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Abstract

We address and answer the question of optimal lifting estimates for unimodular complex
valued maps: given s > 0 and 1 < p < oo, find the best possible estimate of the form |@|wsr <
F(|el(p|Ww)-

The most delicate case is sp < 1. In this case, we extend the results obtained in [3], [4]
for p = 2 (using L? Fourier analysis and optimal constants in the Sobolev embeddings) by
developing non L? estimates and an approach based on symmetrization. Following an idea of
Bourgain (presented in [3]), our proof also relies on averaged estimates for martingales. As
a byproduct of our arguments, we obtain a characterization of fractional Sobolev spaces with
0 < s <1 involving averaged martingale estimates.

Also when sp < 1, we propose a new phase construction method, based on oscillations de-
tection, and discuss existence of a bounded phase.

When sp = 1, we extend to higher dimensions a result on optimal estimates of Merlet [20],
based on one dimensional arguments. This extension requires new ingredients (factorization
techniques, duality methods).

1 Introduction

Our first motivation is provided by the following problem.

Lifting estimate question. Let (2 c R"” be smooth bounded simply connected. Let 0 < s < oo,
1< p <oco. Assume that W?(Q; S') has the lifting property, i.e., that every u € W5?(Q; S') has a
phase ¢ € W¥P(Q; R). Which is the best possible estimate of the form

lplwsr S F(lulwsr)? (1.1)

Here, A < B means A < CB, with C possibly depending on p and on the space dimension n, but
not on s or u.

Estimate (1.1) can be seen as a reverse estimate for superposition operators. Superposition
operators are mappings of the form

To(p)=Dop, VepelX,
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with X a function space. Classical questions concerning such operators are: under which regular-
ity assumptions on ® we have T¢ : X — X, and existence of estimates of the form

ITo(p)x = Glelx); (1.2)

see e.g. [27] for a detailed account of these topics. The questions we discuss in the present paper
are related to a sort of converse of (1.2), namely existence of estimates of the form

lellx = F(ITo(p)lx) (1.3)

(or of a similar estimate where the full norm || | x is replaced by a semi-norm | |x). Clearly, (1.3)
cannot hold for every @, even smooth (take ® = 0). A hint is given by the analysis of the case
where X = WLP. The fact that

IV( @ o)Ly = D' (@)VelLr
suggests that, in order to have both (1.2) and (1.3), a reasonable condition is that
0<a<|®|<b<oo.

This suggests considering the model nonlinearity ®(t) = e'’, which satisfies |®'| = 1, and then the
corresponding problem is given by (1.1).

For simplicity, we consider only periodic maps u : T® — S, where T" = R*/Z" (but it will be
transparent from the proofs that the constructions and arguments we present extend to maps
defined on Lipschitz bounded domains). We set C =[0,1)*. If u: T* — S! is smooth, then u has
a smooth phase ¢ : C — R. Of course, such a phase need not be Z"-periodic and thus cannot be
identified with a smooth map on T"”. However, for notational simplicity, we still write most of the
times ¢ : T — R. When periodicity may play a role, we turn back to the notation ¢ : C =[0,1)" — R.

The maps we consider are normed in the standard way (over a period); e.g., we let || flzr :=

£l c)-

Before presenting our contribution, let us briefly recall some previously known results con-
cerning the existence of phases ¢ : C — R of maps u : T* — S!, and the corresponding estimates.
First, the characterization of s and p such that WS?(Q; S') has the lifting property was obtained
in [3] and is the following.

1.1 Theorem ([3]). The space WSP(T";S') has the lifting property precisely in the following cases:
1. sp<1l
2. sp=n.
3. s=zlandsp=2.

Concerning optimal estimates of the form (1.1), two qualitatively different situations are to be
considered. As an illustration, let us assume that we have an estimate of the form (1.1) at our
disposal, and also that the equality |polws» = F (lt|wsr) holds for some @9 € WP, with u := e'¥0.
Starting from this, we would like to assert that (1.1) is optimal. This is easily obtained when
sp = 1. Indeed, in this case, if u = e'?1 = ¢'?2 with ¢1,¢92 € WP then ¢ = ¢o (mod 27) [3, Theorem
B.1]; thus the phase (if it exists) is unique. Consequently, there is no phase ¢ € W*? of u such that
lplwse < F (lulwsr), and thus (1.1) is optimal. We will present in Section 5 the optimal estimates
corresponding to the range sp = 1; for the time being let us only mention the strategy. First, an
inspection of the construction of phases in [3] and [21] leads to estimates of the form (1.1). Next,
we test these estimates on typical WP functions (like x — |x|™%, with (@ +s)p < n) and conclude to
their optimality.’

1 Special cases of the results in Section 5 were obtained by Merlet [20].
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Much more involved is the case where sp < 1. Indeed, assume that we have established an
estimate of the type (1.1) and that we want to prove its optimality. This time, if ¢ is a W% phase
of u, then so is ¢ + 2714, with A a smooth compact subset of (2. Thus even if the estimate (1.1)
cannot be improved for a specific ¢, it could be possible to obtain another phase of u satisfying a
better estimate.

Optimality when sp < 1 and p = 2 was investigated in [3] and [4]; the corresponding optimal
estimates have implications in the analysis of the Ginzburg-Landau equation [5] and were part
of the original motivation in studying (1.1). In order to explain the results obtained in [3], [4],
we first recall a phase construction method due to Bourgain and presented in [3]. Assume that
sp <1 and let u € WSP(T";S'). For j e N, we let Z; denote the set of the (dyadic) cubes of the

.n
form 27/ H[ml,ml + 1), with m = (m1,...,m,) € Z". Thus each x € R” belongs to exactly one cube

=1
Qj(x) € #;, and we have Q j(x) cQ;_1(x) if j= 1. If u € L] (R"), then we let

uj(x) = E ju(x) denote the average of u on @ ;(x). (1.4)

We let &; denote the set of functions which are constant on every cube of &2;. For a given u €

WSP(T™;S1), the construction of a phase ¢ goes as follows. Let u j be as in (1.4), and set U’ :=
uj 0

I—J € &}, with the convention 0" 1. We then let ¢° be any real number such that U° = e’ and
uj

next construct inductively a phase ¢’/ € &; of U’ such that

o/ —/ N < |UT-U. (1.5)

The arguments developed in [3] imply that the sequence (¢’) converges in L? to a phase @ of u
satisfying the estimate (1.6) below.

1.2 Theorem ([3]). Assume that sp < 1. Then every u € WSP(T"; S) has a phase ¢ € WP satisfying

|(p|Wsp N ﬁl |Wsp (1.6)

Here, |- |ws» is the standard Gagliardo semi-norm,

_ b
|f|WSP:/ dedy.

|x_y|n+sp

As explained above, when sp < 1 the phase is not unique, and this raises the question of the
optimality of (1.6). It turns out that (1.6) is not optimal.? When p > 1, an improved estimate is
provided by the following result.

1.3 Theorem. Let 0 <s <1 and 1< p < oo be such that sp <1. Let u € WSP(T";S'). Then there

exists a phase ¢ of u satisfying the estimate

|(p|Wsp Nﬁlulw‘sp (]..7)

2Tt is proved in [3, Section 5 and Appendix A] that the estimates used in the proof of Theorem 1.2 are essentially
optimal and thus cannot lead to an estimate better than (1.6). However, this does not imply that the phase obtained
via the iterative construction in formula (1.5) does not satisfy an improved estimate. We do not have an example of u
such that the corresponding ¢ does not satisfy (1.7).



When p =2, the above result is due to Bourgain [3, Theorem 3.1]. Bourgain’s proof relies on
an averaging method, reminiscent of Garnett and Jones [13]. The idea is to perform the dyadic
construction explained above starting from u? := u(- — y) instead of u, and obtain a corresponding
phase ¢”. Then prove that, for some y € T", ¢Y(- + y) (which is clearly a phase of u) satisfies the
improved estimate (1.7). While the first part of the proof (construction of ¢”) does not depend on p,
the argument leading to the last part (existence of an appropriate y) in [3] is based on L? Fourier
analysis. Thus, in the proof of Theorem 1.3, our main task was to develop new, non L2, arguments.

We continue with a digression related to the use of the averaging method. In [3], the proof of
(1.6) (and of the corresponding phase existence result) is based on the semi-norm equivalence [3,
Theorem A.1]

e ~ D 2PN f5 = Fio1lF . (1.8)
j=1

Here, the averages f; are as in (1.4) (with u replaced by f), and | [ws» is any standard semi-norm
on WP e.g. the Gagliardo one.? It is easy to see that the above semi-norm equivalence cannot
hold when sp = 1. Indeed, let 0 <s <1 and 1 < p <oo be such that sp =1. Let f be (the periodic
extension of) the characteristic function of [0,1/2)". Then the right-hand side of (1.8) is finite,*
but f ¢ W5P  as one may easily check. However, we have the following result, proving that the
semi-norm equivalence (1.8) is valid in average when 0 < s < 1, irrespective of the assumption
sp<l.

1.4 Theorem. Let 0<s<1land 1< p<oo. Let f?(x):= f(x—y). Then we have

p

L dy. (1.9)

e~ [ 2292 | (£2);= ()4

T j=1

This leads to the following picture, reminiscent of the connection discovered in [13] between
BMO and dyadic BMO semi-norms:

1/p

1. The dyadic semi-norm (Z 28IP|| f i—f j—1||§p is equivalent to the standard semi-norm
Jj=1

| lwse precisely when sp < 1 . This is Bourdaud’s result [2, Théoreme 5]. We note that

this equivalence requires 0 < s < 1, and for such s it holds for only for some p’s in the range

[1,00).
2. However, in average, the two semi-norms are equivalent in the full range 0 <s<1,1 < p <oo.

We next turn to the question of the optimality of the estimate (1.6), settled in [3, Remark 7] for
p=2andn =2, and in [4, Theorem 2] for p =2 and n = 1.

1.5 Theorem. Assume that 1 < p <oo. Then estimate (1.7) is optimal.
Here, optimality means that (1.7) cannot be improved to

A,

14 - 7
|(p|Ws,p —= Sp(l—Sp) Ws.p>

with e(s) = 0assp /1.

The original argument in [4, Theorem 2] relies on an involved result: the behavior of the best
constant in the embedding W11((0,1)) — LY¢((0,1)). We develop here a related, but simpler,
argument, whose main ingredient is the fact that the nonincreasing rearrangement on an interval

3See formula (3.1) below.
4Since fi=f,vj=1



does not increase the fractional Sobolev norms. This is well-known on the real line, and goes back
to Riesz when p =2 [17, Lemma 3.6]; on an interval, the corresponding result is more recent and
is due to Garsia and Rodemich [14].

As it turns out, the proofs of Theorems 1.3 and 1.5 we present below are slightly simpler than
the original ones even when p = 2.

The reader may wonder about the role of the assumption p > 1 in Theorem 1.5. It turns out
that this result is wrong when p = 1. Instead, we have the following improved estimate.

1.6 Proposition. Let 0 < s < 1. Then every map u € WS1(T™;S!) has a phase ¢ such that

lplyst < 2|ulys.. (1.10)

Estimate (1.10) is essentially optimal, since we clearly have |ulys1 < |@lys:. The proof of
Proposition 1.6 follows the approach of Davila and Ignat [12], who established, for BV maps « :
T" — S1, the existence of a BV phase ¢ satisfying the (optimal) estimate |¢|gy < 2|u|py.

Our paper is organized as follows. Section 3, 4 and 5 are devoted to optimal estimates. In
Section 3, we prove Theorem 1.3, which leads to an optimal estimate when sp <1 and p > 1, and
Proposition 1.6, giving an optimal estimate when s < 1 and p = 1. Section 4 contains the proof
of Theorem 1.5, which asserts the optimality of the estimate in Theorem 1.3. In Section 5, we
examine optimal estimates when sp = 1.

Sections 6 and 7 are devoted to further developments. In Section 6.1 we discuss the existence
of a bounded phase when sp < 1. In Section 6.2, we describe a new method for constructing phases
when sp < 1. This construction combines a factorization technique developed by the first author
[22], [23] with an averaging idea due to Davila and Ignat [12]. Section 7 is devoted to the proof of
Theorem 1.4.

The final Section 8 gathers various useful auxiliary estimates.
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2 Notation

We present here some notation that we use throughout the paper.

1.

10.

11.

12.

13.
14.
15.

16.

17.

18.

19.

lx| = [(x1,...,%,) := max |x;].
]E[[l,nﬂ

. Ifr<land xeT", then B(x,r)={yeT";|y—x| <r}.

{e;}_, is the canonical basis of R".

. 2, j =0, is the family of dyadic cubes of side length 277 of T*. Thus an element of P; is of

. n .
the form Q; =277 [[Im¢,m,+ 1), with m = (my,...,m,) €[0,2/ — 1]".
/=1

. If x€ T", then @ j(x) is the (one and only one) cube @ ; € 2?; such that x € Q;.

. &:={f :T" — C;f is constant on each @ ; € Z;}.

. The average of f on @ j(x) is denoted either f;(x) or £ ;f(x). Thus f;(x) =E ;f(x):= f.

Q;(x)
Thf(x):=f(x—h).

In the next four items, we let 0<s<1land 1< p <oo.

_ p _ p
|f|€VS)P(1rﬂ) ::/ dedy:/ )~ 0 f () dxdh.
n -[I—n n Tl—n

|x_y|n+sp |h|n+sp

We also sometimes denote X(f) :=|f Iﬁ,s,p.

Y(f):= 3 2PN f = fi-1lp,.

i>1

Z(f):=Y 2P\ f — 17,

7=0
The characteristic function of A is denoted 1 4.
€A is the complement of A.
LI denotes a disjoint union.

If u = (f,g) € CH(Q;R?), with Q c R?, then the Jacu := det(Vf,Vg) is the Jacobian determi-
nant of u.

A(f) S B(f) stands for A(f) < CB(f), with C a constant independent of f. When f € WP we
will further specify whether C depends on the parameters n, s and p.

A(f) = B(f) stands for B(f) < A(f) < B(f).

“A” is used for the vector product of complex numbers: (11 + 1ug) A(v1 +1v9) = U1V2 — UgV.
Similarly, (u1 +tug) A V(v1 +1v9) = u1Vvg —ugVuy.



3 Optimal estimates when sp < 1. Proof of Theorem 1.3

We start with some preliminary results. We recall that @ j(x) is the unique cube in &; such that

x € Qj(x). We set fj(x):= f,tnf(x):=f(x—h), and we associate with f, s and p the following
Q,(x)
quantities:
_ 3 lf )= f()IP _/ If(x) = TR f (0P
X(f):= IfIWsp /n - —Ix—y|"+sp dxdy = . [ep dxdh, (3.1)
Y(f):=) 2°PNfi - fi-1lD,, (3.2)
Jj=1
Z(f):= Y 2P\ f = f5117,. (3.3)
j=0

When sp < 1, we have that X(f), Y(f) and Z(f) are equivalent semi-norms in W*%?(T"). This
fact was established by Bourdaud [2]; see [3, Theorem A.1] for a quantitative form of this equiv-
alence. For the convenience of the reader, we briefly recall in Section 8.1 the result in [3] with a
slightly different proof; see Lemma 8.3.

