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Abstract

The tail copula is widely used to describe the amount of extremal dependence of a multi-
variate distribution. In some situations such as risk management, the dependence structure
can be linked with some covariate. The tail copula thus depends on this covariate and is
referred to as the conditional tail copula. The aim of this paper is to propose a nonparamet-
ric estimator of the conditional tail copula and to establish its asymptotic normality. Some

illustrations are presented both on simulated and real datasets.
AMS Subject Classifications: 62G05, 62G20, 62G30, 62G32.
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1 Introduction

In various domains such as insurance, finance and hydrology, there is an increasing interest in under-
standing the dependence structure between large values of two or more variables. For example, in
finance, one can be interested in the link between large values of the market index and large returns
of individual stocks, see [2, 28]. The dependence structure of a random vector Y = (Y7,...,Yy)?
with d > 2 is commonly described by a copula which is a multivariate distribution function with
uniformly distributed margins on the interval [0,1]. Let us denote by F;, i = 1,...,d the marginal
survival functions of Y. From Sklar theorem [34], if the margins of ¥ are continuous, there exist
a unique copula S defined on [0,1]? such that for all y = (y1,...,y4)7 € R? the multivariate
survival function writes F(y) := P(Y >5) = S(F1(y1), .., Fa(yq)). This function S is then given
for all u = (u1,...,uq)? € [0,1]¢ by S(u) = F(q(u)), where q(u) := (Ff (w1),..., Fi (uq))? is
a multivariate quantile. Note that (a1,...,aq) > (b1,...,bq) corresponds to the componentwise
inequality a; > b; for all i = 1,...,d. Besides, f< denotes the generalized inverse of a decreasing
function f i.e, f(z) = inf{¢, f(¢) < x}. As mentioned in [2], the tail copula is a useful tool to



describe the upper tail dependence structure. It is defined as follows: if there exists a function
A: [0,00)% — [0, 00) such that

lim ~S(ay) = A(y), y € (0,00)", (1)

a—0t «

then A is called the tail copula [26]. Let us note that (1) entails first that A is an homogeneous

positive function and second that S is a multivariate regularly varying function at 0 since

_ S(ay)
J e

=W(y),

where W (.) = A(.)/A(1) and 1 = (1,...,1)T € R, We refer to [31, Chapter 5] for a definition of
multivariate regularly varying functions and to [4] for a general account on regular variation. In
practice, the tail copula is often reduced to the tail-dependence coefficient defined by
A= A = Tim P{Yi 2 B (a), i #4]Y; 2 By (@)}

Clearly, this coefficient does not depend on the index j € {1,...,d}. It was first introduced by [33]
in the bivariate case. The multivariate random vector Y is said to be tail-dependent if A € (0, 1]
and tail-independent if A = 0. The case A = 1 corresponds to complete tail dependence. Intuitively,
when A = 0, large values of the margins Y; are unlikely to happen simultaneously. As an example,
it is well known that a bivariate normal distribution with correlation coefficient different from +1
is tail-independent.

The bivariate case (d = 2) has been widely studied in the literature especially when the distri-
bution function of Y belongs to the maximum domain of attraction of a bivariate extreme-value
distribution ¢.e. when there exist positive sequences (a1,,), (az,,) and sequences (b1 ,,) and (bay,)
such that

n

n
Y—b Y_b n
lim P \/ngh\/uSyQ :G(yhyQ)a

n— oo a a
=1 1,n j=1 2,n

where (Y3,;,Y2;), j = 1,...,n are independent copies of the random vector Y = (Y7,Y2). The
bivariate extreme-value distribution G can be expressed as G(y1,y2) = D(G1(y1), G2(y2)), where
(1 and G2 are the margins of G and D is the bivariate extreme-value copula defined by:

D(u,v) = exp {log(uv)A ( log u ) } . @)

log(uv)

The marginal distributions G; and G are univariate extreme value distributions i.e. for i € {1,2},
Gi(z) = exp{—(1 + 'yia:)jrl/%},

where y; = 0V y and ; € R is called the extreme value index. The function A(t) is referred to

as the Pickands dependence function. It is a convex function lying in a triangular area i.e such



that ¢ vV (1 —¢) < A(t) <1 for all t € [0,1]. It can be shown [31, Chapter 5] that for a bivariate
distribution function in the maximum domain of attraction of G, the tail copula exists and is given
by

Y1+ Y2

Collecting (2) and (3), the bivariate extreme-value copula can be rewritten in terms of the tail

M) = -+ {14 (52 ). 3)

copula as

D(u,v) = uwvexp A(—logu, —logv).

As a consequence, in the bivariate case, the tail copula and the Pickands dependence function both
fully characterise the extreme dependence structure of Y. Finally, one may equivalently consider

the so-called stable tail-dependence function given by

C(y1,y2) =11 +y2 — AMy1, y2) (4)

to describe the extreme dependence structure.

