t♦♥ ❛❧❣♦r✐t❤♠✳ ❙✉❝❤ ❛♥ ❛❧❣♦r✐t❤♠ ❜❡✐♥❣

✐t❡r❛t✐✈❡✱ ✇❡ ❣✐✈❡ ❛ ♠❡t❤♦❞ t♦ st❛rt ✐t ✐♥ ♣r❛❝t✐❝❡✳ ▲❡t wq,s ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❥✉♠♣s ♦❢ N ❞✉r✐♥❣

s❡❛s♦♥ s ♦❢ t❤❡ ♣❡r✐♦❞ q✱ t
(q,s)
1 , . . . , t

(q,s)
wq,s ❜❡ t❤❡ s✉❝❝❡ss✐✈❡ ❥✉♠♣ t✐♠❡s ♦❢ N ❞✉r✐♥❣ t❤✐s s❡❛s♦♥

❛♥❞ ❧❡t u
(q,s)
l = t

(q,s)
l − τs−1 − (q − 1)(1− (τs − τs−1))✱ 1 ≤ l ≤ wq,s✳

❋♦r ❛❧❧ 1 ≤ s ≤ k✱ t❤❡ ❞❛t❛ Ds = (u
(q,s)
l )q,l ✐s r❡❣❛r❞❡❞ ❛s ❛ s❛♠♣❧❡ ♦❢ ❛ ✉♥✐✈❛r✐❛t❡ ▼▼PP

✇✐t❤ ♣❛r❛♠❡t❡rs Φ(s) = (L, λ
(s)
1 , . . . , λ

(s)
r )✳ ❆♥ ❊▼ ❛❧❣♦r✐t❤♠ ✐s t❤❡♥ ✉s❡❞ t♦ ♣r♦✈✐❞❡ ❛ ✜rst

❡st✐♠❛t❡ ♦❢ Φ(s)❀ t❤❡ ✐♥✐t✐❛❧ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ ♦♥❡ ✐♥

●✉✐❧❧♦✉ ❡t ❛❧✳ ❬✹❪✳

▲❡t (L̃(s), λ̃
(s)
1 , . . . , λ̃

(s)
r ) ❜❡ t❤❡ ❊▼ ❡st✐♠❛t✐♦♥s ♦❜t❛✐♥❡❞ ❜② t❤✐s ✇❛②✳ ❚❤❡ ❊▼ ❛❧❣♦r✐t❤♠s

✐♥✈♦❧✈❡❞ ♠❛② ❤❛✈❡ s✇✐t❝❤❡❞ s♦♠❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✿ ✇❡ t❤✉s ♥♦t❡✱ ✐❢ M = (mij) ✐s ❛ sq✉❛r❡

♠❛tr✐① ❤❛✈✐♥❣ s✐③❡ r ❛♥❞ σ ✐s ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ {1, . . . , r}✱ M ◦ σ = (mσ(i)σ(j))✳ ▲❡t✱ ❢♦r s✉❝❤

♣❡r♠✉t❛t✐♦♥s σ1, . . . , σk✱

L̃(σ1,...,σk) =
1

k

k∑

s=1

L̃(s) ◦ σs

❛♥❞

Φ̃(σ1,...,σk) = (L̃(σ1,...,σk), (λ̃
(s)
σs(1)

, . . . , λ̃
(s)
σs(r)

)1≤s≤k).

❲❡ t❤❡♥ r✉♥ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ st❛rt✐♥❣ ❢r♦♠ ❡❛❝❤ ♦❢ t❤❡s❡ ✈❛❧✉❡s✿ ✐♥ ❞♦✐♥❣ s♦✱ ✇❡

♦❜t❛✐♥ ❡st✐♠❛t❡s Φ̂(σ1,...,σk) ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✳ ❋✐♥❛❧❧②✱ ✇❡ ❝♦♠♣✉t❡

(σ0
1 , . . . , σ

0
k) = argmax

σ1,...,σk

ST Ln(Φ̂
(σ1,...,σk))

❛♥❞ ♦✉r ▼❙❚▲❊ ✐s Φ̂ = Φ̂(σ0
1 ,...,σ

0
k)✳

✻ ❙✐♠✉❧❛t✐♦♥ st✉❞② ❛♥❞ ❞✐s❝✉ss✐♦♥ ♦❢ r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡①❛♠✐♥❡ ❤♦✇ ♦✉r ❡st✐♠❛t♦r ❜❡❤❛✈❡s ♦♥ ❛ ✜♥✐t❡ s❛♠♣❧❡ s✐t✉❛t✐♦♥✳ ❲❡ ❛r❡

♠♦t✐✈❛t❡❞ ❜② t❤❡ ✐♠♣❛❝t ♦❢ ❊❧ ◆✐ñ♦✲▲❛ ◆✐ñ❛ ❝②❝❧❡ ♦♥ ❤✉rr✐❝❛♥❡ r✐s❦✳ ❲❡ ❝❤♦♦s❡ r❡❛s♦♥❛❜❧❡

♣❛r❛♠❡t❡rs ❢♦r ❛ s✐♠♣❧❡ ✐❧❧✉str❛t✐♦♥✱ ❜✉t ❝❛♥♥♦t ❝❧❛✐♠ t❤❛t t❤♦s❡ ♣❛r❛♠❡t❡rs ❛r❡ ❡st✐♠❛t❡❞

♦♥ ❛ r❡❛❧ ❞❛t❛s❡t✱ s✐♠♣❧② ❜❡❝❛✉s❡ ✐t ✐s ✈❡r② ❤❛r❞ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ✐♠♣❛❝t ♦❢ t❤✐s ❡✛❡❝t ♦♥

✼



❤✉rr✐❝❛♥❡ ❢r❡q✉❡♥❝②✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s✐t✉❛t✐♦♥ r = 2✱ t❤❛t ✐s✱ t❤❡ ✉♥❞❡r❧②✐♥❣ ▼❛r❦♦✈ ♣r♦❝❡ss

J ✐s ❛ t✇♦✲st❛t❡ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ▼❛r❦♦✈ ♣r♦❝❡ss✳ ❲❡ ❢✉rt❤❡r ❝❤♦♦s❡ k = 2 ❛♥❞ τ1 = 1/2✱ s♦

t❤❛t ❛♥② ♣❡r✐♦❞ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ s❡❛s♦♥s ♦❢ ❡q✉❛❧ ❧❡♥❣t❤✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✿

• ❈❛s❡ ✶✿ ℓ12 = 1✱ ℓ21 = 2✱ λ
(1)
1 = 1✱ λ

(1)
2 = 5✱ λ

(2)
1 = 5✱ λ

(2)
2 = 25✳

• ❈❛s❡ ✷✿ ℓ12 = 3✱ ℓ21 = 10✱ λ
(1)
1 = 1✱ λ

(1)
2 = 5✱ λ

(2)
1 = 5✱ λ

(2)
2 = 25✳

• ❈❛s❡ ✸✿ ℓ12 = 1✱ ℓ21 = 2✱ λ
(1)
1 = 1/2✱ λ

(1)
2 = 5✱ λ

(2)
1 = 5/2✱ λ

(2)
2 = 25✳

❋♦r ❡❛❝❤ ♦❢ t❤❡s❡ ❝❛s❡s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s✐t✉❛t✐♦♥s n = 50 ❛♥❞ n = 100✳ ❖✉r ❡st✐♠❛t✐♦♥

♣r♦❝❡❞✉r❡ ✐s ❝❛rr✐❡❞ ♦✉t ♦♥ S = 100 r❡♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ♣r♦❝❡ss✳ ■♥ ❡❛❝❤ ❝❛s❡✱ ✇❡

❝♦♠♣✉t❡ t❤❡ ♠❡❛♥ ❛♥❞ ♠❡❞✐❛♥ L1−❡rr♦r r❡❧❛t❡❞ t♦ ❡❛❝❤ ♣❛r❛♠❡t❡r✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥

❚❛❜❧❡ ✶✳

❖♥❡ ❝❛♥ s❡❡ t❤❛t ✐❢ ❛♥ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥② ❤❛❞ ❛r♦✉♥❞ ✺✵ ♦r ✶✵✵ ②❡❛rs ♦❢ ❞❛t❛✱ ✇❤✐❝❤ ✇♦✉❧❞

