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THE MAXIMAL POTENTIAL ENERGY OF BIASED RANDOM
WALKS ON TREES

YUEYUN HU AND ZHAN SHI

ABSTRACT. The biased random walk on supercritical Galton—Watson trees is known to
exhibit a multiscale phenomenon in the slow regime: the maximal displacement of the
walk in the first n steps is of order (logn)?3, whereas the typical displacement of the walk
at the n-th step is of order (logn)?. Our main result reveals another multiscale property
of biased walks: the maximal potential energy of the biased walks is of order (logn)? in
contrast with its typical size, which is of order logn. The proof relies on analyzing the
intricate multiscale structure of the potential energy.

1. INTRODUCTION

Let T be a supercritical Galton—-Watson tree rooted at &. Let w := (w(z), x € T) be
a sequence of vectors: for each xz € T, w(x) := (w(z, y), y € T) is such that w(z, y) >0
(Vy € T) and that > qw(z, y) =1.

Given w, we define a random walk (X,,, n > 0) on T, started at X, = &, with transition
probabilities given by

PAXi1 =y| X, =2} =w(x, y).
We assume that for each pair of vertices x and y, w(x, y) > 0 if and only if y ~ z, i.e., y
is either a child, or the parent, of x; in particular, the walk is nearest-neighbour.

We are going to study a slow regime of the random walk (X,, n > 0). In order to
observe such a slow regime, the transition probabilities w(z, y) are random; i.e., given
a realisation of w, we run a (conditional) Markov chain (X,). So (X,) is a randomly
biased walk on the Galton—Watson tree T, and can also be considered as a random walk
in random environment.

We use P to denote the law of the environment w, and P := P ® P, the annealed
probability measure. It is convenient to consider (w, T) as a marked tree. For brevity, we
say “for almost all environment w” to mean “for almost all (w, T)”.

Randomly biased walks on trees have a large literature. The model is introduced by
Lyons and Pemantle [44], extending the previous model of deterministically biased walks
studied in Lyons [41]-[42]. In [44], a general recurrence vs. transience criterion is obtained;
for walks on Galton-Watson trees, the question is later also studied by Menshikov and
Petritis [50] and Faraud [28]. Ben Arous and Hammond [14] prove that in some sense,
randomly biased walks on T are more regular than deterministically biased walks on T,
preventing some “cyclic phenomena” from happening. Often motivated by results and
questions in Lyons, Pemantle and Peres [46] and [47], the transient case has received
much research attention ([1], [2], [4], [12], [13], [15]), while the recurrent case has been
studied in [5], [8], [9], [10], [23], [24], [26], [28], [29], [31], [32], [33], [36], [37] and [38]. For
a more general account of study on biased walks on trees and random walks in random
environments, we refer to the books by Lyons and Peres [48], Révész [54], as well as the
Saint-Flour lecture notes of [53] and [55]. Biased random walks in other types of random
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environments are also studied in the literature, such as [11] for biased random walks
on dynamical percolation clusters, or [I9] for random walks among dynamical random
conductances. .

Although it is not necessary, we add a special vertex, &, which is the parent of &; this
simplifies our representation. The values of the transition probabilities at a finite number
of vertices bringing no change to results of the paper, we can modify the value of w(2, o),
the transition probability at @, in such a way that (w(z, y), y ~ x), for z € T, are an
i.i.d. family of random variables.

A crucial notion in the study of the behaviour of the random walk (X,,) is the potential

on T, which we define by V(E) =0, V(@) :=0 and

Z w(y, y)
1.1 L Xr) = — 10 — = =_> T € T %] y
( ) ( ) yg]]g7m]] g ("’(ya y) \{ }

where y is the parent of y, and |@, 2] := [@, 2]\{@}, with [@, z] denoting the set of
vertices on the unique shortest path connecting @ to x.

Since (w(z, y),y ~ x), for x € T, are i.i.d., the potential process (V(z), z € T) is
a branching random walk in the usual sense of Biggins [16], and is also well studied in
the physics literature (see for example Derrida and Spohn [25], represented in terms of
directed polymers on trees).

Throughout the paper, we assume

(1.2) E( 3 e—V<x>) ~1, E( 3 V(x)e—W)) —0.

z:|z|=1 z:|z|=1

We also assume the existence of § > 0 such that

1y B( Y em0) 5 X o0) 4w 3 1) <o

z:|z|=1 z:|z|=1 z:|z|=1

A general result of Lyons and Pemantle [44], applied to our special setting of the
Galton—Watson tree, implies that under ([2)), the random walk (X,,) is almost surely
recurrent. This is proved in [44] under an additional condition on the exchangeability
of (V(x), |z| = 1); the condition is removed in Faraud [28]. See also Menshikov and
Petritis [50] for another proof, using Mandelbrot’s multiplicative cascades, modulo some
additional assumptions. In the language of branching random walks, (L2) refers to the
“boundary case” in the sense of Biggins and Kyprianou [I7]. In the boundary case, the
biased walk (X,,) exhibits slow movement and reveals a somehow surprising multiscale
behaviour: under (I.2)) and (L.3)) and upon the system’s survival, maxo<;<, |X;| is of order
(logn)3 whereas the typical size of | X,,| is of order (logn)?*:

1
(1.4) lim ——— max | X;| 5

= — P*-a.s.
n— 00 (log n)3 0<i<n ? 371'2(72’ )

where P* := P(-|non-extinction) and

(1.5) o? = E( Z V(x)Qe_V(”C)) € (0, 00).

|z|=1

On the other hand, it is shown in [34] that for any ¢ > 0,

0'2 ‘X | t 1 # 1
) i o) = - <
(1.6) T}LHSOP ((log n)? — t) /0 (27s)1/2 P<m1 - 31/2)d8’
where mf’ := SUPg<,<s<1 (M —my), and (m,)o<s<1 is a Brownian meander (for the definition
and basic properties of the Brownian meander, see Yen and Yor [57]).
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In dimension 1 (which corresponds heuristically to the case that every vertex has one
child), a well known result of Sinai [56] tells that UO)g(—';L)Q converges weakly to a non-
degenerate limit; so (IL6) can be considered as a kind of companion of Sinai’s theorem for
the Galton-Watson tree.

Indeed, the proof of (L6]) relies on a localization of X,, by some barriers constructed
from the potential V. Using such a localization ([34, Theorem 2.1]), we may deduce that

. V(X . . .
assuming (L2) and (L3), under P*, ﬁ converges in law to a finite and positive random

variable. For any ¢ > 0, under P( - | non-extinction),

X 2\ '/? 1t
1. im P, <t)=1|-—- min — ) in probability.
7 lim P, ‘;( n) E babil

n—00 ogn ™ mf& "my

We refer to Appendix [l for a proof of (LT). Note that BE(—) = (2)1/2, see [35], so

both right-hand sides in (L6 and (L7) correspond to the partition functions of certain
probability distributions on (0, co).

In this paper, we are interested in the maximal potential energy,
max V(Xg),

0<k<n

of the random walk (X;) in the first n steps. In the literature, results on the maximal
energy of random walks in random environment or related models are obtained in the
one-dimensional case by Monthus and Le Doussal [52], and for the Metropolis algorithm
by Aldous [7], and also by Maillard and Zeitouni [49].

In the one-dimensional recurrent case, it is proved by Monthus and Le Doussal [52] that
logn is the common order of magnitude for both V' (X,,) and maxo<x<, V' (Xj). In fact,
for one-dimensional random walks in random environment, it is known (Sinai [56]) that in
n steps, the maximal potential energy is bounded by (1 + o(1)) logn (for n — oo); more
precisely, the ratio between the maximal potential energy and logn converges to a non-
degenerate random variable taking values in [0, 1]. For the tree-valued random walk (X;),
its restriction to each branch of T being a one-dimensional walk in random environment,
the maximal potential energy along a given branch is thus bounded by (1 + o(1)) logn,
for n — oo.

Let us present the main result of the paper.

Theorem 1.1. Assume ([L2)) and [3]). We have, on the set of non-extinction,

1 1
e i Vi) =5, Pas.

Theorem [[.1] can be viewed as another multiscale phenomenon of the randomly biased
walk (X,,) from the perspective of potential energy.

The rest of the paper is as follows. Section [Brecalls some known techniques of branching
random walks which are going to be used in the proof of Theorem [[LT. The section is
preceded by a brief Section 2 where we outline the main ideas in the proof of Theorem
[LIl It turns out that the proof relies essentially on a quenched tail estimate of excursion
heights of biased walks. This tail estimate, stated in (2.8]), is proved in Section 4 by means
of a second moment argument. The second moment argument being rather involving, we
present it by means of two lemmas (Lemmas 1] and [.2]), serving as the key step in the
proof of the upper and lower bounds, respectively, in (2.8). Lemma .2 is quite technical;
its proof is the heart of the paper.

Throughout the paper, we write f(r) ~ g(r), r — oo, to denote lim, 1) — 1 and

9(r)
f(r) =o(1), r = oo, to denote lim,_,, f(r) = 0. For any pair of vertices  and y in T,
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we write z < y (or y > x) to say that y is a descendant of z, and = < y (or y > ) to say
that y is either a descendant of z or is z itself.

2. PROOF OF THEOREM [[L1: AN OUTLINE

We assume (L2) and (L3), and briefly describe the proof of Theorem [[LIl Let gy := 0
and let

(2.1) on :=1nf{i > 0,1 : X, = %}, n > 1.

In words, o, denotes the n-th hits to iz by the walk (X;). It turns out that g, = n'*°®)
P-a.s. for n — oo:

Lemma 2.1. Assume (L2) and (L3). On the set of non-extinction,

. log o,
lim
n—o0 log n

=1, P-a.s.