In the bivariate case, numerous nonparametric estimators of the Pickands dependence function
have been introduced [5, 14, 30, 37] thanks to an interpretation of A in terms of exponential distri-
butions. In [24], it is remarked that such estimators may not provide proper dependence functions
(convex and lying in the above triangular area) and two new estimators satisfying these constraints
are introduced. Similarly, a projection technique is proposed in [15] to force any estimator to be
a proper dependence function. The above mentioned estimators are constructed assuming knowl-
edge of the marginal distributions. Rank-based versions of these estimators are proposed for the
unknown margins case in [18]. The estimation of A within the class of Archimax copulas is studied
in [6]. See [3, Chapter 9] for an overview of parametric and nonparametric inference methods for
bivariate Pickands dependence functions. We also refer to [22, 23] for extensions to the general
multivariate setting. In view of (4), it is clear that estimating the stable tail-dependence function
or the tail copula are equivalent problems. The first estimators of ¢ are introduced in [25] in the
bivariate case. They are then adapted to the estimation of the tail copula [32] and compared to
nonparametric estimators based on the empirical copula. Parametric estimators of A have also
been proposed in the bivariate case [12] and for multivariate elliptical copulas [27].

The case where the random vector Y is recorded simultaneously with a predictive variable X € RP
has been less considered. In [36], the authors propose to estimate the tail-dependence coefficient
in the regression case using a maximum likelihood approach. In this regression framework, S is
a conditional copula. Its estimation is addressed in [21, 35| with nonparametric techniques and
in [1] using semiparametric approaches. The case of functional covariates is studied in [20]. Up
to our knowledge, the estimation of the tail copula in the regression case has not been considered
yet despite potential applications: study of the Chinese stock market [36] or modelling of financial

returns [16].



From now on, we thus consider the random vector (X,Y) € RP x R%. For i = 1,...,d, the
conditional survival function of Y; given X = x is denoted by F;(.|z) := P(Y; > .|X = z). The

dependence structure of Y conditionally on X = z is then described by the conditional copula:
S(ulz) = F (q(ulz)|z), v = (u1,...,ug) € R,

where F(.|z) : R — [0,1] is the conditional survival function of Y given X = z and q(.|z) is
the multivariate conditional quantile defined as q(u|z) := (F{ (u1|z), ..., Fy (ug|lz))T. Similarly

to (1), we thus define the conditional tail copula by
1
A = lim -8 0, 00)? 5
(yle) := lim —S(ay|z), y € (0,007, (5)

if this limit exists. Note that in what follows, we only consider the case A(y|z) > 0 d.e. tail-
dependent distributions.

In Section 2, we propose nonparametric estimators of A(y|z) for a fixed vector (x,y) € RP x [0, 00)¢
when the margins are first known and then unknown. Their asymptotic properties are established
in Section 3. A simulation study is presented in Section 4 and an illustration on real data is

proposed in Section 5. Finally, proofs of the main results are given in Section 6.

2 Estimation of the conditional tail copula

Let (X;,Y;), j =1,...,n be independent copies of the random vector (X,Y’). The estimator of the
conditional tail copula is based on a nonparametric estimator of the conditional copula function
of Y given X = z. In the following, we propose to use a classical kernel estimator. The first step

consists in estimating the probability density function g of X by:

R 1 < r—X;
I e

where h = h,, is a non random sequence tending to zero as n goes to infinity and K is a bounded
density on RP with support S included in the unit ball of RP. As mentioned in the introduction, in
many related papers the margins are often supposed to be known. In this situation, the conditional

copula S(.|z) can be estimated by

= 1 " z—X;
= . > J d p
Sh(u|z) @) jgzl Y, > q(u|z)} K ( - ) , w€[0,1]% = € RP,

where I{.} is the indicator function. An estimator of the tail copula is then given by:
- 1~
Anlyle) = —Si(aylz), (6)

where 3 € (0,00)¢ and a = a, is a sequence tending to zero as n goes to infinity. In this paper,

we consider the more realistic case where nothing is known on the margins. In this situation, the



estimation of the marginal survival functions of Y given X = =z is obviously required. For all
u € [0,1]%, let us denote by

. . . T

q(ulz) = (Gu(wrlz), ..., da(uqlz))
an estimator of the vector q(u|xr) € R?. We propose the following plug-in estimator of the condi-
tional copula:

1

._ r— X
" nheg(x)

Sy (u|z) S Y, > Glula)} K ( ) ,ue 0,14, = eRP.
=1

J

The conditional tail copula is then estimated by:
. 1~
Anlyle) = = Su(oyla). 7)
As an example of an estimator of ¢(u|z), one can propose the statistic
- a4 24— T
Gk (ulz) == (Fy  (ua]z), ... Fy g(uqglz))”, (8)

where k = k,, is a non random sequence tending to zero as n goes to infinity and, for i =1,...,d,
Fii(.]7) is the usual kernel estimator with bandwidth & for a conditional survival function defined
as

nkP i (x)

ﬁki(z‘m):;iﬂ{yij >z} K (I_Xj) (9)
. p . A

The obtained estimators of the conditional copula and of the tail copula are respectively denoted

by Sp1(.]z) and Ay, x(.|z). Let us highlight that these estimators depend on two bandwidth h and

k. The first one tune the smoothness of the estimator of the conditional copula, while the second

one controls the smoothness of the estimator of the marginal distributions. In the following, the

asymptotic behavior of Ay j(.|z) is analysed in the two situations h = k and h # k.