It can be easily shown that the phases ¢’ given by (1.5) satisfy the following inequality [3,
(1.5)1:

o/ — @’ M < lu—ujl+lu—ujql, Vj=1. (3.4)

In [3], estimate (1.6) is obtained by combining (3.4) with the (quantitative form of) the equivalence
between X(u), Y(u) and Z(u) (with X, Y and Z as in (3.1)-(3.3)).

The proof of the improved estimate (1.7) is more subtle. In order to obtain (1.7), we follow
the approach in [3], which is itself inspired by a result of Garnett and Jones [13] showing that
one can recover the standard BMO norm of a function u from the dyadic BMO norm of a suitable
translation 7,u of u. More specifically, the argument goes as follows. Let u” := 7,u and let ¢” be
the phase of u” obtained via Bourgain’s construction, i.e., ¢” := lim ¢” /. Here, p¥ € & is a phase

Jj—0o0
of uj’/lu?l satisfying
o7 =" T Slu? —wl+ lu? —ul ], V=1 (3.5)
In the spirit of [3], we will prove that
lcpyl dyS - S S—T (3.6)
Ws.p ~Y p(l Sp) Ws.p* .

Indeed, for every measurable function f : T" — C we clearly have

I(zp —id)f ()P (n+sp)(j+1) .
FIP. :/ dxdh < Y 2P+ (T —id)f ()P dxdh,
f Ws.p n Jn |h|n+sp 720 |hlel; J T h f

where I :=[27/71,27/). We find that the average of |’

{,’Vs,p can be estimated by

/ e dy < [ 3 2P / |t —id)p”|” dxdhdy. (3.7)
™ T" j=0 |h|el n

In order to estimate the right-hand side of (3.7), we start from
|(zh —id)g?| < ‘(rh - id)(py’j‘ + ‘(rh ~id) (- <py’f)(  Vj=0. (3.8)
Consider now p = 1_1/2 1/9yn, and set p.(x) := € " p(x/e), Ve >0, Vx. We define

Apji= {x € T"; dist(x,0Q) < 277 for some (AXS Qk}.
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By Lemma 8.6 in Section 8.2, when || € I; we have

(e —idp* | =|@n —id) (977 = 9*0)| = | T @n-id) [ - o)
1<k<j
S 2

< Y |@n-id (et - g1
1<k<j 1<k<j

(3.9)
v,k—1

P¥* — ¢ * Pg2-rla, ;-

Before going further, let us note that
P2t S Pos-k and Apyq ; C Ayp ;. (3.10)

By (3.5), (3.9) and (3.10), we thus have

. " y
’(Th —1d)(p”‘ S Y |ut—ug| * pgsrlay,, ;-
O<k<j

Thus

[@n —iddp )| <

p
Z |uy — uz| * 0g3-k 1Ak+1,j(x)) =:1d1,j(x,y). (3.11)

O<k<j

On the other hand, (3.5) implies

e e AT A e

<o

p 3.12)

5/ (Z|uy(x)—uz(x)|) dx =:J ().
'[I'n

k=j

By combining the estimates (3.11) and (3.12) with (3.7) and (3.8), we find that

/ |(py {;VS’P dy§/ ZZSijl,j(x,y)dydx+ Z2stJz’j(y)dy::L1+L2.
T n J1n ;20 T ;>0

We first estimate the term Lo, via a Schur type estimate (Corollary 8.2) and Lemma 8.3:

p
Lot o= [ (L2002 wew])| as L T o -l
7=0 ™ j>0 \k>, S k=0

1 1 1
- s_pZ (W) < S—pX (w?) = s_p|u|€vs,p, VyeT"

Consequently,

1
Ly S s—plul’vi,s,p.5 (3.13)

We now turn to L. We decompose the sets Ay, j, which are increasing with &, as a finite disjoint
union of sets by defining

Bk,jZZAk,j\Ak—l,j, V=2 and Bl,jZ:Al’j.

5As in [3], the integration with respect to y does not play any role in the estimate satisfied by L.



Thus, A, j= | | B:, and we have

1<t<k
J R+l P
L= 2281’]/ / (Z Z uy—u |*p24 k]].BtJ(.’)C)) dydx
=0 nJrn \k=0 =1
) p
= Z 28pPJ Z Z |uy - u%| * Poa—k(x) dx.
j=0 1<t<j+1J By ||t-1<k<j LE(T)

Using Minkowski’s inequality and noting that |B t, j| < |At, j| <277 we find

p
L1 < Z 9sPJ Z 2t—j( Z sup ” |uy - u%| * p24k(x)||L§(Tn)) .

j=0 1=st<j+1 t—-1<k<j *
Now comes the key estimate.

3.1 Lemma. Assume that 0 <s < 1. Let u € W*P(T"), and define g, : T" x T" — R by
gr(x, ) := |u¥ —uj | * pga-r ().
Consider also the quantity

ap:=2%supllgrx,)llLe, VE=0.
X

Then Z ak SQIuIWSp
k=0

Proof. Holder’s inequality combined with the fact that the integral of p equals 1 gives

ng(x,y)lpdys/ / |uy—uz|p(x—z)p24fk(z)dydz. (3.14)
" T Jn

We next note that

P
|uy—uz|p(x—z):‘][ [uy(x—z)—uy(w))dw
Qrlx—2)

San/ !uy(x—z)—uy(w)|p dw;
B(x zZ’k)

(3.15)
here, we use Hélder’s inequality together with the fact that @ (x —2) < B (x —z,27%).
Integration of (3.15) over y leads to
/ |uy—u%|p(x—z)dys2nk/ / |uy(x—z)—uy(w)|p dydw
n n _ -k
T B(x—2z,27%) (3.16)
:2”k/ / lu(®)—u(t—h)IPdhdt, Vx,z€ T".
n J\h|<2 k
Using (3.14), we obtain
Yab<y / / 2Pk y(4) — u(t — h)IP dhdt
k=0 k=0JT" J|h|<27F
t)—u(t—h)P
:/ Y 2Py — u(t - h)P dhdt < c/ / ) —ult =R g,
" ST 2k <1/|h) rJ L
with
c=c(n,s,p):=sup |h|"*P ) ontspk < o
lhl<1 2k<1/|h|
Therefore, we have Z ai <2 Iulﬁ,s,p. O
k=0



Proof of Theorem 1.3 completed. By the above lemma and Corollary 8.2 we have

p p

ARSI A 2t( 3 z—skak) =y ¥ 2(8P—1)(J—t)( Y z—s(k—t)ak)
j=0 1<t<j+1 t—1<k<j t=1j=¢t-1 t—1<k<j

b

<; af <

1
< k ~ —|u|WSp
~sP(1-sp) iz sP(1-sp)

2—S(k—t)
~1-sp tzzi (kzzt—l “

By combining this with the estimate (3.13) of Lo, we find that

1
/ |(,0 Ws.p yN sP(1— sp )lulwsp L]

Proof of Proposition 1.6. As mentioned in the introduction, we rely on an argument devised, for
BV maps, by Déavila and Ignat [12]. Let u € WSI(T"; S'). For every a € S' define ¢, := 0(u),
where 0,(z) represents the unique argument of z € S! in the interval (a — 27, a]. The functions Pa
are clearly measurable phases of u. We claim that there exists a € S! such that g1 < 2lulys1.
For this purpose, we estimate the average of |pq|yys1 over Si:

_ I(Pa(x)_(ptx(y)l
][Sll(palws,l da—][Sl (/n /n PRI dxdy)da
1 1
- _/ / —(/ |6a(u(x))—0a(u(y))lda) dxdy.
7T Jyn Jyn lx = y1"*S st

Applying Lemma 8.12 and using (3.17), we obtain f§1 lpalws: da < 2|ulys1, which proves the claim
and completes the proof of the proposition. O

(3.17)

4 Optimality when sp < 1. Proof of Theorem 1.5

The next result quantifies the asymptotic optimality of Theorem 1.3 in the special case where
n=1,1<p<ooands=(1-¢)/p, with e — 0. As we will see, the general case is an easy consequence
of Proposition 4.1.

4.1 Proposition. For every ¢ € (0,1/2), there exists u, € W1=9P-P(T;S1) such that any phase ¢ €
WU=p.2((0,1);R) of u, satisfies

lplywa-erpp 2 € plulw(lff)/p,p.

The above proposition is a variant of [4, Theorem 2]. In turn, [4, Theorem 2] relies on a very
involved result [4, Theorem 1] providing the asymptotic behavior of the best Sobolev constant in
the embedding W1%1((0,1)) — LY%((0,1)). We present below a cousin argument, based on an in-
equality involving non-increasing rearrangements of functions, obtained by Garsia and Rodemich
[14].

Proof of Proposition 4.1. As in [4, Proof of Theorem 2], the key step consists in establishing the
following estimate

1/e
AICA| < (Ce// dxdy) , @1
|lx — y|27¢

for every € € (0,1/2) and every measurable set A < (0,1). Here, ‘A is the complement of A, and C
is an absolute constant.
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Step 1. Proof of (4.1).
Recall that, if f :(0,1) — R, is a measurable function, then its non-increasing rearrangement
f*:(0,1) — R, is defined by

f*(x)=inf{AeR; [{t€[0,1); () > M} =a}, Vxe(0,1).

It is easy to see that, when A < (0,1) is a measurable set, we have (14)* =14+, with A* =(0,]A|).
Thus

/ / dxdy /'A'/ dedy  (1-|ADE+|AF-1  JAF+|AFF -1 4.2)
ax Jean le—yI2 e A le—y|27¢ e(1-¢) e(l-¢) ‘
On the other hand, we have

JAIFICAIF SA-1ADF+]AIF-1 (4.3)

(see Lemma 8.13 in Section 8.4).
In view of (4.2) and (4.3), in order to establish (4.1) it suffices to prove that

// dxdy // dxdy
< Jeary lx—y2¢ Alc—y2e

This is precisely the rearrangement inequality of Garsia and Rodemich [14, Theorem 1.1]

1 1
[ (R Py <// ¥[[21D) o,
o Jo p(x—y) plx—y)
applied with £ :=14, p(t) :=|t1>7¢ and WP(¢) := |¢].

Step 2. Proof of Proposition 4.1 completed.

This part follows closely [4, Proof of Theorem 2], with some slight simplifications. For the
convenience of the reader, we also detail some arguments which are only sketched in [4].

For 6 €(0,1/2), we define the phase

0, if x < 1/2
9s(x) =4 @x— /5, if1/2<x<1/2+5. (4.4)
o, if 1/2+6 < x

We next choose & = 6(¢) := e V2. For this choice of &, the map u.(x) := e¥s@  for x € (0,1),
satisfies

|u|W(l—e‘)/p,p((0’1)) ~1 When E— O (45)

(see Lemma 8.14 in Section 8.4).
In order to prove Proposition 4.1, it suffices to show that any lifting ¢ of u. satisfies

lplywa-emp 2 €7,

for € € (0,1/2). Arguing by contradiction, we assume that, for every n > 0, there are some ¢ € (0,1/2)
and ¢ e W=9/P-P((0, 1); R) such that u, = ' and

n
|(P|W(1 —&)p,p < E (46)
We set v := LA <P5. Since both ¢ and ¢s are liftings of u., the function v takes its values into Z.
/2
Straightforward calculations (see Lemma 8.15) show that
. 1 20 . 1 6
|W(x)—W(y)|5|(P(x)_(P(y)| 1f9C,y6111: (O>§+?)) Orle,yEIQZZ §+§71) (47)

We next invoke the following result, whose proof is postponed to Section 8.4.
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4.2 Lemma. Let I c R be an interval and let v : I — Z be any measurable function. Then there
exists some k € Z such that

1/e

— p
I{xel;w(x);ék}ls4(C£/ W v oay)

i lx—yl2E
for all € € (0,1/2), where C is the absolute constant in (4.1).

Step 2 continued. Applying Lemma 4.2 with I = I; and with I = I9, and using (4.7) together
with (4.6), we obtain that there exist m1,mg € Z such that

°(A7)| <4(Cn)"* and |(Ag)| <4 (Cn)"", (4.8)
where

A1:={xel;y(x)=mq} and Ag :={x € Io;y(x) = mg}.

We now choose 1> 0 such that <

1Co’ With this choice of 77, we have (using (4.8))
e

|A1NAgl=|A1nAsnIinIgl =11 nIsl - |“(A1)| - |°(Ag)] >——8(Cn)1"“>o,

and thus we must have m1 = my. We may further assume that m{=mq =0.
Consider the following sets:

By :={x€(0,1/2); y(x) #0} =(0,1/2) and Bg:={xe(1/2+6,1);y(x)#0}c(1/2+6,1).
We clearly have

¢ = @s on °(B1) and ¢ = @5 on “(Bg)
and, in addition, by (4.8) we also have
IB1|<6/6 and |Bg| <6/6. 4.9)

By the definition of ¢s, we then find

p _ P
|(P|W(1 —e)pp = / / () - (p2(y£)| dxdy / / [p5(x) (P2§_(2’)| dxdy
«By)JeBy (x—¥) «By)JeBy  (x—)

>(27r)p/ / dxd;/
«(By).Je(By) (X —¥)27E

It is easy to see that the latter quantity does not increase if the sets B; and By are replaced

_ 1 1 - 1 1
respectively by the intervals B := (§ - lBll’E)’ and Bs := (5 +6,§ + 06+ |Bs]|; see Lemma 8.16.

Hence, using (4.9) and the fact that § = e V%, we obtain

1/2-5/6
dxdy 2m)P
> (2m)? = 1-1/e+o0(1 4.10
Pliga-cvs = 2 / /1/2+76/6 (x—y)2e 8(1—8)( e+oll), (4.10)

when € — 0. For an appropriate choice of 17, (4.10) contradicts (4.6). O

Proof of Theorem 1.5. The optimality of the estimate (1.7) in Theorem 1.3 means that, for every
0 < s <1with 1-sp <« 1, there exists a map u € WP (T";S!) such that any lifting @ € WP((0,1)*;R)
of u satisfies

|(p|Wsp leuhpjvs,p' (4.11)
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This is true in dimension n = 1 by the above Proposition 4.1. In order to prove (4.11) in arbitrary
dimension, we use a dimensional reduction argument. More specifically, for every s € (1/(2p),1/p)
we define

u(x) =ulxy,x9,...,%,) =u(x1,x) = us(xy), VxeT"

Here, u, is a map in W*P(T;S') that satisfies the property that for any lifting ¢ € WP ([0, 1];R) of
us we have

1
p p
Pl o, < T “slwsrcry (4.12)
Note that the existence of u follows from Proposition 4.1.
Consider an arbitrary lifting v € W5P((0,1)";R) of u. Clearly, for almost every x’ := (xg,...,x,) €
(0,11, the map x; — w(x1,x') =: @(x1) is a lifting of ug, and thus satisfies the estimate (4.12).
By combining this fact with Corollary 8.19, we find

|1//|€Vs,p(-|]'n) ~ kpx’l{))vs,p(*[r) Z Elusl%s,pﬂ')' (413)
On the other hand, we have, again by Corollary 8.19, that |ulws»r(17) = [uslws»e(T), Which, together
with (4.13), leads to

p b
|1//|Ws,p('|]'n) Z m Iulws,p(‘u'n).