The lemma is (implicitly) in [33] or [9]. We present the proof at the end of this section,
for the sake of completeness, and also to justify the passage from hitting times at @ to
<—
hitting times at <.
In view of Lemma 2.1l Theorem [[.Tlis equivalent to the following estimate: for P-almost
all w in the set of non-extinction,
1

(2.2) —— max V(Xj) —

P,-a.s.
(logn)? 0<k<gn ’ Wi

DO —

At this stage, we recall an elementary result:

Fact 2.2. Let a > 0. Let (&,)n>1 be a sequence of i.i.d. real-valued random variables such
that P(§ > u) = exp[—(a + o(1))u], u — oco. Then
1

lim max & = —, P-as.
n—oo logn 1<k<n o

Let us go back to (2.2)). For given w, maxo<g<,, V (X}) is the maximum of n independent
copies of maxg<g<,, V (X3); so applying Fact 22 to € := [maxo<g<,, V (Xi)]Y? (on the set
of non-extinction) and a := 2!/2 we see that the proof of (2.2) is reduced to verifying the
following: for P-almost all w in the set of non-extinction,

(2.3) Pw<0r§r}%>§l V(Xy) > r) = exp ( — (14 0(1)) (27“)1/2), r — 00.
For any r > 0, let us consider the following subset of the genealogical tree:

(2.4) Ho={xeT: Vz)>r V(z)<r}

where = denotes as before the parent of x, and for any vertex y € T,

(2.5) V(y) := max V(z),
z€[@,y
which is the maximal value of the potential V'(-) along the path [@, y].
By definition, {maxo<k<,, V(Xx) > 1} = {T < T4}, where

(2.6) Ty = inf{i >0: X; € 74},

“
(2.7) To = mf{i>0: X; =0} =01

In words, T is the first hitting time of the set .7, by the biased walk (X;). We mention
that 7. depends only on the environment, whereas T, involves also the behaviour of

the biased walk.
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We observe that (2.3]) is equivalent to saying that P-almost surely on the set of non-
extinction,

(2.8) Pu(Tw < T.) = oxp ( ~(1+0(1)) (2,«)1/2» r = oo,

It is (Z8) we are going to prove, in Section [l
Let us close this section with the proof of Lemma 211

Proof of Lemma[21. For any j > 1, we have

o] 01
1> 50 = i =7 =g} = .
Pl s X 2 ) = 3R g 1 2, 3 Loy = k]

Observe that

+—

P 1ixmey =#} = 1 - (2, D) w2, 5),

and that
. 01 . E
Pw{orgnli)gl‘Xz‘ Z,]’ ;1{)(1@}:]{}} = 1_(1_Pw{022§Z|XZ‘Zj’|X1|:1}>
Pw{maxogigg@ |Xz| > j} k
— 1- (1 - 2 ) ,
1 —-w(@, 2)
where ¢? :=inf{i > 1: X; = @}. Thus
P X (P X * (@, B
> = >
“{02?21' il _j} Z( w{022§g| il _]}) w(D, 2)

k=1
Pw{maxogiggﬁ |Xz| > j}

=
W(g, @) + Pw{maxoﬁggz |XZ‘ > j}
Pw{maxogiggﬁ |Xz| > j}

w(2, 2)

IN

So for any n > 1,
P oax 1% 25} = 1= [1- R max x> j}]

0<i<on 0<i<er

< 1- [1 N Pw{maXOSz‘s@fﬁXJ > J}]"'
w(o, 2)

By [29], ﬁ%long{maxogiggz 1 X;| > 7} — —(%)1/3 (for j — oo) P-almost surely
on the set of non-extinction. Taking j := [(1 + )35 (logn)?| with & > 0, we im-
mediately see that P-a.s. on the set of non-extinction, ), P,{maxo<i<,,, |Xi| > (1 +
e)* 552 (logng)*} < oo if we take the subsequence ny := [(?/¢], ¢ > 1. By the Borel-
Cantelli lemma, this yields that P-almost surely, on the set of non-extinction and for all
sufficiently large ¢,

max |X;| < (1+¢) (logmne)?,

0<i<on, 3m2o?

which, in turn, implies that for n € [n,_1, ny,

(logny)® < (1+ 25)3L(10g n)?*.

max | X;| < (1+¢)? 322

0<i<on 3m2o2
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Therefore, on the set of non-extinction,

. 1 8
timsup Gy omax (Xl < 555, Pas

On the other hand, since g, — oo P-a.s., it follows from (L4) that on the set of
non-extinction,

8
liminf —— max |X;| > ——, P-a.s.
n—oo (log 0,)3 OSiSQn‘ 2 3202
Combining the last two displayed formulas yields lim sup,, ., lfogggrf < 1 P-a.s. on the set
of non-extinction. This is the desired upper bound in Lemma 2.1l The lower bound is

trivial since g, > 2n — 1, Vn > 1. ]

3. PRELIMINARIES: SPINAL DECOMPOSITIONS

We recall a useful consequence of the spinal decomposition for branching random walks.
The idea of the spinal decomposition, of which we find roots in [39] and [18], has been
developed in the literature independently by various groups of researchers in different
contexts and forms. We use here the formulation of Lyons, Pemantle and Peres [45] and
Lyons [43], based on a change-of-probabilities technique on the space of trees. We only
give a brief description, referring to [45] and [43] for more details.

. ;[‘hroughout this section, we assume E(Y_, _, e V@) =1, which is guaranteed by (L2)).
e

W, = Z e V@), n >0,

z: |z|=n
which is an (#,)-martingale, where .%, denotes the o-field generated by the branching
random walk (V'(z)) in the first n generations. Kolmogorov’s extension theorem ensures
the existence of a probability measure Q on %, the o-field generated by the entire
branching random walk, such that for any n and any A € %,

(3.1) Q(A) = E(W,14).

The distribution of (V(x)) under the new probability Q is called the distribution of a size-
biased branching random walk. It is immediately observed that the size-biased branching
random walk survives with probability one. For future use, we record here a consequence
of Holder’s inequality: the assumption ([3]) implies the existence of a constant ¢; > 0
such that

82 Bo[( Y )] =B[( 3 )™ <.
@i |z|=1 @ |z|=1

We identify a branching random walk (V(x)) with a marked tree. On the enlarged
probability space formed by marked trees with distinguished raysﬂ it is possible to con-
struct a probability Q satisfying (B.I]), and an infinite ray {wo = @, wy, ..., w,,...} (ie.,
wy, is the parent of w1, and |w,| = n, Vn > 0) such that for any n > 0 and any vertex
x with |z| = n,

V@)

W

(3.3) Q{w, =z | 7.} =

1Strictly speaking, the enlarged probability space is a product space: the first coordinate concerns the
branching random walk, and the second concerns the distinguished ray (= spine). In order to keep the
notation as simple as possible, we choose to work formally on the same space, while bearing in mind that
the spine (w;,) is not measurable with respect to the o-field generated by the branching random walk.
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Let us write from now on
Sy = V(wy,), n>0.
For any vertex z € T\{@}, we define

—

(3.4) AV(z) :=V(z) = V(x).
Let f: R — [0, o0) be a Borel function, and write
= 30 1Av).
y: <§=wi71
[In particular, i) = >y tyi=1 f(V(y)).] According to the spinal decomposition (see

Lyons [43]), (S; — Si_1, nt'), i > 1, are i.i.d. under Q.

(2
For any vertex x € T, let x; be the ancestor of x in the i-th generation for 0 < i < |z|

(so zg = @, and x|, = x). Let n > 1, and let g : R*™ — [0, 0o) be a Borel function. By
definition of Q, we have

B Y (V). Y f@ve) 1<i<n)]

z: |z|=n y: Z::m,l

= Bo[i- X (V) X s@ave 1si<a)],

i ol =n g =

which, according to (B3], is
= EQ[ Z eV (@) 1{wn:x}g<V(x,~), Z f(AV(y))’ 1<i< n)}

wlal=n v §—tics

= B[/ g(Viw), Y FAVE) 1<i<n)]

In our notation, this means that

B Y (V). Y f@ave) 1<i<n)]

z:|z|=n y:

(3.5) = Eq [eS"g<Si, 'r]i(f), 1< < n)]

A special case of ([B.H) is of particular interest: for any n > 1 and any Borel function
qg: R™ — R+7
(3. B[ 3 oV, -, V()] = Ba[e (51, - 5]

z:|z|=n

This is the so-called many-to-one formula, and can also be directly checked by induction
on n without using (B.3). An immediate consequence of ([3.6)) is that the assumption (.2l
yields Eq(S1) = 0, whereas the assumption (L3) implies that

Eq(e*®) < oo, Vo<a<§é.

The existence of some finite exponential moments allows us to use the last displayed
formula on page 1229 of Chang [22] to see that there exists a constant ¢y > 0 satisfying

(3.7) sup Eq | exp(cy ASH<S))] < 00,
b>0 b

More precisely, we apply the formula of Chang [22] to the ladder height of our mean-zero random
walk via the Theorem on page 250 of Doney [27].
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where
(38) ASZ = Sz - Sz;l, 7 Z 1,
(3.9) HS = inf{i>0:8>r}, r>0.

The formula (33), stated for any given generation n, remains valid if n is replaced
by A, with 7, .= {z € T: V(z) > r, V(z) < r} as in (Z4). Indeed, according to

Proposition 3 of [6], for any r > 0 and any measurable functions f and g,

B Y g(Vie), Y FAVE), 1<i<lal)]
TEIH; y:;:l‘i71
(3.10) = Eq[exp(SH;s>)g<S¢, ! 1<i< Hﬁs))},
where n\/) = >y 5w,/ (AV(y)) as before. We recall that (S5; — Si-1, ni(f)), i>1, are

i.i.d. under Q.
In particular, we have the following analogue of the many-to-one formula for .77;:

(1) E[Y V(@) o V)| = Ea|exp(Sy0) g5, o Sye)]
TEH;

4. MULTISCALE POTENTIAL ENERGY OPTIMIZATION AND PROOF OF THEOREM [L.1]

The proof of Theorem [[T] relies on a multiscale optimization analysis of the potential
theory. The main ingredients are summarized in a couple of lemmas, stated as Lemmas [£.T]
and below. Lemma 2] rather technical, consists of three estimates, namely, ([EI0),
(#11) and (@I12). Here is how the proofs are organized:

e Subsection [4.J} proof of Theorem [T, by admitting Lemmas [£.1] and
e Subsection [4.2} proof of Lemma [4.1]

e Subsection .3} proof of Lemma [4.2] the inequality (4.10).

e Subsection .4k proof of Lemma 2] the inequality (4.1T)).

e Subsection L5t proof of Lemma 2] the inequality (4.12)).