❜❡ ❛♥ ✐❞❡❛❧ s✐t✉❛t✐♦♥✱ ❢♦r ✐♥t❡♥s✐t✐❡s ❧✐❦❡ t❤❡ ♦♥❡s ✇❡ ❝❤♦s❡ ✭✺ t✐♠❡s ❛s ♠❛♥② ❤✉rr✐❝❛♥❡s ❞✉r✐♥❣

t❤❡ ❤✉rr✐❝❛♥❡ s❡❛s♦♥ ❛s ✐♥ t❤❡ ♦t❤❡r ♦♥❡✱ ❛♥❞ ✺ t✐♠❡s ❛s ♠❛♥② ❤✉rr✐❝❛♥❡s ❞✉r✐♥❣ ❛ ❜❛❞ ❊❧

◆✐ñ♦✲▲❛ ◆✐ñ❛ ♣❤❛s❡ ❛s ✐♥ ❛ ❢❛✈♦r❛❜❧❡ ♦♥❡✮✱ ✐t ✐s ❢❡❛s✐❜❧❡ t♦ ❡st✐♠❛t❡ t❤❡ ♣❛r❛♠❡t❡rs ✇✐t❤ ❛♥

❛✈❡r❛❣❡ r❡❧❛t✐✈❡ ❡rr♦r ♦❢ ❛r♦✉♥❞ 10 t♦ 20%✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ✐♥t✉✐t✐♦♥✱ ♣❛r❛♠❡t❡rs ❛r❡ ❡st✐♠❛t❡❞

♠♦r❡ ❛❝❝✉r❛t❡❧② ✇❤❡♥ r❡❣✐♠❡ s✇✐t❝❤✐♥❣ ✐s ♠♦r❡ ❢r❡q✉❡♥t❧② ♦❜s❡r✈❡❞ ❛♥❞ ✇❤❡♥ t❤❡ r❛t✐♦ ♦❢

t❤❡ ❝❧❛✐♠ ❢r❡q✉❡♥❝✐❡s ✐♥ ❞✐✛❡r❡♥t st❛t❡s ✐s ❢✉rt❤❡r ❢r♦♠ ✶✳ ❖❢ ❝♦✉rs❡✱ ✇❡ ❤❛✈❡ t❛❦❡♥ ❤❡r❡ ❛

q✉✐t❡ ❢❛✈♦r❛❜❧❡ ❝❛s❡✱ ❛s ✇❡ ❤❛✈❡ ♦♥❧② t✇♦ st❛t❡s ♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ t✇♦ s❡❛s♦♥s ✇✐t❤

✜①❡❞ ✐♥t❡♥s✐t✐❡s✳ ❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ✺ ♦r ✶✵ st❛t❡s ❛♥❞ ✹ s❡❛s♦♥s✱ ✇❡ ✇♦✉❧❞ ♥❡❡❞ ❛ ♣❡r✐♦❞ ♦❢

♦❜s❡r✈❛t✐♦♥ t♦♦ ❧♦♥❣ ❢♦r t❤❡ ❛♣♣r♦❛❝❤ t♦ ❜❡ r❡❛s♦♥❛❜❧❡✳ ❍♦✇❡✈❡r✱ ✐♥ ♠♦st ❤✐❞❞❡♥ ▼❛r❦♦✈

♠♦❞❡❧s ✐♥ ✐♥s✉r❛♥❝❡ ❛♥❞ ✜♥❛♥❝❡✱ t❤❡ ♥✉♠❜❡r ♦❢ st❛t❡s ✐s ✷ ♦r ✸✳ ■♥ t❤❡ ♥❡❛r ❢✉t✉r❡✱ ♦♥❡ ❝♦✉❧❞

♣r♦❜❛❜❧② r❡✜♥❡ t❤❡s❡ ❡st✐♠❛t✐♦♥s t❤❛♥❦s t♦ ♣❛rt✐❛❧ ♦❜s❡r✈❛t✐♦♥s ♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t ♣r♦❝❡ss✱ ❛s

❝❧✐♠❛t♦❧♦❣✐sts ✉♥❞❡rst❛♥❞ ❜❡tt❡r ❛♥❞ ❜❡tt❡r ❊❧ ◆✐ñ♦✲▲❛ ◆✐ñ❛ ♣❤❡♥♦♠❡♥♦♥ ❛♥❞ ✐ts ✐♠♣❛❝t ♦♥

✐♥s✉r❛♥❝❡ ♣❡r✐❧s✳ ❊✈❡♥t✉❛❧❧②✱ ❧❡t ✉s ♥♦t❡ t❤❛t t❤❡ ▼❛r❦♦✈ ❛ss✉♠♣t✐♦♥ ✐s ♦❢ ❝♦✉rs❡ q✉❡st✐♦♥❛❜❧❡✱

❛s ✇❡❧❧ ❛s t❤❡ ❛❜s❡♥❝❡ ♦❢ ✐♠♣❛❝t ♦❢ ❝❧✐♠❛t❡ ❝❤❛♥❣❡ ♦♥ t❤❡ ♣❛r❛♠❡t❡rs✳ ❊①t❡♥❞✐♥❣ t❤❡ ♥✉♠❜❡r

♦❢ st❛t❡s ✐♥ ♦r❞❡r t♦ ❣❡t ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✐s ❢❡❛s✐❜❧❡ ✐♥ t❤❡♦r②✱ ❜✉t ✇♦✉❧❞ ❧❡❛❞ t♦ ❡st✐♠❛t✐♦♥

♣r♦❜❧❡♠s t❤❛t ✇♦✉❧❞ ♥♦t ❜❡ tr❛❝t❛❜❧❡ ✐♥ ♣r❛❝t✐❝❡✳ ❆♥♦t❤❡r ♣r♦❜❧❡♠ ✐s t❤❛t ✐♥ ❞✐✛❡r❡♥t st❛t❡s ♦❢

t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ t❤❡ ❤✉rr✐❝❛♥❡ s❡❛s♦♥ ❝♦✉❧❞ ❜❡ ❧♦♥❣❡r ♦r s❤♦rt❡r✱ ❛s ❝♦♥❞✐t✐♦♥s ❛r❡ ♠♦r❡ ♦r ❧❡ss

♠❡t ❢♦r ❤✉rr✐❝❛♥❡s t♦ ❢♦r♠✳ ❚❤✐s ✐s ♥♦t ❝♦♥s✐❞❡r❡❞ ❤❡r❡ ❛♥❞ ✇♦✉❧❞ r❡q✉✐r❡ ❢✉rt❤❡r t❤❡♦r❡t✐❝❛❧

✽



❛♥❛❧②s✐s✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆s♠✉ss❡♥✱ ❙✳ ✭✶✾✽✼✮ ❆♣♣❧✐❡❞ ♣r♦❜❛❜✐❧✐t② ❛♥❞ q✉❡✉❡s✱ ❲✐❧❡②✱ ◆❡✇ ❨♦r❦✳

❬✷❪ ❆s♠✉ss❡♥✱ ❙✳ ✭✶✾✽✾✮ ❘✐s❦ t❤❡♦r② ✐♥ ❛ ▼❛r❦♦✈✐❛♥ ❡♥✈✐r♦♥♠❡♥t✱ ❙❝❛♥❞✐♥❛✈✐❛♥ ❆❝t✉❛r✐❛❧

❏♦✉r♥❛❧ ✷✿ ✻✾✕✶✵✵✳

❬✸❪ ❈♦❧❡✱ ❏✳❉✳ ❛♥❞ P❢❛✛✱ ❙✳❘✳ ✭✶✾✾✼✮ ❆ ❝❧✐♠❛t♦❧♦❣② ♦❢ tr♦♣✐❝❛❧ ❝②❝❧♦♥❡s ❛✛❡❝t✐♥❣ t❤❡ ❚❡①❛s

❝♦❛st ❞✉r✐♥❣ ❊❧ ◆✐ñ♦✴♥♦♥✲❊❧ ◆✐ñ♦ ②❡❛rs✿ ✶✾✾✵✲✶✾✾✻✱ ❚❡❝❤♥✐❝❛❧ ❆tt❛❝❤♠❡♥t ❙❘✴❙❙❉ ✾✼✲

✸✼✱ ◆❛t✐♦♥❛❧ ❲❡❛t❤❡r ❙❡r✈✐❝❡ ❖✣❝❡✱ ❈♦r♣✉s ❈❤r✐st✐✱ ❚❡①❛s✳ ❆✈❛✐❧❛❜❧❡ ❛t ❤tt♣✿✴✴✇✇✇✳

sr❤✳♥♦❛❛✳❣♦✈✴t♦♣✐❝s✴❛tt❛❝❤✴❤t♠❧✴ss❞✾✼✲✸✼✳❤t♠✳

❬✹❪ ●✉✐❧❧♦✉✱ ❆✳✱ ▲♦✐s❡❧✱ ❙✳✱ ❙t✉♣✢❡r✱ ●✳ ✭✷✵✶✸✮ ❊st✐♠❛t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ❛ ▼❛r❦♦✈✲