5 Optimal estimates when sp >1

As we will see below, when sp = 1 two quantitatively different types of estimates occur: linear
estimates of the form |@|wsr < |ulwsr, and superlinear estimates of the form

lplwse S lulwse + uljysn, (5.1)

with a > 1.

The linear regime corresponds to the case where s = 1. When s = 1, we actually have the
identity |@lyir = lulyir, and optimality is irrelevant. When s > 1, several natural semi-norms®
|- lwsr can be considered, and optimal estimates do depend on the choice of such a semi-norm.
Therefore, we restrict ourselves to a more modest task, which consists in proving that optimal
estimates are indeed linear.

When s < 1, we will obtain superlinear estimates of type (5.1). In this case, we focus on the
optimality of the exponent a (when |u|ws.» is large) and of the linear term |u|ws», (When |u|ws.r is
small).

5.1 Theorem. Let s =1, 1 < p < oo be such that sp = 2. Let u € W2(T"; S1) and let e WSP(T™; R)
be a lifting of u. Then

lplwsr < C(s, p)lulwss. (5.2)

Moreover, the above estimate is optimal in the sense that

lim sup (Pl >0, and limsup [Pl >0.

l@lys.o —0 [Ulwsp lwlys.p —oo |U|WsP

6A natural semi-norm is a semi-norm modulo constant functions and equivalent to the standard norm on the
quotient space W*P/C.
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Proof. Since the estimate (5.2) does not depend on the choice of the semi-norm, we can work for
convenience with the semi-norm |f|ws»r := IVf llyys-1.0.

Step 1. Proof of (5.2).

Since s = 1, we may differentiate once the equality u = ¢'? and find that V¢ = u A Vu.” Thus
we have to establish the estimate |u A Vullyys-1» S lulws». We first extend u to a map in R” using
a standard extension operator P : W5P(T") — W*%P(R"). This goes as follows. We first define

v:=P (u —/ u), which belongs to W*?(R") and then w :=v + u is an extension of u. We next

'|]'n
note that
(v +/ u) AVv

5 ”U AN VUlle—l,p(Rn) + ”VUlle—l,p([Rn) = ”U AN VUlle—l,p([Rn) + |U|WS,P([RU).

||u AVu ||Ws—1,p(-|]—n) < ||LU A\ Vw”WS—l,p(Rn) =
Ws—l,p(Rn)

In the last inequality we used the fact that | f u| < 1. Therefore, by Lemma 8.21, and by the fact
that |v| <2, we obtain

lu AVullys-1oqny S lllwse @y = HP (u —/ u)

u— u
n

(the last inequality following from Poincaré’s inequality).

Ws.p(R?)

S S lulyys-1orny

Ws:p(T™)

Step 2. Optimality in dimension n = 1.
The optimality of (5.2) needs to be checked for |@p|ws» — 0 and for |u|ws» — oo, that is we need
to show that:

1. There exists ((pf)jzl in WSP(T;R) such that ||y, — 0 and |wj|ys, S |@j]ys0, Where uj:=
e,

2. There exists (u;) ., in WSP(T;S') such that |u;|., — 00 and |uj|ye, S @] ys., where @;
is the (unique modulo 27) lifting of u ;.

For the optimality “at zero”, we let f € C2°((0,1); R), and define ¢; := f/j, and u := e'¥/. Clearly,
we have

rp 1
|(pj|Wr,p = lle 20 as j—oo, Vr>0. (5.3)

J J

Using (5.3) and a straightforward induction, it is easy to see that, when £ = 1 is an integer, we
may write

Dkuj = gy, juj, for some g ; € C°((0,1); C) such that |gk,j|W,,p <1/j,Vr>0. (5.4)

We now establish item 1 for the above choice of ¢; and u ;. Assume first that s is an integer. Then
by (5.4) we have

<1 (5.5)

Lr ™ j

|uj|Ws’P = ”vuj ”WH’F = Z HDkuj
1<k<s

By (5.3) and (5.5), we find that |u|yss S |0 s

"Recall that (w1 +1u2) A V(v +1v9) = u1 Vug — usVuy.
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Assume next that s is not an integer and set 0 :=s—[s]€(0,1). By (5.5), we have

|D*us|,, svs visk<is) (5.6)
As a consequence of (5.6) with £ = 1, we also have

|wjlyrs S 1/J, Yre(0,1). (5.7)

In order to conclude, it suffices to establish the estimate |D[s]u j|W,,,p < 1/j. This estimate is an
immediate consequence of (5.4), of (5.7) and of the inequality

’D[s] ‘

wop S ilwor + |81 lwen S |wjligen + 15" (5.8)

In turn, (5.8) follows from
| 8151, (0w () — g1,/ (W j ()| < | 811, )| [ () — u ()| + | 8151, () — 8151,/ ()]
< |uj@) —wi)| + | grs, () — grs1,i ()] -

In order to prove the optimality of (5.2) “at infinity” we take ¢; to be a sum of j copies of a
properly scaled C° function. More precisely, we fix f € C2°((0,1); R) and we define the functions

j-1
= Z f(xj—Fk), Vj=1, whose semi-norms can be estimated by
k=0
lpjlwsr = j° (5.9)

(see Lemma 8.20). 8 Next, we take g:=e/ —1¢ C((0,1); C) and

j-1
uj:= Zg(xj—k)+1, Vj=1.
k=0

Since u ;(x) = Z (@B _1)+1= H e &=k = o19/®) the function @; is “the” lifting of u ;. On the
=0 k=0
other hand, by Lemma 8.20 we have

lwjlws» = j°. (5.10)

By (5.9) and (5.10), we have |ulws» = |@;|lws» — 0o when j — oo, which proves item 2 when n = 1.

Step 3. Optimality in higher dimension.
Let ¢;, u; be as in Step 2. As in the proof of Proposition 4.1, we let:

yixn,a) =), vjnx) = uio) =, Va e T, 2 e T (5.11)
Then v; = 'Y/ and, by Corollary 8.19, we have the equivalence of norms |w ilwsn & |(p jlws» and
|v ilwse = |u jlwsp- Therefore, since ¢; and u; were chosen such that |u j|Ws,p < |‘Pj|Ws,p, we also
have [v;|ysp S |9l O

We next turn to the case where 0 < s < 1. In view of [3] (see also the Introduction), when 0 < s <
1, W5P? has the lifting property if and only if sp = n. We start by presenting an exceptional case,
already observed in [3], where there is no possible estimate of ¢ in terms of u. More specifically,
we have the following:

5.2 Proposition. (/3]) Let 1 < p <oco. Then there is no estimate of the form |@lyuppr < F (Ittlyyps)-

8Recall that A = B stands for B <A <B.
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Let us briefly recall the argument in [3]. Let ¢s be as in (4.4) and set us := e¢'??. Then it is
easily checked that |uslyurr S 1 and |@lyup, — 0o as § — 0. Since @5 is the unique phase (mod
27) of us, we obtain the non-existence of an estimate of the form ¢l v, < F(lulyupp).

As we will see below, this is the only exceptional case. In the remaining cases, we will establish
several positive results. We start by recalling an elementary estimate, due to Merlet [20, Theorem
1.1], and whose proof is postponed.

5.3 Theorem ([20]). Let n = 1. Assume that 0<s<1, 1<p <ooand sp >1. Let uc WSP(T;S!)
and let ¢ € W*P(T;R) be a lifting of u. Then

plwsr S lulwer + [uljysp. (5.12)

In higher dimensions, we obtain the same result as the one in Theorem 5.3, but the corre-
sponding proof is much more involved.

5.4 Theorem. Let n = 2. Assume that 0<s <1, 1<p <ooand sp =n. Let u € WS2(T™;S') and let
@ € WSP(T™;R) be a lifting of u. Then

plwsr S lulwer + [uljys,- (5.13)

We start with the

Proof of Theorem 5.4. Estimate (5.13) will be obtained via the factorization method presented in
[21]. More precisely, the arguments in [21], that we will detail below, lead to the existence of some
@1 € W5P(T"™;R) such that

1/
Lsp S |u|Wss,p .

|1|ysr Slulwse  and ||V (we 1)

The construction of the map ¢ goes as follows. First, by suitably extending u,” we may identify u
with a map in R”, still denoted u, with the following properties:

1. |ulwsr@wr) < |ulws.p(Tn).

2. |lul<2.

3. u is Sl-valued in (-3,4)".

4. u is constant outside (—4,5)".

We next consider a mollifier p € C2°(R") satisfying: p =0, / e =1 and suppp < B(0,2)\B(0,1).

We then let "

w(x,e):=ux*px), VxeR", Ve>0, (5.14)
and define

p1(x) = —/OooHow(x,s)A %How(x,s)ds. (56.15)
Here,

ITe C*(R*R?) and I1(2) = 2/|z| when |2| = 1/2. (5.16)

We now explain the motivation behind this construction. Intuitively, ¢; encodes the small
amplitude oscillations of u, while the remainder ue %! encodes the large amplitude oscillations
(as those contained in the topological singularities of type z/|z|). The reason is the following.

9As in Step 1 in the proof of Theorem 5.1.
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Assume that u has only small amplitude oscillations, say around the value 1. Then the extension
w of u is still close to 1, and thus the restriction of [Tow to T" x (0,00) is a smooth S!-valued
extension of u. It follows that [Tow has a smooth phase . By differentiating the identity [low =
eV we find that

0 0
%w(x,s) =MMow(x,&) A &(How)(x,g), VxeT"? Ve>O0. (5.17)

Assuming in addition that [Tow converges sufficiently fast to 1 as € — oo, we may integrate (5.17)
and find that

u(x)= lin(l)w(x,s) =" for a.e. x, with @1 given by (5.15).
£—>

Therefore, ¢ gives (under some reasonable assumptions) a phase of u provided u has small
amplitude oscillations. In general, u need not have small amplitude oscillations, and the remain-
der u e '?1 measures what is left, i.e., the large amplitude oscillations.

We now turn to the implications of this construction for the proof of Theorem 5.4. The next two
results are from [21].

55 Lemma. Letn=>=1, 0<s<land 1<p<oo. Let u:R" — C satisfy items 1, 2 and 4 above. Let
@1 be as in (5.15). Then:

1. The function ¢ is well-defined a.e. on T", in the sense that the integral in (5.15) is absolutely
convergent for a.e. x € T".

2. 1 e WSP(T") and

01| o S lulwss. (5.18)

5.6 Lemma. Let n=1, s>0and 1< p <oo be such that sp =1. Let u : R"* — C satisfy properties
1-4 above. Let @1 be as in (5.15).
Then ue 1 € WhsP(T";S1) and

[V (we™")

1/s
Lsp(T™) S |u|Ws,p('|]'n)- (5.19)

Proof of Theorem 5.4 completed. Let @1 be as in (5.15). By Lemma 5.6, the map ue™ %! belongs
to the space WSP(T";S!). Since sp = 2, by Theorem 1.1 we may write ue *¥1 = ¢'%? with ¢q €
WLsP(T"). Since sp = n, we have WHP(T") — WP(T"), and thus u = e with ¢ := @1+ @9 €
W#5P(T";R). Since sp = 1, ¢ is the unique (mod 27) phase of u in W*? [3, Theorem B.1]. Moreover,
using (5.18) and (5.19), we can estimate |@|ws.» as follows.

|(P|Ws’p ,S |(P1|Ws,p + |(P2|Ws,p SJ lulws.»r + |(P2|W1,sp = |ulwsr + ||V(p2 ”Lsp

= ulwsr + |V (we %) s

O (5.20)
Lsp S_, |u|Ws,p + |u|WS,P'

We now turn to Theorem 5.3 and present three different proofs, with different flavors. The first
one is a variant of the proof of Theorem 5.4. The second one simplifies Merlet’s original argument.
The third one is non constructive (unlike the proof of Theorem 5.4) and is inspired by an argument
in Nguyen [26].

First proof of Theorem 5.3. The following argument is similar to the one in Theorem 5.4. We con-
sider the phase ¢ defined therein. This time, we have ue "1 in WhP(T;S!) with sp = 1. Since
(by Theorem 1.1) in dimension n = 1 all the Sobolev spaces do have the lifting property, we can
write ue ¢! = "2 with @9 € WHSP(T). Since sp > 1, we have WHP(T) — W*P(T), and thus u = €'/
with ¢ := @1 + @ € W5P(T;R). We now obtain the estimate (5.12) following the argument leading
to (5.20). ]
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Second proof of Theorem 5.3. The starting point is the estimate (5.21) below, due to Merlet [20]:
-1/sy,, |p/s
() — @I S u@) —wI” + (@ =2 P lulyip )y 0sxr<ysLl (5.21)
(For a simplification of Merlet’s original argument leading to (5.21), see the proof of Lemma 8.25.)

Dividing the inequality (5.21) by (v —x)!™*P and then integrating in x and y, we find that

p/s

WP ((x,9))
|(P|Ws P(T) ~ Iulws 2(T) / / (y x)a dxdy, (522)

with @ :=1+sp — p + 1/s. Next we note that, since s <1, we have p/s > p and therefore

p/s
WsP((x,y)) —

pls—p

|u|WS,p('|]') |u|WS P ((x,y))" (523)

lul

On the other hand, since s <1 and sp > 1, we have a < 2. We obtain

1oy lulb ., ., p
/ / <;Vvv e dady / / - x)a/ lli(zZ) t)thgz)al dtdzdxdy
0 x
_ “ Ju(2) —u@)P
- /O R / / oo x)adxdydtdz

1 t+1
? lu(z) —u(t)|? p
< /0 ; —(z i /t /t_l =) dxdydtdz < CIuIWS’p(T).

Here, C := / / ( % dxdy < oo (since a < 2). The above inequality together with (5.22) and
y—x

(5.23) implies [pl?,, < ulh,, +ul%s,. Thus (5.13) holds. O

Third proof of Theorem 5.3.

Step 1. Proof of (5.13) when u is smooth and has a smooth periodic phase.

Suppose that u belongs to C®(T;S!) and that we may write u = ', with ¢ € C®°(T;R).1° In this
case, we will prove the existence of two linear maps, T7 and T9, such that for every { € C*°(T;R)
we have

L /1T ¢ () dx = T1() + To(0).
2. T1(1)=Ty(1)=0.

3. T1 SN sy [l -

4. 1T S 1l yrospr [ulwss.

Assume for the moment that items 1 to 4 are proved. Using the dualities (L(Sp)/) = L°P respec-

tively (Wl_s’p’) =Ws"LP we find that there exist some w1 €L®P and wo € W5~LP such that
a) ¢’ =1 +ws in the distributional sense.

b) /1//1 =0 and y2(1)=0.
T

1
Lsp ,S |ulwi,p .

©) [y

D [velwsrp S lulwse.!

10This is equivalent to deg(u;T) = 0.
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By estimates ¢) and d) and by property b), we may find some ¢1 € WP and ¢ € WP such that
1/s

¢ =w1 and ¢}, = y. In addition, we note the estimates 1|y < lulyys, and @]y, S lulwse.
By construction, we have ¢ = ¢1 + 2 (up to an additive constant). Using the Sobolev embedding
WLsP(T) — WSP(T), we obtain

1/
wer Slpalwse + |01 |wis S lulwss + uljhs,

lplwsr < |(P2 wsp T |(,01

which is the desired conclusion.