Throughout the section, we assume (L2)) and (L3)).
—
For any x € TU{@}, let

(4.1) T, :=inf{n >0: X, =z}, (inf @ := o0)

which stands for the first hitting time of the vertex x by the biased walk. [In the special
<—
case x := @, (L] is in agreement with (2.7)).] For » > 0, we recall from (2.6]) that

Tw :=inf{i >0: X; € A},
where #, .= {z € T: V(z) >r, V(z) <r} as in ).

Our first preliminary result is as follows. Its innocent-looking statement masks the
multiscale nature.

Lemma 4.1. Assume (L2) and ([L3]). We havd]

. 1
hrrisogpw l0g B[P, (T, < T)] < —1.

30f course, E[P,,(---)] is nothing else but E(- - -).
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The statement of the second lemma requires the introduction of the basic multiscale
setting in our analysis of the potential energy. Let r > 0. Let x € (%, 1). Let

(4.2) ko= |r'7X],
(4.3) hp = %m, 0<m<k,
k—m+1
(4.4) A = )2 EI T e e <

k
[The value of A, defined in (£4) represents, in fact, the solution to an optimization
problem.] For any z € T and any 0 < s < V() (for definition of V' (x), see (Z.5))), let

(4.5) H® = inf{z’ >0: V(z) > s, Viz) <s, Vjelo, i)}.

In words, H{" is the generation of the oldest vertex in the path [@, z] such that the value
of the branching random walk V(+) is at least s.

Forz € A ={zeT: V() >r, V(z)<r}, we setl
(4.6) o =Ny, ifHY  <i<HY forme 1, k.

In order to control the increments of the potential along the children of vertices in the
spine, we introduce, for any vertex x € T, the following quantity

(4.7) A(z) =Y &0 = 7 o VO-VEl

y: Z:J»‘ Yy Y=
Let ¢; > 0 be the constant in (32). Fixe >0, 8>0,0 <& < cie and § € (3, X)E
We consider the following subset of 7.

HE = {:EE%: max AV(x

1/2
" 1<m<k H,(Lx)) S Tga K(:E) Z _B, |ZL‘| < Leelr J ,

(4.8) Vi(z;) — V() < ag.gg), V0 <j < |z|, max A(z;) < eerl/Q},

0<j<|z|

where AV (y) ==V (y) — V() as in @), A(z) = Zy: Ga e"AVW) as in (@), and
V(y) = min V(2),

z€[2,9]
for all y € T. See Figure 1.
Define Z, = Z, (¢, e1, B3, 6, x) by
(49) Zr = Z 1{TI<TE} .
rEHF

The reason for which we are interested in Z, is the obvious relation {1, < Tt} > {Z, >

0}.

In the definition of Z,, everything depends only on the random potential V(+), except
for T}, and T: = both of which depend also on the movement of the biased random walk
(X).

The following lemma, which is the main technical result of the paper, summarizes the
moment properties of Z, we need in the multiscale analysis of the potential energy.

4As such, a!”) is well defined for all 0 < i < H") = |z| (for = € ). The value of o' for i = H")

plays no role. [One can, for example, set al@ = az(-f)l for i = H,ES).]

X

SFor Lemma B2 we can take any 6 € (%, x), but condition maxj<m<r AV (z ) < 7% is also

HO
exploited in Section in the proof of Lemma 1] where 6 needs to be greater than % In order to avoid
any possibility of confusion, we take 6 € (%, x) once for all.
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V()
'
B
< Am
hmfl
NEVAN
M " ) R

FIGURE 1. An illustration of (V(2:),0 < i < H\")) when z € J£*. We have hy = r and

1 <m < k. For H}(Lx) << H,(f)7 Ex) = A, and V(2;) — V(z:) < Am.

Lemma 4.2. Assume (L2) and (L3). For any0<e; <cie, 3>0and 3 <0<y <1,
we have

. 1
(4.10) liminf =5 log E[E,(Z,)] = —1-

€1

(4.11) lim sup ———=

1 2 1/2
msup s g BIEL(ZE)] < —1+2 (e +a1)

(4.12) lim sup ————

1 1/2
mSUp o 72 logE[(E,Z,)Y] < —2+2Y%¢

By admitting Lemmas [£1] and for the time being, we are ready to prove Theorem
L1l

4.1. Proof of Theorem [I.Il We have seen in Section 2 that the proof of Theorem [T
consists of verifying (2.8]), of which we recall the statement: under the assumptions (.2l
and (L3]), P-almost surely on the set of non-extinction,

) 1
2.8) rlggo CBEE log Po(Tor, <Ty) = —1.

Lemma [4.1] is useful in the proof of the upper bound in (2.8), and Lemma the lower

bound.
We start with the proof of the upper bound, by means of Lemma [£1l Let

P*(-) := P(-|non-extinction) .
By Lemma [£1] and the Markov inequality,
PP, (Ty <T-) > 67(175)(2@1/2} < e (207
Jlr %] —_ )

for some ¢3 = c3(¢) > 0 and all sufficiently large r. An application of the Borel-Cantelli
lemma yields that with P*-probability 1, for all sufficiently large integer numbers r > 0,
Po(Tw, < Ty) < e~(1=9@N"? " Gince 1 — Ty, is non-decreasing, we can remove the
condition that r be integer. As a consequence,

limsup ~—7 log P (T <Ty) < -1, P*-a.s.,

1
rooo (2r)1/2
which is the desired upper bound in (2.§]).
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We now turn to the proof of the lower bound. Since E[P,{Z, > 0}] = (P®P,){Z,. > 0},
it follows from the Cauchy—Schwarz inequality that

{E[E.(Z)]}
E P {Z >
S RV
Applying (£I0) and (4I1) of Lemma [4.2] yields that
o 1
(4.13) lim inf ——=-7 CBRE log E[P,{Z, > 0}] > —1 — 22 (e 4 ,) — 212 ¢,

On the other hand, by the Markov inequality, P,{Z, > 0} < E,(Z,), so it follows from
(#12) of Lemma 2] that

1
(4.14) hrrllsozlp CBEE

Recall (a special case of) the Paley Zygmund inequality: for any non-negative random
variable £, we have P{¢ > 1E(&)} > 1 EEEQ We apply it to § := P,{Z, > 0}. In view of
(£13) and (4.14)), we obtain: for any 5 > 6¢ + 8¢; and all sufficiently large r,

P{PAZ, > 0} > e 100 > emear

logE[(P.{Z, > 0})%] < —2+42'%¢

Let

Since {Th;, < Ty} D {Z, > 0}, we have v, > F,{Z, > 0}. Consequently, for all
sufficiently large r > 0,

(4.16) P{y, > e—(1+52)(27)1/2} > o "2

As this stage, it is convenient to have the following preliminary estimate. Recall from

[23) that V(z) := max,c[o,. V(2).
Claim 4.3. Let ¢y > 0 be a constant satisfying ([L21)) below. Let 0 < a < i. Let
p=B( Y Lz Lpeeans L noa i< )
x: |z|=L

where A(z) :=3_ o, e AVW) gs in @T). Then limy_ o ptp, = 00

Proof of Claim[{.3 By (B.3]), we have

S
ML = EQ (e L 1{SLZLO‘} 1{§L<2LQ} 1{H]L:1(1+7Ij)§ec4L}>’

where (Sj—S;_1, 1), j > 1, are i.i.d. random vectors under Q, with m; :=>2 ., e VW),
and
(4.17) S = max S, Jj=>0.
Hence
L
pe > Qs> 105y <210, [[(1+my) < et}
=1

(4.18)

v

el [Q{SL > [ §; < 2L0°) — Q{ f[ 1+ 7;) > L}]
j=1
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We claim that for some constants c¢5 > 0 and ¢g > 0,

(4.19) hj{’nmf L22 Q{S, > L~ S, <2L*} > s,
—00
L
cyL
(4.20) hin_igp f log Q{ jl_[l(l + ;) > e } < —c.

It is clear that Claim will follow from (L19) and (A20).

To check ([EIJ), we use Q{S; > L, S; < 2L°} > Q{L~ < S; < 2L*, S;_, < Si}.
Since (S, — Sp—i, 0 < i < L) is distributed as (5;, 0 < i < L), the latter probability
equals Q{L* < Sp < 2L S; > 0,V1 < ¢ < L}, which can be written as Q{S; >
0,V1 <i <L} xQ{L*< S, <2L*|S; >0,V1 <i < L} Itis known (Kozlov [40])
that L'/2Q{S; > 0, V1 < i < L} converges (when L — 00) to a positive limit, whereas
according to Caravenna [21], liminf;_,., L*™2* Q{L® < Sp < 2L%|S; >0,V1<i< L} >
0. This yields (£19).

The proof of ([£20) is also elementary. Let §; € (0, 1]. By the Markov inequality,

Q{ [T+ m) > e} < {erserBal(1-+m)P1} < {1+ Ba(if 1) -

Jj=1

Note that Eq(n') = EqQ[(> =1 ¢ e VW) < oo if we choose d; := min{c;, 1} (see [B.2)).
So, as long as

log[L + Eq(1")]
01 ’
we have e=1[1 + Eq(n?")] < 1, which yields @20). Claim &3 is proved. O
We continue with our proof of Theorem [T or more precisely, of the lower bound in

[2.8). By Claim [4.3] we are entitled to choose and fix an integer L such that pg > 1.
Let us construct a super-critical Galton-Watson G} which is a sub-tree of T. The

vertices in GgL), the first generation of G&), are those x € T with |z| = L such that

(421) Cyq >

L-1
V() > L%, V(z)<2L®, ]+ Ay)] < e’
=0
where A(z) =32 o, e 2V as in ([@T). More generally, for any n > 2, the vertices in
G\, the n-th generation of G®), are those z € T with |z| = nL such that V(z)—-V(z*) >
L%, that max(,—1yr<i<nr[V (2;) =V (2*)] < 2L* and that H"L ! pr[1HA(z)] < e?, where
x* is the parent in Ggfjl of # (so #* = x(,—1)r as a matter of fact).

