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Abstract !

Veronese rings, Segre embeddings or more generally Segre-Veronese
embeddings are very important rings in Algebraic Geometry. In
this paper we present an original, elementary way to compute the
Hilbert-Poincare series of these rings, as a consequence we compute
their Castelnuovo-Mumford regularity, and also the leading term of
the h—vector. Moreover, we can compute the Castelnuovo-Mumford
regularity of the n-Veronese Module of any finitely generated Cohen-
Macaulay graded module.

1 Introduction

Veronese rings, Segre embeddings or more generally Segre-Veronese
embeddings are very important rings in Algebraic Geometry. It
is well known that these rings are arithmetically Cohen-Macaulay,

hence their Hilbert-Poincaré series can be written Pg(t) = (12‘;%,

where Qg(t) is a polynomial on ¢ with Qg(1) # 0 having positive
integer coefficients, the sequence of the coefficients of Qg(t) is also
called the h—vector of R. The degree of Qg(t) is the Castelnuovo-
Mumford regularity (c.f.[7][Chapter 4]), and the leading term of
Qr(t) is the highest graded Betti number of R. By using very origi-
nal and elementary methods we are able to compute the leading term
of Qr(t). Our results allows to compute the Castelnuovo-Mumford
regularity of the n Veronese Module of any finitely generated Cohen-
Macaulay graded module, and the rings called of Veronese type.

L Partially supported by VIASM, Hanoi, Vietnam.
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Note that this result can be proved easily by using local cohomol-
ogy, but our purpose is to give a very elementary proof.
Our main results improves partially [1] and [5].

Theorem. Let consider the Segre-Veronese ring Ry,, dim Ry, =
by + ... + by + 1. Let Pg, () = % be the Hilbert-Poincaré

(l_t)dimRb’ﬁ
series of Ry, with Qr,, = ho+hit +...+ hyy t702, where 1y, 1s the
Castelnuovo-Mumford regularity of Ry,. We set oy, = dim Ry, —
Tom- After a permutation of b, ..., by, we can assume that, for all

i=1,..,m, [2H]> % Then

and the highest Betti number of Ry, 1S

niy, — 1 N Q.. — 1)
S S G DO
B N b ( by ) < b

Theorem. Fiz integers d,n € N*, 7 € Z. Let (a;)iez be a sequence
of complex numbers, such that a; = 0 for | << 0, set :

FO = at', f70) =) anet

leZ lEZ

I3

If f(t) = 47 with h(t) € C[t,¢7Y] then f<7>(t) = 220 with

(1—t (1—t)d
h<">(t) € C[t,t™'] such that:

e deg h<n,7’>(t) <d-— [d—degh(t)JrTL

n

o If all the coefficients of h(t) are positive real numbers then
deg h<"7>(t) = d — (d—degh(t)ww’

n

o [fdegh(t) = d then deg h<"~(t) = d.

2 Preliminaries on toric rings and Hilbert-Poincaré
series

Let S = Klzo, ..., 75,75, ..., x5 }] be a Laurent polynomial ring over

aey s

a field K on a finite set of variables. For any finite set M of mono-
mials in S, let K[M] C S be the subring of S generated by the set



M. 1t is the toric ring defined by the semigroup generated by M.
In what follows we consider the special case where S = K|z, ..., z4]
is a polynomial ring over the field K and all the monomials in M
are of the same degree.

Example 2.1. Let S = K|, ..., Tp] Bren Si, and M = {z(°...x7" |
ag+ ... + a, =n}. So that

van = K[M] - 69lENSnl-
This toric ring is known as the n— Veronese embedding of S.

