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TWO-ISOMETRIES AND de BRANGES-ROVNYAK SPACES

KARIM KELLAY, MOHAMED ZARRABI

ABSTRACT. We characterize the symbols of the de Branges—Rovnyak spaces for which
the shift operator is 2—-isometry in de Brange-Rovnyak. As consequence we prove by a
different method a result of Chevrot, Guillot and Ransford, about equality between a de
Branges—Rovnyak space and a Dirichlet-type space.

1. INTRODUCTION

Let D be the open unit disc in the complex plane, and let T = 0D be the unit circle.
Denote H* the space of bounded analytic function on ID and H? the classical Hardy space
of analytic functions on D having square-summable Taylor coefficients at the origin.

If p is a finite positive measure on T, the Dirichlet-type space D(u) is the set of analytic
functions f € H?, such that

D = [ IFEPPAIAR) < oo,

where dA(z) = dxdy/m stands for the normalized area measure in D and Py is the Poisson
integral of p

du(Q), z e D.

The space D(p) is endowed with the norm

1£115, = I ll7= + Dulf)-

Note that if 4 = 0, then D(p) = H? and if pu is the Lebesgue measure on T, then P, = 1
and D(u) is the classical Dirichlet space. These spaces were introduced by Richter [3] by
considering the 2—isometries on Hilbert spaces. Let T be a bounded operator in a Hilbert
space H. T is said 2—isometry if T**T? — 2T*T + I = 0, T is analytic if (5, T"H = {0}
and T is cyclic if span{T"x, n € N} is dense in H for some = € H. -

Let S denote the shift operator on H?,

S f—zf
A typical example of 2-isometry is given by the operator S|D,,, the restriction of S on D,,.

Richter gave the following representation for 2—isometries:

2000 Mathematics Subject Classification. Primary 46E22; Secondary 30H10.
Key words and phrases. Dirichlet space; de Branges—Rovnyak space; two—isometry.
1



2 K. KELLAY, M. ZARRABI

Theorem (Richter [3]). For every cyclic, analytic and 2—isometry operator T on a Hilbert

space, there exists a unique finite measure  on T such that T is unitarily equivalent to
S|D,..

In this paper we investigate when the shift operator is a 2—isometry on the de Brange—
Rovnyak spaces. This allows us to find a different proof of N. Chevrot, D. Guillot, T.
Ransford result where they give conditions to have equality between a de Branges—Rovnyak
space and a Dirichlet—type space, see [1, 2].

Now we introduce the de Brange-Rovnyak spaces. Let P, be the orthogonal projection
of L*(T) onto H?. For ¢ € L*(T), the Toeplitz operator T, : H*> — H? is given by

Ty f == Pi(ef), feH
Let b € H* such that ||b]| < 1, where || - || is the supremum norm on D. The de
Brange Rovnyak space H(b) is the image of H? under the operator (I — T,T;)"/?, that is
H(b) = (I — TyT3)Y?(H?), endowed with the inner product
(I =TT) (1), (I =TT (@) = (fr9)mz,  [rg € (ker(I = TyT3)"%)*.
where (-, )2 is the inner product in H? given by

v = 5= | FOTONAC,

here we identify f and g with there non-tangential limits. Note that when [|b||. < 1 then
H, = H? and when b is an inner function, that is |b| = 1 a.e. on T, then H, = H> © bH>.
Let S be the shift operator on H?. Note that H(b) is invariant by S if and only if b is
nonextreme in the unit ball of H* see [5, p. 23]. When b is nonextreme we set that
T = S[H(b),

the restriction of S to the space H(b). Now we state our main result.