3 Main results

In this section, the asymptotic properties of the estimators Ap(y|z) and A, (y|z) are established
for a fixed vector (x,y) € RP x [0,00)¢ such that A(y|z) > 0. Some regularity and extreme-value
assumptions are required. The first one is a classical second-order condition on the conditional

copula function S(.|x), see for instance [32].

H.1 There exist a function b(.|x) with b(t|z) — 0 as t — oo and a function ¢y (.|z) such that for
all y € [0,00),

_ -1
1o Alle) = 5 yla)

e b(t|x) = calyle) < oo.

Condition H.1 establishes that rate of convergence in (5) is driven by a given function b(.|x). Let us

recall that necessarily |b|(.|z) is a regularly varying function at infinity with index p(z) < 0, see [13].



In the extreme-value literature, p(x) is referred to as the conditional second order parameter. As

an example, let us consider the multivariate extreme-value copula defined for all u = (uy, ..., uq)"

by
) } , (10)

log u;

K(u)

]P’(Yéq(l—u|x)X:x):exp{n(u)A( ,i=1,...,d-1

where

d
H(u) - Z log u,
=1

and A(.|z) : RI™! — [1/2,1] is the conditional multivariate Pickands dependence function [30].
Clearly, (10) is the extension of the bivariate extreme-value copula (2) to a dimension d > 2. It can
be shown that, in the dependent case (i.e. A(.|z) # 1) and if A(.|z) is continuously differentiable
(denoted by A(.|z) € C!), then condition H.1 is satisfied with p(z) = —1.

A Lipschitz condition on the probability density function g of X is also required. Denoting by

d(z,z") the Euclidean distance between x € RP and 2’ € RP, it is assumed that

H.2 There exists a positive constant ¢, such that |g(z) — g(2’)| < cgd(z,2’).

For z € R? and u € [0, 1]¢, the oscillation of the conditional survival function F(.|z) is controlled
in a neighbourhood of ¢(u|x) by the following quantity:

wp,¢c(ulz) = sup{’W —1| fort € B(z,h), 1-Qu<v<(1+ C)u} , (11)

where ¢ € [0,1) and B(z, h) is the ball of R? centred at « with radius h.

In a first time, conditions H.1 and H.2 are sufficient to establish the asymptotic normality of the

estimator Ay, (y|z) in the (unrealistic) situation where the margins are known.

Theorem 1. Suppose H.1 and H.2 hold. Let x € RP and y € [0,00)? such that g(x) # 0 and
Aylz) #0. If a in (6) is such that « — 0, nh?a — oo and

nhPa(h V wyo(aylz) vV b(atz))? — 0 (12)
as n — 0o, then,

70 (3l - o) . (0, LAY
9(x)
As pointed out in [9], nhPa — oo is a necessary and sufficient condition for the almost sure presence
of at least one sample point in the region B(z,h) x (¢(a|x), 00) of RP*4. Condition (12) forces the
bias to be neglectible compared to the standard-deviation of the estimator. Two main sources of
bias appear. The first contribution to the bias is due to the kernel smoothing and to the oscillations

of order O(h) and O(wpo(ay|z)) of g and F(.|z) respectively. The second source of bias is due



to the approximation of the conditional tail copula A(y|z) by aS(a~ly|z). This entails a bias of
order O(b(a™z)), see assumption H.1.

In order to deal with the case where the margins are estimated, an extreme-value assumption on
the conditional marginal distributions of Y given X = =z is required. The following von-Mises

condition (see [11], equation (1.1.30)) is considered:
H.3 Fori=1,...,d, the marginal survival function F;(.|z) is twice differentiable and such that

Fi(ylz)F; (y|x)

im =v(x)+1,
yTyr,; (z) ( i) (ylx) ( )

where yp, (x) := F(0]z) € (—o0, o¢] is the right endpoint of the i—th margin, F, (.|z) and

F! (.|z) are respectively the first and the second derivative of Fj(.|z).

From [11], Theorem 1.1.8, condition H.3 entails that for alli = 1,.. ., d, the conditional distribution
of Y; given X = z is in the domain of attraction of the univariate extreme-value distribution with
conditional extreme-value index v;(x) € R. Note also that from [10], Lemma 2, condition H.3
implies that for all i = 1,...,d and for all sequences o — 0 and ¢,, ;(x) — 0 as n — o0, there exists
a positive auxiliary function a;(.|z) such that

lim o 'F; (Ff (alz) + tei(x)ai(Ff (alz)|z)| 2) = 1. (13)

n—oo

The next assumption permits to control the rate of convergence of the estimator §(.|z) towards

the true quantile function q(.|z) = F*< (.|z).