So let us construct T and T satisfying items 1-4. We identify T with the boundary S! of the
unit disc D and we identify the derivative on T with the tangential derivative on S!. Let ¢ be the
harmonic extension to D of {, and let & = &1 + 1ls be a smooth extension of u = uj + 1ug to D.12
Noting the fact that the Jacobian determinant Jac(f,g) := det(Vf,Vg), f,g : D — R, satisfies the
identities

0 _
fa—f = /Jac(f,g) and Jac(f,gh) = hJac(f,g) + gJac(f,h), Vf,g,heCLD;R),
st D
we find that

I :/
/T(p(_/§161'( sl

:2/£Jacil+/(ﬁlJac(f,ﬁg)—ﬁgJac(f,ﬁl))
D D

6u2 6u1
(ulf)g - (MZC)O—T

= / (Jac(uw1é,ug) —Jac(ual,u1))
D

:2/5Jacii+/V£/\(iZ/\ViZ):: T1(0)+ T2(0).
D D

We next prove that, for an appropriate choice of z, T1 and T'9 satisfy items 2, 3 and 4 above.
Proof of 2. We clearly have T3(1) =0 and f1T ¢’ =0. This leads to T1(1) = 0.
Proof of 8. Let M{ denote the maximal function of {. Recall the inequality

sup E(rw)l < M{(w), VYweS? (5.24)

O<r=<1

(see Lemma 8.26). We have
1 1
l|T1({)|s/Ié(x)IIJacﬁ(oc)Idx:/ / |£(rw)||Jacﬁ(rw)|rdrdws/ / |E(rw)||Jacu(rw)|drdw
2 D stJo stJo

1 1
5/ sup |é(rw)l IJacﬁ(rw)Idrde/ (MC)(w)/ |Jacu(rw)|drdw
s st 0

10=r<1 0

=: / (M) (w)e(w)dw.
Sl
Here, e(w) := fol |Jacu(rw)|dr. Applying Holder’s inequality, we obtain

1
2 1T < 1Ml sy NElLse SN sy NENLsP s (5.25)

by the maximal function theorem.
We now specify . Let v be the harmonic extension of u to D. Let I1 be as in (5.16). Then we
set

u:=Ilov. (5.26)

UTtem d) requires a proof. In view of item 4, of the Poincaré inequality || u-— f u “Wm <lulwoaq (with 0 <o <1 and
1 < g <o0) and of the fact that T(1) = 0, we find that |T2()| = |T2 ((— £ )| S ¢l y1-sp ulwse SN llyyi-ep ltlwse. This
leads to item d).

12The choice of # will be specified later.
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The key estimate is
lelzor < luliyss (5.27)

(see Lemma 8.27). This estimate, combined with (5.25), leads to |T1({)| < II(IIL(SP)/IuI%(,SS’p, i.e., item
3 holds.

Proof of 4. We have

ITz(()IS/IV«EA(ﬁAVﬁ)I(x)de/IV€(x)|IVﬁ(x)Idx=/(h(x)_llvf(x)l)(h(x)IVﬁ(x)l)dx,
D D D

where h(x) will be specified afterwards. By Holder’s inequality we obtain

T2l < ( /D h(@) P VeGP dx) " ( /@ h(@)P Vi (o)l dx) v (5.28)
In order to estimate the right-hand side of (5.28), we rely on Lemma 8.31, which implies that

/D (1= [x)? P YVE@)IP dx S ulk,, (5.29)
and

/@ 1 - )P Y VE@)IP dx S I I;’V'l_s,p/. (5.30)

By combining (5.29), (5.30) and (5.28) (applied with A(x) := (1 — |x])1~*"1P), we obtain the desired
estimate |T2(0)| < 1{lyy1op [Ulwse.

Step 2. Proof of (5.13) in the general case.

We assume now that u € WSP(T;S') and that ¢ € WSP((0,1);R) is a phase of u. In order to use
the result from Step 1, we proceed as follows. By extending ¢ by reflection and 2-periodicity we
obtain a function ¥ which belongs to WZ;’Z (R;R) and is periodic. We define w := e'¥. We clearly
have |w|ws» = |u|wsr. If p is a mollifier, then the maps v, := v * p. and w, := e'¥¢ are smooth and
verify v, — v and w, — w in WP, as ¢ — 0.!2 By the previous step, we can write v, as the sum of
two functions ¥, ;1 and v, 2 in W?(T;R) that satisfy the estimates

1/
|1//£,1|WS’P S Iwglwss,p and |Wg,2|WS’P S lwelwsp.

Since |we|ws» — |wlws», we can apply Fatou’s lemma to find some convergent subsequences ;1 —
w1 and ¥ 2 — ¥e in L? such that

lwilwse < liminf|y; 1|lwsr and |y@alwsr < liminf|y ; o|ws».
J J

We thus have ¥ = ¢/ + 2. Consequently , we may write ¢ = @1 + @2, with @1 := w1y 1) € WP (T;R)
and @g := Wy 1) € WP (T;R) satisfying the estimates

1/ 1/
lp1lwse Slwlyie = lulyi, and [@alwse S lwlwse = [wlwss. O

We end this section by establishing the optimality of the estimates (5.12) and (5.13).

5.7 Proposition. The estimates (5.12) (when n = 1) and (5.13) (when n = 2) are optimal in the

- [plwe . |plws
sense that limsup PV 0 and limsup ¢ ‘14/7317

lplys.p—0 |Ulwsp lulys.p —oo |1l

13The convergence w, — w relies on the continuity of the map WS?(T™%;R) 3 ¢ — e'¥ € WSP(T™";S!) when 0 <s < 1
and 1 < p <00 [27, Theorem 1, Section 5.3.6].
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Proof. When n =1, the optimality of (5.12) “at co” was obtained by Merlet [20, Theorem 1.1]. We
reproduce here its argument. Let f € C2°((0,1);[0,1)) be such that f # 0. Define, for j =1, ¢;:= jf
and u; :=e'?/. Clearly, we have

lpjlwse = jlf lwse = j. (5.31)
In computing |u j|wsr, we use the estimates

luj(x) —uj(y)| = jIf (x) - f(y)| when |x —y| < 1/j,

1-h
/ I[f(x+h)—fx)|*dx =~ |h|* Vhe(0,1/2) (with a € R fixed),
0
and
luj(x) —u;(»)] S 1 when |x—y|=1/j.

Thus we have

P P [ dxdy
lx—yl<1/j % — y|1+(s Dp ™~

<J-pff &#f _dxdy s
~ l—yl<1/j | — y| 1= Dp l—y|>1/j | — y|1*sP

In particular, we have |u jl%s,p — 0o when j — oco. Moreover, (5.32) together with (5.31) yield

lwjlis s = |@jlwss.

The above example extends to higher dimension as in the Step 3 of the proof of Theorem 5.1.
The optimality “at zero” is obvious since |e'?|ws» < |@|ws» for any ¢ € WSP(T";R). O

Slujl2,,
(5.32)

6 Further thoughts when sp <1

6.1 Existence of bounded phases and the sum-intersection property

We address here the following question. 4

Question (Q) Let 0 <s <1, 1 < p < oo be such that sp < 1. Let u € WSP(T";S'). Is there some
@ € WP N L°(T™;R) such that u = ¢'??

The motivation behind this question is the following. The phase ¢ whose construction is described
in the introduction depends only on u, not on s or p. This has the following consequence. Let
0<6<1,0<s<1andl<p<oobe such that sp <1. Let u € WSP(T";S'). Then u belongs
to all the spaces W9P0(T";S1) (by the Gagliardo-Nirenberg embeddings) and thus ¢ € WP/,
V6O e (0,1]. We find that

Os,p/0 S,p q
pe (W cWPn () LY.
0<0<1 g<oo

It is then natural to ask whether the above conclusion can be improved to ¢ € W%? n L,

We start by noting that the answer to (Q) is positive when p = 1. Indeed, an inspection of the
proof of Proposition 1.6 shows that the phase constructed there is bounded.

We next turn to the relevant range 0 <s <1, 1< p < oo, sp <1. Our main result here is
the reduction of (Q) to a sum-intersection property of function spaces. In order to describe this
property, we start with a very simple case which requires no technology. If f € L2, then f € L' +L>®
(since [L',L*®]y5 = L?) and thus L? c L' + L. Thus each map f € L? splits as f = f1 + fa, with

14 Also discussed in [7].
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f1 €L and fo € L°. But more can be said. Indeed, we have f = fi + fo, with f1 := flys>1 € L?nL1
and fo := flj <1 € L2NL*®. Thus L2 = (L2NLY) + (L% N L™). This is the sum-intersection property
for the triple (L2, L1, L°°). This property extends to other function spaces. Here is an example [21].
If 0 > 1 is not an integer and p > o, then

Wl,a — (Wl,o n Wa/p,p) + (Wl,a n WU,I) )

For an investigation of this property in usual function spaces, see the forthcoming work [18].
We are now ready to reformulate (Q).

6.1 Proposition. (Q) holds if and only if (R) holds, where (R) is the property
R) WHP(T™;R) = (WP N L®)(T™;R) + (WP n W5P-1) (T™; R).

Proof. We may assume that p > 1, since both (Q) and (R) hold when p = 1.

Implication “(Q)=(R)”. Let ¢ € WP(T";R). Let u :=e'*?. Consider some ¥ € WP N L*°(T";R) such
that u = e'¥. Then ¢ = v +2xf, where f := (¢ —w)/2n € WSP(T";Z). We leave to the reader the
following straightforward inequality. If 0 <s <1, 1 < p <oo and if f € W*? is integer-valued, then

|f|W3P,1 = |f|€vs,p- (6.1)

Using (6.1), we obtain that ¢ =y + 27f, with ¢ € W2 N L™ and 2nf € nW*P nW*P-1. Therefore,
(R) holds.

Implication “(R)=(Q)”. Let u € WSP(T™;S!). Let ¢ € WSP(T™;R) be such that u = e'?. Write ¢ =
@1+ @2, with @1 € WP N L® and @3 € W2 nW*P1, Set v := %2 € W*P>1. Then v = '3 for some
@3 € W1 1 L (by the proof of Proposition 1.6). By the Gagliardo-Nirenberg embeddings, we
have @3 € WP N L. Thus u = e'¥, where vy := @1 + p3 € WP N L, O

We do not know whether (R) holds. It is easy to see that a weaker form of (R), where L™ is
replaced by the slightly larger Besov space B° is valid:

00,007
WP = (WSP nBY, ) + (WS nW*P1)

(see Lemma 8.32).

6.2 Lifting via the factorization method

In this section, we propose a new lifting construction in the case where sp < 1. Our method relies
on three ingredients:

1. The factorization method.®

2. The averaging method of Davila and Ignat [12
3. The theory of weighted Sobolev spaces, due among others to Uspenskii [30].17

].16

Let us explain the construction. Let u : T® — S1. We first extend u to R” as explained in the
proof of Theorem 5.4, and define ¢; as in (5.15). Recall that ¢; € W*P (Lemma 5.5). The key is the
following substitute of Lemma 5.6.

6.2 Lemma. Let 1< p <ocoand 0<s <1 be such that sp <1. Let u € WSP(T";S') and let @1 be as
in (5.15). Then we have ue 1t € WsP-1(T";S1).

15Explained in Section 5, and used in the proof of Theorem 5.4.

6Which proved useful in Section 3, in the proof of Proposition 1.6.

17For the results we use here, see also [19, Section 10.1.1, Theorem 1, p- 512] and the comprehensive discussion in
[24].
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Assuming Lemma 6.2 proved for the moment, we complete the construction of a phase of u as
follows. Set v:= ue 1. Since the map v belongs to W*?-!, we find that v has a phase ¢ in the
space W1 n L™ (by the proof of the Proposition 1.6). The Gagliardo-Nirenberg embeddings and
the fact that @2 belongs to W1 0 L™ imply that we also have @3 € WSP. In conclusion, ¢ := ¢1+¢s
is a WP phase of u.

It remains to proceed to the
Proof of Lemma 6.2. A first ingredient of the proof is the following flat version of [6, Lemma 1.3].18

Let w be given by (5.14). For x € R*, set
Mx) :=inf {e > 0; lw(x,e)| = 1/2}. (6.2)

Then A satisfies

1
dx <|ulb,, +1. (6.3)
/(—2,3)” AP (x) e

Estimate (6.3) is established in [21]. Alternatively, (6.3) can be obtained by adapting the proof of
Lemma 8.28.

A second ingredient is provided by the following local estimate in the spirit of the theory of
weighted Sobolev spaces.

6.3 Lemma. Let 0<o<1. Let U:T" x(0,00) — C be a smooth map. Assume that

f(x):= lir% Ul(x,¢€) exists for a.e. x€ T". (6.4)
Then

|Flwoacrn < / £ °IVU(x,6)l dxde. (6.5)
T7x(0,1)

The proof of Lemma 6.3 is postponed to Section 8.6.
We will apply Lemma 6.3 with 0 := sp and U(x, £) := ITow(x,e) e *¥*¥). Here, w is as in (5.14),
I1 satisfies (5.16), and we set
o 0
w(x, €)= —/ Mow(x,t) A al’[ow(x,t)dt,Vx eR",Ve>O0. (6.6)
&

We now explain how these ingredients lead to the conclusion of Lemma 6.2.

Step 1. U is smooth and (6.4) holds with f :=ue™ 1.
Indeed, since u equals a constant C in the set R" \ (—4,5)", we have

1 — 1 -
w,)=C+= | p(=2)up)-Cldy=Cc+= p (=2 luty) - C1dy. 6.7)
& R2 & & (—4,5)" E

On the other hand, a straightforward induction on |a| leads to

ol (x—y 1 n
d (—p( )):O(m),VaEN 1 (6.8)

en €
By combining (6.7) with (6.8) and with the fact that u is bounded, we find that

a“w(x,e):/ a“(ip(u)) [u(y)—C]dy:O(L),Vael\l””\m}. (6.9)
(-4,5) E

en gn+|a|

18For a related result, see Lemma 8.28.
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In view of (6.9), we obtain by induction on |a| =1 that

aa(How)(x,s):O(Enila|)+0( ),Vael\l’”l\{O}. (6.10)

claln+lal

This shows that v defined by (6.6) is smooth, and thus so is U. For further use, we also note that
all derivatives of ¢ are obtained by differentiating under the integral sign.

On the other hand, by Lebesgue’s differentiation theorem we have lim._ow(x, ) = u(x) for a.e.
x € R". In addition, Lemma 5.5 1 implies that lim,_.oy(x,¢) = @1(x) for a.e. x € T". We find that
lim,_.oU(x, ) = u(x)e 1™ for a.e. x € T™.

Step 2. Basic estimates.
Let us note the fact that the inequality |u| < 2 implies that, in addition to (6.9), we have

1
|0%w(x,e)| S -7, Va eN"* (6.11)
£

In turn, (6.11) and formulas (5.14) and (5.16) lead, by induction on |a|, to
1
|0%(Mow)(x, )| S -7, YaeN™ . (6.12)
€
Finally, (6.12) combined with the definition (6.6) of v leads to

1
|0°U (x,€)| < VaeN", (6.13)

£|(I| ’

Step 3. The role of AM(x).
Let A(x) be as in (6.2). In this step, we establish several identities valid at a point (x,&) with
£ < AMx).