Let ¢4 > 0 be a constant satisfying @21). Let 7 := {z € T: V(z) > s, V(1) < s}
as defined in (2.4]). Let

2| -1

Ky = {:p < H 1+ A(z;)] < 6204L1_as, lz| < 2L %s, V(z) < 43}.
3=0

We need an elementary result.

Claim 4.4. Forn > 1 and s € 2nL®, 2(n + 1)L%],

(422) #ji/ =z Z 1{3z662n+2 y<z}'

yeGL)
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Proof of Claim[4.4 Let y € G be such that there exists z € Ggfl)ﬂ with y < z. By
definition of G| we have V(y) < 2nL® < s and V(z) > (2n + 2)L* > 5. So there exists
z € [y, 2] such that x € 7. Since x is a descendant of y, all we need is to check that
T € .

Since z € Ggfl)ﬁ, we have, by definition of G&), H'ji'gl[l + A(z)] < ea@+DL ] and a
fortiori (using z < 2), H‘jﬂgl[l + A(x;)] < el L gleanl < el ™%

On the other hand, |z| < |z| = (2n+ 2)L < 4nL < 2L'7°s.

Finally, V(z) < (2n + 2)2L* < 8nL* < 4s. As a conclusion, = € ;. O

We come back to the proof of the lower bound in (2.8]). We use the trivial inequality

E : 1{326Ggﬁ)+2: y<z} = E : 1{the sub-tree in G(L) rooted at y survives} *
veG yeG

Since G is supercritical, there exist constants ¢; > 0 and ¢ > 0 such that for all

sufficiently large n,
P{ Z 1{3z€Gg];L)+2:y<z} > 607”} > Cs.
yeG)
Applying Claim [4.4], we see that there exists a constant ¢g > 0 such that for all sufficiently
large s,
(4.23) P{#7; > e} > ¢s.
Let r > 4s. We have
Yy 1= PW<T% < Tg) > Z PM{T% < Tg, XT%s = .T} ’yf,:i)v(x),
TEH s

where, conditionally on %, (%(a:)’ t > 0), for x € ¥, are independent copies of (v, t >

0), and are independent of .%,. [For x € J;, we have V(z) < 4s <, so 7&)‘/(@ is well

defined.] For z € J#;, and with the notation A(z) := Zy:zzz e AV from (@7),

ﬁ e_v(x)
Pw{Tifs < T(—, XT%S = ,]j‘} Z W(x.jfl, x]) = 21— 7
N =1 H‘j:‘ol[l +A(z;)]

on the other hand, by definition of .%#;, we have H‘jﬂal[lJrA(xj)] < 24l and V(z) < 4s
for x € J#,. Consequently, for z € %,

_ c 11—« s
PATw <Ts, Xr,, =1} >e (44204 L17%)s

Hence, writing cjg := 4 + 2¢,L' =%, we have

- (z) - (z)
,}/r Z e C10 s ; ,.yris Z e Cc10 S gé%’}/rfs-
rxEHs

Applying (£I6]) to v, implies that if r — s is sufficiently large,
P{% > gC10 sef(1+€2)(2(r75))1/2} > 1- E{(l B 6762(“8)1/2)#%8}
1 - B{e sy
—e—52(’"_3)1/26095 cos
(1-e VPt > ),

By [E23), P{#.%#, > e“} > cg if s is sufficiently large. As a consequence, for all
sufficiently large s and r — s,

v

v

“75)1/26095] .

P{y, > e Se_(H”)(z(T_S))I/Q} > cg[l —e @
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We take s := %52 /2, and see that for e3 := (1 + 21/5%)52, there exists ¢1; € (0, 1) such
that for all sufficiently large r, say r > ro,

(4.24) P{y, > e (He)@)2) > 0

Let J; be an integer such that (1 — ¢j1)” < e3. Let P*(-) := P(- | non-extinction) as
before. Under P*, the system survives almost surely, so there exists an integer J5 such that
P*{Zm:h 1> J;} > 1—e3. Let ry be sufficiently large such that P*{Zm:h Loy a)<ry >
J1} > 1 —e3. We observe that for r > rq,

> max PAT, < T} PUTy <T-
= y: lyl=J2, V(y)<r1 { Y Q} { o g}
> cp2(w) max PY{Ty < TE}’

yi lyl=Jz2, V(y)<r
where c¢i2(w) = ming |y=s,, vy)<r Pol{ly < Tg} > 0 P-a.s. (notation: ming := 1,
maxg = 0).
For |y| = J» with V(y) < ry, conditionally on V(y), PY{Tx < Ty} is distributed
as Yr_v(y), which is greater than or equal to 7,. It follows from (@.24) that for r >
max{ry, 7o},

1/2

Py 2 enfw)e O > Pl max  PUT < Tg) > e (e

o y: lyl=J2, V(y)<ri

> (1-(1- Cn)‘h)P{ Z Lv)<my = Jl}-

|z|=J2
By definition of r1, we have P{}_,_; Lv@<rn} = J1} = (1 —&)(1 — q), where ¢ :=
P{extinction} < 1. Therefore, for r > max{ry, ro},
P{y, > cra(w) e TN > (1 (1= ¢1))(1 = e3)(1 = q) > (1 —&5)%(1 - q) ,

the last inequality following from the definition of J;. Since cjp(w) > 0 P-a.s., we have
proved that

of oo logy 2
P { h;glorolf )12 > —1 —53} > (1 —e3)°.
Recall the definition €3 := (1 + 21/02%)52, with 9 > 6 + 81, € > 0 and &, € (0, ¢y ¢);
so €3 > 0 can be taken arbitrarily small. This yields the lower bound in (28]), and thus
completes the proof of Theorem [LL1] by admitting Lemmas [£.1] and 4.2l O

The rest of the section is devoted to the proof of Lemmas [£.1] and

4.2. Proof of Lemma 4.7l In the study of one-dimensional random walks, a frequent
type of technical difficulties is to handle the overshoots. Such difficulties are, unfortu-
nately, present throughout the proof of both Lemmas [4.1] and

Let » > 0. Let x € (0, 1). Recall from (£.2)—(43) that

ko= |r'7X], hm::%m, 0<m<k.
Recall from (Z4) that 5 = {x € T: V(z) >r, V() <r}. We distinguish the vertices
x of J according to whether there are some “large overshoots” of the random potential
V() along the path [@, z]: let 6 € (3, x), and let

Iy = {x € A, : max AV (x

(
1<m<k th,i

I = {x € A . max AV(r, @) < re},

1§m<k hm
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where, as before, AV (y) := V(y) — V(i) for any vertex y € T\{@}.
Recall from (2.6]) that

Ty = inf T, —mm{ inf T,, inf T}
rE€Hr €N, 4 xE€EH —

where T, :=inf{i > 0: X; =z} as in (£1]). So
(4.25) PATw <To)< Y PuT. <T.) +Pw( inf T, < TH).

; TEH, r, —
TEM +

We first bound >° c . . Po(T: <T%). By a one-dimensional argument (Golosov [30]),

for any z, y € T with y < =z,

Eue[[@, vl eV(U)

(4.26) PAT, < T | Xp = y} = Seclosl
@ ZUE[[Z,J:]] eV

In particular, for any x € T\{@},

1 —
(4.27) PAT, < T} = < V),
@ Zué[[@,x] eV

S RL<T)< Y eV = 3 eV,

IG%’.Q_ !L’G%’.Q_ !L’G%’.Q_

the last identity following from the fact that V(z) = V(z) for all z € 5, ,. Taking
expectation with respect to E on both sides, we obtain, by means of (3.11]),

Hence

B[ 3 RAT <)) < Q[ max 25,0 > ] < 3 Q[as, > 7.
m=1 "

oy 1<m<k
TEM 4
We use ([B.7) to see that for some constant ¢35 > 0,
E[ Y RT < TE)] < (k—1)ecer
rEHG 4

Recall that § > £. In view of ([ .2F)), the proof of Lemma .l is reduced to showing the
following:

(4 (4

=c([r'X] —1)e 2",

r—00 reHy, —

1
(4.28) lim sup ——— )12 logE[P ( inf T, < Te)} < -1.

For any vertex x € J, let us recall ag;) from (4.6)), and define
=inf{j: 1<) < 2], V(z;) = V(z;) > al”}.  (inf@:= o0)
For x € 7, we have either 7, < |z| (with strict inequality), or 7, = co. We observe that

inf T, = min{ inf T inf Tm}

)
rEH;, x€H T <z TESH; i Tr=

> min { inf Ty inf Tw},

7
x€H T <|z| v TEHy —: Ty=00

where y(z) := z,,. Hence

P inf T,<Ty) < R _inf  Tyo<Ty)+ > PRAL<T}

T€EHy, — x€H T <|z|

(429) = 21 -+ 22 s
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with obvious notation. It is easy to get an upper bound for ¥,: by (4.21), P,{T. < Te} <

e V@ (which is e V@ for x € £, _), whereas 7, = oo implies V(z;) — V(z;) < a , Vi <
|z, s

k—1
(430) 2y < Z {V(xl (ml)<a£x),Vi<|m|} H 1{AV($H£Lx) )<rf} -
TEH- m=1 m

To bound ¥J;, we note that
inf Tyay =inf{T,: Ixe I _, y=u,, 7, <|z|}.

x€H T <|z|
Let y € T with j := |y| > 1 such that h,,_; < V(y) < h,, for some m € [1, k]. We define

w A, EHY <i<HY forte(l,m),
T A, 1fH(y <<y,

Clearly, if y = z,, for some x € 7, _ satisfying 7, < |z|, then V(y;) =V (y;) < agy), Vi < 7,
and V(y;) — V(y;) = Am, and moreover AV (y, ) < 1%, V1 <€ < m. Accordingly,
hy

k oo
Z Z Z 1{hm—1§V(y)<hm} 1{V(yi)7V(yi)<a£y), Vi<j; V(y;) =V (y;)>Am} X
m=1 j=1 |y|=j5

m—1
X( H 1{AV(yH(y))§7"9}> Pw{Ty < TE} .
(=1 he

Again, by [@Z7), we have P {T, < Tt} < e~V This gives the analogue of (&30) for
>1.