H.4 There exists a sequence (1,,) satisfying 7,, — oo such that for all y = (y1,...,ya)T € (0,00)%,

d _
F (yial) dilyialz) _
"Vt yzalwﬂw)‘Fﬂyiw) 1' e ()

A condition on the gradient V.S(.|z) of the conditional copula function is also needed. It states
that convergence (5) still holds when differentiating.

H.5 The conditional copula S(.|z) is of class C'. Furthermore, for y € (0,00)? and for all vectors
¥(av, y) such that ¥(a,y) = ay(l+o(1)) as a — 0T,

lim y"VS(9(a,y)|z) = Ay|z).

a—0t

This assumption is for instance satisfied by the multivariate extreme-value copula (10) with

A(]z) # 1 and A(.|z) € CL.

We are now in position to state our main result on the asymptotic behavior of Ay, (y|x).



Theorem 2. Suppose H.1 - H.5 hold. Let x € RP and y € [0,00)¢ such that g(z) # 0 and
A(y|z) # 0.

(i) If a in (7) is such that a — 0, nhPan,* — co and, for some ¢ > 0,
2
nhf« (h VL 2w (aylz) v b(a 1|x)) — 0, (14)

as n — oo, then
Anlylz) = Alyle) = (nhPa) ™ 2¢, + Op (n,")

where &, converges in distribution to a N'(0, |K||3A(y|z)/g(z)) random variable.
(ii) If, moreover, (nhPa)'/?n-t — 0, then

(nh?a) /2 (An(ylz) — Alyl)) - N (0, ”KH%AW)) ,

g9(z)

Note that Theorem 2(i) yields Ay, (y|x) N A(yl|z). In situation (ii), condition (nhPa)'/2n-1 — 0
entails that the estimator of ¢(.|z) converges faster than the one of the conditional copula S(.|x).
Thus, the estimator Ay (y|x) has the same asymptotic behavior as the estimator Ay (y|z). In this

case, the estimation of the margins does not change the asymptotic distribution.

As an illustration, let us consider the situation where the statistic (8) is used to compute the

estimator of the conditional tail copula. To this end, the regularity of F;(.|.) is controlled by
RE-@lol) |

(Dg)c(u\x) = Sup{‘ for t € B(z,h) and (1 — Qu; <v; < (1+ §)u1}

; Vi
where v € (0,1)¢ and ¢ € [0,1). Introducing (ej,...,eq) the canonical basis of RY, the above
quantity can be rewritten using (11) as (I)}(:)C (ulz) = wh¢((u—1)e; +1|z). Let us first focus on the
situation where the same bandwidth h is used to estimate the conditional copula and the margins.

The asymptotic behavior of the estimator Ay, j,(y|z) is a consequence of Theorem 2(i).

Corollary 1. Suppose H.1, H.2, H.3 and H.5 hold. Let x € RP and y € [0,00)% such that
g(x) #0 and A(y|z) # 0. If a in (7) is such that « — 0, nhPa — oo and, for some ( > 0,

d 2
nhPa (h Vb(a"tz) v wh ¢ S ay|z) v \/ ) c(yialz) ) — 0,
i=1

as n — 0o, then
]\h,h(y|$) — Aylx) = Op ((nhpa)_1/2> .

Here, the estimators of ¢(.|z) and S(.|x) share the same bandwidth and thus the same rate of con-

/2 Hence, plugging-in (8) in Ay, (y|z) does not change this rate of convergence.

vergence (nhPa)~
Finally, we consider the situation where two different bandwidth sequences k£ and h are used to
estimate the marginal distributions and the conditional copula. The asymptotic behavior of the

estimator Ay, x(y|x) is a consequence of Theorem 2(ii).



Corollary 2. Suppose H.1, H.2, H.3 and H.5 hold. Let x € RP and y € [0,00)% such that
g(z) # 0 and A(y|lz) # 0. If h/k — 0 and « in (7) is such that o — 0, nhPa — oo, nkP2a — 0
and, for some ¢ > 0,

k p/2 d 2
nhPa <b(a1|g;) \/w2/ (ay|z) vV <h) \/ )C (yia|x) ) — 0,

as n — 0o, then

(nhpa)1/2(]xh7k-(y|$) . A(y|x)) i)N (07 ||K||2A(y|l’)> )

g(z)

Note that condition h/k — 0 entails that the rate of convergence of the margin estimators (nk”«)
1/2

1/2

is faster than the one of the conditional copula estimator (nhP«)'/“. The asymptotic normality of

the plug-in estimator can thus be established and the obtained rate of convergence is (nhpa)l/ 2,

4 Illustration on simulated data

The behavior of the conditional tail copula estimator Ah7k(.|x) is investigated on a two-dimensional
simulated dataset when the marginal distributions are supposed to be unknown. The smoothness
of the estimators of the conditional copula and of the marginal distributions are tuned by the same

bandwidth h = k and by the same bi-quadratic kernel given by:
3
K(xy,22) := - (1—(«F —|—x§))2ﬂ{xf + 22 <1}

The simulated model is described in Paragraph 4.1, implementation details are given in Para-

graph 4.2 and results are reported in Paragraph 4.3.