♠♦❞✉❧❛t❡❞ ❧♦ss ♣r♦❝❡ss ✐♥ ✐♥s✉r❛♥❝❡✱ ■♥s✉r❛♥❝❡✿ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❊❝♦♥♦♠✐❝s ✺✸✿ ✸✽✽✕

✹✵✹✳

❬✺❪ ❍❡❧♠❡rs✱ ❘✳✱ ▼❛♥❣❦✉✱ ■✳❲✳✱ ❩✐t✐❦✐s✱ ❘✳ ✭✷✵✵✼✮ ❆ ♥♦♥✲♣❛r❛♠❡tr✐❝ ❡st✐♠❛t♦r ❢♦r t❤❡ ❞♦✉❜❧②

♣❡r✐♦❞✐❝ P♦✐ss♦♥ ✐♥t❡♥s✐t② ❢✉♥❝t✐♦♥✱ ❙t❛t✐st✐❝❛❧ ▼❡t❤♦❞♦❧♦❣② ✹✿ ✹✽✶✕✹✾✷✳

❬✻❪ ▲❛♥❞r❡♥❡❛✉✱ ❉✳ ✭✷✵✵✶✮ ❆t❧❛♥t✐❝ tr♦♣✐❝❛❧ st♦r♠s ❛♥❞ ❤✉rr✐❝❛♥❡s ❛✛❡❝t✐♥❣ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s✿

✶✽✾✾✲✷✵✵✵✱ ◆❖❆❆ ❚❡❝❤♥✐❝❛❧ ▼❡♠♦r❛♥❞✉♠ ◆❲❙ ❙❘✲✷✵✻ ✭✉♣❞❛t❡❞ t❤r♦✉❣❤ ✷✵✵✷✮✱ ◆❛t✐♦♥❛❧

❲❡❛t❤❡r ❙❡r✈✐❝❡ ❖✣❝❡✱ ▲❛❦❡ ❈❤❛r❧❡s✱ ▲♦✉✐s✐❛♥❛✳ ❆✈❛✐❧❛❜❧❡ ❛t ❤tt♣✿✴✴✇✇✇✳sr❤✳♥♦❛❛✳

❣♦✈✴❧❝❤✴❄♥❂tr♦♣✐❝❛❧✳

❬✼❪ ▲❛①✱ P✳❉✳ ✭✷✵✵✼✮ ▲✐♥❡❛r ❆❧❣❡❜r❛ ❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥s✱ ❲✐❧❡②✱ ◆❡✇ ❨♦r❦✳

❬✽❪ ▲❡r♦✉①✱ ❇✳●✳ ✭✶✾✾✷✮ ▼❛①✐♠✉♠✲❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t✐♦♥ ❢♦r ❤✐❞❞❡♥ ▼❛r❦♦✈ ♠♦❞❡❧s✱ ❙t♦❝❤❛st✐❝

Pr♦❝❡ss❡s ❛♥❞ t❤❡✐r ❆♣♣❧✐❝❛t✐♦♥s ✹✵✿ ✶✷✼✕✶✹✸✳

❬✾❪ ▲❧♦②❞✬s ✭✷✵✶✵✮ ❋♦r❡❝❛st✐♥❣ r✐s❦✳ ❚❤❡ ✈❛❧✉❡ ♦❢ ❧♦♥❣✲r❛♥❣❡ ❢♦r❡❝❛st✐♥❣ ❢♦r t❤❡ ✐♥s✉r❛♥❝❡ ✐♥✲

❞✉str②✱ ❥♦✐♥t r❡♣♦rt ✇✐t❤ t❤❡ ❯❑ ▼❡t ❖✣❝❡✳

❬✶✵❪ ▲✉✱ ❨✳✱ ●❛rr✐❞♦✱ ❏✳ ✭✷✵✵✺✮ ❉♦✉❜❧② ♣❡r✐♦❞✐❝ ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s ♠♦❞❡❧s ❢♦r ❤✉rr✐❝❛♥❡ ❞❛t❛✱

❙t❛t✐st✐❝❛❧ ▼❡t❤♦❞♦❧♦❣② ✷✿ ✶✼✕✸✺✳

✾

http://www.srh.noaa.gov/topics/attach/html/ssd97-37.htm
http://www.srh.noaa.gov/topics/attach/html/ssd97-37.htm
http://www.srh.noaa.gov/lch/?n=tropical
http://www.srh.noaa.gov/lch/?n=tropical
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■♥s✉r❛♥❝❡✿ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❊❝♦♥♦♠✐❝s ✸✼✿ ✺✷✷✕✺✸✷✳
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❤❛✈✐♥❣ t✇♦ ❛rr✐✈❛❧ r❛t❡s✱ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ✷✾✿ ✾✼✵✕✾✼✼✳

❬✶✸❪ ◆❡✉♠❛♥♥✱ ❈✳❏✳✱ ❏❛r✈✐♥❡♥✱ ❇✳❘✳✱ ▼❝❆❞✐❡✱ ❈✳❏✳✱ ❊❧♠s✱ ❏✳❉✳ ✭✶✾✾✸✮ ❚r♦♣✐❝❛❧ ❈②❝❧♦♥❡s ♦❢ t❤❡

◆♦rt❤ ❆t❧❛♥t✐❝ ❖❝❡❛♥✱ ✶✽✼✶✲✶✾✾✷✱ ❍✐st♦r✐❝❛❧ ❈❧✐♠❛t♦❧♦❣② ❙❡r✐❡s ✻✲✷✱ ◆❛t✐♦♥❛❧ ❈❧✐♠❛t✐❝

❉❛t❛ ❈❡♥t❡r✱ ❆s❤❡✈✐❧❧❡✱ ◆♦rt❤ ❈❛r♦❧✐♥❛✳

❬✶✹❪ ◆❣✱ ❆✳✱ ❨❛♥❣✱ ❍✳ ✭✷✵✵✻✮ ❖♥ t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ♦❢ s✉r♣❧✉s ♣r✐♦r ❛♥❞ ✐♠♠❡❞✐❛t❡❧② ❛❢t❡r

r✉✐♥ ✉♥❞❡r ❛ ▼❛r❦♦✈✐❛♥ r❡❣✐♠❡ s✇✐t❝❤✐♥❣ ♠♦❞❡❧✱ ❙t♦❝❤❛st✐❝ Pr♦❝❡ss❡s ❛♥❞ t❤❡✐r ❆♣♣❧✐❝❛✲

t✐♦♥s ✶✶✻✿ ✷✹✹✕✷✻✻✳
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❆♣♣❡♥❞✐① ❆✿ ♣r♦♦❢s ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧ts

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❛t ♦❢ ❚❤❡♦r❡♠ ✶ ✐♥ ❘②❞é♥ ❬✶✾❪✿ ❧❡t Φ ∈ E ❜❡

s✉❝❤ t❤❛t Φ 6∼ Φ0 ❛♥❞ GΦ ❜❡ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ Φ ❛s ✐♥ ▲❡♠♠❛ ✷✳ ■❢ B(Φ, 1/q) ❞❡♥♦t❡s t❤❡

♦♣❡♥ ❜❛❧❧ ✇✐t❤ ❝❡♥t❡r Φ ❛♥❞ r❛❞✐✉s 1/q✱ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♠❛♣ ϕ 7→ L1(Z,ϕ) ②✐❡❧❞s

sup
ϕ∈GΦ∩B(Φ,1/q)

logL1(Z,ϕ) → logL1(Z,Φ) ❛s q → ∞.