To start with, it follows from the definition (6.2) of A(x) and from (5.16) that

IMMow(x,€)| =1 in the open set ¥ :={(x,€) € R" x (0,00); 0 < £ < A(x)}. (6.14)
By differentiating the identity (6.14), we find that

V(ITow)(x,e) LITow(x,€), V(x,e)€ V. (6.15)
By combining (6.15) with the identity

y=1w(wAy), VyeC, YweS! such that y L w,
we find that

V(ITow)(x,e)=1(ITow(x,e))[TTow(x,e)) A(V(ITow)(x,€))] in 7. (6.16)

On the other hand, (6.15) implies that in ¥ the partial derivatives of I1ow are mutually par-
allel. This leads to

(Q(How)) A (i(How)) (x,6)=0 in ¥, ¥ je[1,n]. (6.17)
Oe 0x;

We are now in position to compute VU in 7.
First, using (6.6) and (6.16) we find that

0 0 0
—Ul(x,e) = O_(H ow)(x,e)e WE) _ La—’W(x, e)low(x,e)e Vo
€ e

o€
= (%(How)(x,g)— tTow(x,€) (x,g)) e W) (6.18)

(ITow) A (E(H o w))
0e

=0 in 7.
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We next note that an integration by parts combined with (6.6) and (6.17) leads to

2

0 * 0
aij,s) = —/g (ITow) A (ataxj(How)) (x,8)dt

®( 0
/ (aﬁ“"“”

0 (0 0
=(ITow) A (T(How)) (x,g)—2/g (%(How)) A (E(How)) (x,t)dt

Xy

A (%(H o w)) (x,t)dt
(6.19)

=(ITow) A (ai(l'[ow)) (x,g)—Z/ (i(How)) A (%(How)) (x,t)dtin V.
i A

xj () \0x;

A calculation similar to the one leading to (6.18) yields (using (6.19))

(e.9]

V,U(x,e)=21U(x,¢) (VyITow)) A (%(How)) (x,t)dt. (6.20)
Mx)

Step 4. Estimate of 0U/0¢.
By combining (6.13) with (6.18), we find that

e 1
< —sp-1 <
dxdeN/n //1(x)8 dede/n AP dx. (6.21)

—Ulx,¢)
€

_ 0
Lo
T %(0,00) 0

Step 5. Estimate of V,U.
This time, (6.13) combined with (6.20) and with the fact that sp <1 leads to

les) Ax) °© q
/ e P |V, Ul(x,e)l dxds,f/ / s_s”_ldsdx+/ (/ e~sP de) (/ —Zdt) dx
T7 x(0,00) n J ) n\Jo Mx)

1
< / dx
™ A(X)Sp
Step 6. Final conclusion.

By combining Step 1 and Lemma 6.3 with estimates (6.3), (6.21) and (6.22), we find that ue ¥l ¢
WsP-1(T™), which is the conclusion of Lemma 6.2. O

(6.22)

7 Another application of the averaging method. Proof of
Theorem 1.4

In this section, we prove a quantitative version of Theorem 1.4. For the convenience of the reader,
we start with the case n = 1, which is easier to follow. In this case, the main ingredient is Proposi-
tion 7.1. Once this proposition is obtained, the one dimensional case follows easily; see the proof
of Theorem 7.2.

Our first result in this section is a sort of averaged “discrete” semi-norm estimate.

7.1 Proposition. Let 0<s<1, 1<p <ooand f € WP(T). Then

(1 - 8)

p/TY(fy)dy-

S

J; 2% | (v = id) F Loy <
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Proof. By Lebesgue’s differentiation theorem we have, for a.e. x€ T,

x+27F x+27% x+21%
f(x):klim f(z)dz:Z(][ f—][ f)+ f::262—kf(X)+/f. (7.1)
—0Jx x x T T

k=1 k=1

x+€ x+2¢€

Here, 6.f(x) := ][ f(z2)dz —][ f(2)dz.
Let j=1. Apglying the operg;ltor To-j —1d to the identity (7.1), we obtain

(197 —id) f(x) = (74-; —id) (Z 62_kf(x)) , fora.e xeT.
k=1

By Minkowski’s inequality and the above estimate, we obtain that
(72 _id)f”LP <2 [[(rgi-id) 52‘kf”LP' (7.2)
k=1

We split the sum in (7.2) as Y p>1" = Xi<p<jor -+ Lizj-r+1° - =: S1+S2 (with ¢ integer to be
determined later). On the one hand, we estimate S; via Lemma 8.10. On the other hand, we
estimate S9 using the trivial inequality

(7 —id)gliLr < 2lglLe- (7.3)

By combining (7.2), Lemma 8.10 and (7.3), we obtain
(o =id)Fll S X 27 (rpn—id) fllp+ X 624F Lo

1<k<j-¢ k=j—0+1

Hence for every j = 1 we have

27 (rgi~i)flpp S X 2OV (ron—id) fllpet X 29604 f |1 (7.4)
1<k<j—¢ k=j—0+1

Raising the inequalities in (7.4) to the power p and summing over j we find

p
Y 21 | vy —id) F|2, <3 ( Y k09| (ry —id) £ Lp)

j=1 Jj=1\1<k<j-¢

) IR

Jjz1\k=zj-0l+1

(7.5)

In what follows we use the notation X; := 2% ||(t4-; —id) f||,, and Y, := 2% |64+ f || ». In terms of
X; and Yy, (7.5) reads

p p
ZX;D < Z ( Z 2—(1—3)(j—k)Xk) + Z ( Z zs(j—k)Yk) ) (7.6)
j=1 j=21\1<k<j—¢ Jjz1\k=j-0l+1

In order to estimate the sums in the right-hand side of (7.6), we apply Corollary 8.2. By combining
(7.6) with Corollary 8.2, we obtain

S

2—(1—3)[ p 23[ p
Zx;?scl( - ) zx,f;+cz( )Y,f.

j=1 - k=1
Hence
2—(1—s)€ p 23! p
1_01( ) ij.’g(—) Y P, (1.7)
-S j=1 S ) k=1
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We may choose a fixed real M and an integer ¢ = ¢(s, p) such that

logy(1-5) M +o(1)

/=
(1-3) * 1-s

2—(1—5)( )p

and 1—C1(
l1-s

= 2 +0(1) ass 1. (7.8)

With this choice of ¢, (7.7) and (7.8) lead to

. 1 1 p/(l—s)
Z 9spJ || (Tz—j —id) f”fp < (5 + 0(1)) (s(l mpr 2M+0(1)) Z 9spk ”52%}@”?}

j=1 k=1
< (1 + 0(1)) (; 2M+o(1))p/(1_8) Z zspk ”5 _kf”p (7.9)
—\2 s(1-3s) = 2 Ly '
1 Cp 1/(1-s) 1P
<K, |- 25Pk 50 f|12,.
<5 |5(15) | Sl
By Lemma 8.7, we have
o471 =2 [ 1), = (7)ol . .10
We complete the proof of Proposition 7.1 by combining (7.9) with (7.10). O

We now state and prove a quantitative form of Theorem 1.4 with n = 1.

7.2 Theorem. Let 0<s<1, 1<p<ooand f € W*P(T). Then

S

< | =
X5 |51

p/TY(fy)dy-

Proof. We first note that

I(rs —1id)FIIE, 27\ —id)f 117,
X(f)= /T =% [ St an
(7.11)

21-J
<y o/+sp) / Gy —id)f 112, dh.
Jj=z1 277

Let j=1. For every h € [1/2j, 1/2j_1) and & = j, we denote by ¢;(h) € {0,1} the £ binary digit of A;
thus

er(h) 1
h=) o = Y TR (7.12)
k=j k=j
er(h)=1

We also note that
[0,1)3 A — |(tp, —id)f ||z» is subadditive.® (7.13)

From (7.12) and (7.13), we obtain that

lp—id)flie = Y. |(ror —id) Fll o = Y |(roe —id) f||p, VRE [2—1,21—1). (7.14)
k=j k=j
en(h)=1

19This follows from |(tj,4; —id)f| < |T4(t; —id)f| + (5, —id)f| together with Minkowski’s inequality.
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Inserting (7.14) into (7.11), we find that

-J

_ 21-7 P
X(f) < Z 2](1+sp)/2 (]; ” (Tz—k —id) f”Lp) dh
2]

= ) ) (7.15)
-T2 (T l) - X | S0 e -0

j=1 k=j j=z1 k=j

If we estimate the last sum in (7.15) via Corollary 8.2, we find that

1
X(NHS— Y 25k | (vgor —id) F||5, - (7.16)

sP =1

We complete the proof of Theorem 7.2 by combining (7.16) with Proposition 7.1. O

We now consider the case of an arbitrary n.
We start by adapting Proposition 7.1.

7.3 Proposition. Let 0<s <1, 1< p <ooand f € WP(T"). Let {e;}]_; be the canonical basis of
R™. Then, for every i € [1,n],

sl\1-s

p/nY(fy) dy.

j;zspj ” (Tz‘fei _id) f”ip(]rn) S

Proof. We start by noting that, for a.e. x €T,

f(x)= lim f(z)dz:Z(][ f—][ f)+ f::262kf(x)+/f. (7.17)
x+(0,27%)n x+(0,21k)n T

k=00 J x1(0,27F) k=1 T k=1

Here, 5gf(x)::][ f(z)dz—][ f(2)dz.
+(0,e)" x+(0,2¢)"

X

Let j =1 and i € [1,n]. Applying the operator 75-j,, —id to the identity (7.17), and then
Minkowski’s inequality, we obtain

| (va-se; =1Q) £ oy = kzl |(ramie; =14) Sot | o ymy - (7.18)

As in the proof of Propostion 7.1, we split the sum in (7.18) as Y >1* = Y1<p<jr  +Xhzjr+1" " =
S1+S9, with ¢ an integer to be determined. We estimate S; via Lemma 8.11, and Sy using the
trivial inequality

| (the, —id) €]l porn) < 28 lzrcrn)- (7.19)

Therefore, by combining (7.18), Lemma 8.11 and (7.19), we obtain

” (TQ_jei - ld) f”Lp(‘ﬂ'n) S ) kZ gzk—j H (Tz_kei - 1d) f
<k<j-

Lr(T™) * k2;+1 ”62_kf||Lp(1yn) . (7.20)

As in the proof of (7.5), this leads to

,-221 2P || (t3mse, = id) £ 1551y 5; (gk;j_[ ey ‘ (rszei - id) . (Tn))
| » (7.21)
+.Z( Y 2 ||52_kf||Lp(Tn)) .
J21\kzj-0+1
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Using the notation XJ‘ =25 || (79-70, —id) f”LP(WT”) and Yy, := 25% ||62—kf||Lp(‘|]'n)7 (7.21) reads

p p

j=1 Jjz1\1<k<j-¢ J=21\kzj-0+1

As in the proof of (7.9), Corollary 8.2 combined with (7.22) leads, for an appropriate choice of ¢, to

s .
L2 U0~ <Ko | (7]

kzl 2K ||t £ |2 oy - (7.23)

We complete the proof of Proposition 7.3 by combining (7.23) with the inequality

||52—kf||§p(1rn) <2" /1rn I (F)e - (fy)k—1||£p(1rn) dy (7.24)

(see Lemma 8.9). OJ

Proof of Theorem 1.4. Let f € W*P(T"). Since [0,1)" 3 v — |[(t, —id)f l|zr(T7) is subadditive, we can
estimate X (f) by

Iz =idF 7 p 1(Tose; =ADF I ppn
X(f):/ ’ LA™ g NZ o LY gv1...dv,
n |U|n+sp ™ |(v]_,...,vn)|n+8p (7 25)
n ”(Thei - 1d)f”Lp(-|]'n) i 2 .
SL / it dh = _Z 3 2/ep) / N They —ADFIE gy
i=1JT i=1j=1 277
In (7.25), we rely on Corollary 8.19 in order to justify the second inequality.
Following the proof of (7.16), we obtain, for every i € [1,n], the estimate
Y gid+sp) / o [(The, —F I, dh S — Y 257" |(7ase, - 10) £, - (7.26)
=1 2 “ Lram =~ sp i 20 LP(T™)
By combining (7.25) and (7.26), we find that
< spk p
X(H< ;1];2 H (7a-te, - d) 1 (7.27)
Applying Proposition 7.3 to (7.27), we obtain
1 C 1/(1-s)]1P
XS ( b ) / Y (£) dy, (7.28)
1-s "
hence the conclusion. [

7.4 Remark. It would be interesting to obtain the analog of Theorem 1.4 when s > 1. Here is a
hint suggesting that such an analog should exist. Using Fourier series, it is easy to see that the
right-hand side of (1.9) converges when f € W2 = H! and that we have the estimate

Flana [ 227 |(F);- (F),

2
L2 dy. (7.29)
T .]>1

Here, we consider e.g. the semi-norm

2
Z Cm e2mm-x — Z |m|2|cm|2.
mezZn w12 mezZ?

The analog of (7.29) for other values of s =1 and p has not been investigated.

7.5 Remark. The quantitative form of Theorem 1.4 is not optimal, at least when p = 1. Indeed,
when p =1 estimate (7.28) deteriorates exponentially fast when s ' 1, while we know from esti-
mate (8.4) that the growth is of the order of 1/(1 —s). We do not know the optimal blow up rate
when1<p<ooands /1.
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8 Toolbox

We present here the proofs of several auxiliary estimates used in the previous sections.

8.1 Schur’s criterion and applications

The material presented in this section was mainly used in the proof of Theorem 1.3.

We start by recalling (a slight generalization of) Schur’s condition —or Schur’s criterion— on the
boundedness of integral operators and by presenting some of its consequences of interest to us.
For a further discussion on Schur’s criterion, see e.g. [16, Appendix I].

8.1 Lemma. Let (X, ) and (Y,v) be two measure spaces, and let p, q be conjugated exponents. Con-
sider the integral operator T associated with a measurable kernel x : X xY — C, defined formally

by

Tu(x):/K(x,y)u(y)dv(y), Yu:Y —C.
Y

Let f:X xY — C be a measurable function on X, and set g(x) := ”f(x,~)|1<(x,-)|1/q

Lay)
If M :=ess sup f( |K( y)ll/p is finite, then T defines a bounded operator from LP(Y)
LP(X)
into LP(X), wzth 1T < M
In particular (with the choice f =1) we have
ITI <MY M)P, (8.1)

where M1 := esssup/ Ix(x, ¥)|dv(y) and My := esssup/ |x (o, )| d p(x).
x Y y X

Proof. By a standard argument, it suffices to establish the bound ||Tullz» < M|ullL» when «, f
and u are non negative. We assume that p < oo; the case where p = co is similar. By a suitable
application of Holder’s inequality, we find that

i — 1/q 1/p u(y)
k(x, Yu(y)dv(y)| = (f(x,y)K (x,y)) kP (x,y)——| dv(y )
Y Y

flx,y)
P(y)
= gp(x)/y K(x’y)fllt’(x,yy)

dv(y).
Therefore,

/ (Tu()P dpu(x) < /
X Y

The special case is obtained by noting that, when f =1, we have g <M l/q, which implies that
M<M/"M)". 0

/ &°x) K(x y)d,u(x)) uP(y)dv(y) < MP||u|?
X fp(xyy) ’ a LP(Y).