We apply the many-to-one formula in ([B.6]). Recall from (3.9]) that HY = inf{i > 0:
S; > u} (for u > 0), and from ([B8) that AS; := S; —S;_1. Define
(4.31) ags) = A if H,(Li)_l <i< H,(Li) and 1 <m <k.

By (3.9),

koo
E(¥X,) < ZZEQ[ (555 1{hm,1§§j<hm} 1{§i—si<ags),wq;@-sgm} X
m=1 j=1 i
X H 1{ASH(S)§T‘9}]
koo m—1
(4.32) < ZZe A EQ[ {hm-1<5,<hm} L(5,-5,<a®, vicj} H {as <S)<T9}}
m=1 j=1

Similarly, applying (8.11]) in place of GBEI) to E(Xs), we obtain:
(4.33) E(X,) < Q{S Si<al®, W1 < i< HE; max AS, e < 7«9}.
hy

<U<k

At this stage, we have two preliminary results.

Claim 4.5. For any integers 1 < mg < m < k and any s € (—00, hy,,), we define
m+1

(4.34)  frngm() ::Q< N 1 max o (Si—=8)<A}n ﬂ{ASH<S) <7~9})

()
f=mo+1 Ze[th 1o Fng=s) L=mg
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Then, as r — o0,

m—+1 rX
(4.35) SUDP  fing.m(s) < e_(Ho(l))zf:mw1 X,

5<hm
uniformly in 1 < mg < m < k. Furthermore,

m—+1 . m el X
4.36) Q max Si—S;) <A} N AS. s <71 < e_(lJrO(l))E@:ng X
H
=1 iElH) HS) =1 e

uniformly in 1 < m < k.

Claim 4.6. There exists a constant ci4 > 0 such that for r — oo,

m—1

o
ZEQ [1{hm—1§§j<hm} L5, —5,<a®, vics} H 1{ASH(S>§T9}
j=1 (=1 he

7

-1

(4.37) < curesp(—(1+0(1) %)

3

~
Il

uniformly in m € [1, kJ.

Proof of Claim[4.5 Applying the strong Markov property successively at H, ,Si)fs, H ,(LS)

cee H,ES) _,» We obtain that

m—1—8"

mo
m+1
fmom(s) < H sup Q< max (S;—S;) < )\g).
L=mo+1 u€l0,r?] OSi<H}(Le)—h€_l—u

By Lemma [A.3] we arrive at the following estimate: when r — oo,

e S A S mil
o (1) 3 BB (i B 2,
f=mo+1 {=mo+1

uniformly in s < Ay, and in 1 <mp < m < k4 this yields (#35). The proof of (4.36) is
along the same lines. O

Proof of Claim[4.6. Let LHSg g7 denote the sum on the left-hand side of (£.37). Then

m—1 H;(f,zfl
LHSgz7 = EQ[( H 1{ASH<S)ST"}> Z 1{§Fs¢<a55),v@'<j}]'
=1 he g
J hm—1
By definition of ags) in ([A3T]), this yields that
H) -1
LHSgzy = Eq[ > g scanvier® oy >
i
m—1
X( L max 5, —S)<AIN{AS (5 <rf )}
g ) ()T AGNAS () <17}

6Since Moy — A1 = 7 (by @3)), it is here we use the condition 6 < x to ensure Ay, — 1 — r? > 0.
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We proceed to get rid of the sum over j on the right-hand side. Applying the strong

Markov property at time H ,gi)il, we have
m—1

(4.38) LHS(M S EQ [( 1{ma E[H H(S) (Si—S; )<)\g}ﬂ{AS s)<r9}> = ],
=1 e hy

where

HY 1
Em = sup EQ< L5, <n,. viclo. )
‘Te[hmfhm—lf'f‘e,hm*hm—l] ];0 {S Si<A 7V 6[07_])}

< EQ(Z 1{§i—5i<)\m,we[0,j)}> :

To estimate the expectation on the right-hand side, we write > 7%, = >>7 | Z"’\ n711 A2

(by implicitly treating A2, as an integer; otherwise we replace \,, by [A,.], and the next
three paragraphs will still go through with obvious modifications), so that

00 nAZ —1
Zm < ZEQ( Z 1{§Fs¢<Am,v@'e[0,j)}>
n=1 j=(n—1)A2,

= ; A Q{ ogigza—xl)xgn(gi —5i) < )\m} '

By the Markov property, Q{maxo<;(n—1)x2, (S; —S;) < A} < [ Q{maxg<icrz, (S; —S;) <
A "L So

= < gAg[Q{ e (5, 8) <]

We let r — oo (so that A\, — oo uniformly in m € [1, k]). By Donsker’s theorem,
Q{maxocicrz (Si — Si) < Am} = P{sup,ep, y(Ws— W) < 1} < 1, where (W, s > 0) un-
der P is a standard Brownian motion, and W := SUPyeo, 5] Wau- S0 there exists a constant

0 < ¢15 < 1 such that for all sufficiently large r and all m € [1, k], Q{maxo<;<x2 (S;—S;) <
Am} < 1—¢y5, which, in turn, yields that

- A2, 2
EmSZ)\grL(l—Clg))nl_ m<_7’

15~ Cis

Going back to (E38)), this yields that for all sufficiently large r (writing c;6 1= =)

c15 7

LHSM < 016rQ< ﬂ{ max (gl — SZ) < )\g} N {ASH,(LS) < 7“9}).

L e L n®)

This implies Claim [0 in case 2 < m < k by means of (£30]), and trivially in case m = 1.
U

We continue with the proof of Lemma A1l By (432) and Claim 6] we have

-1

riexp(—)\m—(l+0(l)) ﬁ)

m=1 1 ¢

3

~
I
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By definition, k := [r'™X] and A, := (2r)"/? (=E1)1/2; hence for r — oo,

m+1 X
(4.3 D05, = ROV = (k= m) )+ ol(2)1),
=1

uniformly in 1 < my < m < k. In particular,

k
X
(4.40) S :g— ~ (2r)112
0
/=1

So uniformly in m € [1, k],

Am + 272 [EY2 — (K —m +1)Y?]
> (L+o(1)(r)" inf (=924 1= (1= 9)),

s€0,1

and the infimum equals 1 because the function s > (1 —s)Y/2+[1 — (1 —5)"/?] is identically
1 on [0, 1]. Therefore,

E(X)) <cu rle—(Ho(D)(2r)!/? < o~ (1+o(1))(2r)'/? ’

the second inequality being a consequence of definition k := [r!7X].

On the other hand, by (£33) and ([4.36) (applied to m := k — 1), we have

E(3,) < ef(1+o(1))Z§:1 r); < e—(1+0(1))(2r)1/2

9

the second inequality being a consequence of (£39) (applied to m := k — 1). Since
Po(infoen _ Tp < Tg) < 3y + X (see ({.29)), this yields (B.28), and completes the proof
of Lemma [4.T] O

The rest of the section is devoted to the proof of Lemma [£.2] which is more technical.
For the sake of clarity, we prove the three parts (LI0), (11 and ([AIZ2) separately.

4.3. Proof of Lemma [4.2: the inequality (4.10]). Recall from (£9) the definition
Z, = er%* 1{TI<T§5}’ where

= {:p € . max AV(z,w) <7’ V(r)> -8, |z| < Lee“"wj :

)
1<m<k Hf(::n

V() — Vizy) <\, v0 <j < |, max Afz) < egrl/z}’

<<z

with A(z) =30 <, e 2VW as in (7). For brevity, we write, in this subsection,

n=n(e, r):= Lee“"wJ ;

so |z|+1 < n for all z € #". Since only T, and T%; depend on the biased walk (X;), we
have

(4.41) Eu(Z)= > PAT. <T.}.
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By the identity in ([.27), we have P {T, < Ty} > |m|1+lefv(x), which is > %Q*V(m) -

%e_v(x) for all z € J€*. Taking expectation with respect to E on both sides leads to:

—_

E[E,(Z:)]

v

_E[ 3 efwx)}

TEMF

S

—_

- —V(z)
- E[ Z © 1{V(xj)—V(J:j)<a;I),V0§j<|$|} Ly (@)>-py X

3

k—1

XLz <n} 1{A(x¢)§e”1/2,V0§ﬁ<|J:|} H 1{AV(1H}<Lz>)S”‘9} :

The expression on the right-hand side is, according to formula (310,

HS) 1

_ 1 [ﬂ{5—5<a S; > —B}n

S
N{H® <n}n (<1 ﬂ {AS,e < o},

(=1

where H\*) := inf{i > 0: S; >r}asin @9), S; = maxp<;<; S; as in (@I7), AS; =
S; — Sj_1 as before (with Sy := 0), and n, := Zy: Sy e AV [In particular, n, =

Zy: lyl=1 e V® ] Recall from Section Bl that (AS;, 1;), i > 1, are i.i.d. random vectors
under Q. Hence

(4.42) E(E,(Z,)] > %[QI(T) —a(r)],
where
a1 k-1
() = Q[ ﬂ{S—s <d®, 5 > B}O{H(S<n}mﬂ{AS S)<r}}
a1 H An

o(r) = Q[ ﬂ {5, -8 <a®}n n{ASH(S)<r}ﬂ U (e > & 2}].

By definition of (a§s)) in (£31) (with notation ASy := 0 for the term m = 1 below),

a(r) = Q({Hﬁs) <n}n

) -1
N ﬂ ﬂ {85 = 8; < Am, 85 > =B} N {AS, §r9}>.
m=1;_p(s) fm—1

hm—1
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Since {H® < n} > ﬂfnzl{Hf(Li) - HY < [ %]}, we have

hm—l

(S)
k —1
am = QN () 5= <A 5> —f)n
m_lij}(LS)
m—1
0o g g "
Sy <o’ HY) ) < (T
H) -1
> Q) ) Bi=8 <88y >-61n
m= 1 H(S) -
S S n
ASye <o B - HE < |-

Recall that h,, — h,,—1 = hi. Applying the strong Markov property successively at times

H,gi)l, H}EiQ, e H,f), this gives thatl]
k -1
= 11, 0 N S5 s 200
(4.43) N{ASye <1, BHE < 2]}

We let 7 — oco. By Lemma [A.2], uniformly in m € [1, k] and x € (r%, hy],

H -1
Q{ O {S; =5 < Ap, Sj > —5}} > exp [— (1 +o(1))%]

> exp [~ (L4 o)1 ].