◆♦t✐❝✐♥❣ t❤❛t
∣∣∣∣∣ sup
ϕ∈GΦ∩B(Φ,1/q)

logL1(Z,ϕ)

∣∣∣∣∣ ≤
∣∣∣∣ sup
ϕ∈GΦ

logL1(Z,ϕ)

∣∣∣∣+ | logL1(Z,Φ)|

t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ✐♠♣❧✐❡s

EΦ0

[
sup

ϕ∈GΦ∩B(Φ,1/q)

logL1(Z,ϕ)

]
→ EΦ0

[logL1(Z,Φ)] ❛s q → ∞. ✭✷✮

❙✐♥❝❡ Φ 6∼ Φ0✱ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✐♥❡q✉❛❧✐t② ✭s❡❡ ❘❛♦ ❬✶✻❪✮ ❣✐✈❡s

EΦ0
[logL1(Z,Φ)] + 2ε < EΦ0

[logL1(Z,Φ0)] ✭✸✮

❢♦r s♦♠❡ ε > 0✳ ■t ✐s t❤✉s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✷✮ ❛♥❞ ✭✸✮ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✭♣♦ss✐❜❧② ❞✐✛❡r❡♥t✮

♥❡✐❣❤❜♦r❤♦♦❞ GΦ ♦❢ Φ ✇✐t❤

EΦ0

[
sup

ϕ∈GΦ

logL1(Z,ϕ)

]
≤ EΦ0

[logL1(Z,Φ0)]− ε. ✭✹✮

❇❡s✐❞❡s✱ s✐♥❝❡ (Zq)q≥1 ✐s ❡r❣♦❞✐❝✱

1

n
sup

ϕ∈GΦ

logST Ln(ϕ) ≤ 1

n

n∑

q=1

sup
ϕ∈GΦ

logL1(Zq, ϕ) → EΦ0

[
sup

ϕ∈GΦ

logL1(Z,ϕ)

]

❛♥❞
1

n
logST Ln(Φ0) =

1

n

n∑

q=1

logL1(Zq,Φ0) → EΦ0
[logL1(Z,Φ0)]

❛❧♠♦st s✉r❡❧② ❛s n→ ∞✳ ❍❡♥❝❡

lim sup
n→∞

1

n
sup

ϕ∈GΦ

logST Ln(ϕ) ≤ EΦ0

[
sup

ϕ∈GΦ

logL1(Z,ϕ)

]
≤ EΦ0

[logL1(Z,Φ0)]− ε

❛❧♠♦st s✉r❡❧② ❛s n→ ∞✱ ❜② ✭✹✮✳ ❋✐♥❛❧❧②✱ r❡♠❛r❦ t❤❛t t❤❡ ❝♦♠♣❛❝t s❡t Oc∩K✱ ✇❤❡r❡ Oc ✐s t❤❡

❝♦♠♣❧❡♠❡♥t ♦❢ O✱ ♠❛② ❜❡ ❝♦✈❡r❡❞ ❜② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ s✉❝❤ ♥❡✐❣❤❜♦r❤♦♦❞s GΦi
✱ 1 ≤ i ≤ d❀

✶✶



t❤✐s ②✐❡❧❞s

sup
ϕ∈Oc∩K

{logST Ln(ϕ)− logST Ln(Φ0)}

≤ max
1≤i≤d

{
sup

ϕ∈GΦi

logST Ln(ϕ)− logST Ln(Φ0)

}
→ −∞

❛❧♠♦st s✉r❡❧② ❛s n → ∞✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♥❡❝❡ss❛r✐❧② Φ̂n ∈ O ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❤✐❝❤

❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❇❡❢♦r❡ ♣r♦✈✐♥❣ ❚❤❡♦r❡♠ ✷✱ ✇❡ ❤✐❣❤❧✐❣❤t t❤❛t t❤❡ r❛♥❞♦♠ ♣r♦❝❡ss (Zq)q≥1 ✐s r❡❣❡♥❡r❛t✐✈❡ ✇✐t❤

❛ss♦❝✐❛t❡❞ ❝②❝❧❡ ❧❡♥❣t❤s (Cq = ωq − ωq−1)q≥1 ✭✇❤❡r❡ ✇❡ s❡t ω0 = 0 ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✮✱ t❤❛t ✐s✿

• ❢♦r ❡❛❝❤ l ≥ 2✱ t❤❡ r❛♥❞♦♠ ♣r♦❝❡ss (Cl+1+q, Zωl+q)q≥1 ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ωj ✱ 1 ≤ j ≤
l − 1 ❛♥❞ ✐ts ❞✐str✐❜✉t✐♦♥ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ l❀

• ❣✐✈❡♥ (ωq)q≥1✱ q ≥ 1✱ t❤❡ r❛♥❞♦♠ ✈❡❝t♦rs Zj ✱ ωq−1 ≤ j ≤ ωq − 1 ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳

▲❡t E = (
⋃∞

m=0{m} × R
m)

k
❜❡ t❤❡ s❡t ✐♥ ✇❤✐❝❤ Z1 t❛❦❡s ✐ts ✈❛❧✉❡s✳ ◆♦t❡ t❤❛t ❡✈❡r②

P
i0
Φ0

−♠♦♠❡♥t ♦❢ ω1 ✐s ✜♥✐t❡ ✭s❡❡ ▲❡♠♠❛ ✸✮ ❛♥❞ t❤❛t Ei0
Φ0

(ω1) = 1/ai0(Φ0) > 0 ❜❡❝❛✉s❡ a(Φ0)

✐s t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ (J(q))✳ ❲❡ ♠❛② ♥♦✇ st❛t❡ ❛ ❧❛✇ ♦❢ ❧❛r❣❡

♥✉♠❜❡rs ❛♥❞ ❛ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ✇❤✐❝❤ ❛r❡ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❚❤❡♦r❡♠s ✷ ❛♥❞ ✸ ✐♥

❘②❞é♥ ❬✶✾❪❀ s✐♠✐❧❛r r❡s✉❧ts ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆s♠✉ss❡♥ ❬✶❪✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ▲❡t g = (g1, . . . , gr) : E → R
r✱ r ≥ 1 ❜❡ ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✳ ■❢

E
i0
Φ0

∣∣∣
∑ω1

q=1 gi(Zq)
∣∣∣ <∞ ❢♦r ❡✈❡r② i ∈ {1, . . . , r}✱ t❤❡♥

1

n

n∑

q=1

g(Zq)
P−→ ai0(Φ0)E

i0
Φ0

(
ω1∑

q=1

g(Zq)

)
❛s n→ ∞.

Pr♦♣♦s✐t✐♦♥ ✷✳ ▲❡t g = (g1, . . . , gr) : E → R
r✱ r ≥ 1 ❜❡ ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✳ ■❢

E
i0
Φ0

∣∣∣
∑ω1

q=1 gi(Zq)
∣∣∣
2

<∞ ❢♦r ❡✈❡r② i ∈ {1, . . . , r}✱ t❤❡♥

1√
n

n∑

q=1

[
g(Zq)− ai0(Φ0)E

i0
Φ0

(
ω1∑

q=1

g(Zq)

)]
d−→ N (0, ai0(Φ0)Σ

i0(Φ0)) ❛s n→ ∞

✇❤❡r❡ ❢♦r ❡✈❡r② i, j ∈ {1, . . . , r}✱ t❤❡ (i, j)−t❤ ❡❧❡♠❡♥t ♦❢ t❤❡ ♠❛tr✐① Σi0(Φ0) ✐s ❡q✉❛❧ t♦

Covi0Φ0

[
ω1∑

q=1

gi(Zq)− ai0(Φ0)E
i0
Φ0

(
ω1∑

q=1

gi(Zq)

)
ω1,

ω1∑

q=1

gj(Zq)− ai0(Φ0)E
i0
Φ0

(
ω1∑

q=1

gj(Zq)

)
ω1

]
.

✶✷



❲❡ ♠❛② ♥♦✇ ♣r♦✈❡ ❚❤❡♦r❡♠ ✷✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳ ❲❡ st❛rt ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹ ✐♥ ❘②❞é♥ ❬✶✾❪✳ ❈♦♥❞✐t✐♦♥

K ∩ Φ0 = {Φ0} ❡♥s✉r❡s t❤❛t Φ̂n → Φ0 ❛❧♠♦st s✉r❡❧② ❛s n → ∞✳ ❊s♣❡❝✐❛❧❧②✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t②

✶✱ ♦♥❡ ❤❛s Φ̂n ∈ K ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤ ❜② ❚❤❡♦r❡♠ ✶✳ ❋♦r s✉❝❤ n✱ ❛ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡

i−t❤ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ Φ 7→ logST Ln(Φ) ❛t Φ0 ✐s

0 =
∂ logST Ln

∂ϕi
(Φ̂n) =

∂ logST Ln

∂ϕi
(Φ0) +

|E|∑

j=1

(Φ̂n,j − Φ0,j)
∂2 logST Ln

∂ϕj∂ϕi
(Φ0)

+
1

2

|E|∑

j,k=1

(Φ̂n,j − Φ0,j)(Φ̂n,k − Φ0,k)
∂3 logST Ln

∂ϕk∂ϕj∂ϕi
(Φ̃n)

✇❤❡r❡ Φ̃n ✐s s♦♠❡ ♣♦✐♥t ♦♥ t❤❡ ❧✐♥❡ ❝♦♥♥❡❝t✐♥❣ Φ0 ❛♥❞ Φ̂n✳ ■♥ ♦t❤❡r ✇♦r❞s✱

T1,n = T2,n + T3,n ✭✺✮

✇✐t❤ T1,n =
1√
n

n∑

q=1

hi(Zq,Φ0),

T2,n = −
|E|∑

j=1

√
n(Φ̂n,j − Φ0,j)

[
1

n

n∑

q=1

∂2 logL1

∂ϕj∂ϕi
(Zq,Φ0)

]

❛♥❞ T3,n = −1

2

|E|∑

j=1

√
n(Φ̂n,j − Φ0,j)




|E|∑

k=1

(Φ̂n,k − Φ0,k)
1

n

n∑

q=1

∂3 logL1

∂ϕk∂ϕj∂ϕi
(Zq, Φ̃n)


 .