Example 2.2. More generally, let X4, ..., X,,, m sets of independent
disjoint variables, with Card(X;) = b; + 1. Let S; = K[X;] for
i=1,..,m, S =KX UXoUX,], and M = {z129...7,, | 7; € X, }.
So that

by = K[M] = ®1en(51)1 @ ... ® (S )i

This toric ring is known as the Segre embedding of the m polynomial
rings St, ..., Spm-

,,,,,

Example 2.3. Let X, ..., X,,, sets of independent disjoint variables
such that X; = {zi0,....Tip; }, Si = K[Xi] fori = 1,...,m, and
ni,.e,nm €N, Let S = K[ X, UXyUX,,|, and

M= {z" .z || a; |[= ngd,

where o; = (i, ..., Q4p,), Ti' = :U%Ox,(:bb, and | a; |= ajo+ ... +
a;p, The Segre-Veronese embedding:
Rb,ﬂ = K[M] = 69l€N<Sl)n1l ®..® (Sm)nmb

where b= (b1, ..., b)), = (N1, ooy M)

Let S = K]|xg,...,xs] be a polynomial ring over the field K,
graded by the standard graduation, that is degz; = 1, for all i.
Let R := S/I, where I C S is a graded ideal, let M = @;cz M, be a
finitely generated graded R-module, hence M is also a S—module.
the Hilbert-function of M is defined by Hy,(l) = dimg M;, for all
[ € Z, and the Hilbert-Poincaré series of M:

Py(t) =Y Hu(Dt"

leZ



It is well known that

Qu (1)
Pu(t) = (1 — ¢)dimM
where @Qy/(t) is a Laurent polynomial on ¢t~ with Qs (1) # 0.
Moreover if M is a Cohen-Macaulay S—module, all the coefficients of
Qn(t) are natural integers,and the Castelnuovo-Mumford regularity
of M is the degree of Qy(t). For more details on Hilbert-Poincare
series see [10], [4][Chapter 4], [7][Chapter 4].

Theorem 2.4. (Hilbert’s Theorem) let M = @&z M be a finitely
generated graded S-module. There exists a polynomial with integer
coefficients @, (1) such that Hy (1) = ®g,, (1), for 1 large enough.
Moreover the leading term of ®g,,(l) can be written as : degd(!M)ld,
where d + 1 is the dimension of M and deg(M) the degree or mul-

tiplicity of M.

Remark 2.5. The postulation number of the Hilbert function is the
biggest integer | such that Hy (1) # ®p,,(1). It is well known , ([10],
[4][Chapter }]), that the postulation number equals the degree of the
rational fraction defining the Poincaré series.

Remark 2.6. We recall that binomial coefficients can be defined in
a more general setting than natural numbers, indeed for k € N, bi-
nomial coefficients are polynomial functions in the variable n. More
precisely:

(1) If k =0 then let (})=1, for alln € C.

(2) If k > 0 then let (}) :w, for alln € C.

Note that for alln € C, (Z) = (—l)k(k_n_l) and ifn € Nyn < k,

k
then (Z) =0.

Example 2.7. Let S = K|xy, ..., xp], be a polynomial ring. Then

Y o 1
Hs(l)—{ob ifl<0’ PS(LL)—W'

Note that in fact VI > —b, Hs(l) = ("1*) and 0 = Hg(—b — 1) #
(4’;1“’) = (—1)°, so the postulation number of S is —(b+ 1).



Example 2.8. Let S = K|z, ..., zp), M = {z5°..2," | o +...4+ 0 =
n}, and Ry, = K[M)] the n— Veronese embedding. Then

_ B (nl+b) Zfl 2 O

Note that (”l;b) = ("Hl)("l’;Q)”‘(”Hb) is a polynomial on | with lead-

ing term #, so that deg(Ry,,) = n’ dim Ry,, = b+ 1. Note also

that VI > —(HTW, Hg, () = (nl;b) and 0 = HRb,n(—[HTl]) #

(_(%]"er) = (—1)b([b+71b1”_1), so the postulation number of Ry, is

—[®L]. More generally the postulation number of Ry, [7] is [“HET].

3 Veronese of generating series

In a recent paper [2], Brenti and Walker prove that taking the n—
Veronese transform of the h polynomial is a linear function, in this
section we improve this result giving a elementary proof of the fact
that taking the shifted n— Veronese transform of the A polynomial
is a linear function on h.

Let recall the following fact:

Theorem 3.1. Let (a))ez be a sequence of complex numbers, such
that a; = 0 for 1 << 0, set : f(t) =Y ,cq ait', TFAE:

e There exists h(t) € C[t,t7'] and a natural integer d such that
_ _h@®
f(t) - (1_t)d'

e There exists ®(t) € C[t,t™'] of degree d — 1 with leading coeffi-
cient eg/(d — 1)!, such that ®(1) = a; for l large enough.