On the other hand, ([B.7) tells us that ci7 := supy.q Eqlexp(ca AS )] < oo. By the
b
Markov inequality, for 7 — oo, uniformly in m € [1, k] and = € (r%, hy],

1 X
QIAS, o > '} < e < exp [ — (14 0(1) .
Hz 3 Am,
[The last inequality, valid for all sufficiently large r, relies on the facts that § > % and
that A, > (2rX)Y/2] Also, for some constant 018 > 0 and all sufficiently large r and

all m € [1, k], sup,eqo py] Q{H(s > 2]} < s i J)1/2 (see Theorem A of Kozlov [40]),
which is bounded by % exp[—(1 + o (1))%] as well for some constant £; > 0 (for r — o0;

recalling that n := |e®! "I/QJ ). [We use the fact that £ > £.] As a consequence, for r — oo,

"For the term m = k on the right-hand side, there is no need to consider {AS, s < 7%}, whereas the
m = 1 term has only the value x = hy. The current form of the inequality is used to give a compact
expression for the lower bound.
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uniformly in m € [1, k] and = € (r, hy],

a1

Q{ ) {5 =5 <A 852 B} N {AS 0 <% HE < |71}

HS 1
z Q{ jrl {gj =5 <Ay 55 2 _ﬁ}} - Q{ASHg(;S) > 7’9} — Q{Hés) > L%J}
1 X
> gew | = (o))

which is still exp[—(1 + 0(1))%] by changing the value of o(1). Going back to (L43]), we
see that for r — oo,

k
X 1/2
(4.44) @) > exp [ = (1+0(1)) 30 1] = e e

m:l

S

the last identity following from the observation in (40) that S
We now estimate ¢o(r). By definition,

- )\ ~ (2r)Y2, r = oo.

HO

@(r) < iQ[ ﬂ {S; -5, <a Y max AS s><r W>e€”/2;g§[{r(5)]

1<i<k
7=0

(4.45) = ZZq(zm (r),

/=1 m=1

where

l,m
g5"™ (r)
a1

= Q[ ﬂ {S, -89 < ags)}; max ASH}f) <r? n > e”m; H,Si)_l <l < H,Si)}

H(S)l
[ﬂ ﬂ {5, = 8; < AJi max AS,y0 < 1% > o VS <e<Hs>}
Zl]H

-1

We apply the strong Markov property at H }(lle, to see that for 1 < m < k,

%1
k-1
&M < [n ﬂ {S; = S; < M} maXASH(S)<r ne > e
le H(S)
hi—1
a1

H]gi{l <l < Hi(zi)} X sup Q|: ﬂ {gj - Sj < )\k} .

w€lhp_1, hp_1+7]
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Let 7 — co. By Lemma [A.3] we have, uniformly in z € [hy_1, hp_1 + 7],

-1
Q[ DO {§j—Sj<Ak}} < eXp[—(1+0(1))hk_h§kl_re}

< oxp [~ (L4 o() .

We iterate the argument and apply the strong Markov property successively at H ,(:)2,

H,gi)g, cee H,gi), to see that
-1
™) < [ﬂ ﬂ {5, =8 < A} max ASye <17 n> e e
= 7H}(1f11
() () X
S S
H,W << Hhm] X exp [— (14 0(1)) Z )\—j
i=m+1
oy H -1
1/
< [ﬂ ﬂ {S; —S; < A} rzlgr)LEQAS <S><T e > e
j=H Bl
hi—1
(8) ~
S
H,” < 4 X exp [— (1+ 0(1))i:zm;r1 )\—Z]

To bound the probability expression Q- -] on the right-hand side, we note that under
Q, given H, ™" (5) . < {, me is independent of everything concerning the potential V() until

H ,(fn)_l, and has the law of 7. Consequently,

(S)
m—1 th’ -1
A7) < Q[ () (-5 <Xk max A0 <0 12 <] x
=1 (S)
j=H

xQ(n > ") xexp [ = (1+0(1) Y Q_X}

i=m-+1
S)
m—1 Hf(zl -1
— . )
= Q[ m ﬂ {55 =55 < Aik; 1§I%%<_2ASH$> <r ] X
=1 j= H(S)

hi—1

xQ(m > e‘”l/Q) xexp | — (14 o0o(1)) Z ;—X}

i=m-+1

Looking at the two probability expressions Q[N";'---] and Q(n > ¢*) on the
right-hand side. The first probability expression is, according to (£36]), bounded by

exp[—(1+o(1)) 7" %] For the second probability expression, let us recall that n; =

Zy: yl=1 e~V by definition; so by (3.2), there exists a constant c;g > 0 such that Q(n; >
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1/2 1/2
et/ ) < clge e ”? We have thus proved that, for 1 < m < k,

X
g™ (r) < e exp [ — (1+0(1)) Z T_]
i 1<i<k,i#m "

< Clge—cl6r1/2—(1+0(1))(2r)1/2

Since ¢o(r) < >, Zk (z m)( ) (see (@A), and n := [e1""*| < e17"* ) this yields
that
g2(r) < cig foe(cremenrt2=(14o(1)(2r) /2

Recall that E[E,(Z,)] > % (see ([f42)) and that ¢, (r) > e~ (oM@ (g0 (A A7),
we obtain that for r — oo,

E[E.,(Z,)] > % o~ (I+o(1))(2r)? _ Cro ke (ereen)r 1/2—(1-1-0(1))(27’)1/2].
Since €1 € (0, ¢1 €), the term cpg ke (cre—en)rt2=(1+o()2N)'? qoeg not play any role when
taking the limit r — oo (recalling that k := |r'=x]). By definition, n := [¢*'"""*|, this
readily yields (4.10). O

4.4. Proof of Lemma (4.2t the inequality (4.11]). Recall definition again from (4.9):
Zy = erﬂi 1{Tz<TE}> where

HE = {:p € . max AV(z,w) <7’ V(r)> -8, |z| < Lee”'wj :

(@)
r 1<m<k Hy,

V(:cj) —V(z;) < ag.z), V0 <j < |z, max A(zj) < e /2},

<|z
with A(x) := Zy:Z:z e 2VW as in ([@7). By deﬁnition,
EJ(Z}) = Y PAT.<T.,T,<T.}
x, yeHx
(4.46) = E,J(Z)+ Y PAT,<T, T,<T.}.
rAYE I
By @.27), PAT, <Ty} < e~ V@) On the other hand, by the definition of /£, we have
V(z) = V(z) for v € 2% C J#,. So
E,(Z) < ) eV

TEN*
V(x)
< Z e " 1{maxl<m<kAV(m (x))<r"} 1{V(z]) V(z;)<aS”, vo<j<|z]} °
xEHr
Taking expectation on both sides, we obtain that

E[E, ] < E< Z © 1{maxl<m<k AV (z (z))<7"9} 1{V(z]) V(zj)gag”‘),vogj<|z|})’
TEH

which, by formula (311]), is
= Q( max ASH(S) ,g — Sj < (lgs), V0 S] < H7§S)>'

1<m<

k rX
Applying ([£36]), we get that E[E,(Z,)] < o UM Zist %, Since Zif:l % ~ (2r)'/2 (see
([@40)), we arrive at:
(4.47) E[E,(Z,)] < e~ (o2
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Also, since V/(z) > r for x € S, we have ) . e V@) < e > vesr V@ 5o for
all sufficiently large r,

(4.48) E( > e*QV(f)> <e .
TEIM*
By (£47) and (446]), we have
_ o )1/2
(4.49) E[E,(Z2)] < e~ (Ho@n?/? | E[ S RAT <T.., T, < TE}] .
TAYES

For any pair of distinct vertices x # y, let x Ay denote their youngest common ancestor;
equivalently, = A y is the unique vertex satisfying [&, x A y] = [&, =] N [@, y]. Consider
the quenched probability expression

PAT, <T, <T5}.

To realize T, < T, < TE’ the biased walk first needs to hit x A y before hitting % , then,

-
starting from x A y, it should hit = before hitting @, (and then, starting from z, it hits
—
automatically x Ay before hitting @), and then, starting from x Ay, it should hit y before
—
hitting @. Applying the strong Markov property, we obtain that

PAT, <T, < To} < P{Top, < To}P{T, < T }PI{T, < T},

where, for any vertex z, P? denotes the (quenched) probability under which the biased
walk starts at z. By exchanging x and y, we also have

PAT, <T, < TE} < P ATypy < TE}PjAy{Ty < TE}ij/\y{Tw < TE}'
Hence
PAT, <Ty, T, <Ts} = PAL <T,<To}+ PAT, <T, <T:}
< QPM{Tm/\y < TE}PjAy{Tx < Tg}Pj/\y{Ty < Tg}

[Although we have implicitly assumed z A y is different from the root @, the last inequality
remains trivially valid even if z Ay is the root.] By (@21), Po{Tuny < T5} < e~ V@),
More generally, we use (4.20]) to see that

PIM{T, < T} < (Jo Ayl + 1)e V-Vl

We also have PJ"{T, < T} < (lzAy|+ 1)e~V@-V@r) by interchanging the roles of
and y. As a consequence,

PAT, < T, T, < Te} < 2(jx Ay|+ 1) )=V -Vl
which is bounded by 2(|z A y| + 1)% V@ =V@-VW)  Noreover, for x € J*, we have
lzAyl+1<]|z|+1< [e17"?]. Going back to (@ZT), we obtain that

E[E.(Z7)]
(4.50) < o~ (1Ho(1))2N)Y/2 | o 2e1r!/? E< Z Z eV(z)—V(w)—V(y)>

22 V(z)<r X, YEIH*: xN\y==2

(451) = ef(l+0(1))(27")1/2 + 26261 r1/2 E<Z Z Ei(;’n’m)> ’
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where

D D el T S W

z: |z|=n T, YEMF xN\y=2

For further use, we also see from the inequality E,(Z,) < >, . e V(@ that, for all
sufficiently large r,

(4.52) E[(EWZT)Q]ge”HLE( Z 1{V SRS e*Wr%V(w).