4.1 Model

The covariate X € [0, 1] follows a standard uniform distribution. The conditional distribution of
Y1 given X = z is an exponential distribution with mean parameter u(x) > 0. Besides, Y5 given
X =z follows a Pareto distribution with tail-index v(x) > 0, i.e. P(Yz > y|X = z) = y~ /7@ for
all y > 1. The dependence structure between the margins Y7 and Y5 is controlled by the Gumbel
copula defined for (ug,us) € (0,1)% by:

- - 1/6(x)
S(u1, uslr) = exp {— [(—10g(1 = 1)) + (~log(1 - u2))"”] } +ustus— 1,

where for all « € [0, 1], (z) > 1 tunes the dependence level. If §(z) = 1, then S(uy,uz|z) = uius
is the independent copula. At the opposite, if 6(z) — +oo, then S(uy,us|z) = w1 A ug which is
the Fréchet upper bound copula for modelling comonotone random variables. The conditional tail

copula is given by:
. o\ 1/6()
A(y1, yo|z) = 1 +y2—< o) 4y )> ,



for all (y1,92) € (0,00)? and = € [0,1]. The function @ is taken as 0(z) = 1222 — 12z + 5 for
x € [0,1], its minimum is #(0.5) = 2 while its maximum is #(0) = (1) = 5. Two cases are

considered for the functions p and 7 driving the margin distributions:
1
p(x) =~y(x) =1 (Case 1) and u(x) =~(x)+1/2 = 3 sin(2rx) + 1 (Case 2) .

Let us note that, in Case 1, the margins do not depend on the covariate. For visualization purposes,
only two different values of x are considered: = = 0.1 corresponding to a strong dependence and
x = 0.5 corresponding to a weak dependence. The associated conditional tail copulas are depicted

on Figure 1.
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Figure 1: Representations of the conditional tail copula A(y1,yz|z) for (y1,32) € [0,3]? at = 0.1
(left panel) and = 0.5 (right panel).

4.2 Hyper-parameters selection

The considered conditional tail copula estimator Ah7h(.|x) depends on two hyper-parameters h and

«. We propose to select these parameters by using an homogeneity criterion

Hha) =" (Aaltale) — thpa(ale))”, (15)
teT

where 7 C (0,00) is a finite set. The selected parameters hge; and ase; are given by

(Rsel, @ser) := arg min H(h, @),
acAheB

10



where A and B are finite sets of possible values for o and h respectively. In what follows, we take
T =1{1/3,2/3,1,4/3,5/3}, A = {0.05,0.06,...,0.5} and B = {0.03,0.04,...,0.33}.

4.3 Results

In this experiment, N = 100 independent copies of a sample of size n = 1000 are simulated from the
model presented in Paragraph 4.1. In each situation, the median as well as the mean-squared error
of the N estimations of A(yy,ys|z) are represented for (y1,v2) € [0,3]? respectively on Figures 2
and 3. In all cases, the estimations of Figure 2 allow to visually recover the shape of the true
conditional tail copula, see Figure 1. Focussing on Figure 3, it appears that the mean-squared
error gets larger when the conditional tail copula increases. This phenomena can be explained
thanks to Theorem 2(ii): The asymptotic variance is proportional to the conditional tail copula.
One can also note that the Case 1 where the margins do not depend on the covariate leads to smaller
mean-squared errors than Case 2. Finally, the “boundary effect” due to kernel estimation does not
appear in this simulated example. In other situations, one may consider the use of mirror-reflection

type estimators [19] or kernel local linear estimators [§].

5 Illustration on real data

In this section, we illustrate our approach on the so-called pima-indians-diabetes dataset! con-
sisting of nine variables measured on n = 768 subjects aged from 21 to 81 years. This population
was studied in order to understand the high prevalence of diabetes in the Pima Indian popula-
tion. For visualization sakes, only two variables are considered: the diastolic blood pressure (DBP,
denoted by Y7) and the body mass index (BMI, denoted by Y3). The age is considered as the
univariate covariable X. It is indeed suspected that high values of DBP and BMI may represent
significant risk factors for diabetes [7]. The estimation of the conditional tail copula A(yi,y2|z)
can show how the dependence structure between high values of DBP and BMI may be affected by
the age.