Theorem 1. Suppose that b is nonextreme in the unit ball of H*. Then T is 2—isometry
on H(b) if and only if b = ¢, where ¢ is a constant such that |c| < 1 or
c+ vz
b(z) = —— eD
(Z) 1 _ /BZ’ z )
where ¢,7, 8 € C such that |3| <1 and 1+ |B|> — |c]* — |7|*> = 2|8 +¢&y| > 0.
N. Chevrot, D. Guillot, T. Ransford in [1] investigate for which pairs (b, ) the de
Branges-Rovnyak space H; is equal to the Dirichlet-type space D,, with equality of norms.
As consequence of our main Theorem 1 we obtain their Theorem [1, Theorem 3.1].

Corollary 2 (Chevrot, Guillot, Ransford [1]). Let p be a finite positive measure on T and
let b be in the unit ball of H>®. Then H(b) = D(u) with equality of norms, if and only if
_z

1— B2

where B #0, |8+ 7] =1, c= */|B]* and X = B/|8].

pw=coy and b(z)=
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2. PROOFS

To give the proofs, we need some additional notations and properties. The space H(b)
is a reproducing kernel space :

f(w) = <f7 k?y)ba

where

weD, feHD),

1 —b(w)b
kb (2) = M, w,z € D.
1 —wz
Let S* be the backward shift operator on H?,

The space H(b) is always invariant by S* [5, p. 11]. Note also that the following properties
are equivalent [5, p. 24-25-26]
Proposition 3 (Sarason [5]). Let b be in the unit ball of H*.

(1) b€ H(b)

(2) b is nonextreme

(3) log(1 — |b]) € LX(T)

(4) H(b) is invariant by S

(5) The polynomials are dense in H(b).

Let b be nonextreme function in the unit ball of H*°. Then there exists a unique outer
function a such that a(0) > 0 and

@O+ pOP =1 ae CET.
We set M(a) = T, H?. Since b is nonextreme

feH() < T;f € M(a)
and M(a) is dense in H(b) (see [5, p. 24-25]). Moreover T is one-to—one, thus for every
f € H(b) there is a unique function f* such that

Ty f = Taf+-
Note that for f,g € H(b),

<f7 g>b = <f7 g>H2 + <f+ag+>H2~

(1)
Lemma 4. Suppose that b is nonextreme, then

(b, S*b), = _2©)

a(0)

Proof. We have Tgb = T5((1/a(0)) — a) and T35*b
1

b+::—a7

S*h)T = —S*a.
=0) (57b)

= —T,5%a, hence
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So by (1)
(b, S*bY, = (b, S*Dyyz + (bF, (SD) ) pre

= (b, S*byp2 + (a,S"ayy2 — (1/a( ),S*a)Hz

- —/mb O + Ja(¢)P)]d¢| -

1 _aOZ_a’(O)
—%/Tazm oIS

Lemma 5. Let b(z) = (c+7v2)/(1 — Bz), z € D, where ¢,v,5 € C, |B| < 1. Then

(a) |blloe <1 <= 2|8 +cy| <1482 |c)> — )%
(b) If |bllc < 1, then

b is nonextreme <— 1+ |ﬁ|2 - |C|2 - |7|2 > 0.

In this case we have

p—0oz
= — D
where p and o are defined by the following

(i) p > |o],
(i) p* + |o]? = 14 |B]> = |c]* = 7] and p?|o]* = |6 + &|?,
(ii) arg(o) = arg(f + 7).

Proof. (a) We have

bl <1 <= Je+CP<[1-p5¢7  V(eT,

= |cd®+ 71> +2Re(y¢) < 148> — 2Re(B(), V€T,

< 2Re((B+)¢) <1+[BP =P —]*  VCeT,

= 2B+ <1+ (B2 — P = %

(b) Assume that ||b]|. < 1. So there exist p and o satisfying (i), (#4) and (443i). In fact p?
and |o|? are the solutions of the equation z* — (1 + [3]* — |c|? — |y|*)z + |3 + &y]* = 0. For
every ( € T,

(1= BOPA—[pOF) = 1= B¢~ e+ ¢
= 1+ 8] = [e]* = 7[* — 2Re((8 + 7))
p* + |o]* — 2Re(po()
= |p—o(”.
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Since || < 1, we have
log(1 —[b]*) € LY(T) <= /Tlog(|1 = BC*A = [b(Q)*))]dC] > —o0
= [ 1oglo=aclag| >~

