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Abstract
This work is concerned with the consistency study of a 1D (staggered kinetic) finite
volume scheme for barotropic Euler models. We prove a Lax-Wendroff-like statement:
the limit of a converging (and uniformly bounded) sequence of stepwise constant func-
tions defined from the scheme is a weak entropic-solution of the system of conservation
laws.

1 Introduction

The model. This work is concerned with the consistency study of a (staggered kinetic)
Finite Volume (FV) scheme for barotropic Euler models

Op + 0:(pV) =0, (1)
Oi(pV) + 8x(pV? + p(p)) = 0. (2)
The unknowns are the density p and the velocity V. The pressure (p — p(p)) is

assumed to be C2([0,00)) with p(p) > 0, p'(p) > 0, p"(p) = 0, Vp > 0. Thus, the
sound speed ¢ : p — /p'(p) is well defined and is an increasing function.

We consider the problem (1)-(2) on the bounded domain (0,L) x [0,7] with the
boundary conditions V(0,t) = 0 = V(L,t), V¢t > 0 and the initial conditions p(z,0) =
po(x), V(z,0) = Vy(z), VYo € (0,L) with pg, Vo € L*(0,L).

Let @ : p >0 — ®(p) such that p®'(p) — ®(p) = p(p), Vp > 0. The quantity
S = 1p|V|?+@(p) is an entropy of the system: entropy solutions to (1)-(2) are required
to satisfy: for any ¢ € C2°((0,L) x [0,T")) such that ¢ >0,

T /L .
_/0 /0 [S@tgo +(8 +p(P))V8xSO] (2,t) dx dt — /0 So(x)p(z,0)dx < 0. (3)
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The meshes. We consider a set of J + 1 points 0 = 21 < 29 < ... < xj < xjy1 = L.
The z; are the edges of the so-called primal mesh 7. We set 6x;/9=2j+1—z;. The
centers of the primal cells, z;,/9 = (z; + 7;41)/2 for j € {1, .., J}, realize the dual
mesh T*. We set dx;j = (02j_1/2 + 0j41/2)/2 for j € {2,..,J — 1} and dz=size(T)=
max; 0z, /5. The adaptive time step is §t* and we set 5t maxy, 6tF.

The scheme. We analyze the scheme introduced in [1]. It works on staggered grids:
the densities, p; 1/2, J € {1,..,J}, are evaluated at centers whereas the velocities, V,
je{l,..,J + 1}, are evaluated at edges. We set, for j € {1,..,J} and i € {2,..,J}

1 Tj4+1 1 Tit1/2
0 0
Pjt1/2 5%“/2/ po(z)dz, Vj 52, /OEH/2 o(z)d (4)

The density is first updated with a FV approximation on the primal mesh
5xj+1/2(p?ill/2 - p?—i—l/Z) + ot" (‘g‘]—i-l gjk) =0, Vje {17 s J} (5)

Then, the velocity is updated with a F'V approximation on the dual mesh:

k+1/2 k+1/2
0aj (py VI — pf V) + ot (gy+1/2 Gt 7Tj+1//2 - 72;1//2) =0, (6)

for j € {2,..,J}, while Vll€+1 Vfill = 0. The density on the edges p;? is defined by

2(5.%],0;{ = 5$j+1/2,0§+1/2 + 5.73]',1/2,0?_1/2, Vj S {2, oy J}

The definition of the fluxes relies on the kinetic framework. We refer the reader to [1]
for details. Let us introduce the two following functions .#Z ' and .%

FE(p,V) = EXje_vi<e(pd &

_P
2¢(p) Jezo

We adopt the following formulas for mass fluxes: .Z#f = .Z% Ji1 =0,

Ff=F 0 0 VIV + F (0510 V), Vief2,., 7}, (7)
v vh
and, for momentum fluxes: g3/2 = 7? (p5/2,V2 ), gJ+1/2 ;ﬂ*(pﬁ_l/Q,Vf),
k v k k k k
gj+1/2 :7](?+(Pj—1/27 Vi ) + 9+(Pj+1/27 Vj+1)) ()
Vi
+ %(9 (P§+1/2a V]k) + .7 (PJ+3/27 VJH)) Vi€{2,.,J -1}