Similarly to Section 4, the conditional tail copula estimator ]\h,h(.|x) is used with the bi-
quadratic kernel and an unique bandwidth A. This bandwidth A and the sample fraction «
are selected using the procedure described in Paragraph 4.2 with 7 = {1/3,2/3,1,4/3,5/3},
A = {0.05,0.06,...,0.5} and B = {1,2,...,10}. The resulting conditional tail copula estima-
tor Ay p(y1,ya|z) is depicted for (y1,y2) € [0,3]? at = 30 years and 2 = 60 years on Figure 4. Tt
appears that the dependence between large values of BMI and DBP is weaker for young subjects
than for old ones.

Ihttp://ftp.ics.uci.edu/pub/machine-learning-databases/pima-indians-diabetes
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6 Proofs

6.1 Preliminary results

The first lemma is a standard result on the density kernel estimator (see Parzen [29] for a proof).

Lemma 1. Under H.2, if nh? — oo then for all x € RP such that g(x) # 0,
|gn(z) — g(z)| = O(h) + Op ((nhf’)—l/Q) .

The next result is dedicated to the random variable given by Sy, (u|z) — kS (v]z), where x € {0,1}
and (u,v) € (0,1)? x (0,1)% with v < u. Clearly, if the margins are known, it can be seen as an
estimator of S(u|z) — kS (v|z). The asymptotic normality of this random variable is established in

the following result.

Lemma 2. Suppose H.2 holds and let x € RP such that g(x) # 0. Consider two sequences
un € (0,1)% and v, € (0,1)¢ converging to zero asn — oo such that nh?(S(u,|z) — kS (v, |T)) — 0.
For some ¢ > 0, if there exists a sequence vy, such that (1 — Q)vy, < vy < uyp < (14 vy with

S(up|z) + £S (v, |2) 2
S(unlz) = nS(onjz) Vs Wnle) | =0,

nh? (S(uplr) — KS(vp|z)) | AV

14



then,

S(un|r) = KS(vn|z) 9(x)

The proof of this lemma is postponed to the Appendix. Note that if x = 0, one can take u,, = v,

(nh? (S (un|z) — 1S (0a]2)) 2 (Sh(unlx) — wSn(valz) 1) N (07 ||K||§) |

and thus Lemma 2 entails that

st (Simln) ) 0 I3
s (nlz) (ﬂ%n> Q‘%N(“mm)’

and the conditions can be simplified as nh?S(u,|z) — oo and nh?S(uy,|z) (b V wh’c(l/n|$))2 —0
as n — oo. Furthermore, in the particular case where u, = 1 + (Fj(z,|z) — 1)e;, 2z, € (0,1),
the previous convergence result establishes the asymptotic normality of the kernel estimators of
the conditional survival functions F h,i(zn|z). Note that this result has also been established
in [9, Theorem 1] and [10, Proposition 1]. The case of functional covariates is addressed in [17].
Mimicking the proof of Corollary 1 in [10] thus permits to derive the asymptotic normality of the

kernel estimators of the extreme conditional quantiles F;~ (8, |z).

Lemma 3. Suppose H.2, H.3 hold and let x € RP such that g(x) # 0. Consider a sequence
Brn € (0,1) such that, as n — oo, nh?B, — oo and nh?B,(hV w,(;)c(ﬁn|x))2 — 0 for some ( > 0.
Then,

g ECGule) (FaiBao N o IS
(nf6x) mwwmmxwwm>l‘*N@mm>

The last lemma will be useful to deal with differences between two indicator functions. It is a

straightforward consequence of the monotonicity of the indicator function.

Lemma 4. Let y, u, v, m and M be vectors of R? with, for alli = 1,...,d, M; > u; V v; and
m; < u; Av;. Then,

|]I{yi>ui, izl,...,d}f]l{yi>vi, Z:L,dH

< H{yi>mi, i=1,...,d}—ﬂ{yi>Mi, iZl,...,d}.

6.2 Proof of main results

Proof of Theorem 1 — First, taking u,, = ay and k = 0 in Lemma 2, one has under the

assumptions of Theorem 1

nhPa)t/2 S’h(ay\x) _ d K3
i) (smmm 1>_%N<Q¢mme)’ o)

15



since S(ay|z) = aA(y|z)(1+o0(1)). Furthermore, (nh?a)'/2(A, (y|x) — A(y|x)) = T1n+Ts.p, where
nh?\ /2 Si(aylz)
T = () St < Sl !

it = () st (15305

A direct use of (16) entails that
A K|)?
1o ¢ (o, AUEUEEE ).
9(x)
Finally, from H.1,
Ton = O ((nhPa)"/2b(a " 2)) = o(1),
which concludes the proof. ]

Proof of Theorem 2 — We start with the decomposition
An(yle) = Ayle) = (An(yle) = Aylo)) + (An(ylo) - Anlyla))

From Theorem 1, the first term of the right-hand side is equal to (nhPa)~1/2¢,,, where &, converges
in distribution to a centred Gaussian variable with variance || K||3A(y|z)/g(x). Let us focus on the

second term. From H.4, for all £ > 0, there exists a positive constant ¢, such that P(A4,,) < &/2

