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Abstract

We consider a family of open star-shaped domains ¢ of R?. Roughly speaking, QF is
made of a finite number of non intersecting semi-infinite strips of thickness € and of a central
region whose diameter is of the order of €, that may be called the junction. When the
thickness ¢ tends to 0, the domains Q¢ tend to a union of half-lines sharing an endpoint O.
This set is termed network. We study infinite horizon optimal control problems in which
the state is constrained to remain in Q°. In the above mentioned strips the running cost
may have a fast variation w.r.t. the transverse coordinate. We pass to the limit as the
parameter € tends to zero, and prove that the value function tends to the solution of a
Hamilton-Jacobi equation on the network, which may also be related to an optimal control
problem. One difficulty is to find the transmission condition at the junction node O in the
limit problem. For passing to the limit, we use the method of the perturbed test-functions
of Evans, which requires constructing suitable correctors. This is another difficulty since the
domain is unbounded.

1 Introduction

A network (or a graph) is a set of items, referred to as vertices or nodes, with connections between
them referred to as edges, see the right part of Figure 1 for an example. In the recent years
there has been an increasing interest in the investigation of dynamical system and differential
equation on networks, in particular in connection with problem of data transmission and traffic
management (see for example Garavello-Piccoli [19], Engel et al [16]).

Nevertheless, the literature on continuous-state and continuous-time control on networks is
still scarce: there is the recent article [1], where the authors (including those of the present pa-
per) consider control problems whose dynamics is constrained to a network and related Bellman
equations. They introduce a definition of viscosity solution which reduces to the usual one if
the network is only composed of two parallel segments entering in a node: while in the interior
of an edge one can test the equation with a smooth test-function, the main difficulties arise at
the junctions where the network does not have a regular differential structure; at a vertex, a
notion of derivative similar to that of Dini’s derivative (see for example [9]) is proposed, hence
admissible test-functions are the ones which admit derivatives in the directions of the edges
sharing the node. With this definition, the intrinsic geodesic distance, fixed one argument, is
an admissible test-function with respect to the other argument. The above mentioned notion
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of viscosity solutions is equivalent to the one introduced independently by Imbert, Monneau
and Zidani [21] for studying a Hamilton-Jacobi approach to junction problems and traffic flows.
This was proved by Camilli and Marchi in [15]. There is also the work by Schieborn and Camilli
[25], in which the authors focus on eikonal equations and on a less general notion of viscosity
solution.

Both [1] and [21] contain the first comparison and uniqueness results, but in these works the
assumptions are somewhat restrictive. More general comparison results have been proved in two
very recent papers [2] and [20], which both handle more general transmission conditions at the
crosspoints than in [1] and [21]. The paper by Imbert-Monneau [20] contains the most general
comparison and uniqueness results: the proof, rather involved, is completely based on partial
differential equations arguments and works for bimonotone Hamiltonians (not necessarily con-
vex). In the more particular context of Hamilton-Jacobi equations coming from optimal control
problems on networks, a short proof of a general comparison result is proposed in [2], whose
authors use arguments from optimal control theory, adapting original ideas that Barles, Briani
and Chasseigne, see [12, 11], have used for control problems with discontinuous dynamics and
costs. In what follows, we shall use the comparison results of [20], which are summarized and
adapted to the present context in § 4.2 below.

The aim of this paper is to study the asymptotic behavior of the value function of an optimal
control problem in which the dynamics is constrained to remain in the closure of a bidimen-
sional thin open set (). converging to a network as the width parameter € tends to 0. We restrict
ourselves to the case of a single junction, i.e. the network has only one crosspoint: the set €2
may be divided into a finite number of strips (which may be called the roads) and a junction
zone, see the left part of Figure 1. Precise assumptions on the class of domains 2. will be made
in § 1.1 below. In the roads (whose width is of the order of ¢), the running cost may have fast
variations in the transverse direction but not in the longitudinal direction. Similarly, in the
roads, the state constraints involve only the (fast) transverse variable. This is why the problem
may be termed a singularly perturbed problem.

In the case when there is no junction, singularly perturbed problems in optimal control have
been studied by many authors, see for example Bensoussan [14], Artstein and Gaitsgory [7],
Gaitsgory and Leizarowitz [18], Bagagiolo and Bardi [8], Alvarez and Bardi [3, 4], Terrone [26],
Alvarez-Bardi-Marchi [6, 5]. The reference [3] is of special interest here since the authors focus on
Hamilton-Jacobi equations and use viscosity solutions arguments in order to study the asymp-
totic behavior of the value function: the method for proving the convergence to the dimension
reduced effective problem is based on the perturbed test-function method of Evans [17], which
implies the construction of correctors. The correctors are viscosity solution to some first order
partial differential equation in the fast variable with state constrained boundary conditions.
The aim of the present paper is to perform the same kind of analysis for the family of the do-
mains {2, displayed on the left of Figure 1 as the width parameter € tends to 0. The method uses
viscosity solutions arguments and is reminiscent of that proposed in [3]. The effective equation
far away from a junction is found in a straightforward manner by using the results contained in
[3]. The main difficulty consists of finding the transmission conditions at the junction. Naturally,
the latter depend on the dynamics and running cost in the junction zone. The convergence of
the value function will be proved by using the comparison principle stated in [20]. The main
technical point lies in the construction of junction-correctors and in their use in the perturbed
test function method. The strategy for the construction of the junction-correctors is reminiscent
of the one used by Ishii in [22]. An important difficulty comes from the unboundedness of the
domain in which the correctors are defined: indeed, for obtaining bounded correctors, we will
have to work in suitable unbounded subdomains obtained by truncating the original one. In



turn, since the correctors are defined in subdomains, the method of the perturbed test functions
of Evans will have to be suitably modified.

1.1 The setting

1.1.1 The geometry

For simplicity, let us focus on the model case of a star-shaped network with N straight edges,
N > 1. Let (e;)i=1,..,.n be a set of unit vectors in R? s.t. ej # ey if j # k. Note that e; = —ey, is
possible. We assume that there is at least a pair (j, k), j # k s.t. e; is not aligned with e;. For

any it =1,..., N, let eiL be a unit vector perpendicular to e;. A given point z € R? is written
z = ze; + zf-ef. The open half-line R e; is denoted G;, and the star shaped network G (see

Figure 1) is defined by

N
g={oyulJa,
i=1
where O is the origin O = (0,0).
For a radius p > 0, let the convex polygonal domain W), be defined by

W,={:€R?: Vi=1,...,N, z-¢ < p}. (1.1)
Let © be a connected open subset of R? with the following properties, see Figure 1:
e (2 contains the origin O and is star-shaped with respect to O
e () has a smooth boundary
e There exists a positive radius ry such that
OW,, =UN, 7,
where W, is given by (1.1) and Z; is the half-strip
Zi={z=zie;+2zie;; =1 <zt <1; 2 > 1o} (1.2)

In other words, outside the region W, 2 coincides with the union of the N non intersecting
semi-infinite strips of width 2 and aligned with the vectors e;, : =1,..., N.

Let I~(0 be the subset of €2 defined by
Ko=QnNW,, (1.3)

where W, is given by (1.1).
The control problems will take place in the set €2, = €2, which can be viewed as a thick version
of G. The thickness parameter ¢ > 0 is bound to tend to zero.

1.1.2 The control problem in ().

Let A be a compact subset of R? and /. : Q. x A — R be a continuous function.
For a given positive number A and any zg € €)., we consider the infinite horizon control problem
consisting of minimizing the cost functional

Jo(z0,0) = /O (2t 20, @), () e Mt

3



Figure 1: The set Q and the network G (N = 5)

on the trajectories of the system
Ze(t; 20, ) = aft), t>0, 2¢(05 20, @) = 20,

where the control function a : Ry — A is measurable and such that the corresponding trajectory
satisfies the state constraint z.(t) € Q. for all £ > 0. We start by making some assumptions on
the structure of the problem.

Assumption 1.1. There exists a positive constant r such that A contains the ball B(0,r).