❲❡ st❛rt ❜② ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛❧✐t② ✭✺✮✳ ❚♦ t❤✐s ❡♥❞✱ ✉s❡ ▲❡♠♠❛ ✹ ❛♥❞

t❤❡ ❢❛❝t t❤❛t t❤❡ ♣r♦❝❡ss (Zq)q≥1 ✐s ❡r❣♦❞✐❝ t♦ ♦❜t❛✐♥

T2,n = −
|E|∑

j=1

√
n(Φ̂n,j − Φ0,j)EΦ0

(
∂2 logL1

∂ϕj∂ϕi
(Z,Φ0)

)
(1 + oP(1)).

▼♦r❡♦✈❡r✱ s✐♥❝❡
∂2 logL1

∂ϕj∂ϕi
=

1

L1

∂2L1

∂ϕj∂ϕi
− 1

L2
1

∂L1

∂ϕi

∂L1

∂ϕj
,

✐t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✹ ❛♥❞ ♦❢ ❛ ❞✐✛❡r❡♥t✐❛t✐♦♥ ✉♥❞❡r t❤❡ ❡①♣❡❝t❛t✐♦♥ s✐❣♥ t❤❛t

T2,n = −
|E|∑

j=1

√
n(Φ̂n,j − Φ0,j)EΦ0

(hi(Z,Φ0)hj(Z,Φ0))(1 + oP(1)).

▲❡♠♠❛ ✻ t❤✉s ②✐❡❧❞s

T2,n = −ai0(Φ0)

|E|∑

j=1

√
n(Φ̂n,j − Φ0,j)E

i0
Φ0

(
ω1∑

q=1

hi(Zq,Φ0)hj(Zq,Φ0)

)
(1 + oP(1)). ✭✻✮

✶✸



❇❡s✐❞❡s✱ ▲❡♠♠❛ ✹✱ t❤❡ ❡r❣♦❞✐❝✐t② ♦❢ (Zq)q≥1 ❛♥❞ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ Φ̂n ❡♥t❛✐❧

T3,n = oP




|E|∑

j=1

√
n(Φ̂n,j − Φ0,j)


 ✭✼✮

❛s n→ ∞✳ ❈♦❧❧❡❝t✐♥❣ ✭✻✮ ❛♥❞ ✭✼✮✱ ✇❡ ♦❜t❛✐♥

T2,n + T3,n = ai0(Φ0)

|E|∑

j=1

√
n(Φ̂n,j − Φ0,j)E

i0
Φ0

(
ω1∑

q=1

hi(Zq,Φ0)hj(Zq,Φ0)

)
(1 + oP(1)) ✭✽✮

❛s n → ∞✳ ❋✐♥❛❧❧②✱ ✇❡ ♥♦t❡ t❤❛t t❤❛♥❦s t♦ ▲❡♠♠❛ ✹✱ ✇❡ ♠❛② ♦♥❝❡ ❛❣❛✐♥ ❞✐✛❡r❡♥t✐❛t❡ ✉♥❞❡r

t❤❡ ✐♥t❡❣r❛❧ s✐❣♥ t♦ ♦❜t❛✐♥ EΦ0
(hi(Z,Φ0)) = 0✳ ▲❡♠♠❛ ✹ ❛♥❞ t❤❡ ❡r❣♦❞✐❝✐t② ♦❢ (Zq)q≥1 t❤✉s

②✐❡❧❞

1√
n
T1,n =

1

n

n∑

q=1

hi(Zq,Φ0) → 0 ❛❧♠♦st s✉r❡❧② ❛s n→ ∞.

❇❡s✐❞❡s✱ Pr♦♣♦s✐t✐♦♥ ✶ ❡♥t❛✐❧s

1√
n
T1,n =

1

n

n∑

q=1

hi(Zq,Φ0)
P−→ ai0(Φ0)E

i0
Φ0

(
ω1∑

q=1

hi(Zq,Φ0)

)
❛s n→ ∞

s♦ t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐♥ t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ♠✉st ❜❡ ③❡r♦❀ ✜♥❛❧❧②

E
i0
Φ0

∣∣∣∣∣

ω1∑

q=1

hi(Zq,Φ0)

∣∣∣∣∣

2

<∞,

s❡❡ ▲❡♠♠❛s ✹ ❛♥❞ ✺❀ ❛♣♣❧②✐♥❣ Pr♦♣♦s✐t✐♦♥ ✷ t❤❡♥ ❣✐✈❡s

T1,n
d−→ N (0, ai0(Φ0)V (Φ0)) ❛s n→ ∞. ✭✾✮

❈♦❧❧❡❝t✐♥❣ ✭✺✮✱ ✭✽✮ ❛♥❞ ✭✾✮ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

❆♣♣❡♥❞✐① ❇✿ ♣r♦♦❢s ♦❢ t❤❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts

❚❤❡ ✜rst r❡s✉❧t ✐s ❛ ♥❡❝❡ss❛r② st❡♣ t♦ ♦❜t❛✐♥ t❤❡ str♦♥❣ ❝♦♥s✐st❡♥❝② ♦❢ ♦✉r ❡st✐♠❛t♦r✳

▲❡♠♠❛ ✶✳ ❋♦r ❡✈❡r② ϕ ∈ E ❛♥❞ z = (ws, y
(s)
1 , . . . , y

(s)
ws )1≤s≤k✱ ♦♥❡ ❤❛s

m(rm)k+2(rm)w1+···+wk ≤ L1(z, ϕ) ≤M(rM)k+2(rM)w1+···+wk

✶✹



✇❤❡r❡

M := max

{
1,max

j,s
λ
(s)
j (ϕ)

}
<∞

❛♥❞ ✐❢ Ks := [0, τs − τs−1]✱

m := min

{
min
i
ai(ϕ),min

i,j,s
min
y∈Ks

fij(y, s,Φ),min
i,j,s

min
y∈Ks

F ij(y, s,Φ)

}
> 0.

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳ ❙t❛rt ❜② r❡♠❛r❦✐♥❣ t❤❛t

Fαβ(y, s, ϕ) = [exp(y(L(ϕ)− Λ(s)(ϕ)))]αβ = P(J ′(y) = β,N ′(y) = 0 | J ′(0) = α) ≤ 1

✇❤❡♥ (J ′, N ′) ✐s ❛♥ ▼▼PP ✇✐t❤ tr❛♥s✐t✐♦♥ ✐♥t❡♥s✐t② ♠❛tr✐① L(ϕ) ❛♥❞ ❥✉♠♣ ✐♥t❡♥s✐t② ♠❛tr✐①

Λ(s)(ϕ)✱ s❡❡ ▼❡✐❡r✲❍❡❧❧st❡r♥ ❬✶✷❪✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❡✈❡r② y ≥ 0✱ ♦♥❡ ❤❛s Fαβ(y, s, ϕ) ≤ M ❛♥❞

fαβ(y, s, ϕ) ≤M ✳ ❯s✐♥❣ ✭✶✮✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② ♦❜t❛✐♥

L1(z, ϕ) ≤M(rM)k+2(rM)w1+···+wk .

❇❡s✐❞❡s✱ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ Ks ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♠❛♣s ✐♥✈♦❧✈❡❞ ❡♥t❛✐❧

min
i,j,s

min
y∈Ks

fij(y, s,Φ) > 0 ❛♥❞ min
i,j,s

min
y∈Ks

F ij(y, s,Φ) > 0

s♦ t❤❛t m > 0✳ ❍❡♥❝❡✱ ✉s✐♥❣ ✭✶✮✱ t❤❡ ✐♥❡q✉❛❧✐t②

L1(z, ϕ) ≥ m(rm)k+2(rm)w1+···+wk

✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❆ s❡❝♦♥❞ ♣✐✈♦t❛❧ t♦♦❧ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛✿

▲❡♠♠❛ ✷✳ ❋♦r ❡✈❡r② Φ ∈ E✱ t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞ GΦ ♦❢ Φ ✐♥ E s✉❝❤ t❤❛t

EΦ0

∣∣∣∣ sup
ϕ∈GΦ

logL1(Z,ϕ)

∣∣∣∣ <∞.