By taking f =1 in the above lemma, we obtain the following consequence.

8.2 Corollary. Let (a;1); =0 be an infinite matrix, and let 1 < p < oco. Consider the operator T

formally defined by T(xp)>0 = (Z a;j kxk) .
k>0 ]>0
1, Vp
If the quantity M := sup (Z laj;l (Z la; k|) ) is finite, then T is continuous from (P into
i20 \;=0 k=0
P, with |T|| <M.

30



In particular, we have, for 1 < p < oo,

1/p

1/q
1T < (supZIaj,kI) (Supzlaj,H)
J Ok ko j

We continue with a quantitative form of the equivalence X(f) ~ Y(f) ~ Z(f) when sp < 1.
Here, X(F), Y(f) and Z(f) are given by (3.1)-(3.3). The next result and its proof follow closely [3,

Appendix Al

8.3 Lemma. Let 0<s<land 1<p <oo. Let f € LP(T"), and let X(f), Y(f) and Z(f) be as in

(3.1)-(3.3). Then

sPZ(f) SY(f) < 2Z(f),
Z()SX()
and, if sp <1,

1
XS Y.

~ sP(1-sp)P
Proof.
Step 1. Proof of (8.4).
We have that

_3 p S .
qu:/ T MvunchdhsE:%“””/1 Irh —id)f 12, dh,
n Jn |h|€Ij

+
[P =1

where I; = [2‘j,2_(j_1)). Since f, — f in LP(T"), and fug = f is constant, we have

™

I(zp —id)fliLr =

Y (p—id(fr — fr-1)
k=1

< > p —id)(fr — fr-DllLe-

We next invoke [3, Lemma A.2] in the following form:

8.4 Lemma. Let f € &, j=1and h € T be such that |h| <27, Then

Ty =id)fllLe S Bjelfliee,
where

By 1, ifj<k
TR @, ik

Step 1 completed.
Let x := sk W fr—fr-1llzp, VE=1, 20 and set ajp = 2S(J_k)ﬁj,k. We note that

1 1 < 1 1 < 1

Qip=) ajp= + —+ :
;J’k %’ kT 19 T Up 1V g 1-sp ~ s(1-sp)

Next, Lemma 8.4 combined with (8.5) and (8.6) gives

o0 (&) p

J=1\k=1

2080 that Y () = (g )p=117, -
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We obtain (8.4) by combining (8.10) with Corollary 8.2.

Step 2. Proof of (8.2).

Since ||f; = fj-1lp» = |E; (f = fi-1)|z» =[|f = fi-1]»» we find that
Y (f) < 2°PZ(f) < 2Z(f).

On the other hand, we have

lF=Ffilwr=| 2 Fe=Fe-D| <= 2 Ife—Fr-1lro,
k271 o R
and thus
YV 1
Z(f)SZ( Y, 27 | S =Y
720 \k2j+1 sP

(the last inequality following from Corollary 8.2).

Step 3. Proof of (8.3). By Holder’s inequality we have

p
If =£ill7s < / (][ If(x)—f(y)ldy) dx < / ][ @) - FIP dydx.
T \JQ;(x) " JQ;(x)

Therefore,

Z(f)< )y 2ntspi / / If (@)= fDIP dydx
" JQj(x)

7=0

nts n+sp)j [f )= FIP
:/n/n(lx—yl + p22( + p)Jﬂ.Qj(x)(y))Wdydx.

7=0

In order to evaluate the above expression between brackets, we fix x # y in T" and we let £ be such
that |x —y| € I},. Then

k-1
Ix _y|n+sp Z 2(n+sp)j1Q ‘(x)(y) <|x _y|n+sp Z 2(n+sp)j SJ 1,
7=0 ! j=0
which implies (8.3). O
For further use, let us recall the following cousin of Lemma 8.3 [3, Corollary A.1].

8.5 Lemma. Let 0 <s< 1and 1< p < oo be such that sp <1. Let f/:T" — R be a sequence of
functions such that ' € &, v 2L If

Y 9spi H £ il

j=1

< oo,

p
LP
then f7 converges in L? to a function f € WSP. In addition, we have

Fer S X297 |7 7

j=1

P
Lp’

21We recall that &; denotes the class of functions which are constant on each dyadic cube of 2;.
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8.2 Estimates for averages

The material in this section was used in the proofs of Theorems 1.3 and 1.4.
We start with a version of [3, (E.17)].

8.6 Lemma. Let f belong to &, p :=L_1/2.1/2y, and pe(x) =€ "p (f), Ve>0, Vx. Let h satisfy
. €
|h| <27/, where j = k. Then

|Thf_ f| < 22n+1|f| * p22_k:ﬂ‘Ak,j’
where

Ap = {x € T7; dist(x,0Q) < 277 for some Q € @k}

Proof. Since f is constant in each cube @ € &7}, and |h| < 27% we have

|Thf|(x):][ Vd sznk/ Ifl sznk/ If1. (8.11)
Qr(x—h) B(x—h,2’k) B(x,21*k)

We note also that
If | % poz-r(x) = 27A72) / If]. (8.12)
B(x,21-%)

By combining (8.11) with (8.12) we obtain

1Th 1< 22" F| % pga-i. (8.13)
By letting 2~ — 0 in (8.13), we find that

F1< 2211 % pg-s. (8.14)
By (8.13) and (8.14), we obtain

Thf ~FI<ITaf1+ 11 <222 F % pgoor.

Now the conclusion follows by noting that, when x does not belong to A ; we have Qr(x—h) =
Q1 (x), and thus 75 f(x) = f(x). O

We next turn to Lemmas 8.7-8.11 which were used in Section 7.

8.7 Lemma. Let 1< p <ooand f € LP(T). Let 6. be the operator given by

2¢e

5gf(x)::][ fx+2z)dz - flx+2)dz. (8.15)
0 0

Then, for every k=1,

1
LI (el 492 5 004y

Recall that fY(x) = f(x—y).
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Proof. We first note that for every x € T, the dyadic cube (interval) of x of order % is given by
Quin)=27" 2%x] +[0,27%).

Note also that if x belongs to an interval of the form J, ¢ := [217%¢,27%(2¢ + 1)) with ¢ € [0,2* "1 -1],
then we have 217%[2%~1x] = 27% [2*x]. Thus, for every such x and every y € T, we have

21—k

][ fy—][ fy:][Tk i (z+2_k[2kx]) dz—][ i (z+21_k[2k_1x]) dz
Qr(x) Qp-1(x) 0 0 (8.16)
=6y f? (2—k [2kx])

We next note that 6.f7(x) =6.f(x—y), Vx,y € T". If x € J}, ¢, then by integrating (8.16) with respect
to y we find that

M Aot
T1JQp(x) Qr-1(x)

O e
= [ Jour (2 [244] =) o= [ lowsl? a

We obtain the conclusion by integrating the left-hand side of (8.17) with respect tox € J; o, V¢. [

(8.17)

8.8 Remark. It is not difficult to see that the following extension of (8.16) holds for every x € T:

£ hou
Qr(x) Qr-1(x)

Hence the conclusion of Lemma 8.7 can be improved to

=[x r (27 [2%])]

S ey = 104 oy

However, the advantage of the Lemma 8.7 stated as above is that its proof can be easily general-
ized to higher dimension.

Lemma 8.7 has the following n-dimensional analog.

8.9 Lemma. Let 1<p <ooand f € LP(T"). Let 6. be the operator given by
Ocf(x):= f(x+z)dz—][ flx+2)dz. (8.18)
(0,e)" (0,2¢)

Then, for every k=1,

1
/FH ”(fy)k - (fy)k—lnzpﬂrn) dy= on ”52—kf||]£p(1rn)-

The proof of Lemma 8.9 is identical to the proof of Lemma 8.7 and is left to the reader.

8.10 Lemma. Let f € LP(T) and let 6. the operator given by (8.15). Then

h
I(Th —id)6ef liLr < ;II(TE —id)flLr, Vhel0,el
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Proof. Let 0<h <e. For every x €[0,1), by the definition of 5. we have
2e—h

e-h
(Th—id)ﬁgf(x):z—lg(2/ f(x+z)dz—/ f(x+z)dz)
—h —

h

€ 2¢
—i(2/ fx+2z)dz - f(x+z)dz)
2¢€ 0 0

2¢e

0 £
:i(/ f(x+z)dz—2/ fx+2z)dz+ f(x+z)dz)
2& -h e—h 2¢e—h
1
2¢

0 €
(/ flx+2z)dz - f(x+z)dz)
-h

e-h

€ 2¢
—l(/ flx+2)dz - f(x+z)dz)
2e \Je-n

2e—h

£ 2¢€
/ (Tg—id)f(x+z)dz—/ (te—id)f(x+2)dz
e-h 2e—h

B 1
%

Hence, for every x € T, we have

1 € 2¢e
[(tp —id) O f(x)| < — / I(Tg—id)f(x+z)|dz+/ (e —id)f(x +2)|dz | . (8.19)
2¢ e-h 2e—h
t+h/2
We note that for any F' € LP(T) and for p = 1(_1/2,1/2) we have F * pj(¢) = 5/ F(z)dz. Thus
t—h/2
1 £ 2¢e
—(/ I(Tg—id)f(x+z)|dz+/ I(Tg—id)f(x+z)|dz)
h e-h 2e—h
(8.20)

=|(re—id)f(x + )| * pple = h/2) + |(t, —id)f (x + -)| * pp(2€ — h/2)
=|(te —id)f| * pp(x +e—h/2) + |(T. —id) | * pp(x + 2€ — h/2).

Since the L” norm on T is independent of translations, we obtain from (8.19) and (8.20) that

h h h
I(Th —id)6ef lLr < 22_5 [1(ze =id)f 1% o » < ;II(TE —id)fllze [|on | = EII(TE —id)f lLe. [

The same argument leads to the following n-dimensional version of Lemma 8.10.

8.11 Lemma. Let f € LP(T") and let 5, the operator given by (8.18). Then, for every i € [1,n],

: h :
|(Fhe; =1Q)8ef | Lo rny = — [ (Tee; 1) Fll porny, VR €10,€].

i

8.3 A lemma on cuts

The following lemma is due to Merlet [20], and was used in the proof of Proposition 1.6. For the
convenience of the reader, we reproduce the argument in [20].

8.12 Lemma. Let a € S'. For every z € S1, we let 0,(z) be the unique 0 € (a —2n, al such that z = e'.

Then, for every z,w € St,
/ |0q(w) —04(2) da = 2|2w|(27 — |Zw]) < 47|z —w|.
(S

Here, zZw is (one of) the geodesic arc(s) that connects z and w on the circle, and |Zw| is the geodesic
distance on the circle.
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Proof. 1t is easy to see that

2r—|zw|, ifaezw
10q(2) = 04(w)| = { —

1z, ifa¢szw

Hence
IH,x(w)—Ha(z)lda:/ |z’ﬁ1|da+/ Q- zw|)da =2|z2w |2 — |zZw]). (8.21)
S a¢zw aczw

We now use the inequality sinx = x(1 — x/x), valid for every x € [0, /2], to find that

Zw 12w| |Zw| 1 —
lz—w|=2|sin—|=22—|1-—| = —2|zw|2n — |Zw]),
2 2 21 4
which together with (8.21) proves the lemma. O

8.4 Toolbox for the proof of Theorem 1.5

We gather here the auxiliary results used in the proof of Theorem 1.5 in Section 4, as well as the
proof of Lemma 4.2.
We start by establishing estimate (4.3), that we recall in the next statement.

8.13 Lemma. Let a,e€(0,1). Then

(1-a)+a-1=21-¢e)a’(1-a).

Proof. By symmetry, we may assume that a < 1/2. By the mean value theorem, we have, for some
e (0,a),

1-(1-a) =ea(1-&)¢ Y <eqf
(since 1—¢& = a and therefore (1 — &)1 <af~1). Thus

l1-a)+at-1=2(1-¢ea*=1-¢e)a’(1-a)’. O

We continue with a proof of the estimate (4.5); this is the purpose of the next lemma.
8.14 Lemma. Let 1 < p <oo. Set 5(¢) := e V¢, for every 0 <& <1, and u, := e'%5®, where @s is given
by (44) Then |u€|W(1—£)/p,p =~ 1

Proof. We start with the following obvious estimate of |u |y a-cyp.p:

1/2 p1/2+6 |el2n(x—1/2)/5 p 1/2+6 ,1/2+6 |ez2n(x 1/2)/6 _ lZJt(y—l/2)/5 |p
luelP y / / dxdy+/ / dxdy
w-eVp.p (x — y)z € lx — y|2—£

1/2+6 |ez2n(x 1/2)/6 1|P
+/ / oz dxdy=:11+1s+13.
1/2+6 J1/2 (y—x)

We next estimate each of the three integrals 1, I and I3, using simple calculations and the fact
that 6¢ = 1/e. To start with, we have

1/2+6 ,1/24+6 |sinm(x — y)/é‘lp 5\¢ w/(20)+n  pr/(20)+7 |sin(x — y)|p
Iy = ¢ dxdy=|— Ty _ 12— dxdy
1/2 1/9 lx — | T n/(26) 7/(26) lx =yl
7/(26)+7 n/(26)+m—y |sin ¢|P T sint|?
i} (5) / (/ e i :/ e
7/(26) w/(26)—y -7
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the latter conclusion uses the fact that p > 1.
We next estimate I; as follows.

1/2 p1/2+6 x+7/(26)
1/2 p Py Py
Il~/ / [sinm(x — 2/ )6| / / sin _sin"x dxdy = / / sm dtda
12 (x—y)*¢ —w2s)Jo (x—y)¢f
1 Py p
z/ sin? x ( T~ T )dx:/ sin dx+o£(1) Ll_dx
0 X178 (x+m/(26) ¢ 0o X o (x+m/(26))'°¢

T inD T p
:/ St xdx+og(1)+0(5):/ S ¥
0 x 0 X

Similarly, we have

dx+o0(1)=1.

Iy N/ /1/2+6 |sin7(x — 12/2)/6|p /”/(25) smp2 dxdy = /” /”/(25) ¥ sin? x * drdx
v2+6J 12 (y—x)=¢ (y—x)?7¢ 0 Jrex t2-
~ sin? x ( - ) dx=1.
/0 (m—x)1-¢ (n/(za) x)t=¢
By the above estimates of I, Is and I3, we conclude that |u.|ya-ep, =1 as € — 0. O

We next present a proof the Lemma 4.2, in the spirit of [4, Lemma 2].

Proof of Lemma 4.2. By scale invariance, we may assume that I = (0, 1).

For every ¢ € Z, we define the sets Ay :={x € I; w(x) < ¢}. Since (A/) is a non-decreasing se-
quence with |[Ay| — 0 when ¢ — —oco and |A¢| — 1 when ¢ — oo, there exists some k € Z such that
|Ak| <1/2 and |Ak+1| > 1/2.