The discrete pressure gradient combines a space centered scheme and time semi implicit
discretization, namely it uses

oR2 i
J+l/2 p]+1/2(1)( ]+1/2) ‘I)(Pj+1/2)-



Properties of the scheme. The analysis is driven by the shapes of the functions .# =,
see [1, Lemma 3.2]. Here, we shall use the following properties

(i) Smoothness: (p,V) € (0,00) x R — .FE(p, V) are of class C*, ()
(ii) Comsistency: FT(p,V)+ .F (p,V) =pV, VV €R, Vp > 0.

Under CFL conditions, see [1], the scheme preserves the positivity of the discrete
density and discrete kinetic and internal energies evolution equations hold.

Lemma 1.1 Let N € N. Assume min; ('0?+1/2) > 0. For allk € {0,..,N — 1}, there
exists V¥ > 0, which depends only on the state (p*,V*), such that if

otk
min; (533j+1/2)

then, min; (pr/Z) > 0,Vk € {0,.., N} and

vk <1, (10)

N-1 J
> SDF < 0 with D= 5$ka+1(vk+1 vE)?, (11)
k=0 j=2
0x; _ _ Dk
JH1/2 [ k+1 k k kE+1/2 [ k+1 E+1
Stk [ j+1/2 ej+1/2} + Gj+1 o Gj +7 Ti+1/2 {VJH -V } < 57?@’ (12)
0, Ek+1 Bk | 4Tk _T*k + k+1/2 _ _k+1/2 Ve Df <0 13
M[ K,j} J1/2 T 112 [”m/z Tj— 1/2} sk S0 (13

where EKJ- = %pj: (ij) and 63+1/2 (I)(p?+1/2) are the kinetic and internal energies.
The fluzes are defined by Gl = GJ+1 =0 and

0T N _
k k k+1 j—1/2 k+1 k .
Gj = q)(pj—l/Z)Vj - 725% [(I)(pj_l/Q) - ‘I’(Pj_1/2)}a Vi€ {2,..,J},

1 Fr+ Tk, 1 , T ZE
k kysk +1 +1 .
1-\]'—"-1/2 = 5‘/] ‘/j—l-l : 9 s + 5(‘/ ‘/]—i-l) %a vj € {]-a (3} J}a
TS 26"
k+1 _ k k+1 k
Pj-1/2=Pj-1/27 dx;_ 1/2< pj+1/27 ) (P] 1/2,V )— ,0] 1/2(V V} )),
and PN = Fyl = 0, FP = FHE 0 VE) = F 600 V) V€ {2007}

The function ® is a C* extension of the function ® (see [1, Section 4.3]).

Results. As in [2], we prove a Lax-Wendroff-like statement: the limit of a converging
(and uniformly bounded) sequence of stepwise constant functions defined from the
scheme is a weak entropic-solution of the system of conservation laws.

2 Consistency analysis

Notation. Assuming that ZkN:OI §tF = T, we define the reconstructions (i = 0, 1)

= k41/2 k 1/2 k41/2 = k+1/2
_ ki ket + + _ kKt
= Zp]+1/2xg+1/2’ Z Z Tiv12 X120 Ve = 2.2 Xj
k=0 j=1 k=0 j=1 k=0 j=2
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h k+1/2 k+1/2
Where X X[xj—l/Qv zj 2% [th, thHL) ]+1/2 Xlaj, @jpa[x[th, th+1[:

We also introduce the following discrete norms

k
P8/l T e eyl Vel " ;z%‘v .