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳ ▲❡t GΦ ❜❡ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ Φ✱ A =

{
sup

ϕ∈GΦ

L1(Z,ϕ) ≤ 1

}
❛♥❞ ✇r✐t❡

EΦ0

∣∣∣∣ sup
ϕ∈GΦ

logL1(Z,ϕ)

∣∣∣∣ = EΦ0

[
sup

ϕ∈GΦ

logL1(Z,ϕ)1lAc

]
− EΦ0

[
sup

ϕ∈GΦ

logL1(Z,ϕ)1lA

]

≤ EΦ0

[
sup

ϕ∈GΦ

logL1(Z,ϕ)1lAc

]
− EΦ0

[logL1(Z,Φ)1lA] ✭✶✵✮

✶✺



✇❤❡r❡ Ac ✐s t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ A✳ ❚❤❡ ❣♦❛❧ ✐s t♦ s❤♦✇ t❤❛t t❤❡ q✉❛♥t✐t② ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞

s✐❞❡ ♦❢ t❤✐s ✐♥❡q✉❛❧✐t② ✐s ✜♥✐t❡ ❢♦r ❛ s✉✐t❛❜❧❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ GΦ ♦❢ Φ ✐♥ E ✳ ▲❡t

z = (ws, y
(s)
1 , . . . , y

(s)
ws )1≤s≤k ❛♥❞ GΦ ❜❡ ❛ ❝♦♠♣❛❝t ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ Φ s✉❝❤ t❤❛t ϕ 7→ a(ϕ) ✐s

❝♦♥t✐♥✉♦✉s ♦♥ GΦ ❛♥❞

M := sup
ϕ∈GΦ

max

{
1,max

j,s
λ
(s)
j (ϕ)

}
<∞.

▲❡♠♠❛ ✶ ❡♥t❛✐❧s

sup
ϕ∈GΦ

L1(z, ϕ) ≤M(rM)k+2(rM)w1+···+wk .

❚❤❡r❡❢♦r❡✱ s✐♥❝❡ t❤❡ ❧♦❣❛r✐t❤♠ ❢✉♥❝t✐♦♥ ✐s ✐♥❝r❡❛s✐♥❣✱

sup
ϕ∈GΦ

logL1(z, ϕ) ≤ logM + (k + 2 + w1 + · · ·+ wk) log rM.

❚❤✐s ✐♥❡q✉❛❧✐t② ②✐❡❧❞s

EΦ0

[
sup

ϕ∈GΦ

logL1(Z,ϕ)1lAc

]
≤ logM +

[
k + 2 +

k∑

s=1

EΦ0
(Ws)

]
log rM <∞ ✭✶✶✮

s✐♥❝❡ EΦ0
(Ws) <∞ ❢♦r ❛❧❧ s✳ ❋✉rt❤❡r♠♦r❡✱ ▲❡♠♠❛ ✶ ②✐❡❧❞s ❢♦r s♦♠❡ m > 0✿

L1(z,Φ) ≥ m(rm)k+2(rm)w1+···+wk .

❊s♣❡❝✐❛❧❧②

− EΦ0
[logL1(Z,Φ)1lA] ≤ | logm|+

[
k + 2 +

k∑

s=1

EΦ0
(Ws)

]
| log rm| <∞. ✭✶✷✮

❯s✐♥❣ t♦❣❡t❤❡r ✭✶✵✮✱ ✭✶✶✮ ❛♥❞ ✭✶✷✮ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

❚❤❡ ♥❡①t r❡s✉❧t s❤♦✇s t❤❛t ❢♦r ❡✈❡r② i0 ∈ {1, . . . , r}✱ t❤❡ s✉r✈✐✈❛❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ t✐♠❡

ω1 = min{q ≥ 1 | J(q) = i0} ❝♦♥✈❡r❣❡s t♦ ✵ ❣❡♦♠❡tr✐❝❛❧❧② ❢❛st✳

▲❡♠♠❛ ✸✳ ❋♦r ❡✈❡r② i0 ∈ {1, . . . , r}✱ t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞ G ♦❢ Φ0 ❛♥❞ ❛ ❝♦♥st❛♥t

c ∈ (0, 1) s✉❝❤ t❤❛t

∀k ∈ N, sup
Φ∈G

P
i0
Φ (ω1 > k) ≤ ck.

■♥ ♣❛rt✐❝✉❧❛r✱ Ei0
Φ0

(ωk
1 ) <∞ ❢♦r ❡✈❡r② k ≥ 1✳

✶✻



Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳ ❚❤❡ r❡s✉❧t ✐s ♦❜✈✐♦✉s ❢♦r k = 0✳ P✐❝❦ k ≥ 1 ❛♥❞ ♥♦t❡ t❤❛t

P
i0
Φ (ω1 > k) =

∑

j 6=i0

P
i0
Φ (J(1) 6= i0, . . . , J(k − 2) 6= i0, J(k − 1) = j, J(k) 6= i0)

=
∑

j 6=i0

P
i0
Φ (J(1) 6= i0, . . . , J(k − 2) 6= i0, J(k − 1) = j)Pj

Φ(J(1) 6= i0). ✭✶✸✮

❙❡t✱ ❢♦r i✱ j ∈ {1, . . . , r}✱

Pij(Φ) = P
i
Φ(J(1) = j) = [exp(L(Φ))]ij .

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♠❛♣s Φ 7→ Pij(Φ) ❛r❡ ❝♦♥t✐♥✉♦✉s✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss J ✐s

✐rr❡❞✉❝✐❜❧❡✱ ✐t ❤♦❧❞s t❤❛t Pij(Φ) > 0 ❢♦r ❛❧❧ i ❛♥❞ j✳ ❈♦♥s❡q✉❡♥t❧②

0 < c = max
j 6=i0

sup
Φ∈G

P
j
Φ(J(1) 6= i0) < 1.

❯s✐♥❣ ✭✶✸✮ ❡♥t❛✐❧s

sup
Φ∈G

P
i0
Φ (ω1 > k) ≤ c sup

Φ∈G
P
i0
Φ (ω1 > k − 1)

✇❤✐❝❤ ❣✐✈❡s t❤❡ ❞❡s✐r❡❞ r❡s✉❧t ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k✳

❆♥ ✐♠♣♦rt❛♥t ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷ ✐s t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ r❡s✉❧t✿

▲❡♠♠❛ ✹✳ ❚❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞ G ♦❢ Φ0 ✐♥ E ❛♥❞ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C✱ C ′ s✉❝❤ t❤❛t

❢♦r ❛♥② i✱ j✱ k✿

sup
ϕ∈G

max

{
1

L1(Z,ϕ)
,L1(Z,ϕ),

∣∣∣∣
∂L1

∂ϕi
(Z,ϕ)

∣∣∣∣ ,
∣∣∣∣
∂2L1

∂ϕi∂ϕj
(Z,ϕ)

∣∣∣∣ ,
∣∣∣∣

∂3L1

∂ϕi∂ϕj∂ϕk
(Z,ϕ)

∣∣∣∣
}

≤ C exp

(
C ′

k∑

s=1

Ws

)
.

❊s♣❡❝✐❛❧❧②✱ t❤❡r❡ ❡①✐st ✭♣♦ss✐❜❧② ❞✐✛❡r❡♥t✮ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C✱ C ′ s✉❝❤ t❤❛t ❢♦r ❛♥② i✱ j✱ k✿

sup
ϕ∈G

max

{
|logL1(Z,ϕ)| ,

∣∣∣∣
∂ logL1

∂ϕi
(Z,ϕ)

∣∣∣∣ ,
∣∣∣∣
∂2 logL1

∂ϕi∂ϕj
(Z,ϕ)

∣∣∣∣ ,
∣∣∣∣
∂3 logL1

∂ϕi∂ϕj∂ϕk
(Z,ϕ)

∣∣∣∣
}

≤ C exp

(
C ′

k∑

s=1

Ws

)
,

t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ❞❡✜♥❡s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ✜♥✐t❡ PΦ0
−♠♦♠❡♥ts

❛♥❞ ❢♦r ❛❧❧ i1✱ i ❛♥❞ j✱

E
i1
Φ0

[
sup
ϕ∈G

|hi(Z,ϕ)hj(Z,ϕ)|
]
<∞.