Assumption 1.2. o The function f. is continuous

e [t has the following structure: there exist N bounded and continuous functions ¢; : [0, +00) x
[-1,1] x A= R,i=1,...,N, and a function £y : Ko x A — R such that

Zik _
le(z,a) = &(z; — erop, %, a) in 5%1-, (1.4)
le(z,0) = Ko(g,a) in eKy.

The functions £; are uniformly continuous in [0,+00) x [~1,1] uniformly w.r.t. a € A.

The function £y is uniformly continuous in Ko uniformly w.r.t. a € A.

Assumption 1.3. Since the function £y is bounded, it is not restrictive to assume that ¢y takes
nonnegative values (just add a constant to £y if necessary).

Assumption 1.1 is on the controllability of the system. The most important part of Assump-
tion 1.2 says that away from the junction, i.e. for z belonging to the strip [ero, +00)e; X [—¢, €le;-,
1 <4 < N, the running cost has a fast dependence w.r.t. the transverse coordinate z:iL and a
slow dependence w.r.t. the tangential coordinate z;.

With Assumptions 1.1 and 1.2, it is well known, see e.g. [9] that the value function u. of the
control problem described above is bounded uniformly with respect to €, continuous, and is the
unique viscosity solution of



where for z € Q., p € R?, the Hamiltonian H.(z,p) is
H.(z,p) = max(—p ca—l(z, a)). (1.7)
acA
Here p - a denotes the scalar product of p by a.

1.2 Organization of the paper

Here, we propose an informal overview of the main result and of the notions that it requires.
Since this paragraph is only meant to help the reader find her/his way in the paper, we do not
mean to give full details, and rather refer to the places where the definitions are thoroughly
written.

The main result is Theorem 4.2. Its statement is the following: under Assumptions 1.1-1.3
and the further Assumption 2.1, the sequence u. converges locally uniformly to the bounded
viscosity solution u : G — R of the Hamilton-Jacobi equation on G,

u(x) + H;(z;, %‘l(m)) = 0 z=uxe €G,

Au(0)+max<E,F(o du (), ... du (0))) ~ 0.

' dxy ’ m
Let us list the necessary notions for this theorem and the places where they are defined:

1. The effective Hamiltonian H; corresponding to the edge G is defined in § 2:

Fi(l'iapi) = sup (/ (—piai - &‘(%‘ﬂﬂ))dﬂ(y,a)) )
HEZ; [-1,1]xA

where Z; is a compact and convex set of Radon probability measures on [—1,1] x A. This
set may be viewed as a set of limiting relaxed controls. A technical assumption, useful for
the construction of the junction-correctors, is introduced in § 2.3.

2. The constant E can be viewed as the opposite of an effective cost at the junction: it is
defined in § 3. It strongly depends on ¢g.

3. The Hamiltonian H (O, 0%1(0)’ e %(O)) appearing in the effective transmission condi-

tion at the junction is defined in § 4.1 : H(O,-) : RN — R is given by

- -5+
H(Ouplv R 7pN) = i:HllaXNHi (O’pl)u

ceey

where
F:_(O’pl) = Ssup (/ (_p’tal - gl(oaya a))d,u(y,a)) ;
[-1,1]xA

+
HEZ,;

and

Z;L = {u € Z; s.t. / a;dp(y,a) > 0} .
[—1,1]xA

The Hamiltonian H(O,-) is thus constructed by considering only the controls for which
the relaxed dynamics starting from O point in one of the edges of G (or stay at O).



4. The notion of viscosity solution of the above Hamilton-Jacobi equation has been defined
in [1], and comparison results have been proved in [2] and [20]. These notions are reviewed
in § 4.2.

The main difficulties for proving Theorem 4.2 are the following:

e to identify the effective constant E: in § 3.1, E is constructed as the limit of a sequence
of ergodic constants related to larger and larger bounded subdomains of €2 with running
cost £p.

e to construct correctors that will be used in the perturbed test-function argument of Evans,
see [17]. The difficulty lies in the fact that the correctors need to be bounded functions
defined in unbounded domains, ideally the whole domain 2. In general, it will not be
possible to define these correctors in the full domain 2, and we will have to restrict
ourselves to suitable unbounded subdomains of €2; The construction of correctors is done
in §5. The proof of convergence is given in § 6.

2 The effective Hamiltonian in the edges

The first step in understanding the asymptotic behavior of the value function u. as ¢ — 0 is to
look at what happens far from the region €Ky, i.e. far from the junction. For that, it is possible
to rely on existing results. In the whole Section 2, ¢ is an index in {1,..., N}.

2.1 Known facts

Singular perturbations in deterministic control have been studied by many authors from the
viewpoint of either control theory or viscosity solutions. In particular, state constrained control
problems in thin domains obtained by thickening a smooth manifold have been much studied.
The results of Alvarez-Bardi [3] and Terrone [26] are going to be used in the present particular
setting.

For any yo € [—1,1], let A;,, be the set of measurable functions o : Ry — A such that the
function y : Ry — R given by

t
vt =+ [ at(s)ds 2.1)
0
satisfies the state constraint y(s) € [—1,1] for s € R;. To summarize,

Aiyo ={a : Ry — A, measurable, such that y(s) € [-1,1] Vs > 0}, (2.2)

where y(-) is given by (2.1).
It is possible to define the effective Hamiltonians relative to the edges: let H; : [0, +00] x [—1, 1] x
R? — R be defined by

Hi(xa y;p) = I;’leaj((_p ta— gl(xa yva))'

Theorem 2.1 (Alvarez-Bardi [3]). For any number x; > 0 and for any p; € R, there ezists a
unique real number H;(x;,p;) such that the problem

71'(371',131') yE [_171]7 (23)

Hi(z,y, pie; + DyXi(y)@iL

>
Hi(zi,y,piei + Dyxi(y))e; <

H
Hi(wi,pi) ye(-1,1) (2.4)



has a Lipschitz continuous viscosity solution x; : [—1,1] — R.
Moreover, for any yo € [—1,1],

Hi(zi,pi) = pljgi PWp,as,p; (Y0) (2.5)

where ~
Wy z;.p; (Yo) = Sup/o e P (=piai(s) — Li(xi, y(s), as))) ds,

1,90

and A; y, and y are defined in (2.2) and (2.1). The limit in (2.5) is uniform w.r.t. yo.

In [3], it is proved that for y(s) and A;,, as in (2.2), H;(x;, p;) may be characterized with
long time limits:

Hiaropi) = swp limsup g [ (<pos(s) = tilany(s).as) ds (26)

i,90 t—o0

for all yo € [—1,1]. B
In the same article [3], the following characterization of H;(x;,p;) is given, as a rescaled limit of
the value function of a finite horizon problem:

H;(z;,p;) = lim sup 1/0 (—pici(s) — i(zi,y(s), a(s))) ds, (2.7)

t—o0 Ai,yo

for all yo € [—1,1]. For the latter, Alvarez and Bardi consider the value function

t
vl poyo,t) = inf { / <piai<s>+a-<xi,y<s>,a<s>>>ds} (2.8)

aEAz"yO

and prove that there exists a constant C' independent of yg and ¢ (but which may depend on z;
and p;) such that
|vi (4, piy yo, t) + tHi(ws, pi)| < C. (2.9)

Limiting relaxed controls and limit control problem It is possible to construct an op-
timal control problem whose Hamiltonian is H;.
Let ([-1,1] x A)" be the set of Radon probability measures on [—1,1] x A. For a function
f:Rx[-1,1] x A — R, let f" be defined by f"(z,u) = f[—l,l}xA flz,y,a)du(y,a), for all z € R
and p € ([-1,1] x A)".
A sequence of Radon probability measures p,, on [—1, 1] X A is said to converge weak-x to p if for
any continuous function ¢ on [—1, 1] x A, lim;, oo f[*l,l}XA U(y,a)dun(y,a) = f[—l,l]xA U(y,a)du(y, a).
The Prokhorov distance 7 (-, -) is defined for any pair (u1, p2) of probability measures on [—1, 1] x
A by

m(p1, p2) = inf{e >0 : p1(Q) < pa(Q + eB) + ¢ for any measurable Q},

where B is the unit ball in R3. It is well known that this distance has the following property:
any sequence f,, of Radon probability measures on [—1, 1] x A converges weak-x to p if and only
if limy, 00 (i, ) = 0. The set ([—1,1] x A)" equipped with the distance 7 is a compact metric
space.