B d F(yialz) Gi(yialz)
A"_{""\/a»@f(yiam)u) At Y 2o

i=1 "

where

Furthermore, denoting by G, (9) = (Gn.1(9), ..., Gn.a(9))T with, for i =1,...,d,
Gn,i (V) = F~ (yiola) + O, ai(F (yiofw)|z),
Lemma 4 entails that under .AS one has for all j =1,...,n:
I{Y; > gnlayle)} — {Y; > glayla)}| <K > gu(—co)} —{Yj > gulce)}-

Thus, under A¢

n’

1
nhPagy(z)

DY) > Go(—co)} = {Y; > Gulco) } K (x_hXj>

Jj=1

= o (Sulii(—c)la) — Sn(in(c)n))

Anylz) — ]\h(ylx)‘

with iy, (9) = (Fy(Gn.1(9)|2), . .., Fa(Gn.a(¥)|z))T. Let us now treat the difference Sy, (i, (—c.)|z) —
Sh(Tin(ce)|z) using Lemma 2 with & = 1, up, = @n(—c.) and v, = @iy (c.). We thus need to check

the following three conditions: there exists ¢ > 0 and a sequence v,, such that

(1= Qvn <plce) < tin(—ce) < (14 Qvn, (17)
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nh? (S (tn,(—ce)|x) — S(tn(ce)|x)) — oo, (18)

and

S(tn(—ce)lz) + S(Un(ce)|z)
S(tn(—ce)lx) — S(tn(ce)|)

To this end, asymptotic equivalents of the sequences @, (+c.) and S(@,(—c:)|z) — S(an(cc)|x) are

nh? (St (—ce)|x) — S(tn(ce)|x)) (h \Y wh,g(un|x)> —0. (19)

required. First, note that a Taylor expansion yields

S(an(i%)‘x) = S(ay|x)

+ (Gn(xe:) — ay)T'VS (ay + 0(t, (£c.) — ay) |z) (20)
where 6 € (0,1). Next, for ¢ = 1,...,d, another first order Taylor expansion entails that, for all
i=1,....d,

(o) —ay = FF, (GuslEhics)| ) o ai - (agila)|o)

= FF (F (ini(0ic.) )

z) conyai( B (ayila) o),

for 6; € (0,1). Since for all i = 1,...,d, equation (13) entails that @, ;(+6;c.) = yia(1 + o(1)) and
since the function y — F; (F; (y|«)|z) is a regularly varying function at zero with index ~;(z) + 1
(see [11], Corollary 1.1.10), one has

i i(£c2) — ays = FF, (FF (yiale)|z) con, ai(F (agila)|2) (14 o(1)).

Now, in view of [11], Theorem 1.2.6 and Remark 1.2.7, fori =1,...,d,

; T
ailyle) = 2 1 o0)) as y s ye (@),
FL(ylo)
and thus, fori =1,...,d,
i s(c2) — ays = Facen: ys(1+ o(1). (21)

Then, condition (17) is satisfied with v, = ayy. Furthermore, collecting (20) and (21) leads to
S(iin(—co)lw) = S(an(eo)|e) = aceny 'y’ { VS (ay+0(in(—c.) - ay) |z)
+ VS (ay+0an(ce) - ay)|z) 1+ o(1)).
Then, under H.5,
S(iin(—c2)|z) — Siin(c2)|x) = 2ecAlyla)an, (1 + o(1)), (22)

and, in view of nhPa,n, ! — oo, condition (18) is clearly satisfied. Finally, since S (i, (%c.)|z) =
alA(y|lx)(1+ o(1)), one has




and thus, condition (14) implies (19). Lemma 2 can now be used with (22) to obtain
Sn(fin(—ce)la) = Sp(in(ce)|z) = 2cAlylz)an, ' (1 + op(1)).

Hence, for all € > 0, there exists a positive constant ¢ such that

1] < €
P (n" |Aulyle) = Aulyla)| > 2] A7) < 5,
and thus
_1 % < €
P (" |An(vle) - Ra(yle)| > L) < 5 +B(Ay) <,
which concludes the proof. ]

Proof of Corollary 1 — Under the assumptions of Lemma 3, the estimator §,(u|x) defined in (8)

satisfies condition H.4 with 7, = (nhPa)'/2. Applying Theorem 2(i) concludes the proof. ]
Proof of Corollary 2 — Under the assumptions of Lemma 3, the estimator g, (u|z) defined in (8)
satisfies condition H.4 with 7, = (nkPa)/2. Applying Theorem 2(ii) concludes the proof. [ |
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Appendix
Proof of Lemma 2 — Let us introduce the random variable
i (1t 0n) 1= G0 (@) (S (unl2) = kS (wale) ),

where k € {0,1}. We first focus on its expectation. Since (Y7,...,Y;,) are identically distributed,

one has

E(\i/hﬁ(un, Un|x))

prE{ Y > glufe)} = Y > ok} (25 )}
z—1

B /R p[F(CI(un|x)|t)—KJF(CI(vn|x)|t)]K( _ )g(t)dt

/S [F(q(unla)|z — hs) — 5F(q(vn2)|x — hs)| K (s)g(z — hs)ds,

and therefore

E(Wp(tn, valz))
S(unlz) — £S(vn|z)

/ K(s)lg(z — hs) — g(x)|ds

/ K(s (q(un|z)|x — hs) — KF(q(vy|z)|7 — hs)

S(un|z) = £S(vnz)
Clearly, under H.2, the first term of the right hand-side of the previous inequality is a O(h).