2V (z T, YEH [ TN\Yy=2

The term e™" comes from E(}_ . . e ~2V(@)) and (£48). The indicator function 1y (,)>_s
was implicitly present in z € J€*; it is written explicitly here because it is going to play
a crucial role later. We note that the expectation expressions on the right-hand side of
(E50) and ([£52) are very similar to each other, except that there is no V(z) term on the
right-hand side of (£52)).

For each pair (n, m), we estimate E(3;
ancestor of x in generation ¢ for i < |z|),

(mm)y By definition (recalling that a; is the

Zgn,m) _ Z eV(z) 1{hm_1§V(z)<hm} Z er(u)fV(v) «
zi|z|=n u#tv, u=2="0
x Y elVEve Y Vel
TEH ) Tpy1=U YEHF: Ynt1=0

We first take expectation conditioning on %, 1 := o{V(w) : |w| < n + 1}, the o-field
generated by the random potential in the first n + 1 generations:

B | Fut)

V(z
< Z € ()1{hm—1SV(z)<hm}1{V(zi)7V(zi)<a£z),VOgiSn}1{maX1S€<mAV(zH(z))§7"9} x

z: |z|=n he

(453) g S e VOO L V) (V (),

(u,v): uv, u=z2="0

where A(x) := Zy:‘gj:x e AVW as in (@), and for s < Ay,

X H}(L;)ﬂfl
- =V(z —
fuls) =B{ Y VO H Liavee,m ><r@})< I I twerveoon) )
TEH s f=m+1 l=m+2 ,_ (@)

hyp_1—s

Some care needs to be taken in order to make (A.53]) valid in all situations. On the right-
hand side of @53), V(u) < hy, for most u with u = z (and V(u) < r for most v with

v = z); however, there is a possible situation when V() > hy,: this is when v € 74,

(for some 1 < m < k), in which case we only have V(u) < h,, + 7% (which is strictly

smaller than h,,.1). In order to take care of this situation, only overshoots AV (z @) )
h _

S

for ¢ > m are involved in the definition of f,,(s). In particular, fx_1(s) =1 for s < r, and
fr(s) should be defined as 1 for all s € R.
By the formula (B.11]), this gives that for s < hy,41,

HS)
hZ s_1

fm(s ( ﬂ Lias s <oy N ﬂ N S-s <)\z}>

t=m+1 Hhg=s l=m+2,;_p(5)
L—17°%
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where Ht(s) =inf{i > 0: S; >t} (for any t > 0) as in (B.9). By Claim [4.5] we arrive at
the following estimate: when r — oo,

) <esp (—(1400) Y 2,

=

uniformly in s < h,,41 and m € [1, k] (and in n > 1).
Let us go back to (£53), and first look at the double sum > «___< on the

(u, v): uv, u=z=
right-hand side. Thanks to the upper bound for f,,(s) we have just obtained that is valid
uniformly in s > 0, we get that, on the right-hand side of (£53),

Loty oo e VOO L (V@) fu(V ()

(u, v): u#v, U=2=7

Tx
1/2}6—(24'0(1))2@ mt2 X [ Z er(u)]

=z

2

IA

Lin)zesr
< e*(2+o(1)) S myo % |:er(,2) egrl/z] 2 |

where, in the last inequality, we used the definition of A(z) =3 o e V=V a5 in
([E7) to see that on the event {A(z) < "}, we have S eV =eVEIA(Z) <
eV ¢=r'”* Therefore, [@53) yields that

E(E(n m) ‘ ,/n+1) S 625r1/2 (2+O 1) ZZ m+2 >‘Z Z e 2V(Z

z: |zl=n

Ly <V(z)<hm} X

X 1{V(zi)—V(zi)<a§z), V0<i<n} 1{maX1S€<m AV(ZH}(;) )<ré} -

Taking expectation to get rid of the conditioning, and using the many-to-one formula

(B6), we obtain that

n,m ri/2_ o k_ X g _
E(Zg’ )) < & V2= (2+0(1) Eimmia &, Eq|e5 5" L <y X

X 1{§i—si<a55), Vo<i<n} L maxy <o AS_(s) Sre}} :
he

Going back to (Z.51]), this yields that

o k
B[E,(72)] < o (HroEne ggerrt2 §7 53 ertCroll o sy

n=0 m=1

gnfsn —
(4.54) xEq [e L1 <S0<tin) 1{§i—si<aﬁ.s), voi<n} Hmaxi<ecm AS (s)<rf}]

hy

Similarly, (£52)) leads to: for r — oo,

oo k
r1/2_ (240 _
E[(E Z Z Z 2ert/2—(240(1)) X b—my2 /\Z EQ [e Sh 1{mm09§n Si>—p} X
n=0 m=1
(4.55) XL <Sn<hn} Lz s, <al®, vo<i<n} Limaxi <oam ASH<S>§7‘9}]

hy
: S ._ : (5) . (5)
We proceed with (£.54). Recall from (@3T)) that a;”" = A\, if H,' <i < H,”. In
particular, a'd) = A on the event {h,,_1 < S, < Ay}, s0 eSn—Sn < e on {hm1 <8, <
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B} N {5, — S, < ai}. Consequently,

E[E (ZQ)] <e —(1+o(1))(2r)1/2 + 2 2e1 71/2 ZZ A +2ert/2— (2+0(1))Z€ ma2 M %

n=0 m=1

xQ({hm,l <Sp <hn}N{S;—8; < al(-S), Vo <i<n}n {1r<n€ax AS s < 7’9}).
<tL<m hy
According to Claim [.6], this yields that

E[E,(2%)] < e (roen??

k
— X
+262€1r1/2 : :e>\m+257"1/2 (2—‘,—0(1))2[ m2 /\Z X CouT e (1+0(1))Z;n:11§7 .

m=1

By definition, k := [r17X]| and A, := (27“)1/2 (E=mt1)1/2 Hence

—QZ mz ~ —(2r)12,

(= m+2
This completes the proof of the inequality (IID]) in Lemma O
4.5. Proof of Lemma the inequality (4.12]). We recall from (4.55) that
(s / O —
E[(E Z e 4 Z Z 2ert/2—(2+40(1)) Zz m+2 A[ E [ Sn 1{min09§n Si>—p} X
n=0 m=1

Xl{h 1<Sn<hm} 1{5 -5, <a(S) VOSZSn} 1{maX1§g<m ASH(S) ST’Q}:| .
hy

On the right-hand side, we throw away 1max, ., A (S)§r9} by saying that it is bounded

by 1. On the event {h,,_, < S, < h,}, we have aﬁl = Am, S0 1
115, —s,<nn}- Lhis leads to:

(Si—5i<a'® vo<i<n} <

k o)
k rX
E[(EWZT)Z] < e+ Z e2er1/2—(2+0(1)) Dlt=m+2 5, Eq |:Z o—Sn 1{min0§¢§n S>—p) X
=1 —
XL <Sn<hm} L(S0—Sn<im} ]

k
(4.56) = ey o,
m=1

with obvious notation.

Fix 0 < g5 < 1. We use different estimates for Zim) on the right-hand side, depending
on whether m < [esk] or not.

First case: 1 < m < [e5k]. In this case, we simply use 1, .3 ., 1 < 1 and
g, _s,<any < 1, to see that for large r,

m T/ - O k ﬂ - —
24(1 ) < o2 V2=(2+0(1) Eimmya 5, Eq [Z e~ Sn 1{min09§n SiZ*ﬁ}]'
n=0

According to Lemma B.2 of Aidékon [3], for any b > 0, there exists a constant cyo(b) > 0,
whose value depends also on [, such that

(4.57) Eq [Ze*bsj 1{52—5,\1:‘3;‘}] < ¢c0(b) .
j=1
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Consequently, for all sufficiently large r,

X

m ri/2_ o =
ZL(; ) < «:20(1)826 V2 =(240(1) Kicmez &

By @__B:QI) and (@EIII) for 1 < m < [e5k], we have

m+1

Z - Z Z (14 o(1))(@r)2 — (272 [KY2 — (k — [e5k]) V2],
£m+2

which is (1 + o(1))(1 — 85)1/2(2T)1/2, r — oo. Therefore,

[e5 K]
(4.58) Z 2™ < eg0(1) [e5 K] o251 /2 = (2+0(1)) (1—25) /2 (2r)1/2

Second (and last) case: [esk] < m < k. Since m > [e5k]|, we have h,,_1 =
(m —1) 7 > esr. So on the event {h,,_1 < Sn < b} N{S, — Sn < An}, we have S, >
Sn=Am > hym1—Am > €57 — A\, which is greater than or equal to e5r — \; = esr—(21)%/2.
Accordingly,

m r /2 o k ﬂ _1 _1 _
Zz(l ) S 625 1/2 (2+ (1)) ZZ:m-{»Q >‘Z EQ [Ze éSn e é[557’ (27")1/2] 1{m1n0§1§n 51276}

n=0
oo

2€r1/2 —-1g 1 [esr— (27“)1/2}
[ E : 25 g7 2 1{min0§i§n Si>—p}
n=0

1/2_Ll1op_(2p)1/2 -3
— 62&‘7’ 3 [557" (27’) } EQ |: Z e QS" 1{min0§i§n 522*5}} :
n=0

IA

1/2_1

So by ([@5T), we have ™ < ¢ 20(3) e alesr- @) for [esk] < m < k. As a conse-
quence,

1/2_1

k
(4.59) Z Zflm) < 020(1/2)]{/‘8257" —Llesr—(2r)1/2] ]
m:f€5k1+1
Since B[(E,Z.)?] <e "+ YF | n{m (see (A50), it follows from (L58) and (£59) that
E[(E.Z)?] < e +en(l) [e5k] o2r/ - Croieteniss |
+co0(1/2)k 2ert/A=gesr—(2r)t/?]