Moreover h(1) = ey.

Definition 3.2. Fiz integers d,n € N*,7 € Z. Let (a;)icz be a
sequence of complex numbers, such that a; = 0 for | << 0, set :

f(t) = Z at', () = Z At

leZ l€Z

By the Theorem 3.1 if f(t) = (1h£i))d with h(t) € Cl[t,t7'] then

Fr(8) = S with < (1) € Clt )




Let us introduce some notations. To any non zero polynomial
h(t) = hot” + ...+ ho+ hit + ...+ hst* € C[t,t7!] we associate the h-
vector h = (.0, hgy .y hs, 0, ...), and we set degﬁ> = deg h(t). For
] € 7, let 5_; be the h-vector of the polynomial #/. Let denote by
[t*]h(t) the coefficient of t* in the polynomial h(t). For any i,j € Z
define D; ; by

(1 —tm)

D;; = [t"] (W

)= [ ((1 4t D),

Note that
D, ; = Card{(z1,...,xq) € N |V, 2y <n—1;20+ ... +24=in—j}.

Finally let D[o, 7] be the infinite square matrix D[o, 7| = (Dity jir)-
For ¢ = 7 = 0 we write D instead D[0,0]. We can give some
properties of the numbers D, ;.

Lemma 3.3. Leti,j,k € Z, we have:
e D,; =0 if eitherin—j <0 orin—j>d(n—1).

o For anyt,j, D;j = Dy_iq—;. That is D is symmetrical around

the point (d/2,d/2).

ForO0<k<n-—1,Dygip = (’“ZT)-

Dio = ("3*") —d. and for 1 < k < m, Duy = ("),

e For any integers q,k, Darqng+t = Dak-

For any i, let d — i = nq — k with ¢ = [=],0 < k < n, then

oo (krd=T _ n[& +i—1
T d-1 ) d—1 '

Proof. The first claim is trivial. In order to prove the other claims,
let remark that the map (x1,...,zq4) — (y1,...,%4), where y; = (n —
1) —x; for I =1,...,d, establishes a bijection between

{(z1,...,2q) EN? |y <m—1forl=1,....d; x1+..+24=1in—7}
and

{(y1, .-, ya) € N¢ |y <n—1forl=1,..,d; y1+..4ys = (d—i)n—(d—j)}.
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The third claim follows from the second claim, because if 0 <
k <n —1, then the sets

{(z1,....,2q) €N | 2y <n—1forl=1,...d; z14..+24 = dn—d—k}

and
{<y17-"7yd) eNd | y1+—|—yd:k‘}

are in bijection.

The fourth claim follows trivially from the previous items.

The fifth claim follows from the equality: (d + ¢)n — (ng + k) =
dn — k.

Finally the sixth claim follows from the third claim, since, if
d—i=mnqg—kwith 0 <k <mn,then (d—q)n—i=dn— (d+k),
hence Dy_y; = Dy gk, and n[%] +i—1=k+d—1.

O

Remark 3.4. With the notations introduced in 3.2, it is clear that
f<n,kn+7'> (t) — tfkf<n,7'> (t), which implies h<n,kn+‘r> (t) — tfk:h<n,7> (t)
for any integer numbers k, .

The following Theorem improves and gives a simpler proof of [2,
Theorem 1.1]:

Theorem 3.5. Fiz integers d,n € N*, 7 € Z. Let (a))ez be a
sequence of complex numbers, such that a; = 0 for | << 0, set :

=St =

leZ

<> (t)
<n,T> E n Ttl
! I€Z. o (-0

where h(t), =" (t) € C[t,t"']. Then

% .
for any T € Z, h<"F"TT> = D[—k, —7]h.