If P is a subset of ([—1,1] x A)" and p is an element of ([—1, 1] X A)", then we define the distance



7(u, P) as the infimum of {7(u,v),v € P}. For two subsets P; and P2 of ([—1,1] x A)", the
Hausdorff distance mg(P1, P2) is defined as

7 (P1, P2) = max (Sup 7(p, P2), sup W(M,PQ) :
HEPL HEP2

For any control law a € A; 4, let y(t) be given by (2.1). For s > 0, the occupational measure
us generated by (y(t), a(t)) is the Radon probability measure defined on the Borel o-algebra of
R x A by

1 S
ps = / Oy (1), x(t)) It
0

where 6, (1) o)) 18 the Dirac mass concentrated at (y(t), a(t)).

For s > 0, let Z(s;4,y0) be the set of the occupational measures generated by the trajectories
(y(t),(t)) up to time s where a belongs to A; ., and y(s) is given by (2.1). It has been proved
in [18] that there exists a subset Z(i,y0) of ([—1,1] x A)" such that

lim 7 (Z(s;4,90), Z(i,90)) = 0. (2.10)
S§—00
The set Z(i,10) is convex and compact in the weak-* topology. Moreover, under Assumption
1.1, the set Z(i,yo) does not depend on yo € [—1,1]. This set is called the limit occupational
measure set and will be noted Z;.
It has been proved by Terrone[26] that Z; coincides with the set of limiting relaxed controls,
i.e. the set of the probability Radon measures p on [—1,1] x A such that there exists a control
law o € A;,, and a sequence t,, — +oo such that the corresponding sequence of occupational
measures fi;, generated by (2.1) converges to p weak-x.
Then using the results in [3], we see that

ZiC{uE([—l,l]XA)T,/ am@,a):o}.
[—1,1]xA

It is proved in [3] that

Hi(z;,pi) = sup (—pi/ aidu(y, a) —@(mw)) -
[-1,1]xA

HEZ;

It is clear that H; is continuous, convex with respect to the second variable, and that for all z;,

limy,, o0 H;(x;,pi) = +00. The infinite horizon control problem associated with the Hamiltonian
H; is the minimization of

Ji(x,p) = /Ooo e MU (x(t), pe)dt

for the system

z(t) = / aidp(y,a), €2, x(0) =z,
[—1,1]xA

The affine-convex case It is proved in [3] that if A is convex and ¢; is convex with respect
to its last two variables (yi, a), then H;(z;,p;) is characterized by

Hi(xi,pi) = max <_piai — li(xi, Yy, a))- (2.11)
a€A7af:an€[7171]
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If furthermore, ¢; does not depend on y, then

Hi(xi,p;)) = max (—pmz’ - fi(l‘i,a)) (2.12)
a€A,ai=0

The case of an asymptotically stable optimal trajectory The characterization of H;(x;, p;)
by (2.11) can be obtained in other situations than the affine-convex case: here, following Ex-
ample 7.4 in [7], we assume that for all x;, p;, there exists some yy € [—1,1] and some control
a* € A;y, such that

t
/ (pza;k(s) + Ei(x%y*(s)v Oé*(S))) ds = Ui(%‘,pi?yO’t)a vt > 07
0

where §*(s) = oz;-k’l(s) and y*(0) = yo, and that

* *

tlggloa (t) =a" and tlgroloy (t) =y".

Then a:’L = 0 and limtﬁoo%fg (picf(s) + li(zi, y*(s),a*(s))) ds = pial + Li(zi,y*,a*). This
implies (2.11), see [3].

2.2 The minimal value of H;(0,-)

Define AY by

AY = gleilélﬁi(o,p). (2.13)

Since limy,_,o Hi(0,p) = +oo0 and Hy(0,-) is convex, the set argmin H;(0,-) is a nonempty
bounded interval, see Figure 4 for an example: let P, =D be the endpoints of argmin H;(0, -):

argmin H;(0,) = {p € R, H;(0,p) = AV} = [p,.7i] . (2.14)
Let us denote by ZZQ and Zf the following convex and compact subsets of Z;:

z0 = {,u € Z; s.t. f[—1,1]anid“(y’a) = O} , (2.15)
zr ={nezist [ qaduy0) >0}, (2.16)
These sets are non empty from Assumption 1.1.

Lemma 2.1. 1. p? € argmin H;(0,) if and only if there exists u* € Z? such that

A = — min £7(0,p) (2.17)

3. Ifp> P, then

max / (7paz - 62(0) Y, a))d:u(yv CL) = A?
pezZt Ji-1,1]xA



Proof. The Hamiltonian H;(0,-) reaches its minimum at p? if and only if 0 € 9H;(0,pY). The
subdifferential of H;(0,-) at p{ is characterized by

aidﬂ(ya a’) - E:(Ov N)} )

[—1,1]xA

OH;(0,p}) =<0 {—/ aidpu(y, a); p € Z; s.t. Hy(0,p)) = —p?/
[-1,1]xA

see [27]. But the set

{M € Z;s.t. Hi(0,p)) = —p?/

[-1,1]xA

aidp(y, a) — £; (0, u)}

is compact and convex. Hence,

OH,(0,py) = {—/ aidp(y, a); p € Zi s.t. Hy(0,p)) = —p?/ aidp(y, a) — E?(O,u)}-
[-1,1]xA [-1,1]xA

Therefore, 0 € 9H;(0,p?) if and only if there exists u* € Z; such that f[il 1% A Gidp” (y,a) =0
and H;(0,pY) = —¢7(0, u*). We have proved point 1.

Point 2 is a direct consequence of point 1.

Ifp > P, then

max —p/ aidp(y, a) — €;(0,p) | < max —pi/ aidp(y, a) — (0, 1) | = Hi(0,p,)
pezt [-1,1]xA HEZT [—1,1]xA

where the last identity comes from point 1.
On the other hand,

max (=p [ wdu(y.a) = £(0.0) ) > - min £(0.p)
[—1,1]x A HeZY

+
HEZ;

Point 3 is obtained by combining the two previous observations and point 2. O

Remark 2.1. From Assumption 1.8 and Lemma 2.1, we see that Ag 1§ non positive.

2.3 A further assumption on ¢;(0, ")

Assumption 2.1 below will turn useful for studying the asymptotics of u. near the junction;
roughly speaking, it says that for any real number p; < P (which implies H;(0,p;) > AO)
for all ¢, it is possible to construct an admissible control law & whose related cost remains
at a given distance of the optimal value v;(0, p;, yo,t), and for which the i coordinate, namely
s € [0,t] = [; Gi(#)df remains bounded from below by a fixed constant. Assumption 2.1 will
be used in § 5 for constructing the correctors near the junction.

Proposition 2.1 and 2.2 below supply examples when Assumption 2.1 holds.

Assumption 2.1. 1. For any real number p; such that p; < P, there erist two constants
L; > 0 and C; > 0 such that for all yo € [—1,1], for all t > O there exists a control law
& € A;y, such that

/8 a;(r)dr > —L;, Y0 <s<t, (2.18)
0
/0 (pidis(s) + (0, 5(5), &(s))) ds < vi(0, pi, yo. 1) + Ci, (2.19)

10



where §(t) = yo + fg a;t(s)ds.

2. For p; such that p, < p; < p;, (hence H;(0,p;) = AY), there exist two constants L; > 0 and
C; > 0 such that for all yo € [—1,1], for allt > 0, there exists a control law & € A; y, such
that

—Lr</<%ﬁMT<Lh VO <s<t, (2.20)

0
/0 £(0,7(s),a(s))ds < vi(0, pi, yo, t) + C; (2.21)

where §(t) = yo + fg a;-(s)ds.
Remark 2.2. Note that from (2.9), (2.19) is equivalent to

/0 (Picii(s) + 4:(0,7(s), &(s))) ds < —tH;(0,p;) + Cia, (2.22)

for a constant C; 2, and that (2.20)(2.21) imply (2.22).