Recall that k := [r17X]. Since e5 > 0 can be as close to 0 as possible, this yields (£I12),
and completes the proof of Lemma [4.2] O

APPENDIX A. PROBABILITY ESTIMATES FOR ONE-DIMENSIONAL RANDOM WALKS

Let (92, #, P) be a probability space. Let Sy := 0 and let (S; — S;_1,7 > 1) be a
sequence of i.i.d. real-valued random variables defined on (92, .#, P) with E(S;) = 0 and
o? :=E(S?) € (0, c0). We write

S :—0n<1§1<>§S Jj=0.

For any b € R, let
H, :=inf{i > 1: S; > b}, H, :=inf{i >1: S; <b}.

8For b > 0, Hj, is nothing else but ngs) defined in (39).
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Applying (2.6) of Borovkov and Foss [20] to the ladder heights, we immediately see that
the assumption E(S?) < oo ensures that E(Sg,) < oo for all b > 0, and that there exists
a constant co; > 0 satisfying E(Sg, — b) < ¢21(b+ 1) for all b > 0.

Lemma A.1. (i) Assume E(|S1|?) < oo. There erists a constant cey > 0 such that for
any a >0 and b > 0 with a +b > 0,

b—CQQ _ b+022
Al < P{H H < .
(A1) arp SPHa<HL} <77
ii) Assume E(|S1|>7?) < oo for some 6 > 0. Then for any a > 0,
(i) y
E
(A.2) P{H-, < H,} ~ @ b — 0.

Proof. We follow the same argument as in [6].
(i) Since E(|S1[?) < oo, it is known (Mogulskii [51]) that sup,.o E(—Sk- —b) < oc.
By the optional stopping theorem, 0 = E(Sy, u- ) = E[(Su, — Su-,) 1{Ha<H:b}] +
E(Sy- ) = (a+b) P{H, <HZ,} —b—E(=Sk- —b) = (a+b) P{H, <H,} —b— ca3 where
C23 1= SUPp~g E(—SH:b —b) < oo. This yields the second inequality in (AJl). Considering
(—S,) in place of (S,) (and exchanging the roles of a and b) yields the first inequality.
(ii) Again, by the optional stopping theorem, 0 = E(SHGAH:b) = —-bP{H , < H,} +
E(Sm,) + E{[(SH:b +b) — Sy, ] 1{H:b<Ha}}’ which leads to

(A.3) bP{HZ, <H.} = E(Sk,) + E{[1S-, + bl + Su.] Li-, iy}
We let b — oo. We have P{HZ, < H,} — 0 (by (A.1)), whereas sup,.o E( [Sy-, +b)11%) <

oo and E[(Sg,)'*?) < oo (which is a consequence of the assumption E(|.S;[>°) < oo; see
Mogulskii [51]). By Hélder’s inequality, E{| ISH:b + b| + Sw, ] 1{H:b<Ha}} — 0. So (A.3)
implies (A.2). O
Lemma A.2. Assume E(|S1|?) < co. There exist constants caq > 0, co5 > 0 and cy > 0
such that for all r > 1 and X\ > co4, we have

= ‘ T CT
(A4) ]P){Sj_sj<)\aS]ZOaVOSJSHr}ZCQSeXP<_x_W>
Proof. Let ¢y > 0 be the constant in Lemma [AJl Since E(S;) = 0 and E(S?) > 0, there
exist o7 > 0 and cog € (0, 1) such that P{S; > cor} > cog, so that

coo+1

022+1-|} [

]P){HC22+1 < Ha} > ]P){SZ — Sifl > Co7, V<< [ > Cog =:Cgg > 0.

Ca7

Let y > 0 and let ry := (c22 + 1) + yk, for 0 <k < N = [7].

Let E(IM) = {gj—Sj <A, S;>0,V0<j<H,}. Sincery >, E(IM) will be realized
if H,, < Hy and if for all 0 < k < N — 1, the following is true: after hitting [ry, co)
for the first time, the walk (S,) hits [ryy1, 00) before hitting (—oo, 7z — A]. Applying
the strong Markov property gives that (P, being the probability under which the random
walk starts at x; so Py = P)

N-1 N-1
P(Edﬂ)) = P{Hm < HO_} X H Prk{HrkH < H;k—)\} > C29 H Prk{HrkH < H;k—)\} .
k=0 k=0

[We do not need to worry about overshoots, because = +— P, {H
decreasing for x € [ry, 00).]

e < H _\} is non-
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Since P, {H,,, < H_  _,} =P{H, - < H,} = P{H, < H_,}, it follows from
Lemma [AT] that (with X\ sufficiently large such that A\ > y + co2)

A — c2 y+022> Y + Co2
=1— >1— ,
y+A Y+ A A

Prk{H < H;k—)\} Z

Tk+1

which is greater than or equal to exp[—#52 — (#22)2] if 522 < 1 (by the elementary

1
2
inequality that 1 —z > e==% for () <z< %) Since N < 2 +1= %, we obtain:

y+cepr+1  (y+ep)r+1
P(E > [— — }
(Bag) z coexw | = ———— Yy
WechooseAZlanerl.Wenotethat@%:§+§+%r—;l§§+1+2%y2",and

that if y > co9, (z’t\%ﬁ%l < %2231—7’ = %. So, taking y := A2 yields that

T 2Co9T &r
P(EM)Zczgexp[—x—l— /2 —W],
proving the lemma. O

The next lemma says that, under sufficient integrability conditions, the main term <

)
within the exponential function in Lemma [A.2]is, in some sense, optimal:

Lemma A.3. Assume that E(e’') < oo for some § > 0. For any e > 0, there exist
constants csg > 0 and c31 > 0 such that for all v > 1 and \ > c39, we have

(A5) P{gj—5j<)\, VOSJSHT} < c31 6Xp(—(1—€)§>
Proof. Let 175 := 0 and for any k > 1, let 75, :== inf{i > 7,1 : S; > S, _,} be the k-th

ascending ladder epoch. Let Pm denote the probability expression on the left-hand
side of (A.5). For any k > 1, we have

P < P{S, > 1) +IP>{STH ~ min S;<\ V1<i< k}

Ti—1<J<T;

We now estimate the two probability expressions on the right-hand side.

For the first probability expression, we write S;, = Zle(STi —S.,_,), and observe that
(S;, = S,,_,,i > 1) is a sequence of i.i.d. random variables, with E(e**n) < oo for all
a < d. So we take

k=k(r e):= [71_8 'r’]
T TES,)
there exist constants czs > 0 and c33 > 0, depending on ¢, such that IP’{SW
Cc3pe 7 for all r > 1.

For the second probability expression (now with k := k(r, €)), we use the fact that
(S, —min,, ,<j<., Sj, 4 > 1) is also a sequence of i.i.d. random variables, having the
same distribution as —ming<;<,, S;; accordingly,

T, €) Z T} S

]P’{STF1 — min S; <\, V1 <i < k(r, 5)} = [IP’{ — min §; < )\}] k(m).

Ti—1<J<T; 0<j<n

Since 7; = Hy and {— ming<j<,, S; < A} = {Hy < H™, }, we are entitled to apply (A.2) to

see that for all sufficiently large A (say A > Xg), P{—ming<;<, S; <A} <1—(1 —5)@.
Hence for A > )\,

E(Sn)>k(n e) 7

IP’{STH— min S <\, Vlgigk('r’,&?)}§<1—(1—6) >

Ti—1<J<T;
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E(Sr,) k

- k(r, €)]. Assembling these pieces yields that for

which is bounded by exp[—(1 — ¢)
r>1and \ > )\,

Pam) < cse ™" +exp [— (1—¢) )\T E(r, 8)] ,

which yields (A.5) as € > 0 is arbitrary. O

APPENDIX B. ProoF oF (1)

The proof of (7)) relies on several results from [34], and we use the notation therein.
Let t > 0. By [34, Theorems 2.1 and 2.7],

V(X)
pw< <t> 25| oen. T (1),
logn ~ /2Dy lognze (V@stiogn <z + 0p- (1)

where z < ., means that for all y €@, z], >3-, eV(®)=VW) < n, and op-(1) denotes
a quantity which converges to 0 in P*-probability as n — co. Let for any s, A > 0,

(8:2) . V() —
Wa T Z ¢ 1{V($)Ss,maxye]];a,z]](V(y)*V(y))SA}'

|z|=n

A line-by-line analogue of the proof of [34] Lemma 4.1] yields that

AN 2 D 1 ¢
)}Lnolo ;) Z Wt <—) = E <min <E’ In_1)) , in P*-probability.

From this point, we can closely follow the step-by-step arguments in the proof of Corol-
lary 2.3 of [34]. Let us give an outline. First, by using [34, Equations (4.6) and (4.7)], we
have that for B > b > 0,

i V(z)
a1 e 1 T ogn,x
2Doo logn meZTe {V(z)<tlogn,z<Zn}

2

_ g -V(z)
_2Doo log n Z € 1{V(x)§tlogn,a:<i”n} + OP*,b,B(]-)7
b(log n)2<[z|<B(log n)?

where the term op« 3, 5(1) denotes a quantity which converges to 0 in P*-probability when
first n — oo, then b — 0 and B — oo. Exactly as in the proof of Corollary 2.3 of [34], we
can use the following inequalities

B(logn)?
—V(z log n,logn
Z € Vi )1{V(x)§tlogn,m<$n} < Z Wk(;t B8 )7
b(logn)2<|z|<B(logn)2 k=b(logn)2
B(logn)?
—V(z log n,log(n/B(log n)?
Z o VI )1{V(x)§“0gn7$<g%} > Z Wk(t g n,log(n/B(log )))’
b(logn)2<|z|<B(logn)? k=b(logn)2

to deduce that

o? v(z) 9\ 1/2 Lt
. - €z ]_ T o n. T — _ E . — = . 1 .
2Doologn;e {V(z)<tlogn,z<.%n} (ﬂ) (mln (mf& ml)) + op ( )

Then (7)) follows. O
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