Since p > |o|,

/log|p—a§|2|d§|>—oo <~ p>0
T
= 1+|87= |- ]h*>0.

which proves the first part of (b). Assume now that b is nonextreme and let a be the
outer function associated to b. Since the two outer functions (1 — fz)a(z) and p — oz take
positive values at z = 0 and

(1= B¢)a(O)F = (1 = BOPA = b)) =lp—0oCl’,  ae(eT,
we get (1 — f()a(z) = p — oz on D. O

Remarks. Let b(z) = (c+v2)/(1 — Bz), z € D, with |5] < 1. )
1. b(T) is the circle of radius |y + Bc|/(1 — |5|?) centered at the point (¢ +~3)/(1 — |3]?).
So
e +18| | v+ Bl
”bHOO = _ 2 + _ 2"
L—|p)2 1]
2. Suppose [|blls < 1. Tt follows from Lemma 5 that b is extreme if and only if 1 + |3|* —
c|? — |7|> = |8 + ¢y| = 0 wich is equivalent to b(z) = (3 — 2)/(1 — 3z) for some 0 € R.

Proof of Theorem 1. We set X = S*|H(b). We have
X*()=8()=(,5b)pb and T = X"+ (-, S*b)b,
see [5, p. 12]. Therefore
T =X + (-,0),S"b = S*|H(b) + (-, b),S™D.
So, for every h € H,

T*T(h)

T*(Sh)
S*Sh + (Sh, b),S*b
= h+ (b, Tb),S", (2)
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and
T*2T2(h) — T*Q(th)
— T*(5°5%h + (Sh, b),5*D)
= T*(Sh+ (h, T*b),S*b)
= S7Sh (b, T*0), S + (Sh+ (b, TS, b>bS*b
— ht (b, T20)S™2 + ((h,T*b)b 4 (S*b, by (h, T*2b>b)S*b
= ot (b, T*20),S*%b + <h, T*b + (b, S*b)bT*2b>bS*b. (3)
By (2) and (3), we get
(T*2T% — 2T°T + I)(h) = (h, T*2b)S*2% + <h, (b, S*b), T*2b — T*b>bS*b (4)
Moreover, we have
T*b = S*b + (b,b),S*b = (1 + ||b]|7)S*b

and

T*% = (1 + ||b||g)(s*2b + (S, b)bS*b>. (5)

Assume that 7" is 2-isometry. Then (4) and (5) imply that S*b = 0 or be an eigenvector
of S*. Hence there exist «, 5 € C such that || < 1 and

«

D(2) = —— D.
S*b(z) - z €
Then there exist ¢,y € C such that
c+ vz
b(z) = —— D.

Note that the complex numbers ¢, 7, 8 satisfy the conditions found in Lemma 5 correspond-
ing to the fact that ||b||o < 1 and b is nonextreme. We have S**b = 35*b and by Lemma
4, equality (4) become

*2m2 * _ k2 _W *2p *
(T*2T? — 2T T+1)(h)_<h,/3T b ol b Tb>bS b. (6)

)S*b. Thus equality (6) become

=gl s

Since T is 2-isometry, we have S*b = 0 (that is b = ¢ with |¢| < 1) or

By (5), we have T"%b = (1 + ||b]|) (8 — Z/(((?))

(T*2T? — 2T + I)(h) = (1 + ||b||§)<h, [

-t -
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Recall that
p—oz
a(z) = T
where p and o are given by Lemma 5. Note that a(0) = p > 0 and &’(0) = —0 + pf. So
(7) holds if and only if

g _
%zl s TP~ P — P =218+ e,

Since b is nonextreme, 1 + |3]? — |¢|> — |7]* > 0.
The converse is clear and now, the proof is complete.
For the proof of Corollary 2, we need the following lemma.