Proposition 2.1. Under Assumptions 1.1, 1.2 and 1.3, if the set A is convex and the function
4;(0,-,-) is convex on [—1,1] x A, then Assumption 2.1 holds.

Proof. The proof is given in the appendix. O

Remark 2.3. The conclusion of Proposition 2.1 holds when there is an asymptotically stable
optimal trajectory, see the paragraph at the end of § 2.1.

Proposition 2.2. Under Assumptions 1.1, 1.2 and 1.3, if there exist two positive constants
¢; < ¢ and an exponent v; > 1 such that for ally € [—1,1] and a € A,

—AY + ¢ilal” < £;(0,y,a) < —AY +¢al”, (2.23)
where AY is defined in (2.13), then Assumption 2.1 holds.

Proof. The proof is given in the appendix. O

3 A scalar quantity that will appear in the effective equation at
the junction

In what follows, we will make a blow-up near the junction point O: this leads us to extend the
function ¢y to the whole domain €2 by setting for any a € A

lo(z,a) = £;(0, zf‘,a), if z; > 1o, ]zll] < 1. (3.1)

3.1 Ergodic constants for state constraint problems in bounded subdomains

For any real number R such that R > rg, let the bounded and connected open set Q% be defined
by

Qf = QN Wh, (3.2)
where Wp is given by (1.1). Consider the infinite horizon control problem
oo
wf@ﬁ:gg[;eﬂdeQ¢ﬂ$M& (3.3)
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where
S
Af; = {a : Ry — A, measurable, such that z(s) = 2 +/ a(f)do QR,VS > 0} . (34)
0
It is easy to prove that wf is the unique viscosity solution of the following problem:
pwf + Ho(-, Dwf) >0 inQ" (3.5)
pwf + Ho(-, Dwf) <0 in Qf (3.6)
where for z € QR, p € R?, the Hamiltonian Hy(z,p) is
Hy(z,p) = max(—p ca—ly(z, a)). (3.7)
acA

Using the hypotheses on controllability, continuity and boundedness of the data, it is now
standard (see [24]) to obtain the existence of a unique ergodic constant E¥ and of a bounded
Lipschitz corrector w’ such that

Ho(-,Dw®) > ER i Q" (3.8)
Ho(-, Dw®) < Ef  in QF, (3.9)
where (up to a subsequence) w’(z) = lim wf(z)— < wf > and Ef = — lim pwf(z).
p—0 p—0

The ergodic constant EF is bounded uniformly w.r.t. R and there exists a constant C7, inde-
pendent of R such that |Dw'(z)| < Cp. Furthermore, if R < R', the inclusion AX ¢ AL yields
that w,]f(z) > wf/(z). This implies that if R < R/, then B < EF'.

3.2 Passing to the limit as R — +o0o: the constant F

The boundedness and the monotony of the application R +— E'' make it possible to pass to the
limit and define a limit ergodic constant

F = lim ET. (3.10)

R—o00

The constant E will play an important role in the effective equation at the junction.
Example 3.1. It is easy to see that if there exists 2o € Ko such that lo(20,0) =0, then E = 0.

Remark 3.1. In what follows, we shall use the fact that, for any € > 0, there exists R(g) > 0
such that ¥r > R(e), w" is a viscosity supersolution of

Ho(-,Duw") > E —¢, Q. (3.11)

Remark 3.2. Using the uniform coercivity of Hy, there exists q such that Hyo(z,p) > E + 2 for
any z € Q, p € R? with |p| > q.

Let R be any fixed real number such that R > rqg. For any M > q, consider the continuous
extension W of wf, defined for z = zie; + zi e, zi € (R, +00), 2 € [-1,1] by

7 7
W (2) = wB) + M (2 — 2%),  with 2 = Re; + z-ef-. (3.12)

It is clear that W is a continuous extension of w? to €.
Moreover, for R > R(g) as in Remark 3.1, it is easy to see that W™ is a viscosity supersolution

of
Ho(-, Do) > E —¢ in Q. (3.13)
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3.3 Estimates for some trajectories which start in I?o and return there after
some time

For zg € Q, let A, be the set
A = {a : Ry — A, measurable, such that Vs > 0, z(s) = z +/ a(0)do Q} .
0

Lemma 3.1. There exists a constant C' such that for all 29 € Ko, (see (1.83) for the deﬁmtwn
of Ko), for all a € A, and Ty > 0 such that z(Ty) € Ko, (recall that z(s) = z + s ol

To
lo(2(s),a(s))ds > —ETy — C.
0
Proof. There exists a time 7 > 0 (which can be bounded by a constant depending only on the
controllabﬂlty and bounds in our hypotheses (on ¢ and A)) and a control law &(-) such that
2(Tp) + fo s)ds € K, for any t € [0,7] and z(Tp) + fo s)ds = zp. The following control law

e [ alt) if t € [0,Ty),
«Q (t)_{ at —Tp) ift e (TO,%O“‘TL

can be extended by perlodlclty to R (the period is Ty + 7) to yield an admissible periodic
trajectory z*(t) = zo + fo s)ds. Then,

00 o (k+1)(To+7)
| e = / e o(=*(5), 0" (s))ds,
0 k=0 k(To+T)
and
00 To+T7 1 To+T
Z e~ ke(TotT) e Py(2"(s),a*(s))ds | = e Pl (2" (s), a*(s))ds.
— 0 1— e—P(TO+T) 0

This implies that

1
To+T1

o0 To+7
lim p/ e Ply(2%(s),a"(s))ds = /0 lo(2%(s),a™(s))ds. (3.14)

p—0

Moreover, it is possible to choose R large enough such that 2*(t) € QF for all t € [0,Tp + 7).
Therefore, up to a subsequence,

lim p/oo e P (Lo(2*(s),a"(s))) ds > lim pw, R(2) = ER > —E,

p—0 p—0 -

and this implies thanks to (3.14) that

1 To+T1
To+T /o lo(2"(s),a*(s))ds = —E.
Therefore,
T To+7
0 lo(2(s), (s))ds > —E(To +7) — /To lo(2*(s),a*(s))ds > —ETy — C.
g
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3.4 Generalization of the previous results

Let Ry be a fixed real number such that Ry > rg. It will prove useful to define the following
open sets, see Figure 2:

Ki:Ziﬁ{x:xi>R0}, i=1,...,N, (3.15)
Ki=Zin{z:rg <z <Ry}, i=1,...,N, (3.16)
w=QN{z:2; < Ry, Vi=1,...,N}, (3.17)

with Z; defined in (1.2). Note that w = Ui]\ioz and that Q =w U UZ]\L1 K;.

Figure 2: The set 2 is partitioned into different zones

_ Consider a subdomain Q of Q obtained as follows: call Z a subset of {1,..., N} and define
Q by o o
QZE@UUI?Z‘UUE,
i€l i€l

see Figure 3.

Figure 3: The set Q in the case when 7 = {1, 3,4}

Let Qf = QN WE. Asin § 3.1, it is possible to obtain the existence of a unique ergodic
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constant Eg and of a bounded Lipschitz corrector wg such that

g) >FEER  in QR
Ho(-, Dwf) <EE  in QF,
and Eg < ER < F since QFf c Qf.

Remark 3.3. Remarks 3.1 and 3.2 hold with the obvious changes consisting of replacing €,
(resp. Q7, QF wh, @f) with Q, (resp. Q7, QF, wg, wg ).

For zy € 5, let AS}O be the set
.A?O = {a : Ry — A, measurable, such that Vs > 0, z(s) = z +/ a(f)dl € Q} .
0

The following lemma is proved exactly as Lemma 3.1:

Lemma 3.2. There ezists a constant C such that for all zy € Ko, (see (1.3) for the definition
of Ko), for all « € AL and Ty > 0 such that 2(Tpy) € Ko, (recall that z(s) = 29 + [, (6)df),
To

; lo(2(s),a(s))ds > —ETy — C.