k k k k
llps|lmv.r = Z ot Z ‘Pj+1/2 - pj—1/2|’ [1Vsllimv,m+ = Z ot Z | J+1
Jj=

k=0 j=2
N-1

|os|Bvi,7 = Z5$3+1/2 Z ’p]+1/2 P]+1/2|
7=1

For ¢ € C°((0,L) x [0,T)), we set <p;?+1/2 = (p(xj+1/2,tk) and (p? = p(z,t*). The
interpolate .- of ¢ on the primal mesh and its discrete derivatives are defined by

N-1 J

/2 _ k:+1 k+1/2
SOT Z¢]+1/2X]+1/2( O) ¢T(7t) - Z 1,+1/2 ]+1/2( )7 Vt > 07
1 k=0 j=1
N ]1 J k+1/ 80 12 / ]{[ 1 J k+1/ SOkJrl/ /
g+1 2 J+ k+1/2 ]+1 2 7—1/2 k+1/2
Orpr = Z Z Xji1y20 Ozpr = Z Z Xj -
k=0 j=1 k=0 j=2

Similarly, the interpolate @7+ of ¢ on 7* and its discrete derivatives are given by

J
1/2 k+1/2
907—*('70) = Z@?Xj/ ('ao)a 907—* Z Z@kJrl / )7 vt >0,
j=2 k=0 j=2
N1 J k41 k N-1 J k+1
P =P ky1/2 Pi+1 —Pj “‘0] k+1/2
Ofer = 2. ) 5N e =D D X
i +1/2
k=0 j—2 5t k=0 j—=1 6$]+1/2 J /

Assumptions. Let (Tm)m>1 be a sequence of meshes s. t. size(7,,) — 0 and a familly
of time steps (6tF,), -,

Np, € Ns. t. Zk;’b—l §tF = T. The scheme defines (p((;?z, Vs, Jm>1. Suppose that

verifying dt,, — 0 and (10). Assume that there exists

0
165 o + Vo oo < Coos 1o lmvir + [V llivir < Coy  (14)

holds and, in the case (p — A p)) ¢ Li,.(0,00), H(P(;m) 1”00,7’ < C. We assume that
there exists (p, V) € L>((0,T) x (0, L))? such that

(o5 Vs,) — (. V) in L"((0,T) x (0, L)), 1 <7 < oo, (15)
Main results. The uniform bounds imply that there exists constants such that

sup | (p, V)| < Cu, with o =F% 9,7% and Oy.F*,

sup |B(p)| < Cgp, with Z=0, &, and @'
0<p<Coo +4(C2+C gt )



Note also that we have |<I>(p§;+1/2)| Cq>’pp§+1/2, Vj, k. Furthermore, we show that

||p5m||BV 1.7 < C by using (5) which allows to dominate 5x]+1/2|,0]+1/2 §+1/2’ by

ot* [Ca,,gzi (1654172 = Pyl + 1051570 = Pl ) +2Co, 22 Vi — ij\]-
Consequently, pc(YB — pand 75, — p(p) in L"((0,T) x (0,L)); with (4) and since

po, Vo € L>=(0, L), we get p((s?j(-,O) — po and Vs, (-,0) — Vp in L"((0,L)), 1 < r < oc.

Finally, in the sequel, when a function ¢ € C°((0,L) x [0,T)) is given, we assume
that dt,, and dxp, are sufficiently small so that ¢(z,:) =0, Vo € [0,235] U [7 711/, L]
and ¢(-,t) = 0, ¥t € [tV ¢N]. Moreover, since ¢ is smooth, Or 5 OTH — @,
Ot 5 Ofprs — Op, and Opp,. , Opo1s — Oz, in L7((0,T) x (0, L)), 1 <r < oo.

Theorem 2.1 Assume (14) and (15). Then, (p,V) satisfies (1)-(2) in the distribution
sense in (C°((0,L) x [0,T)))’, that is

T rL N I
_/0 /0 [ﬁat@+ﬁvax¢](x’t)dxdt—/o po(z)p(z,0)dz =0, (16)

T (L. _ _ L
= [ [ [pVoe + 5V p(p)) s (@) dwdt — [ p@)Va(a)ielw, 0) da=0. (17)
Moreover, (p, V) satisfies the entropy inequality (3).
Proof. LetpeC((0,L)x[0,T)). For the sake of simplicity, the index m is dropped.