✶✼



Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳ ❆ss✉♠❡ t❤❛t G ✐s ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ Φ0 s✉❝❤ t❤❛t ϕ 7→ a(ϕ) ✐s ❝♦♥t✐♥✉♦✉s

♦♥ G ❛♥❞ inf
ϕ∈G

min
j,s

λ
(s)
j (ϕ) > 0✳ ■t ✇❛s s❤♦✇♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷ t❤❛t ✐❢ Ks = [0, τs−τs−1]

t❤❡♥ ❢♦r ❛♥② ϕ ∈ G✱

min

{
min
i
ai(ϕ), min

y∈Ks

min
i,j,s

fij(y, s,Φ), min
y∈Ks

min
i,j,s

F ij(y, s,Φ)

}
> 0.

❈♦♥s❡q✉❡♥t❧②✱

m := inf
ϕ∈G

{
min
i
ai(ϕ), min

y∈Ks

min
i,j,s

fij(y, s,Φ), min
y∈Ks

min
i,j,s

F ij(y, s,Φ)

}
> 0.

❋♦r ❛❧❧ ϕ ∈ G ❛♥❞ ❡✈❡r② z = (ws, y
(s)
1 , . . . , y

(s)
ws )1≤s≤k✱ ▲❡♠♠❛ ✷ ❡♥t❛✐❧s

L1(z, ϕ) ≥ m(rm)k+2(rm)w1+···+wk . ✭✶✹✮

■❢ ♠♦r❡♦✈❡r G ✐s ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ Φ0 ✇✐t❤ sup
ϕ∈G

max
i,j

ℓij(ϕ) < ∞ ❛♥❞ sup
ϕ∈G

max
j,s

λ
(s)
j (ϕ) < ∞

t❤❡♥ s✐♠✐❧❛r❧②

M1 := sup
ϕ∈G

{
max

i
ai(ϕ),max

i,j,s
max
y∈Ks

fij(y, s,Φ),max
i,j,s

max
y∈Ks

F ij(y, s,Φ)

}
<∞.

▲❡t ❢✉rt❤❡r

M2 = sup
ϕ∈G

max
n,p,s

max
k

max
y∈Ks

{∣∣∣∣
∂fnp
∂ϕk

(y, s, ϕ)

∣∣∣∣ ,
∣∣∣∣
∂Fnp

∂ϕk
(y, s, ϕ)

∣∣∣∣
}
,

M3 = sup
ϕ∈G

max
n,p,s

max
k,l

max
y∈Ks

{∣∣∣∣
∂2fnp
∂ϕk∂ϕl

(y, s, ϕ)

∣∣∣∣ ,
∣∣∣∣
∂2Fnp

∂ϕk∂ϕl
(y, s, ϕ)

∣∣∣∣
}

❛♥❞ M4 = sup
ϕ∈G

max
n,p,s

max
k,l,m

max
y∈Ks

{∣∣∣∣
∂3fnp

∂ϕk∂ϕl∂ϕm
(y, s, ϕ)

∣∣∣∣ ,
∣∣∣∣

∂3Fnp

∂ϕk∂ϕl∂ϕm
(y, s, ϕ)

∣∣∣∣
}

❛♥❞ ♥♦t❡ t❤❛t M = max{M1,M2,M3,M4} < ∞✳ ❊q✉❛t✐♦♥ ✭✶✮✱ ✐♥❡q✉❛❧✐t② ✭✶✹✮ ❛♥❞ t❡❞✐♦✉s

❝♦♠♣✉t❛t✐♦♥s ♠❛② t❤❡♥ ❜❡ ✉s❡❞ t♦ s❤♦✇ t❤❛t ♦♥❡ ♠❛② ✜♥❞ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C✱ C ′ s✉❝❤ t❤❛t

sup
ϕ∈G

max

{
1

L1(Z,ϕ)
,L1(Z,ϕ),

∣∣∣∣
∂L1

∂ϕi
(Z,ϕ)

∣∣∣∣ ,
∣∣∣∣
∂2L1

∂ϕi∂ϕj
(Z,ϕ)

∣∣∣∣ ,
∣∣∣∣

∂3L1

∂ϕi∂ϕj∂ϕk
(Z,ϕ)

∣∣∣∣
}

≤ C exp

(
C ′

k∑

s=1

Ws

)
. ✭✶✺✮

❇❡s✐❞❡s✱ ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ ϕ 7→ G(ϕ) s✉❝❤ t❤❛t logG ✐s t❤r❡❡ t✐♠❡s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡✱

∂2 logG

∂ϕi∂ϕj
=

1

G

∂2G

∂ϕi∂ϕj
− 1

G2

∂G

∂ϕi

∂G

∂ϕj
,

∂3 logG

∂ϕi∂ϕj∂ϕk
=

1

G

∂3G

∂ϕi∂ϕj∂ϕk
− 1

G2

∂2G

∂ϕi∂ϕj

∂G

∂ϕk

− 1

G2

[
∂2G

∂ϕi∂ϕk

∂G

∂ϕj
+
∂G

∂ϕi

∂2G

∂ϕj∂ϕk

]
+ 2

1

G3

∂G

∂ϕi

∂G

∂ϕj

∂G

∂ϕk
.

✶✽



■♥❡q✉❛❧✐t② ✭✶✺✮ t❤❡r❡❢♦r❡ ②✐❡❧❞s

sup
ϕ∈G

max

{
|logL1(Z,ϕ)| ,

∣∣∣∣
∂ logL1

∂ϕi
(Z,ϕ)

∣∣∣∣ ,
∣∣∣∣
∂2 logL1

∂ϕi∂ϕj
(Z,ϕ)

∣∣∣∣ ,
∣∣∣∣
∂3 logL1

∂ϕi∂ϕj∂ϕk
(Z,ϕ)

∣∣∣∣
}

≤ C exp

(
C ′

k∑

s=1

Ws

)
,

❢♦r ✭♣♦ss✐❜❧② ❞✐✛❡r❡♥t✮ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C✱ C ′✳ ❋✐♥❛❧❧②✱ s✐♥❝❡ ❢♦r ❡✈❡r② s ∈ {1, . . . , k}✱ Ws

✐s ❛ P♦✐ss♦♥ ❞✐str✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✱ ♦♥❡ ❤❛s EΦ0
(xWs) < ∞ ❢♦r ❛❧❧ s ❛♥❞ x > 0✱ ✇❤✐❝❤

♣r♦✈❡s t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ❛❜♦✈❡ ❞❡✜♥❡s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❤❛✈✐♥❣ ✜♥✐t❡

PΦ0
−♠♦♠❡♥ts✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❧❡♠♠❛ ✐s t❤✉s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡

❛❜♦✈❡ ✐♥❡q✉❛❧✐t②✳

❚❤❡ ♥❡①t r❡s✉❧t s❤❛❧❧ ❜❡ ✉s❡❞ t♦ ❝❤❡❝❦ ❛ ❝♦✉♣❧❡ ♦❢ ✐♥t❡❣r❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢

❚❤❡♦r❡♠ ✷✳

▲❡♠♠❛ ✺✳ ❆ss✉♠❡ t❤❛t ψ ✐s ❛ ❇♦r❡❧ ♠❡❛s✉r❛❜❧❡ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥✳ ❲❡ ❝♦♥s✐❞❡r t❤❡

r❛♥❞♦♠ ✈❛r✐❛❜❧❡ U =
∑ω1

q=1 ψ(Zq)✳

• ■❢ EΦ0
(ψ(Z)) <∞ t❤❡♥ ❢♦r ❡✈❡r② i0 ∈ {1, . . . , r}✱ Ei0

Φ0
(U) <∞✳

• ■❢ EΦ0
(ψ2(Z)) <∞ t❤❡♥ ❢♦r ❡✈❡r② i0 ∈ {1, . . . , r}✱ Ei0

Φ0
(U2) <∞✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳ ❲❡ st❛rt ❜② r❡♠❛r❦✐♥❣ t❤❛t ❢♦r ❛♥② l ≥ 1✱ ✐❢ EΦ0
(ψl(Z)) < ∞ t❤❡♥ ❢♦r

❛♥② i1✿

E
i1
Φ0

|ψl(Z)| ≤ EΦ0
|ψl(Z)|

ai1(Φ0)
<∞

s✐♥❝❡ ai1(Φ0) > 0✳ ❚♦ ♣r♦✈❡ t❤❡ ✜rst st❛t❡♠❡♥t✱ ✇❡ t❤❡♥ ✇r✐t❡

E
i0
Φ0

(U) =

∞∑

N=1

E
i0
Φ0

(
N∑

q=1

ψ(Zq)1l{ω1=N}

)
=

∞∑

q=1

E
i0
Φ0

(ψ(Zq)1l{ω1≥q}).