4 The main result: the effective problem and the convergence
theorem

The aim is first to introduce an effective Hamiltonian at the junction, noted H(O,-) below and
to define the effective problem. Then we will briefly summarize the results of Imbert-Monneau
[20] on Hamilton-Jacobi equations on G. Finally we will state the main convergence result.

4.1 The effective Hamiltonian at the junction
Let F:_(xz,pz) be defined by

Hggj [-1,1]xA
where Z;" is defined by (2.16).

Remark 4.1. In the affine-convex case, H:r 1s characterized by

+
H; (xi,p;) = max (_piai — (s, y7, a)). (4.2)
a€A,a;>0,ai =0,y €[-1,1]

Let the function H(O,-) : RV — R be defined by

H(0,q)= max H; (0,q:), VgeRY, (4.3)

i=1,...,

and the set of indices Z(q) be defined by

I(q) ={i: 1 <i< N, H, (0,¢;) = HO,q)}. (4.4)
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We also define what may be called the tangential Hamiltonian at the junction (see [2]) by
A= max AY, (4.5)

i=1,....N

here AY = min H; :
where A; IP}IGIIE i(0,p)

Remark 4.2. From Lemma 2.1, we see that

— H;(0,p;) > A? if pi <p,
then, it is clear that Vq € RV,
H(0,q) > A, (4.7)

In Figure 4, we give an example for the graphs of p — H;(0,p) and of p FT(O,p). The
constant A? is the minimal value of both H;(0,-) and H:F(O, ).

Ll
12 *
.

.

.

\ 101 .
.
.

Figure 4: The graphs of the Hamiltonian p + H;(0,p) and of p ﬁj (0,p) coincide for p < p;,
and ﬁj(O,p) =AY for p > p,- In the example, p. = 0 and p; = 2.

Lemma 4.1. Under Assumptions 1.1- 1.3 and 2.1, A defined in (4.5) and E defined in (3.10)
satisfy

A<E. (4.8)

Proof. For any i = 1,..., N, choose p; € argmin H;(0,-), and L; as in Assumption 2.1. Take
2045 > 219 + Li, 20 = z04ei + zo%iel-l € Q and any R > % + L;. From Assumption 2.1 and
Remark 2.2, we know that for all ¢ > 0, there exists a control law a € A, such that for all
s €10,t], 2(s) = z0 + [y (6)df belongs to the set {x : @; € [ro, 20, + L], #i € [-1,1]} C Q"
and

/Ot lo(2(s),a(s))ds < —tH;(0,p;) + C, (4.9)

for a constant C' independent of t.
From Assumption 1.1, there exists a finite time 7 > 0 (which is bounded uniformly w.r.t. ¢) and
a € A such that z(t) + ar = zp. The following control law

o (5) = { a(s) if s € [0,1],

a if s e (t,t+ 7],
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can be extended by periodicity to RT (the period is t + 7) to yield a periodic trajectory 2*(s) =
z0 + fOS «o*(0)df, which stays in Q. The arguments contained in the proof of Lemma 3.1 can
then be repeated to obtain that

1
t+ 71

t+7
/0 lo(2%(s),a*(s))ds > —E,

and that .
/ lo(2(s),a(s))ds > —Et — C
0

for another constant C. Combining this with (4.9) yields that —Et — C < —tH;(0,p;) + C =
—tAY+C'. Since t can be chosen as large as desired, we get that AY < F, and since the argument
above can be repeated for all i = 1,..., N, we obtain (4.8). O

4.2 The effective problem on G

Here we introduce the effective problem on the network G and define its viscosity solution. We
also recall some of the results obtained by Imbert and Monneau [20], in a presentation adapted
to the context.

The effective Hamilton-Jacobi equation on G is:

Mu(x) + Hi(zi, Du(z)) =0 z=uz¢ € G, (4.10)
Mu(0) + max(E, H(O, Du(0))) =0 =0, (4.11)

where H(O,-) is defined in (4.3), E is defined in (3.10) and

du (g if x is
D“(“"):{ (dfg{g(g)),... du_ () iixig. (4.12)

v drn

4.2.1 Test functions

For the definition of viscosity solutions on the irregular set G, it is necessary to first define a
class of the admissible test functions

Definition 4.1. A function ¢ : G — R is an admissible test function if
e ¢ is continuous in G and C' in G\ {O}
o foranyj, j=1,....N, ¢lg, € CY(Gj).

The set of admissible test function is noted R(G). If ¢ € R(G) and ¢ € R, let Dy(x,e;) be
defined by Do(x, Ce;) = 32 (x) if @ € G\{O} and Dp(O, Ce;) = (limy o4 42 (he;).

Property 4.1. If o = g o1 with g € C' and 1 € R(G), then ¢ € R(G) and
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4.2.2 Definition of viscosity solutions

Definition 4.2. o An upper semi-continuous function u : G — R is a viscosity subsolution
of (4.10-4.11) in G if for any x € G, any ¢ € R(G) s.t. u— ¢ has a local mazimum point
at x, then

u(z) + H;(z, j—i(a})) <0 if x € G, (4.13)
Xu(0) + max(E, H(O, $£(0), ..., ££(0))) < 0. '

o A lower semi-continuous function u : G — R is a viscosity supersolution of (4.10-4.11) if
for any x € G, any ¢ € R(G) s.t. u— ¢ has a local minimum point at x, then

Xu(w) + Hi(z, §2(x)) > 0 if v € Gy, i
Mu(0) + max(E, H(O, $£(0), ..., #£(0))) > 0. (4.14)

o We say that u is a viscosity solution of (4.10-4.11) in G if it is both a viscosity subsolution
and supersolution of (4.10-4.11).

4.2.3 Comparison principle

The following result is a consequence of the general comparison results proved in [20]:

Theorem 4.1. Under the Assumptions 1.1- 1.3, for all viscosity subsolution u and all superso-
lution v of (4.10-4.11) satisfying

wz) < CA+z]) and v(x)>-C(1+ |z|)
for some positive number C, we have

u<w inG. (4.15)

4.3 The convergence result

We are ready to the state the main result of the paper:

Theorem 4.2 (Convergence). Under Assumptions 1.1-1.8 and 2.1, as € — 0+, the functions
ue converge locally uniformly to the unique viscosity solution u of (4.10)-(4.11).

The proof of this Theorem is given in Section 6. It is based on the perturbed test-function
method of Evans. The perturbed test-functions involve suitable correctors which are constructed
in Section 5.

5 Correctors at the junction when H(O,p) > E

The aim here is to construct correctors (in unbounded domains) which will be used in § 6 in
the perturbed test-function method of Evans, [17]. The strategy for constructing the correc-
tors is reminiscent of the one used by Ishii in [22], although a new difficulty arises from the
unboundedness of the domains in which the correctors will be defined.
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Remark 5.1. The question of the correctors in unbounded domains has very recently been
addressed by P-L. Lions in his lectures at College de France, [23], precisely in january and
february 2014 (therefore after the completion of the present work): the lectures dealt with recent
and still unpublished results obtained in collaboration with T. Souganidis on the asymptotic
behavior of solutions of Hamilton-Jacobi equations in a periodic framework with some localized
defects. In this context, P-L. Lions addressed similar phenomena as those mentioned below,
namely the possible nonexistence of correctors.

Let p € RY be such that H(O,p) > A. Then from (4.6), we see that for any index i € Z(p),

pi <p; and H(O,p) = H, (0,p;) = Hi(0,p;).
Take Ry > 1o as in § 3.4 and let 1, be a smooth function on Q such that

Up(z) = pizi vz € K,
Up(z) = pi¥(z) VzeK;, (5.1)
wp(z) = 0 Vz € Ky,

where ¥ is a smooth non decreasing function defined on [rg, Rp] such that ¥ = 0 in a neighbor-
hood of 79, ¥(r) = r in a neighborhood of Ry, and ¥(r) < r for all r € [rg, Ro].
Let the open connected set €2, be defined by

0,=Ku |J Ku | K. (5.2)
1€Z(p) i1€Z(p)

where Ko, K; and K; are defined respectively in (1.3), (3.16) and (3.15), see Figure 5. Note that
Q, corresponds to a set Q) defined in § 3.4.