Note that

W) -y =1, VOeZ, Yxe A Vye(Ay). (8.22)

Hence, by applying inequality (4.1) first to A, and next to Az, 1, and by using (8.22), we get

l/e le
1/2|Ak|s(Ce / / — dxdy) (Ce / / LGk AL dy)
c(Ap) 1= y| € Ay ey lx—yle

1/e le
12° (Ak+1)|<(Ce / - dxdy) (CE / / ) - ‘g(y)'dxdy) .
Aper JeApn) 12— y| £ Apay JeAgey lX=yI%7¢

We find that:

and

(x _ ( p 1/e
|{xe1;w(x)¢k}|:|Ak|+|C(Ak+1)|54(05/ WDyl 4 dy) : 0
11 lx—yl*7¢
8.15 Lemma. Let ¢ be a lifting of u = e'*??, where @5 is given by (4.4), i.e.,
0, if x<1/2
ps5(x):=< Cx—1Dna/d, if1/2<x<1/2+96.
27, if1/2+6<x
Let v := L <,05.
2 1 26 1 6
Then, if x,y € (0,§+E ,orifx,ye€ (§+§,1), we have
lp(x) —y(y)l < lp(x) — @(y)l. (8.23)
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Proof. We will verify (8.23) when x,y € (0,1/2 + 26/3), since the proof when x,y both belong to
the second interval is similar. Estimate (8.23) being clear when 0 <x <1/2 and 0 < y < 1/2, we
may assume that y > 1/2. To summarize, we will establish (8.23) when y € (1/2,1/2 + 26/3) and
x €(0,1/2+26/3). Two cases will be considered: x € (0,1/2] and x € (1/2,1/2 + 26/3).

Since ¢ and @5 are liftings of the same function u, for every x there exists an integer k(x) such
that ¢(x) = @s(x) + 2wk(x). Same for y. We may always assume, with no loss of generality, that
k(y)=0.

To start with, assume that x € (0,1/2]. Then (8.23) is equivalent to

|k (x)| < |27mk(x) =2y — Dn/6 + | = 12nk(x) =Y, (8.24)

where we let Y := (2y — 1)71/6. Note that 0 <Y < 4xa/3. If k(x) <0, then (8.24) is obviously true. In
the case where k(x) > 0 is nonnegative, (8.24) becomes

@2r-Dkx)z2Y, (8.25)

and follows from Y < 47/3.
Suppose next that we have x € (1/2,1/2 + 26/3). Then (8.23) becomes

|k(x)| < |12(x — y)/0 + 21k(x)| = | X + 21k(x)I, (8.26)

where X := 2(x — y)n/6. Note that —471/3 < X < 471/3. We investigate the validity of (8.26) when
X = 0; the case where X < 0 is similar and is left to the reader. When X = 0, inequality (8.26) is
always true if £(x) is non negative. When k(x) < 0, (8.26) amounts to

27— 1(-k(x) = X,

which holds since X < 47/3. O]

8.16 Lemma. Let A, B c(a,b) be such that “A is on the left of B”, i.e., y<x, Vy€ A, Yx € B. Define
Ay:=(a,a+|A|) and B, :=(b—|B|,b). Let t > 0.
Then

1 1
dxdy > dxdy.
/A/B(x—y)t ’ y>/m/J3,(x—y)t e

Proof. 1t suffices to establish the inequality

d d
/ Y tz/ Y - Vxe(a,b) suchthat y<x,VyeA. (8.27)
A=y Ja, (x—y)

Indeed, assume that (8.27) holds. Then by symmetry we have

d d
/ ad 2/ _ 2% Vye(a,b)such that x> y,VxeB. (8.28)
Bx—y¢  Jp (x—y)

By (8.27) and (8.28), we have

T Rt A e el M e LB
dx = dx = dy= dxdy.
/B(/A(x_y)t *= B\Ja, (x—y) g A, U (x—y) y= A,J)B, (x=y) way

It remains to prove (8.27). We first note that (8.27) is true when A is an interval.?> By a
standard argument, we find that (8.27) holds: first when A is an open set, next when A is compact,
and finally for every measurable A. O

22By explicit calculation of both sides in (8.27).
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8.17 Lemma. Let 0<s<1land 1< p <oo. Then, for any ¢ € WSP(T"; R), we have

P 3/ 108, X ) gy A it (8.29)
"=

Proof. Let A denote the integral in the right-hand side of (8.29), that is,

n_ P
:/ / lp(x1,x") —p(z1,x) dxidzrdy’.
'[|'n—1

lxg —zq |1 5P

We will use the notation x := (x1,x’) and z := (z1,x'), with x1,z1 € T and x' € T 1. Integrating the
inequality

lp(x) — p(2)I1P < 2P L(|p(x) — (NI + () — @(2)IP), VyeT",

with respect to y € B((x + 2)/2,|x1 — z11/4), we find that

P
A</ /][ () - (Pg’)l dydzidx.
n B((x+2)/2,)x1—211/4) 1X1— 217 F5P

Noting that B((x +2)/2,|x1 — z1|/4) < B(x,3|x1 — z1|/4), we find that

d - p
AS/ / / %kp(x)—(p(ynpdydxg/ VLGSO NS
nJrn iy -2y 1z ap-yps [X1 = 21[PTHTP o Jpn lx—ylntsp
8.18 Lemma. Let 0<s<1land 1< p <oo. Set

dx'dy’
K" = i eT.
(x1,51) /V_1 /‘u’n—l L) = Oy o X1,51

Then we have

K"(x1,y1) S —————.
lxg — y1l1*sp

Proof. Sett:=x1—y1and 2z :=x’'—y'. Then

vttt
’ Tr-1 Jn-1 |(t x - /)|n+5p lx'|<1J12'|<2 |(t Z,)|n+8p

2!
<
N rr-1 I(t zl)|n+sp ~ |t|1+sp

8.19 Corollary. Let s>0and 1< p <oo. Let [ € WP(T;C) and consider the function F : T"* — C
defined by F(x1,x'):= f(x1), Vx =(x1,x") e T".
Then F e WSP(T";C) and |Flws.»1n) = |f lws2(T)-
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Proof. If k is an integer and k& < s, then we clearly have
ID*FllLorm) = I1D* FllLec). (8.30)

In particular, the conclusion of the lemma holds when s is an integer.
Suppose now that s is not an integer and write s =[s]+ o, with 0 € (0,1). By Lemma 8.17, we
have

|D[S]F|€vo’p(1rn)z/w IDIFC,a )|W‘TP(T)dx,:/1Tn DY fionydx' =D f I pp) (831)

On the other hand, using Lemma 8.18 for s = o, we obtain

[s] |D[S]F(x1’ ,) D[S]F(y].’y )Ip
1D FlW‘”’(T") |lx — y|ntop

dxdy
n ‘H’n

/ / I f(x1) = DY F(y)IPK™ (1, y1) d 1 d o (8.32)
/ / IDI £ (x1) — DISIF (yp)|P

|21 — y1/1FoP

dxld |D[S]f|WUp(‘[|')

From (8 30) (8 31) and (8 32) we have |F|Ws p(Tn) = IfIWs P(T)- O

8.5 Toolbox for optimal estimates when sp > 1
In this section, we establish the auxiliary results required in Section 5.

8.20 Lemma. Let s >0and 1< p <oo. Let f € C3°((0,1);C), f #0. Consider the functions f; :=

Y fxj—k), ¥Yj=1 Then
O<k<j-1

\filwsp0,1)) = J°. (8.33)

Proof. If s, k are integers and k < s, then we have
1] =+ (8.34)

In particular, (8.33) holds when s is an integer.
Suppose now that s ¢ N and let 0 :=s—[s] €(0,1). Then we have

j-1
=P N I, (8.35)

‘ pls! fJ
k,0=0

Wo.p

with

; /(k+1)/] /(€+1)/] 0D — 1) — FUD(yj— )P ey f-0D /1 /1|f([s])(X)— FUDey)|? IXdY
kO = pr lx — y|1+op y=J o Jo |0 —k+X-Y|ltop :

If £ # ¢, then I}, , can be estimated as follows.
jap—l
= k|1+crp :

(When |/ —k| = 2, estimate (8.36) follows from the fact that |/ —k+X -Y |= |/ —Fk|. When |/ —Fk| =1,
we rely on the fact that f € C2°((0,1)), and thus there exists some € > 0 such that |f([s])(X) - f([s])(Y)| =
Owhen |/ -k+X-Y|=<¢)

I Ssup ’f (Gsn [P (8.36)
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Thus

-1¢-1 _
]‘;Ik,é jop-1 Z‘ﬂ;}ﬂ k)1+ap < joP1 Z k1+ap kgi ) (8.37)

On the other hand, for £ = ¢ we obtain

k+1)j  (k+1)j | £(IsD) (s])
; bt pGet DV | pAD (g j — ) — FOD(yj — R)|” dxdy = 7 1”0([8]) _ op-1
kb = o — y|1+op w7
Therefore, we have
Y Inp=JjoP. (8.38)
k=0

By combining (8.34)-(8.38), we find that |D[S]fj|WU,p((0 1) = J°, and therefore |fjlws»(0,1) = J°. O
The next result is a variant of [3, Lemma D.2].

8.21 Lemma. Let s=1, 1< p <ooand veW>P(R*)NL*®(R"). Then

lo AVUllys-10 S IVllLee v lIws.e. (8.39)

The proof of Lemma 8.21, as well as the one of Lemma 8.32, relies on Littlewood-Paley de-
compositions. For the convenience of the reader, we gather some standard properties of such
decompositions.

Let { € C°(B(0,1);R,) be such that

{=11in B(0,3/4) and supp{ < B(0,4/5). (8.40)
Define ¢;, j =0, by
F0(¢) = (&) and, for every j= 1, §5(&):=¢ (¢/2/1) - ¢ (¢/27). (8.41)

Given f € &', we let f = Z fi= Z f * @; be its Littlewood-Paley decomposition, and recall [29,
Section 2.3.1, Definition 2, p. 45], [29, Section 2.5.7, Theorem p. 90] that

Ifllgo,  ~supllfjliLe, (8.42)
<

||f||€vs,p ~ Z2st||fj IIZ,, Vs>0,Y1<p<oo, snon integer. (8.43)

Repall also the following Nikolskii type inequalities [31]. Set 6y := B(0,2) and, for j > 1, 6;:=
B(0,2/*H)\ B(0,2/71). If f/ € &' and

supp fJ I <6/ for some fixed £, (8.44)
|0~jI<k
then
S Ssuplffize (8.45)
oy, Y
and
. p . .
Z_ fI < ZzSPJ I£717,, ¥s>0,V1<p <oo, s non integer. (8.46)
ws.p
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8.22 I_{emark. The inequality (8.46) also holds if the assumption (8.44) is weakened to supp]/‘7 c
B(0,2/*%) for some fixed % [8, Lemma 11; see also [31].

We next recall the following standard inequalities; see e.g. [11, Lemma 2.1.1] for the first
result, and [8, Corollary 1, Lemma 2] for the next one.

8.23 Lemma. Let f € %'(R") be such that supp f < B(O,R). Then, for any 1< q < oo,
IVFllLe =C(@RIflLa.

8.24 Lemma. Let 1<g<ooand f € L1(R"). Let f = Z fi be the Littlewood-Paley decomposition of
f. Then

Y fr

k<j

=C@IflLa.

L

Proof of Lemma 8.21. Suppose first that s =1 is an integer. Then we have

lv A VD2 v AVOIL, + D WA VD], S Iol2ulVoll, + Y [D%0aDPo| . 8.47)

Ws—1p ~ I
lal+1Bl=s

By applying the Holder and the Gagliardo-Nirenberg inequalities, we find that, for every m1,
moeNwith m;+mg=s,

D70 AD" 0l S ID™ 0y 1070 i (101 D) (0132 |00 1)

= vl [ D] 1o S lolizellvliwss,

which, together with (8.47), proves (8.39).
We next assume that s > 1 is not an integer. In this case, the proof uses the same idea as in [3,
Lemma D.2]. We consider the Littlewood-Paley decomposition of v in #'(R"),v =) v;:= ) v*¢j,

j=0 j=0

with the functions ¢; previously defined by (8.40) and (8.41).

We next define

rj::vj/\Vka, Vj=1,r9:=0, and s; := ka/\ij, Vj=0.
k<j k=j
Then we have v AVv = ) (r; +s;). Note that supp (7} +§;) = B(0,2/*2) and that s — 1> 0. Hence,
7=0
by (8.46) and Remark 8.22, we have that
p
loAvVollp, L, =Y (rj+s)) S Y25 i asl1P, S Y 25T DPT (1r51R, + HIs517,) . (8.48)
7=0 Ws-1p 7=0 7j=0

We will now estimate |7;[lL» and [|s;llz» using Lemmas 8.23 and 8.24. First, since supp Z U C

. k<j
B(0,27*1), we have

U7 ilee < lvjlize (VY vel  S2Mvjliee || Y ve| S 27Mvjlizellvlize.

k<j Lo k<] L>®

Next, since suppv; CB(0,2j+1), we have

Isile < | Y vrl  IVvjle S22 vrll  lvjlize S2Mvlneelv;lize.

k<j Lo k<j Lo

Combining the two above estimates with (8.43), (8.46) and (8.48), we find

lo AVOIE 1, STUIEe Y- 250,017, S Tl ol - O

Jj=0
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We now turn to the the proof of some estimates used in the different proofs of Theorem 5.3
(Lemmas 8.25-8.31).
The next result appears in Merlet [20]. We present below a simplified argument.

8.25 Lemma. Let 0<s<1land 1< p <oo be such that sp>1, and let 0<x<y<1 Letuce
WSP(T;SY) and let @ € WSP(T;R) be a lifting of u. Then

lp(x) = pNIP S ulx) —u(y)? +(y —x)? _1/S|u|€i;§’1’((x,y))'

Proof. We will show that

(@) lpx) =) =m = |px) — e S lulx) —uly)l.

(b) 1) = e > 1 = 9() ~ I S (v =0V PIuls o)

The first case is obvious. Indeed, if |p(x) — @(y)| < 7, then
sin

() — p(y)| < 7 glu(x)—u(y)l.

p(x) = p(y) ‘ B
=

Consider now the case where |p(x)—@(y)| > 7. We may assume that ¢(x) = 0. In addition, using
the monotonicity in y of the right-hand side of (b), it suffices to establish (b) when y is replaced
by z € [x,y] such that |p(z)| = 1[11a)](|(p|. Therefore, with no loss of generality we may assume that

X,y

p(y) = I[na)](l(pl. Let a be such that 7 < a < min{|¢(y)|,27}, and decompose the interval [x,y] as
x!y

[x,y]=[x0,x1]Ulx1,22]U... Ulxg,x7541],

with

, xj := the smallest solution ¢ of ¢(¢) = ja, Vje[1,J], and xj.1:=y. (8.49)

xX0:=x, J := [M]

We then have J =1 and, by (8.49),
lp(x) =W =py)<alJ+ 1D S . (8.50)

We next note, as in [20], the following quantitative form of the continuous embedding
WSP((t,2)) — CO~VP([t,2]), withsp>1land 0<t <z <1:

lu(zg) —ulto)l <c(z— t)s_l/p|u|Ws,p((z,t)), VO0<t<itp<zp<z=l, (8.51)

where ¢ = c(s, p).2?