Proof. Because the Remark 3.4 we have to compute h<™"~(t) only
for 0 < 7 <n — 1. The following formula is clear:

f<n,0> (tn) 4 tf<n’1>(tn) N tn71f<n,n71><tn) — f(t),
hence

h<n,0><tn) +th<n,1>(tn) + . _'_tn—1h<n,n—1>(tn) h(t)
(L — ) (-t




and

1—¢m)d
h<n,0> (tn) + th<n’1><tn) o tn71h<n,n71> (tn> _ h(t)ﬁ’
tTh<™7>(t") equals the sum of all the terms Agt? of h(t) ((11—_2")2; with

f =7 mod n. In particular A<">7~(t) is a linear function of h(t).
So it is enough to compute h<"7~(t) for the canonical basis {¢; :=
tV,j € Z} of C[t,t7!]. We have

i <n,7> _ [4ni+T (1 — tn)d
[](R="72 (1) = [ ](h(t)w),
hence
i e e ) = el O = e
which proves our statement. O

Corollary 3.6. Fix an integer d € N*. For j € Z, let 5_]> be the
h-vector of the polynomial t'.  Then for any n € N*, we have

— _ —

dege;™” = d — (—j} Moreover the leading coefficient of €5~
n

([ 45-1

s ( 1 ).

Proof. Let remark that the set of ¢/, j € Z is the canonical basis of
—1 - <n> <n>
Clt,t™"]. We have by Theorem 3.5 that Dej = 5", hence €]
is the j column vector of D. By the Example 2.8, we have that
dege;™” =d — (—]}
The last claim follows from the Lemma 3.3. Indeed for any j €
d—j .
Z, we have Dy iy ; = ("[T]HFl). This proves that the leading

d—1
coefficient of €]<—">> is (”[%d]jfj*l). O
Example 3.7. Let d = 2 and n € N*, we can describe the matrix D

ij | -(n+1) ... -1 0 1 2 3% .. n n+l n+2 ... 2n

-1 2 .0 o 0 0 o ... 0 0 0 e 0

0 n-2 ... 2 1 0 0 0o .. 0 0 0o ... 0
1 0 .. -2 n-1 n n-1 n2 .. 1 0 0 0
2 0 o0 0 0 1 2 ... n-1 n n-1 .. 1
3 0 0 0o 0 0 0o .. 0 0 1 . m-1




Theorem 3.8. Fliz integers d,n € N*, 7 € Z. Let (a))ez be a
sequence of complex numbers, such that a; = 0 for | << 0, set :

_ Z altl, f<n,7'> (t) _ Z anl+7—tl-

leZ lEZ

If f(t) = ' with h(t) € Clt, 7] then f<"7>(t) = T2 with

(1- t d
h<"=(t) € C[t t='] such that:

e deg h=""™>(t) < d — [%L

n

o If all the coefficients of h(t) are positive real numbers then
deg p<nT> (t) —d— "d—degh(t)-i-r-"

n

o [fdegh(t) =d then deg h<"~(t) = d.

Proof. Let f(t) = Y, cp at' = a (tt))d, where h(t) € C[t,t7'] h(t) =
%

Yol + ... + y5t* with degh(t) = s,vs # 0. It follows that h =

* ~&. We multiply this relation on the left by D[—7], so

l=0

— — %

Theorem 3.5 implies h<"™ = 7 ~e . Since deges™” <
PR — — —

deges> | < ... < deges””, we have, degh<"7" < deges" . It

is clear that if all the coefficients of h(t) are positive real numbers
—_— —_—
then deg h<™7" = dege"”.
In the special case s = d we have seen that for 0 <! < d—1 and
b deg o<t d—1 —n :
any n € N, dege/™” =d—[“~] < d—1, and dege;"” = d, which
—
implies deg h<"~ = d. ]

Theorem 3.9. Let n € N*, S be a standard graded polynomial
ring, M = @ezM; be a finitely generated Cohen-Macaulay graded

t
S-module of dimension d > 1, and M<"" = &;ezM,,. Let (1Q( z)d
be the Hilbert-Poincaré series of M, where Q(t) = Yot” + ... +yst* €
Cl[t,t™'] is the h—polynomial of M, with reg(M) = deg Q(t) =
Then
o reg M<"” = d — [%] Moreover by taking the sum over
all index | such that [£] = [%L we will get the leading
coefficient of Q<" (t):

3 N (n[dT‘;]jll — 1).

D] [dt)=rdtei




o [fregM < d—1 andn > d then reg M<"> = d — 1, and the
leading coefficient of Q<" (t) is