Below, a corrector associated to p will be defined in Q,. Its existence will be stated in
Theorem 5.1. Lemmas 5.1, 5.2 and 5.3 below are the main steps for proving Theorem 5.1.

Remark 5.2. The idea of truncating the domain and use 2, instead of ) comes from the fact
that we need a bounded corrector, and constructing a bounded corrector does not seem possible in
the full domain Q. Since the correctors are defined in subdomains, the method of the perturbed
test functions of Fvans will have to be suitably modified, see § 6.

Figure 5: The set €, in the case when Z(p) = {1, 3,4}

For zp € 2, and ¢ > 0, let u(2p,t) be defined by

u(zo,t) = inf J(zo,t, ), (5.3)
ac Al
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where

J(z0,t, ) = /0 (Dp(2(5)) - a(s) + Lo (2(s), a(s))) ds, (5.4)
and

Z(s) =a(s), s>0, z(0) = zp,

AP ={a:a(s) € Aforaa. s; z(s) € Q for all s}.

It is well known, see [9], that u is a Lipschitz continuous viscosity solution of

) _
ait‘(z,t) + Ho(z, Db+ Du) >0 in Q0 x Ry, (5.5)
0
ai:(z,t) + Ho(z, Db+ Du) <0 in Q, x Ry, (5.6)
where
Ho(z,q) = max (~¢-a —{o(2,0)). (5.7)

Lemma 5.1. Let p € RY be such that H(O,p) > A. Under Assumptions 1.1-1.8 and 2.1, there
exists a constant C' such that for all z € Q, and t > 0,

u(z,t) < —tH(O,p) + C. (5.8)
Proof. Consider 2 € Q,. We make out several cases:

Case 1 There exists ¢ in Z(p) such that zp € K; and zp; > L; + Ry where L; is the constant
(possibly depending on p;) appearing in Assumption 2.1. Consider the control law &
described in Assumption 2.1 with yg = Z()L,i' This control law is such that the corresponding

trajectory Z(s) = z0 + [, &(#)d6 remains in K; for all s € [0,¢]. Moreover,

t
J(Z()vta d) = / pidi(s) + el(oa EZL(S)? &(3))d8 < _tﬁ(ovp) + Cz',2a
0

from (2.22). Hence
’LL(ZQ, t) < —tﬁ(O,p) + CLQ. (59)

Case 2 In the opposite case, there exists a constant L (depending on p) such that |z9| < L.
Let ig be an index iy € Z(p) minimizing distance(zg — Lje;, K ;). From the controllability
assumption 1.1, it is possible to find 1" > 0 such that for all 2y in Case 2, there exists a
control law & such that z(7) = zo + [ @(s)ds € Ky, Z,(1) > Li, + Ro for some 7 < T
and z(s) € Q,, for all s € [0, 7].

It is possible to extend & by s — &(s—7) for t —7 > s > 7 where & is the control described
in Assumption 2.1 for i =i, t =t — 7 and yo = Z&i(r).

It is easy to see that the related trajectory remains in ﬁp and that there exists a constant
(' independent of zy in Case 2 such that

T(20,t,a) = /O Dy(2(s)) - als) + bo(2(s), als))ds < —tH (O, p) + C,

which achieves the proof.
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Lemma 5.2. Let p € RY be such that H(O,p) > A. There exists a constant ¢ > 0 such that
for all zg € ﬁp andt >0, o
u(zo,t) > —tmax(FE, H(O,p)) — c. (5.10)

Proof. For any € > 0, we consider o € AL, such that J(zo,t,a) < u(zo,t) +¢e. Call 2(s) =
zo + fos a(f)df. In what follows, ¢ is a positive constant possibly depending on p that may
change from line to line.

e Assume first that zg € IN(O. We make out two cases:

— If 2(t) € Ko, it is possible to modify the control law as in the Lemma 3.2 and Lemma
3.1 to obtain a t + 7-periodic trajectory z*(-). Then s — ,(2*((s)) is a function
belonging to I/VO1 *°(0,t+ 7), whose weak derivative coincides almost everywhere with

s = Diy("(s)) - @"(s). Therefore [ Diy("(s)) - @ (s)ds = dy(2"(t + 7)) ~
Pp(2*(0)) =0, then

t+71
J(z0,t+7,0%) = / lo(2*(s),a*(s))ds > —Et — c.
0
Thus,
‘](205 t+ T, CM*) = J(ZO’ ta O[) + J(Z(t), T, Oé*(' + t)
and J(z(t),7,a*(- +t) is bounded by a constant thanks to the definition of ¢, for

trajectories lying in Kj.
Therefore,

J(z0,t, ) = J(20,t + 1,0%) — J(2(t), 7,0 (- +t) > —Et —c.

— 2(t) € (K; U Ez)\EO for some i € Z(p). Let ¢ be the supremum of all entry times in

K; U K ; smaller than ¢t. Then z(t) € I?o and we can repeat the argument above to
prove that
J(20,t,) > —FEt — c.

There only remains to study fit (Dipp(z(s)) - a(s) + Lo(=(s), «(s))) ds. For s € [t,t],

lo(2(5), (s)) = 60, 5(5), (). Moreover, | [} Dysy(=(5)) - a(s)ds — pi(ai(t) — 2(D)| <
c. Hence,

t

[ Duntets1) - a(6) + alets), a6 ds — [ (pii(s) + 60,5 51 ds

t

< c.

But .
[ (ps(s) + 60,5 (5).0(9)) ds = w30, (Bt =
t
where v; is defined in (2.8). From (2.9),

/t (piai(s) + £;(0, 2 (s), a(s))> ds > —(t —t)H;(0,p;) — c. (5.11)

Summing all the contributions, we get that

J(z0,t,0) > (t —t)(—H;(0,p;)) — Bt — c.
But H;(0,p;) = H(O, p) since i € Z(p). Hence
J(z0,t,a) > (t — t)(—H(O,p)) — Et — ¢ > min(—H (O, p), —E)t —c.
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e Assume now that zg € K; U K; for some i € Z(p). We make out two cases:

— If the trajectory stays in K; U Ei, then
¢
J(20,t, @) = ¥p(2(t)) — ¥p(20) +/ 4i(0, ;- (s), a(s))ds
0
t
> pi(zi(t) — 20,4) —c+ / 4;(0, zf(s), a(s))ds.
0

Therefore, J(z,t,a) > v;(0, Z(J):Z-, t) —c>—tH(0,p) — c.

— The trajectory z leaves K; U EZ Let 6 be the smallest time such that z(6) € Eo.
Then
J(Z07 tu C¥) - ‘](207 07 Oé) + J(Z(0)7 t— 67 d)7

where G(s) = a(s — 0). We have just seen that J(z0,0,a) > —0H(O,p) — c¢. From
the previous case (when zg € Ko), J(2(0),t —0,a) > (t — ) min(—-H (O, p), —E) — c.
Thus, J(20,t, ) > tmin(—H(O,p), —E) —c.

The result follows letting e — 0. 0O

As a consequence of Lemmas 5.1 and 5.2, and using also that £ > A from Lemma 4.1, we
obtain the following:

Lemma 5.3. Let p € RY be such that H(O,p) > E. Under Assumptions 1.1-1.3 and 2.1, the
function v: (z,t) — u(z,t) +tH(O,p) is bounded and Lipschitz continuous on 2, x Ry. It is a
viscosity solution of

({;;}(z,t) + Ho(z, DY, + Dv) — H(O,p) > 0 in Q, x Ry, (5.12)
g;}(z,t) + Ho(z, DY, + Dv) — H(O,p) <0 in Qp x Ry. (5.13)

Define the function w by

w(z,t) = EI;{(:]U(Z, t+r).

It is easy to check that the function w is bounded and Lipschitz continuous. It can also be seen
that w is a non decreasing function of time. From e.g. [9], Proposition 2.11, page 302, or [22],
Proposition 1.10, page 125, w is a viscosity supersolution of

%:(z,t) + Ho(z, DYy + Dw) — H(O,p) > 0 in Q, x Ry.