Mass balance. We multiply (5) by 4,0?’111 /2 and sum the results for 0 < k < N — 1 and
1 <5 < J to obtain

N-1 J N-1 J
k Ky, k+1
> 6w 000 j+1/g P]+1/2) ]+1/2+Z5t > (Ffa - T )42 = 0
k=0 j=1 k=0 Jj=1
=T =Th

For Ty, since %, /2 = = 0, a discrete integration by part w.r.t. time yields

N-1 J J
k k+1 k 0 0
— E E 5$j+1/2pj+1/2(90j+1/2 - ‘Pj+1/2) - § :5xj+1/2pj+1/2@j+1/2'
k=0 j=1 J=1

Noting that
tht1

Ji

for ke {0,..,N —1},j € {1,..,J}, we get
= | [ o8y avat— [T 00p, (. 0) e

For Ts, by integrating by part w.r.t. space, we readily obtain

k okt k+1
Z ot 222 Pit1/2 %4/2)-
J

A 0)5 dedt = Sz k ( k41 k )
P Oty QUAL=0T541/20541/2\ P12 T P2
J



Bearing in mind that 26z; = dx;_y/p + 0x;41/2, we then combine the two following
expressions of mass fluxes (see (9)-(ii))

FF = VeV F Ry with BYS = F5 (00, V) = F 50y 0. V)
to write
0T;j1/2 vk 0Tji1/2 i Vk] {5%’1/2 h—  0%i11/2 it
90w; [IV2Y0 T Togy, Pit1/2 20x; 20m;
This expression of the mass fluxes leads to To = =151 — T2 with

k+1 k+1
Yit1/2 ~ Pi-1/2

5{[:]'

ak _
st

)

N-1 J
1
Ty = Z otF Z B [536‘3'_1/24?71/2 + 5mj+1/2'0?+1/2} vy
J ol ks
1/2 j—1/2
T22_25tkz [5% 1/2R 5wj+1/2Rk+}V’“ J+/5my /2
J= = ’

We now observe that, for k € {0,..,N — 1}, j € {2,..,J},

¢ 0Tj_1/2 ki11/2 (Pl?——’—ll/2
/ / p(; V55xcpdedt—(5tk i [] 1/2Vk % J
tk Tj_1/2 2
nd
k1 k;—l—l k+1
J.

(5SC]'
J+1/2 0% 1172 12~ Pj-1/2
/ ‘/23650907* drdt = 5tk ];‘ / ]+1/2vk ]"F / j-1/ :|
Summing these equalities yields

5$j
Tjt+1/2 (0) (0)
151 —/ / ‘/55xgonxdt—/ / V500, da dt,

3/2

)

a

since 0z, (z,-) = 0 for z € [0, 23/5] U [T 711/2, L].

With (15), we pass to the limit in 77 and Tb1. We prove that (5, V) satisfies the mass
conservation equation (16) by showing that 752 — 0 since
To2| < Co,z+ |0uplioe [|Villoor |psllimyvr 02 < .

Momentum balance. We multiply (6) by gpkﬂ andsumfor0 < k< N—-land2<j<J
to obtain T3+7T,+715=0 with

N—-1 J
Ts = Z 25% (p?HVJ-kH Vk) k+1’
k=0 j=2
k k k+1 k k+1/2 k+1/2 k+1
T4—25t Z 12 = Gi2) 95 Zét Z Tiea)s ~ Ti12)e)
Jj=2 j=2

For T3, integrating by part w.r.t time yields
N-1 J

Z Z(Sx]pkvk k+1 Z 5x]p()v0

k=0 j=2



Next, we observe that

Ji

tht1 k+1 th+1

/
/ J41/2 )%5t o dzdt = Vk 90] SOJ /
T; tk

Jj—1/2

]+1/2
/ 0 da dt

j—1/2

= 5w]p]Vk( ktl goj).