Lemma 6. Let p be a finite positive measure on T and let b € H*™ be a nonextreme
function in the unit ball of H*. Let ky(z) = 1/(1 —wz), w,z € D. Then

@<@J@bwf:@+zwﬁ&1_:gglwo)@@ﬂ
(ii) (k, kw)ue) = (1 + %) k. (w).

(111) span{k,, w € D} is dense in D(u).
(iv) span{k,, w € D} is dense in H(b).

Proof. By Douglas formula, for every f, g € D(u) we have

_ 1 [ UQ = OO =g o
oo = eohw+ 3= [ [ T AClap(<'),

(see [3]). Using now Cauchy formula we get (). For the proof of (ii) see [5, p. 32].

Now we proof (iii). Let f € D(u) and set f.(2) = f(rz), 0 <r < 1. Note that
||fr2 — f”p(u) — 0, as r— 1—

(see [4, Theorem 5.2] and [5, Corollary]). Since the map ¢ — f,(¢)k,¢ is continuous from
T to D(p) and

1
=5 [ F0Okc 1],

we see that f,2 can be approximated by finite combinations of the functions k,. So f
belong to the closure of span{k,,, w € D}.

To prove (iv), let h € H(b). We have

(f, kw)p = h(w) + (b(w) /a(w)) 1™ (w) (8)
(see [5, p. 32]).
Suppose that h L span{k, : w € D}, then by (8)

h=—(b/a)h*. (9)
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So (h*/a) — ah™ = bh € L*(T) and then h*/a € L*(T). Since h'/a belong to Smirnov
class, h/a € H*. We know that T;h = T;h". Then using (9)

bl* + 1—Jaf - ht +
(M) = g = (S e p (M) — 1
a a

a
Therefore P, (h*/a) =0 and then ht = 0. We get from (8) that h = 0. O

Remark. The polynomials are dense in D(u) and in H(b), [3, 5]. We can deduce (iii) and
(iv) from this fact. Note that for f € H(b) we have not in general || f, — f|ln@ — 0 as
r— 1—, see [5, 1].

Proof of Corollary. Suppose that H(b) = D(u) for some finite positive measure with
equality of norms. Then b is nonextreme since H(b) is invariant by S, see Proposition 3.
By Richter Theorem [3], T is 2-isometry and by Theorem 1

c+yz
b(z) = ——— D
(Z) 1 _ /BZ’ < 6 Y
where ¢, 7, 8 € C such that |3| < 1 and 1+ |B]* — |c]* — 7> = 2|8 +¢y] > 0.
Let ky(2) = 1/(1 — wz). If H(b) = D(p) with equality of norms then

|kullBgy = Eull,  weD. (10)
By Lemma 6,
1wl (1+ vl p )) eD
w = w) |, w )
P TP U T
1 |b(w)|?
2 = (1 ) eD.
H ”b 1 — |w‘2 + ‘(I(’UJ)P ) w

By (10), we obtain 1 = ||k:0||2D(H) = ||kollZ = 1+ [b(0)]*/]a(0)|?, so b(0) = 0. Therefore
b(z) =vz/(1 — Bz), with 8 # 0 and |5]| + |y| = 1. It follows from Lemma 5 that

a(z) = |f|—_ﬁiz’ z € D. (11)
Again by (10) o o
o' 1 —jw
) = R = 1D

So 1= (|71?/18/%)0x where X = B/|3].
Conversely, assume that b(z) = vz/(1 — 82) with |3| + |y| = 1 and let u = (|7]?/|5]?)dx
where A = 3/|3]. By (11) and Lemma 6,
[y [Pzw
= k., = (k,, ky .
T 52— )40 = e

Thus (f, 9)p) = (f, 9)uwe) for every f,g € span{k,, w € D}. By (4i7) and (iv) of Lemma
6, we have H(b) = D(u) with equality of norms.

<kz> kw)’D(u) = (1 +
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