From the convexity of Hy(z,-), we get the following Lemma

Lemma 5.4. w is a viscosity subsolution of

%l:(z,t) + Ho(z, D¢, + Dw) — H(O,p) <0 in Q, x Ry.

Proof. See [22] Lemma 5.11. Two possible arguments may be used, the first one from Barron
and Jensen[13] , and the second one from Barles[10]. O
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Let xp(z) be defined by xp(2) = limi o0 w(z,t) = sup,w(z,t). It is obvious that x, is
bounded. The convergence of w(z,t) to x;() is uniform on the bounded subsets of Q,. Therefore

Xp is a Lipschitz function on €2,. Hence, X, as a function of z and ¢ is a viscosity solution of
(5.12) and (5.13). Since it does not depend on ¢, x, is a bounded and Lipschitz solution of

Hy(z Dty + Dxy) = H(O.p)

> in Q,, (5.14)
Ho(z, Dyp + Dxp) — H(O,p) <

0
0 in €2,. (5.15)
Therefore, the following theorem has been obtained:

Theorem 5.1. Let p € RN be such that H(O,p) > E. Under Assumptions 1.1-1.8 and 2.1,
there exists a bounded and Lipschitz function x, defined on Q, which is a viscosity solution of

(5.14)-(5.15).

6 Convergence

The aim is to study the asymptotic behavior of the sequence of functions (u.) as € — 04 where
ue is the unique viscosity solution of (1.5) (1.6).

A sequence of continuous functions (v.) defined on ). is said to converge locally uniformly to a
continuous function v defined on G if for all M > 0,

lim sup lv(z) —ve(y)| = 0.
=0 326G ,y€Q.NB(O,M),|y—z|<e

Theorem 6.1. Under Assumptions 1.1-1.8 and 2.1, consider the weak limits in the viscosity
sense, or relaxed semilimits, of ue, as e — 0+: for all x € G,

u(z) = lim inf us(2'); u(x) = limsup  uc(2').
e—=0+,2' —x,x’ €Q, e—0+,7' > 2,2’ €Qe

Then, u is a bounded supersolution of

u(z) + H(, Du(z)) > 0, if © € G\{O}, (6.1)

Au(O) +max(E, H(O, Du(0))) > 0, if v =0, '
and w is a bounded subsolution of

\iu(z) + H(z, Du(z)) < 0, if © € G\{O}, (6.2)

\i(O) +max(E, H(O, Du(0))) < 0, if v = O. '

Proof. Recall that u. is bounded by a constant M independent of € from the assumptions on
{.. Therefore u and uw are bounded. We first prove that w is a subsolution of (6.2).

u is a subsolution of (6.2) To prove that u is a subsolution of (6.2), we consider a strict
maximum Z of u — ¢, where ¢ is a regular test-function for (6.1)-(6.2). We may assume that
©(Z) =u(z).

We want to show that

Ap(Z) + H(T, Dp(T))
Ap(0) + max(E, H(O, Dp(0)))

=)

,  ifzeg\{0},
0, ifz=0.

IAIA
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We just have to focus on the case when z = O, because if T # O, (6.3) is proved in [3]. Suppose
by contradiction that o
Ap(O) + max(E, H(O,Dp(0))) =~ > 0. (6.4)

Let p € RY be defined by p = (Dp(O,e1),...,Dp(0,en)). We make out two cases:

First case: H(O,p) > E. In this case (6.4) becomes:
Xp(0) + H(O,Dp(0)) = v > 0.

For 2, defined in (5.2), let the auxiliary function & be defined in £Q, by

&(x) = @(xie;) —p(0) Vo € EEZ', i€ Z(p),
L) = g (p(wie) —p(0)¥(T) Ve ecekKi, ieI(p), (6.5)
() = 0 Vz € €Ky,

where V¥ is the same function as the one used in (5.1). Note that the function z
& () — eppp(L) is a C! function which vanishes in e Ky and that

lim sup [ D& (x)— zwp( )”LOO (eQ,NB,(0)) = =0, (6.6)

—0 P
p 0<e< ng

where Ry is the number fixed at the beginning of § 5. Indeed,

D¢ (x) = 5&7 (ziei)ei = pie; +o(1) = zz/’p( ) +o(1) Vo € eK;,
Defa) = elelelO)gv (). _ = (M — 22 (zies) ) W(E)es
= (pi+0(1))52(Hei + =V(£)o(1)e; )
= Z"?bp(g) o(1) Vo e Elgiv
Dé(z) = 0 VYV € eKp,

where o(1) means a family of functions (f.). defined in £, such that

lim su oo =0.
p%00<£<13 ”szL (eQpNB,(0))

Define the perturbed test-function
x
pe(2) = 9(0) + & (@) +exp( )

in €0, where y, is constructed at the end of § 5 and is a bounded viscosity solution of
(5.14), (5.15).
We claim that for some p > 0, . is a viscosity supersolution of

Ao:(z) + He(z, Dp-(x)) >0 z € eQ, N B,(0), (6.7)

for all £ such that € < p/Ryp. B
Consider a smooth function ¢ such that ¢, — ¢ attains its minimum in €€, N B,(O) at

& and @.(Z) = ((#). Then the function z — x,(2) + ¥p(2) — (Yp(2) — Le(e2) + 1((e2))
attains its minimum at zZ = Z. From the definition of x, we get

H, <2,DC() DE(®) + Doy (© >) > (0, p)
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and therefore,

M | X

Xp(0) + Hy (2, D((Z) — D&(T) 4+ D 1p( )> > Ap(0) + H(O,p) =+ > 0.

But ]
(@)~ 9(0) = &(&) + exy (f”) |

From (6.5) and (6.6), it is possible to choose p small enough such that

IN

.
1. ASUPO<5<R% max, .o g, (0) |€(2)| < &

ol
2. )‘SUPO<5<R% MaxX, c.0,nB,(0) lexp (%) <3

3. SUPo<e< - MAXye.0,NB,(0) ‘HO (2, D¢(x) — D& (x) + Dyp(%)) — Ho (2, DC(l’))‘ <3

We get that

A(@) + Ho(2, D¢(@) > 5.

Moreover, from the definition of ¢., the continuity of the functions ¢; and the compactness
of the set [—1,1] x A, we see that

x
li Ho(=,p) — H - = 0. 6.8
pgr(l)ksip%o 1Ho (7, p) = He(@, Pl L= 33,8, (0)) (6.8)

Therefore, for p small enough,

which proves the claim.
From (1.5) and (6.7), we deduce that

_Sup  Ue — Pe < sup Ue — Pe-
£0,NB,(0) £Q,N9B,(0)

Passing to the limit when ¢ — 0, we obtain
0=1u(0) — ¢(0) < ulpe;) — p(pe;), Vi € L(p).

Since we can choose p as small as we like, we reach a contradiction because O is a strict
maximum of 4 — .

Second case: H(O,p) < E. In this case (6.4) becomes:

Ap(O)+ E =~ >0.
Let us modify ¢ by taking @(z) = ¢(O) + M|z|. We choose M large enough such that

e M > q where ¢ is defined in Remark 3.2

e the function ¢ is still an admissible test-function such that u — ¢ has a strict local
maximum at O and H (O, D$(0)) < H(O,p), so

max(E, H(O, D$(0))) < max(E, H(O,p)) = E.

Therefore, (6.4) holds for ¢.
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For simplicity, we agree to write ¢ = ¢.
Thanks to Remark 3.2, there exists R* such that the function @ (z) defined in (3.12)
(recall that M > q) is a viscosity supersolution of

Hoy(z, Do (2)) > E — % for any z € Q.