Summing these equalities for k € {0,.., N — 1}, j € {2, .., J} yields
z / z /
/ / R O dxdt—/ T 0O (@, 0) Vs (x, 0) 7 (, 0) da,
r3/2 T3/2

—/0 /0 POVt o7 dxdt—/o p (2, 0) Vs (2, 0)p7+ (, 0) da.

For T, and T5, we first integrate by part w.r.t space and obtain

Z ot* Z Fr2(eh =9 Z ot* Z Ty (O —ef ).
We then use the followmg expression of the momentum ﬂuX
gjk«kl/Z - lpg+1/2{(vk) (Vj+1) }‘FQ?H/Q,
Qfpipp = _*ijR?Jr + Vg+1Rf+_1
(mﬂ VIV 740k 1o VD) = F (00 V).

to write Ty = —T4 1 — Ty 2 with

N-1
T = 3 65 Lk o[V (V)7 (2 — )
k=0 j= 1

3 k+1 k+1
Ty = Z ot ZQ3+1/2 oi1 =)
J=
Next, we observe that

/ /%“ (0) k k (V}k) (Vg+1) (P — ity
tk

Oppr+dadt =6t Pit1/2 9 j+1 — Pj
and, consequently, summing for k € {0,..,N — 1}, j € {1,.., J},

TIE 0 20
Tyn :/0 /0 ps (Vs) Opor+ dedt.
T L
—/ / 7507 da dt.
o Jo

With (15), we pass to the limit in 73, Ty and T5. We obtain that (5,V) satisfies the
momentum balance equation (17) by showing that T o — 0. Indeed, we have

thtl

Similarly, for Ty, we get

(T2 < [Vl 102l (Ca, 2t o5l limvr + Cot Vil umvre )62 S o



Entropy inequality. We now assume that ¢ > 0.

« Kinetic energy. We multiply (13) by 5tkg0§+1and sum for 0 < Kk < N —1 and
2 < j < J. We obtain to get Tg+1T7+ Ty <0 with

N—-1 J N-1 J
To= > o [EN — B jleh, Tr=3 5tkz[ RPAR AP [
k=0 j—2 k=0
k+1/2 _k+1/2 H
k k+1, k+1 k _k+1
TS_Z& Z{]Hm iz 1/2}‘/+ " +ZZZDJ<’0J+'
k=0 3
Integrating by part w.r.t. time yields
N—-1 J J
Te = — Z Zd:@E%J kL _ 90]} Zéfch%Jgo?
k=0 j=2 j=1
2
/ / = (V5) Bty dadt — / (2,0) (Vs(,0)) o7+ (,0) da.

For T7, we write F]+1/2 4pj+1/2 [(V]k) (VJ+1) ] 1gk k., 5 where
k,— k, . b
SJ“/Q V V [RJH R; +} (Va+1 Vk) [J\ 1z 0\]-&-‘1| PJ+1/2(V + V )]

Integration by part w.r.t space leads to T7 = —T%7 1 — T7 2 with

L 1
T7q —/ / (0) Oy« dedt, Tro= Z ot ZS /2 {cp;fill gof“}

Finally |77 2| < 6 since it is dominated by

Co, 7+

[ Vs|loo,7 | 05| 1v,7

8|0 Vel
L (205s + ||v5|roo,T*|pa||m,T>|\vgr|1;Bv,T*]-

« Internal energy. Multiply (12) by (575’“90?1’11/2 andsumforO < k< N—-land1<j<J
to get Ty + 1o + 111 < 0 with