% n[E +1-1
m d—1 .
1=0

e [fn >regM > d then reg M<"> = d, and the leading coeffi-

cient of Q<" (t) is
a1/

l=d

Proof. We have 5 => . %5). We multiply this relation on the
—
left by D, so Theorem 3.5 implies that for any n € N*, Q<"~ =
S e, Since 7 > 0 for all I, v, > 0, and deges™ <
T

degeshy < ... < deg<€§—">>, we have, deg Q<" = deg»ss<—”>> =d—
[4=ree M7 this number is reg(M <">) since M <"> is a Cohen-Macaulay
S—module. The computation of the leading coefficient of Q<" (t)
is immediate from Lemma 3.6. ]

4 h-vector of the Segre-Veronese embedding.

The next Theorem improves partially [1] and [5].

Theorem 4.1. Let consider the Segre- Veronese ring Ry ,,, dim Ry, =

Ry, (T
bt .+ b+ 1. Let Py, (1) = %
series of Ry, with Qg,  (t) = ho+ ht+ ...+ hy, t"bn, where ry, =
deg Qr,,, (t) is the Castelnuovo-Mumford reqularity of Ry,. We set
Qpn = dim Ry, — rpn. After a permutation of by, ..., b, we can
assume that fbln—Jlﬂ > Z—i Vi, then

be the Hilbert-Poincaré

by +1 by +1
] = (i A b+ 1) — [
ny n

and the highest Betti number of Ry, 18

1,

Qpn = [



Proof. The proof is by double induction on m and b,,. The case
m = 1 is given by the Example 2.8 and Corollary 3.6, so we can
assume m > 2. We have that f%} > oo besligo by induc-
tion hypothesis the theorem is true for RZ_EM7E7 where b—e¢€, =

(b1, ..., by—1, by, — 1). On the other hand the Hilbert function of R,,,

is Hg, (1) = (”1éfb1)...(”méibm), SO

Nm
Hpg, (1) = (1+ b—l)HRg_em,ﬂ(l)- (1)
Qry_.,, (1)
Let Pg, . ,(t) = 1 _bt)bh:...H)m

Ry, Where Qg,_ . (t) = ho +hit + ... +h
h

be the Hilbert-Poincaré series of

beem 7Ltrb7€m’ﬂ7 Wlth
ry_o, n 7 0. In order to avoid any confusion we also set : Pg, () =

Qr,,(t)

(1 _ t)b1 +..+by+1

be the Hilbert-Poincaré series of Ry ,, where

with A, , # 0.

Let 5 = ’g—:, by simple calculations from (1) we get:

Pr, (t) = Pg,__ . (t)+ 57513;39,%&(15)- (2)
Hence dim Rp,, = dim Ry, », + 1, and

Qry, (1) = Qryp s OFHQR, ., () (BRo—cpy n=1)+BQ,_  (6)=PtQR, (1)),

note that QRkﬂ(l) = Bdlm Rb_em,ﬁQRgfem,Q(l) 7& 0.
In particular we have ry,, < rp_,, n+1landforallk =0, ..., 7p—c,, n+
1 we have

7 L2 N N
hy = hkil(b_ dim Rbfem@ - (k‘ - 1)b— — 1) + hk(kb_ + 1) (3)
By induction hypothesis we have ap—,, , = [bln—Jlrl] # Z—z, SO we
put k =1, » + 1 in equality (3), and we get:

- Ny Cp—e . — 0
h"‘ﬁfﬁmxﬂJ’»l = hrbfﬁmvﬂ( — ;) ; m) # O
m

Hence l%réfemﬂﬂ is the leading coefficient of Qg, , and 74, = Th—¢,, nt+
L and apy = Qp—eyyn = [bln—tl} By induction hypothesis

b (o, — 1 Np—1Qpp — 1 Ny, — 1
e R A N b

11



5 Rings of Veronese type

Let b,n € N*, a = (a, ..., ap) € N*! such that 1 < a; <n,ag+ ... +
a, > n, and My, , be the set of monomials of the polynomial ring
Klzg, ..., xy):

Mpna =122, | ao+...+w=n0 <aq;,Vi=0,..0b}.
Let denote by Ry, the toric subring of Kz, ..., x;| generated by
Mo It is well known that Ry, , is a Cohen-Macaulay ring. Let

S be the collection of subsets of {0, ...,b} such that : S € S if and
only if S C {0,...,0}, and XS =}, _sa; <n.