Note that, with 2" defined in (3.12), if z € Q\QF then W (2) — p(2) = W (") -
©(0) — MR*.
Let us call ¢} the function defined in eQ by ¢} (z) = ¢(0) + ew® (£),
then if £ € Q\QF
|z]

R* X
erta) (o) == (a7 (D) - ) ~ o)
For p > 0 smaller than a constant independent of ¢, we claim that ¢! is a viscosity
supersolution of

At (z) + He(x, Dot(x)) > O x € QN B,(0),
for all € > 0. Let ¢ a regular function and z* € QN B,(0) be such that
(@) = C(z) 2 l(z") = ¢(2") =0, = €eQNB,(0),

This implies that, changing the variable 2 = £ and 2* = %

7 (2) - 20(ex) 2 M (%) - 2(ex)

It is possible to use the equation satisfied by w®"

P >k
z* R
£

If 2* = €N

*

Az (27) + He (27, D¢(2")) = A (2%) + He (2%, DC(27)) — Ho( DC( ))+Ho( , D¢(a™))

* x*

> Xp(0) — C(R)e + Hela®, D) ~ Ho( L, D) + Ho( L, D))
z—E+v+<E—}>—0<R*>5+H€<x*,Dc<x*>> Ho(, D¢(a"))
= 29+ 0() + Hula, D) ~ o, D¢(a*))
= 37+ Hela®, D) — Ho( DG(a)) (69)

If 2 = 2 e \Q"
Npt (o) + Hola®, DA(a)) = ~Cp+ 3+ Hela®, DA()) — Ho(, DC™) (6.10)

Using an argument similar to that used to prove (6.8) for p small enough we can deduce
from (6.9) and (6.10)

ApZ(x*) + Ho (2™, D¢(z*)) > 0. (6.11)
We deduce from this that

_Sup ue —@r < sup ue — ¢
<0NB,(0) cQNOB,(0)

which leads to a contradiction as above.
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u is a supersolution of (6.1) We are left with proving that u is a supersolution of (6.1). We
consider a strict minimum Z of u — ¢, such that u(z) = @(z), where ¢ is a regular test-function
for (6.2)-(6.1). In the case when z # O, the desired result is proved in [3]. Thus, we may focus
on the case when z = O.
We want to show that

Ap(0) +max(E, H(O, D$(0))) > 0. (6.12)

We suppose by contradiction that
Ap(0) + max(E, H(O,D$(0))) =7 < 0.
Let p € Ry be defined by p = (D@(0,e1),...,Dg(0,en))

First case If H(O,p) > Eand Z(j) = {1,..., N}, ie. foralli € {1,..., N}, H, (O, D$(0,e;)) =
H(O,p), then we choose ¢ = @, and p = p.

Second case On the contrary, i.e. if either H(O,p) < E or H(O,p) > E and Z(p) #
{1,..., N}, it is possible to add a piecewise linear nonpositive function vanishing at O
to ¢ and obtain a new function ¢ such that

e O is a strict minimum of u — ¢, and u(0O) = ¢(0O)

o if p=(Dp(O,e1),...,Dp(0,en)), then Ap(O) + H(O,p) =~ <0

o H(O,p) > Eand Z(p) = {1,...,N}, ie. foralli e {1,...,N}, H, (O,p;) = H(O, p).
We then consider 1, as in (5.1), x, defined at the end of §5 with Q, = Q, and & as above. The
perturbed test function is defined in Q2 by

T
pe(2) = ¢(0) + &(z) + 5Xp(g)'

We claim that for some p > 0, . is a viscosity subsolution of

Ape(2) + He(z, Dpe(x)) <0z €N B,(0), (6.13)

for all € such that Rpe < p. The proof of the claim is essentially the same as for (6.7).
The comparison principle implies that

Cinf owe — e > inf  we — ..
£0NB,(0) £QNB,(O)

and then
0=u(0)—¢(0)> inf u—e.
(©0)~¢(0)> inf u—s
Since we can choose p as small as we like, we reach a contradiction because O is a strict minimum
ofu—¢. O

Proof of Theorem 4.2. From Theorem 6.1, the relaxed semilimits @ and w are respectively bounded
viscosity subsolution and supersolution of (4.10)-(4.11). By comparison (Theorem 4.1), this im-
plies that & = u = u and the local uniform convergence of u. to u. 0O
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A Proofs of Propositions 2.1 and 2.2

Proof of Proposition 2.1 Let us prove that Assumption 2.1 holds with L; = 0.
Consider first the case when p; < p;: from the convexity assumptions, there exists a € A and

€ [~1,1] such that @ = 0 and
H;(0,p;) = —psai — £;(0,7, ).

Since F_,;(O,pi) > AV, we know that @; > 0. With the constant r appearing in Assumption 1.1,
if t = \y—Tion’ the control law & defined by

a(s) = rsign(g —yo)e; if 0 <s <1,
a(s)=a ift<s,

belongs to A; ,,. Moreover fg’ &;(s)ds = a;(t—t); > 0. It is clear that if ¢ > 2/r, then t > ¢ and

Lo — 2
| 09 + 00560, 6 ds <~ =D O.p0) 42 max 60,50

S _tﬁl<07pz) + c,

for a constant ¢ possibly depending on p; and 3(t) = yo + fo s)ds. With C as in (2.9), we
deduce that

/O<pz-az<>+£<o 5(5),(s))) ds < vi(0, pis you ) + C + c.

It is always possible to choose C; > C' + ¢ such that for all 0 < ¢ < 2/r, there is an admissible
control law such that fos a;(r)dr >0, V0 <s<tand (2.19) holds.

We are left with the case when p; € argmin H;(0,-): in that case, there exists § € [—1,1]
such that o
HZ(Oapz) = _gi(()? Y, 0)

We can repeat the arguments above with @ = 0 and prove the claim.

Proof of Proposition 2.2 For brevity, we only discuss the case when p; < p,, because the
case p; € [p;,p;] is handled in the same manner.
By adding the constant A? to ¢;, it is always possible to assume that A = 0 and

gGlal” < 4i(0,y,a) < cilal*”. (A.1)

Thus, 0 € [&,@].

Step 1 Consider yo € [ 1,1], and (o, T) € Ay, x Ry such that ming<g<p f09 a;(s)ds < —L;.
Let 6 be such that fo a;(s)ds < —L;. Holder’s inequality yields

0 -
L; < / S (s)ds < o' v (/ |o(s |”’ds) ,
0

0
/ las)|"ids > L6
0

thus
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Hence, any a such that

/T a;(s)ds =0, (A.2)
00
01<nei£1T/0 a;(s)ds < —L; (A.3)
satisfies .
/0 4(0,y(s), a(s))ds > ¢, LV T4, (A.4)
with

S
o) =w+ [ atmdr
0
Moreover, if L; > 2maxad; ma};A a , where r is the constant in Assumption 1.1, then (A.3) implies that
T > % Therefore, from Assumption 1.1, the control

T)— 1 /7
a= dilef‘ = 7,7;( )T Yo ef‘ = T/o a(T)dr (A.5)

belongs to A.
On the other hand, with & defined by (A.5), (2.23) implies that

T
/ &-(O, Yo + C_kZJ'S, @)ds < EZ’QViTl_Vi. (AG)
0

Hence, from (A.4) and (A.6), it is possible to choose L; large enough, namely larger than

1

max (W,Q (?)’“), such that for all (T, ) satisfying (A.2) (A.3), & defined by (A.5) is

=i

an admissible control in [0, 7] and the following inequality holds
T T
/ 4;(0,y(s), as))ds > / 00,40 + a3 s, @)ds. (A.7)
0 0

Step 2 Take L; as in the conclusion of Step 1 and p; such that p; < p,- Therefore p; < 0. Since

AV = 0, we also have that H;(0,p;) > 0. Take C as in (2.9): for t > ﬁ-%gp-)’ v; (0, pi, Yo, t) < —C.

There exists a control law o € A; 4, such that

/0 (picei(s) + £i(0,y(s), a(s))) ds < vi(0, pi, yo, ) + € <0,

where y is given by (2.1). Then, [} a;(s)ds > 0. If ming<s<; f§ a;(7)dr < —Lj;, we see from Step
1 that it is possible to replace o by a control & satisfying (2.18) and such that

t t
| its) + 60050, () ds < [ (pias) + 60,(s), o)) s,
0 0
hence (2.19) with C; = C, and §(t) = yo + fot ai(s)ds.
It is always possible to choose C; > C such that for all ¢ < —2C __ there exists an admissible

Hi (Ovpl) ’
control law such that (2.18) and (2.19) hold.
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