N-1 J N— J
k k+1 stk k+1
ZZMHW[ +1/2 j+1/2}90j+1/27 Z Z[ J+1 G} Pjt1/2:
k=0 j=1 k=0 j:l
N-1
k k+1/2 (v rk+1 k4+1y, k+1 k _k+1
Tn = Z ot Z Tit1/2 (VJH Vi )¢ Pi+1/2 Z ZDJ Pit1/2:
j=1 k=0 j=1
Owing to integration by part w.r.t. time, we get
N-1 J J
k 0 0
Ty = Z Z‘sx]ﬂ/Q‘I’(P]H/z)( ]+1/2 ‘Pj+1/2) _Z595j+1/2¢’(ﬂj+1/2)%+1/27
k=0 j=1 j=1

(O Lol
—/0 /0 P (pg )5tg07dajdt—/0 P (ps (x,0))¢, (x,0)dx.



For Ty, we rewrite the flux as follows

—k
G = 25 [5% 12 @08y o) + 02510008, o) |V + UL, + UE + UK,

5$J+1/2 [ ok
20z, €iv1/2 ~ C-1/2

Ul] J 1/2 (VkH V]k)’ Uf,j }ij’
ox; ===
Lj-1/2 k+1
Ui’ﬁj T T T o5tk [(I)(pj——’—l/Q) - (I)(p?—l/Q)]
It leads to T10 = _T10,O — T10 1 — T10 2 — T1073 with
Tl(),() = / / V56$(p7 dz dt
k k+1 k+1 .
T = Z ot Z m‘ 111/2 - 90jj1/2)’ i=1,2,3.

The term 7701 can be bounded as follows

N-1 J
<Cs,p 3a:<P| Z 5t" Z 5$jﬂ§_1/2|vjk+1 - Vyk‘ (18)
k=0  j=2

Since a <min(a,b)+|b — al, we get pj 1/2<0j +‘P]+1/2 5_1/2]. This leads to

N-1 J

< ol ( X 83 dmsghVH! = VA2Vl sl i)
k=0 j=2

=T*
Writing pj —pf“ (,oé~C+1 ’?) and using the Cauchy-Schwarz inequality yields

* 2z, T i\ 2 1/2
T < 2(TLllpsllr) (563 30 DF) " 201Vl L llpalliva 0t < 6172,
k=0 j=2

It finally leads to |Tho1] < 6t7 + 6x. The term T1p,2 can be bounded as follows
T10,2] < Cor||Vs]|oo,7|0s0| o || ps]|1.8v,7 62 < O
We now turn to T70,3. We remark that

26tk

‘P ~1/2 P§—1/2‘ S5 07, 1) (Capﬁ‘i|/)?+1/2 - Pf-uz’ + P?_1/2|ij+1 - Vﬂ)

—-1/2

Hence, using the same bound as for T1g,1 yields

Tho,3] < C<I>”8$90|L°°<<Cap9:i+2”‘/5”00,7‘*)Hp5||1;BV,T5-T+T*) < 0t'? + oa.

e Pressure terms. It remains to get the limit of Tg + TH = —Tlg’(] — T12’1 — T12,2 — T12,3



with
N-1 J

T L
Tao= [ [ wsVidier dedt,  Tiaa= 30 Y Diei =4

k=0 j=2

1S e k12 ks ko ke k1l ket
Tiz2 = 9 Z ot Z Tit1/2 (V Vi + Vi - V}+1)(‘P3+1 ¥

k k+1/2 k+1 k+1 k+1 k+1 k+1
T123 — 75 Z at Z J+1/2 V}Jrl Vj )(290j+1/2 410]+1 903 )

We bound 7121 and Tia 3 as follows

9ol fNZL I ) )
ngx‘g“( >3 D8)or S 60 Tiaa€ L ralooe Vol (30)° S (60)°
k=0 j=2
Note that |7Tfj__11//22‘ < (Cor + Cq>,p)p;?+1/2. It readily leads to

|Th2,2| < (Cor + Cop)|0pp| T < 5tz

With (15), we pass to the limit in Ty, 7.1, Ty, Ti0,0 and Ti29. We arrive at (3) since

the other terms tend to O.
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