Theorem 5.1. ([9]) With the above notations the Hilbert-function
of Rpnq 18

V>0 Hyng(l) =Y (-1)F

Ses

(l(n - ES)b— S| +b>

We have dim(Ry,,) = b+ 1, and its degree or multiplicity is

deg(Rynq) = Z(_l)w(n - ZS>b'
ses
Our aim is to study the Hilbert-Poincaré series of Ry, 4:
— ZS —|S|+b
o= T (075951519,
Ses 1>0
The following Corollary follows immediately from 3.6.
Corollary 5.2. For any S € S and k € N*, we have:

kKl—[S|+b),  Qsk(t)
] e

>0

12



where Qg (t) is a polynomial with Qgsx(1) # 0, with leading term

</€Oz57k+ ’ S | —1) ft Lo i
b ’ Y

Uﬂﬁla&k::[iﬂfﬁﬂy

The following theorem is immediate from 5.1 and Corollary 5.2.
It improves the description of the Hilbert Poincaré series given in

[9].

Theorem 5.3. With the above notations, let S be the collection of
subsets of {0, ...,b} such that : S € S if and only if S C {0, ...,b},
and LS = Y . ga; < n. Then we can write the Hilbert-Poincaré
series of Ry pna:

Qb,n,g(t)

PRy, = (1 —t)+0

with Qpna(t) = Zses(_1)|S|Q5,n(t)7 where Qg (t) is a polynomial
with Qs (1) # 0, with leading term
((” — YS)asgn-ns+ | S| _1>tb+1as,n25
b )

b+1—|S
where ag x5 = [nf—E{S'l )

Part one of the following corollary improves [9][Cor. 2.12].
Corollary 5.4. With the above notations:

1. reg(Ryna) < b+1—[YL], and the equality is true if and only
if

Z (_1)\S| ((” - ZS)aS,nl;ES“‘ | S| —1) £ 0

S€S a5 n-xs=[2]
2. If b+1 > n? then reg(Rypna) = b+ 1 — [EL]. Moreover the
leading term of Qpn.4(t) is (("[%W_l)tbﬂ—(%h

b+1-|S
el o= [

Proof. 1. It is enough to prove that minges|
We consider two cases,

o if b4+ 1 < nthen [] =1 < [H5) v e s,

n n—xS

13



e If b+ 1> n, then

b+1<b+1—yS\
n — n—-xS

S (b+1)(n=%8) <n(b+1—- | S|) & (b+1)XS >n| S|,
this is true since by hypothesis b+71 >1> %

2. Let b+ 1 >n*and S # (). By definition [%£1] is the integer ¢
such that b+1=gn —r, with 0 <r <nand g >n+1. We
have

b+1—|S|=qgn—r—|S|=q(n—%5) —r—| 5| +¢X5,
and ¢XS— | S |> (n+ 1)XS— | S |> nXS > r, so that

425 | S| =7 >0, hence [553] > g = [#1],

]

In general leading terms of the alternating sum can cancel, as we
can see in the next example.

Example 5.5. Let consider the ring Ras1,1,1,1,), the sets S can

77777

have 0,1 or 2 elements, and we have: If S = () then ay3 = [%1 =2,
if | S |=1 then ags = [5] = 2, and finally if | S |= 2 then
Qg = [%1 = 3. By using Theorem 5.3 we can write

P ~ Qo(t) —5Q1(t) +10Qx(t)
Rys,1,11,1) — (1 _ t)5 )

, with Qo(t) = 5% + ..;Q1(t) = 3 + ...; Qa(t) = t* + ... Note that
in this case Qo(t) — 5Q1(t) + 10Q2(t) = ho + hit + hot?, where
ho = 1,hy =5 and since hg + hy + hy = deg(Ra3,1,1,1,1,1)) = 11, we
get ho =5, so that

1 + 5t + 5t2
PR4,3,(1,1,1,1,1) = (1 — t)5
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