— 1| g(x — hs)ds.

Moreover, under H.2,
| K)o = ho)ds = gla)(1 + (1),
and N _
F(q(un|x)|z — hs) — kF(q(vy|x)|z — hs)
S(unlx) — kS (vp|x)

Hence, the second term is a

S(un|z) + £S(vn|2)
S(un|z) — KS(vp|T)

IN

— 1‘ wh,¢ (Vn]T).

S(up|x) + kS (v, |x)
© (swm) 5 (0a2)

wh,g(l/n|x)> )

As a first conclusion, one has that E(¥, . (u,,v,|z)) is equal to:

o) (S(unle) ~ xS(eafo)) (140 + 0 (BT 0y (o)) ). @)

Let us now focus on the variance of \i/;L7,€(un, vp|x). First, remark that
U (U, U |2) = B(Up, (i, v |)) ZZJ"’

where

Zimi= s (B0 2 atunke)) = K20 > atwnlo) I (2550 ) = WP (o) )
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are independent, centered and identically distributed random variables. Remarking that for all
7> 0, [{Y 2 q(unl2)} = KI{Y; = q(oal2)}]” = {Y; = qlunle)} — KI{Y} > g(va])}, the variance
of \ilhy,i(un, vp|x) is equal to:

h2P

LY <]E ([]I{Y = q(un|2)} — KI{Y 2 q(vn]2)}]Q <x hX>> - ”K”§E2(‘i’hﬁ(u”’””m)) :

nh?2p

where ) := K?/||K||3 has the same properties as K. Thus, (23) entails
I K[39(x)
nh?

— 9(x) 4 Un|z) — KS (v | o
< (1 000) = TRt (Slunla) = kS(unl))1+0(1) )

Var(U (un|2))) = (S(un|z) = £S(vn|z))

and, in view of h?(S(up|z) — KS(vp|z)) < AP — 0, one has

[ K39(x)

Var(En (s ) = P09 (600 0) o501 + (1)), (24)

We now use the Lyapounov theorem to establish the asymptotic normality of ﬁlhyn(un,vn\x).

From (24), the Lyapounov condition reduces to:

nh? 14+6/2
li E|Z; ,)>T% =0 25
v (S(un|z) f HS(UM)> nE| 20| ’ (25)

for some ¢ > 0. Hence, if (25) is satisfied, the following convergence holds

nhP
S(up|x) — kS

To prove (25), remark that for two random variables T} and Ty, E|T} + Ty|?+0 < 2249(E|Ty[2+0 v
E|T3|>*%). Thus, one has

12 )
(vnm) (et o0 l2) = BB ety va]2)) ) -2 N0, g(@) | KIB). (26

2| K]|2+46
nh?P

249
-X
12,7 < (A5 (10 2 g(unle) - w1ty 2 ooy (252,
where N := (K/||K||245)*"° is a bounded density function on R? with same support as K. Us-
ing (23) yields

2[| K25

E|Z1p " < ( 0

245
> WP (S(uplz) — kS (vn|z)) (1 + o(1)).
Hence, condition (25) is satisfied and convergence (26) holds. Finally, remark that

Sh(tn|x) — KSK(vn| )
S(uplz) — kS (v |x)

(nhP (S (up|z) — KS(va )" ( - 1) =Tin+ T + Do,
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(nhP (S (un|x) — nS(vn|x)))1/2 \il;w(un, vplx) — E(\ilh,,ﬁ(un,vn\x))

fin = in(@)  Slulr) —AS(oalr)
T, — (nh? (S (un|x) — KS (vn]2))'/? B(Wp, s (i, vn|7)) = g(2) (S (un|) — £S(v,]2))
no on(z) S(up|x) — kS (v, |x) ,
nh? (S(up|z) — kS (v,|2)))Y/2
and T3, := (P (S (un| ;h(x)S( nf2))) (g(x) = gn(x))-

From (26), gn(x)T1,x N N(0,g(x)||K|3). Since from Lemma 1, gn(z) N g(x), one has that
Tin N N(0, ||K|3/g(z)). Furthermore, (23) implies that

Ty, = g(z) (nhP (S (un|z) — KS(v,|x)))*/? (O(h) +0 (ggg:g j :ggz::g wh7§(1/n|x))> =o(1),

by assumptions. Finally, Lemma 1 entails that T3, = op(1) which completes the proof. [ ]
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