❙✐♥❝❡ {ω1 ≥ q} =
⋂q−1

l=0 {J(l) 6= i0}✱ t❤❡ ❤✐❞❞❡♥ ▼❛r❦♦✈ str✉❝t✉r❡ ♦❢ (Zq) ②✐❡❧❞s

E
i0
Φ0

(U) =

∞∑

q=1

∑

i1 6=i0

E
i1
Φ0

(ψ(Z))Pi0
Φ0

(ω1 ≥ q, J(q) = i1)

≤ E
i0
Φ0

(ω1)max
i1

E
i1
Φ0

(ψ(Z)).

✶✾



❙✐♥❝❡ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ (J(q)) ✐s ✐rr❡❞✉❝✐❜❧❡ ♦♥ {1, . . . , r} ❛♥❞ ❤❛s st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥

a(Φ0)✱ ♦♥❡ ❤❛s E
i0
Φ0

(ω1) = 1/ai0(Φ0) < ∞✱ ❢r♦♠ ✇❤✐❝❤ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s

✜♥✐t❡✳

❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❧❡♠♠❛✳ ◆♦t❡ t❤❛t

E
i0
Φ0

(U2) =
∞∑

N=1

E
i0
Φ0

(
N∑

p,q=1

ψ(Zp)ψ(Zq)1l{ω1=N}

)

=

∞∑

N=1

N∑

q=1

E
i0
Φ0

(
ψ2(Zq)1l{ω1=N}

)
+ 2

∞∑

N=1

E
i0
Φ0




N∑

p,q=1
p<q

ψ(Zp)ψ(Zq)1l{ω1=N}


 .

❲❡ ❛❧r❡❛❞② ❦♥♦✇ ❢r♦♠ t❤❡ ✜rst st❛t❡♠❡♥t ♦❢ t❤❡ ❧❡♠♠❛ t❤❛t

∞∑

N=1

N∑

q=1

E
i0
Φ0

(ψ2(Zq)1l{ω1=N}) = E
i0
Φ0

(
ω1∑

q=1

ψ2(Zq)

)
<∞.

❋✉rt❤❡r✱ ❢♦r ❛❧❧ ❇♦r❡❧ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s f1, . . . , fN ❛♥❞ ❛❧❧ i1, . . . , iN ✱ t❤❡ ❤✐❞❞❡♥ ▼❛r❦♦✈

str✉❝t✉r❡ ♦❢ (Zq) ❡♥t❛✐❧s

E
i0
Φ0

(
f1(Z1) · · · fN (ZN )1l{J(1)=i1,..., J(N)=iN}

)

=

[
N∏

q=1

E
i0
Φ0

(fq(Zq) | J(q − 1) = iq−1, J(q) = iq)

]
P
i0
Φ0

(
N⋂

q=1

{J(q) = iq}
)

=

[
N∏

q=1

E
iq−1

Φ0
(fq(Z1) | J(1) = iq)

]
P
i0
Φ0

(
N⋂

q=1

{J(q) = iq}
)
.

❙✐♥❝❡ ✇❡ ♠❛② ✇r✐t❡

{ω1 = N} =


 ⋃

j1,...,jN−1 6=i0

N−1⋂

q=1

{J(q) = jq}


 ∩ {J(N) = i0}

✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t❤❛t

∞∑

N=1

E
i0
Φ0




N∑

p,q=1
p<q

ψ(Zp)ψ(Zq)1l{ω1=N}


 ≤

[
max
i1,i2

E
i1
Φ0

(ψ(Z) | J(1) = i2)

]2
E
i0
Φ0

(ω2
1)

✇❤✐❝❤ ✐s ✜♥✐t❡ s✐♥❝❡ E
i0
Φ0

(ω2
1) <∞✱ s❡❡ ▲❡♠♠❛ ✸✳

▲❡♠♠❛ ✻ ✐s t❤❡ ❦❡② t♦ t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳

✷✵



▲❡♠♠❛ ✻✳ ❆ss✉♠❡ t❤❛t ψ ✐s ❛ ❇♦r❡❧ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t EΦ0
|ψ(Z)| <∞✳ ❚❤❡♥

EΦ0
(ψ(Z)) = ai0(Φ0)E

i0
Φ0

(
ω1∑

q=1

ψ(Zq)

)
.

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳ ❚❤❡ ❡r❣♦❞✐❝✐t② ♦❢ t❤❡ ♣r♦❝❡ss (Zq)q≥1 ❡♥t❛✐❧s

1

n

n∑

q=1

ψ(Zq) → EΦ0
(ψ(Z)) ❛❧♠♦st s✉r❡❧② ❛s n→ ∞.

❇❡s✐❞❡s✱ ▲❡♠♠❛ ✺ ②✐❡❧❞s E|∑ω1

q=1 ψ(Zq)| <∞✱ s♦ t❤❛t Pr♦♣♦s✐t✐♦♥ ✶ ❣✐✈❡s

1

n

n∑

q=1

ψ(Zq)
P−→ ai0(Φ0)E

i0
Φ0

(
ω1∑

q=1

ψ(Zq)

)
❛s n→ ∞

❢r♦♠ ✇❤✐❝❤ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳

✷✶



ℓ12 ℓ21 λ
(1)
1 λ

(1)
2 λ

(2)
1 λ

(2)
2

❈❛s❡ ✶

n = 50

▼❡❛♥ L1−❡rr♦r ✵✳✸✹✺ ✵✳✻✻✸ ✵✳✹✶✾ ✵✳✾✵✾ ✵✳✻✼✸ ✷✳✵✹✶

▼❡❞✐❛♥ L1−❡rr♦r ✵✳✷✺✾ ✵✳✹✹✾ ✵✳✸✶✷ ✵✳✻✶✷ ✵✳✹✾✼ ✶✳✻✸✼

n = 100

▼❡❛♥ L1−❡rr♦r ✵✳✷✹✷ ✵✳✹✺✺ ✵✳✷✹✾ ✵✳✺✼✸ ✵✳✺✵✽ ✶✳✷✾✹

▼❡❞✐❛♥ L1−❡rr♦r ✵✳✷✵✷ ✵✳✸✻✼ ✵✳✷✷✹ ✵✳✹✾✷ ✵✳✹✺✾ ✶✳✶✺✵

❈❛s❡ ✷

n = 50

▼❡❛♥ L1−❡rr♦r ✶✳✼✻✵ ✺✳✷✻✻ ✵✳✻✶✻ ✷✳✷✶✵ ✶✳✵✾✽ ✹✳✽✽✷

▼❡❞✐❛♥ L1−❡rr♦r ✶✳✸✺✷ ✸✳✽✸✵ ✵✳✹✺✹ ✶✳✹✾✾ ✵✳✼✻✻ ✸✳✼✼✷

n = 100

▼❡❛♥ L1−❡rr♦r ✶✳✵✸✽ ✸✳✵✾✾ ✵✳✹✺✺ ✶✳✼✻✽ ✵✳✽✵✺ ✸✳✻✶✶

▼❡❞✐❛♥ L1−❡rr♦r ✵✳✼✶✻ ✷✳✽✸✸ ✵✳✷✼✸ ✶✳✶✺✸ ✵✳✻✷✷ ✸✳✶✶✼

❈❛s❡ ✸

n = 50

▼❡❛♥ L1−❡rr♦r ✵✳✷✼✼ ✵✳✺✼✼ ✵✳✷✸✺ ✵✳✼✽✶ ✵✳✺✵✶ ✷✳✵✼✺

▼❡❞✐❛♥ L1−❡rr♦r ✵✳✶✾✹ ✵✳✹✺✶ ✵✳✶✼✼ ✵✳✺✶✸ ✵✳✹✸✽ ✶✳✻✾✾

n = 100

▼❡❛♥ L1−❡rr♦r ✵✳✶✼✷ ✵✳✸✻✸ ✵✳✶✼✹ ✵✳✻✷✾ ✵✳✷✼✸ ✶✳✸✸✼

▼❡❞✐❛♥ L1−❡rr♦r ✵✳✶✶✽ ✵✳✸✵✶ ✵✳✶✹✸ ✵✳✺✶✻ ✵✳✷✸✽ ✶✳✶✵✸

❚❛❜❧❡ ✶✿ ▼❡❛♥ ❛♥❞ ♠❡❞✐❛♥ L1−❡rr♦rs ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❡st✐♠❛t♦rs ✐♥ ❛❧❧ ❝❛s❡s✳

✷✷
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