When |@p(2) — ()| > m for some ¢ < z, (8.51) implies that we necessarily have
(z— t)s_l/p|u|Ws,p((t’z)) >1/c

(with ¢ as in (8.51)). Indeed, argue by contradiction. If (z — £)*" VP ulws.n(¢.2) < 1/c, then, by (8.51),
we have

lu(zg) —ulto) <1, VO<sit<tp<zo<z=l. (8.52)

Using (8.52) and the continuity of u and ¢, we find that |p(z¢) — ¢(¢¢)| < 7/3 for every to and z¢ as
above. In particular, we obtain the contradiction ¢(z) — ¢(¢) < 7.

Z3Estimate (8.51) follows e.g. from [15, Lemma 1.1] (with W(¢) := |¢|? and p(¢) := |£[5*1/P).
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Therefore, for every 1 < j <, we have
(x; —xj_l)s_l/p|u|Ws,p((xj_l,xj)) > 1/c. (8.53)
Using (8.53), we find that

_ 1 1/ 1/ 1-1/. 1/
J=c s1 ZJl/c S<e 81 ZJ(xj —xj-1) Sp|u|WSé,p((xj_1,xj))- (8.54)
<j=< <j=<

Applying in (8.54) Holder’s inequality with the exponents sp/(sp —1) and sp, we obtain

1-1/sp 1/sp
p 1-1/s 1/s
! 5 Z (xj B xj_l)) ( Z luIWs’p((xj—l,xj)) ’S (y—x) P |u|Ws’p(x,y)'
l<sj<dJ 1<jsdJ
This combined with (8.50) proves the assertion (b). O

We next establish several estimates used in the third proof of Theorem 5.3.
We start with the proof of (5.24). This estimate is certainly well-known to experts, but we were
unable to find it in the literature and we present an argument for the sake of completeness.

8.26 Lemma. Let f € LY(S;C) and let f be the harmonic extension of f. Let Mf be the maximal
function of f. Then we have

Ifro) < Mf(w), YoeStvrelo,1].

1-r2
2m|x —y|2
weS! ref0,1], and y € S!. We note that P(x,-) is positive and “symmetric with respect to
Ow and decreasing in y”. More specifically, if y and y’ are symmetric with respect to Ow, then
P(x,y) = P(x,y’). On the other hand, P(x,-) decreases with the distance from y to w. This allows
us to mimic the proof in [28, Chapter II, Section 2.1, formula (17), p. 57] and obtain the estimate

Proof. Let P(x,y) be the Poisson kernel on the unit disc, i.e., P(x,y) := Here, x = ro,

) < / IFQIPG,y)dy < Mf(@) / Plx,y)dy=Mf(w) 0
S S

We continue with the proof of the estimate (5.27), that we restate here for the convenience of
the reader.

8.27 Lemma. Let 1< p <oco and 0 < s <1 be such that sp > 1. Let u € WSP(S1;S') and let & be
given by (5.26). Define e(w) := fol |Jacti(rw)|dr, Yo €St. Then

lellzee <l . (8.55)

In the proof of the above lemma, we will need the following cousin of [6, Lemma 1.3].

8.28 Lemma. Let 1< p <ooand 0<s <1 Let u€ WOP(T;S) and let v e Ws*VP-P(D; D) be its
harmonic extension. Define d(w) :=sup{r €(0,1); [v(rw)| <1/2}, Vw € S (with the convention d(w) =
0 if lv(rw)| > 1/2 for every r). Then

1
—————do Suly 1. .
/§1 A—a@yr 20 S ulysr + (8.56)
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Proof of Lemma 8.28. We may estimate the integral in (8.56) as follows:

1 1
———d </ ————dw+1.
/§1(1—d(w))31’ “ Jawsm T—d@ypr

Thus it suffices to consider the w’s such that d(w) > 1/2 and to prove, instead of (8.56), that

1
——do<|ul®,,. -
~/{d(w)>1/2} (1 -d(w))sp S |W »

We next note the following norm equivalence. In the domain D \ D12 (where Dy/2 is the disc {x €
C; |x| < 1/2}) we have

lvl? Iv( )? dow+ |v(r )P dr. (8.58)

Ws+1l/p p(D\D ) Ws+1l/p P((1/2,1)) 19 Ws+1/p, p(§1)

The above equivalence is standard in the flat case, where D \ Dy/2 is replaced by R" x (1/2,1), and
S!is replaced by R” x {1} [1, Theorem 7.46]. Estimate (8.58) is a straightforward variant of its “flat
analog”. We now note that (8.58) implies that for a.e. w € S, the map (1/2,1) 3 r — v(rw) belongs
to Ws+1P.P((1/2,1)), and the latter space embeds into C%$([1/2,1]).2* Therefore, we have

lv(w) —v(d(w)w)| lv(rw) —v(tw)|
< sup LLTUNON u(w)lpos < JoC)lysm, . (8.59)
A=d@YF gy - et W, 1)

Since |v(w) — v(d(w)w)| = [v(w)]| — lv(d(w)w)| = 1/2, we obtain from (8.59) that

1
1 -d())*? ™~ Jv(w) - v(d(w)w)|P vlw )|Ws+1’PP((1/2 1)~ St “’)|Ws+1/pp«1/2 ) (8.60)
Integrating the above estimate, and using (8.58), we find that
/§1 1- d(w))sp N/ ot w)|Ws+1/PP«1/2 S0 |WS+1/PP<D\D ySlo |Ws+1/w(u1>) (8.61)

Finally, since the Poisson extension operator is bounded from W*2(S') onto W*V2-P(D) [29, Thm.
4.3.3 ()], we have |vlys+vp.p () < |tlyys.p(s1y, Which combined with (8.61) gives (8.57). O

Proof of Lemma 8.27. We start by establishing (8.55) when |u|ws» < 1. In this case, by the contin-
uous embedding W*2(S!) — VMO(S!) (valid when sp = 1), we also have |u|gmo < 1. Next we use
the following property of the harmonic extension v of an S'-valued function:

dist (v(x),§1) <l|ulgmo, VxeD;

see Lemma 8.30 below. By combining the above estimate with the fact that |u|gmo < 1, we find
that dist (v(x),S!) < 1/2, Vx € D. Therefore, |[v(x)| = 1/2, Vx € D. Recalling the definition of %,
this implies that |z| = 1 in D and thus |Jacu(x)| =0, Vx € D. Thus the estimate (8.55) is trivially
satisfied when |u|ws» < 1.

Suppose now that |u|ws»r is greater than some constant C. In this case, it suffices to prove,
instead of (8.55), the following weaker estimate

1 sp
/(/ IJacﬁ(rw)ldr) dw<|u|Wsp +1. (8.62)
st\Jo

Again considering the definition of #, we note that |Jaczi(x)| < |Vu(x)|?, and that the Jacobian
Jacu(x) vanishes whenever |v(x)| > 1/2. Since the map v : D — D is harmonic, its gradient satisfies

241n particular, for a.e. w € S we have d(w) < 1.
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the estimate |Vu(x)| < 1/dist (x,Sl) =1-1x])7L. Consequently, using the notation d(w) given in
Lemma 8.28, we have

1 d(w) d(w) 0 d(w) 1 1
Jacu dr= Jacu dr < \Y dr< dr = . (8.63
/0 |Jacu(rw)|dr /0 |Jacu(rw)| rN/O [Vu(rw)| r</0 TISE r —d@) ( )

Using (8.63) together with Lemma 8.28, we obtain (8.62). O

8.29 Remark. By the Gagliardo-Nirenberg embedding W*?NL>® — WOs:r0 (0 <0 <1 (valid except

when s = p = 1), it is possible to remove the condition s < 1 in the statement of the Lemma 8.27.
In contrast, if we remove the condition sp = 1, then the first part of the proof of Lemma 8.27

does not hold anymore. However, the second part of the proofis still valid, and leads to the weaker

conclusion |elzse < IuI%(,Ss,p + 1 (valid whether for semi-norm |u|ws» is small or not).

The next result was used in the proof of Lemma 8.27.

8.30 Lemma. Let u € VMO (§1;§1) and let v :D — D be its harmonic extension to D. Then

dist (v(x),$) < lulpmo, VYxeD.

Proof. Let I(w,8):=Bs(w)nS!, VweS!,V0O<§<1. By [10, Lemma A3.1], there exists an R € (0,1)
such that

v(rw) —][ u
Lw,1-r)

On the other hand, from [9, equation (7), p. 206] we have

<lulgmo, Vr>R,VweS'.? (8.64)

dist(][ u,§1)§|u|BMo, VweS! v6<2. (8.65)
I(w,5)

By combining (8.64) and (8.65) we find that
dist (v(rw), ') S lulpmo, Vr>R,VweSh (8.66)

It remains to obtain the conclusion of the lemma when |x| < R. For this purpose, we proceed as
follows. We integrate the inequality dist (v(x),§1) < |v(x) —u(z)|, Vz €S, and find that

dz;

dist (v(x), ') S][ |v(x)—u(z)|dz=][ / P(x,y)u(y)dy —u(z)
st stl/st

we recall that P(x,y) denotes the Poisson kernel. Since fsl P(x,y)dy =1 and |x|] <R, we find that

dist (v(x),$') < ][

5][ lu(y) - u(2)ldydz < lulgmo.2
slJst

/ PG Iu() - u)]dy
S

dZS][ ][ P(x,y)lu(y)—u(2)dydz
stJst

This estimate together with (8.66) concludes the proof. O

We now establish the following result, in the spirit of the theory of weighted Sobolev spaces
[30], [29, Section 2.12.2, Theorem, p. 184]. For related results, see also [21], [25].

25 crucial point is that R does not depend on u.
26The next to the last inequality comes from the fact that P(x, y) is uniformly bounded when |x| <R and y € S.
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8.31 Lemma. Let 1< p <ooand 0<s<1. Given u € C*®(T;C), let v be the harmonic extension of u
and let i be given by (5.26). Let 6(x):=1—|x|, Vx€D. Then

/ Sy P Vo) dx S Julk,,, and / Sy P HVE)IP da S lul . (8.67)
D D

Proof. We start by noting that it suffices to prove the first inequality in (8.67). Indeed, we have
u = [Tov, with IT smooth, and therefore |Vi| < |Vv|. Therefore, the second estimate in (8.67) is a
consequence of the first one.

Let P(x,y) denote the Poisson kernel in the unit disc D. Since v is the harmonic extension of u
in D and [; VP (x,y)dy = 0,27 we have

Vv(x):/ VxP(x,y)u(y)dy:/ VioP(x, y)u(y) —u(w)ldy, YweS (8.68)
st st

We next pass to polar coordinates into the first integral in (8.67). Using the fact that r <1, we
obtain

1
/ 5x)P P11 Vu(x)|P dx < / / 5(rw)? P~ IVu(rw)? dwdr. (8.69)
D 0 sl

We next estimate |Vu(rw)|. For this purpose, we rely on the following properties of V,P(x, y):

VP, V| <—=, VxeD, VyeS! (8.70)
5(x)?
and
IV P(ro, )| <Uly-w|?, VYweSt, Vrel0,1), VyeS! such that |y — | = 6(rw). (8.71)

The above inequalities are obtained as follows. We start from the straightforward estimates

1 1-|x| < 1

VP, ) S 5
lx =yl

(8.72)

lx—y3 ™ |x—y2

Then (8.70) is a consequence of (8.72) combined with |x — y| = d(x). On the other hand, we have
|y —rw| = 1—r and therefore

ly—ow|l<|y-rol+|lw—-rol=|y—rol+1-r<2|y-rol. (8.73)

Estimate (8.71) is a consequence of (8.72) and of (8.73).
We return to (8.68) and we split the integral as follows:

P
IVu(rw)l? < (/1 IVxP(rw,y)Ilu(y)—u(w)ldy)
s
p
S (/ [ViP(ro, y)lluly) - u(w)ldy) (8.74)
ly—w|<é(rw)
p
+ (/ IVxP(rw,y)llu(y)—u(w)ldy) =:I1(r,w)+ I(r,w).
ly—w|=d(rw)
Then estimates (8.69) and (8.74) lead to

1
/ )PP HVu(x)P dx < / / S~ P (r, w) + Io(r,w)ldwdr =: J1 + Ja. (8.75)
D 0 sl

2TThis follows by differentiating the identity fSl P(x,y)dy=1.
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It remains to estimate J; and /.
Using (8.70) and Hélder’s inequality we find

lu(y) — u(w)| )p 1 (/ )p
I1(r,w) < R dy| = —uw(w)d
i w)N(/|y—wls6(rw) s V) T sGro@e Iy—wlsé(rw)lu(y) weldy

< S(rw)P1 / lu(y) —u()’ dy = lu(y) — u()” dy.
ly—w|<é(rw)

1
~ 5(7”(1))2p 5(rw)p+1 /|y—a)|s6(ra))

Inserting the above estimate of I1(r,w) in the expression of /1, we find that

1 1
S R ——
1 0o Jst 5(rw)sP+2 |y—w|55(rw)| Y | Y

1-|y-ol 1
) (1-r)p+2 —u(w)? (8.76)
/Sl /Sl (/0 (1-r)sp+2 dr)lu(y) u()l” dydw
lu(y) — u(w)?
< _—_—
N/Sl st |ly—wlsp*l dydw |u|WSP

Similarly, for Iy we use (8.71) and Hoélder’s inequality as follows:

1 p _ p
I(r,0) S (/ —— |u(y) - u(w)ldy) = (/ Mly—wl_“dy
ly—w|>8(rw) |y — 0 ly—w|>6Grw) 1Y —w|*™%

(8.77)
lu(y) - u(w)? anio-D 5 VP!
5/ y—(z_wdy( Iy—wl ap/(p l)dy)
ly—wl>6(rw) |y — 0 P ly—w|>6(rw)

Assuming that @ > 1 - 1/p, the last integral in (8.77) can be estimated as follows:
/ ly — wl—ocp/(p—l) dy < 5(rw)—ap/(p—1)+1.
ly—o|>6(rw) ~

Hence, returning to (8.77), we have

lu(y) — u(w)|?

—ap+p-1
Io(r,0) S 6(rw)” PP / |2—a)p

ly—w|>6(rw) |Y—®

Using the above estimate of I3(r,w) in Jy we find

1 _ p
J2 S / / 6(rw)2p—sp—2—ap / % dydwdr
sl ly—w|=6(rw) |y —w|'“P

/ / / (1- r)gp sp-2-ap g, Iu(y) u(w)l? dydw
stJst\J1-|y-wl ly — wl(2 @p '

By the above, if we choose a € (1-1/p,2—s—1/p), then we obtain Jy < Iulﬁ,s,p. This estimate,
together with (8.76) and (8.75), leads to [, 8(x)P =P Vo ()P dx < Iulé’vs,p. ]

(8.78)

8.6 Toolbox for “further thoughts”

This section contains the lemmas needed in Section 6.
We start by proving that property (R) discussed in Section 6.1 holds in the following weaker
form.

8.32 Lemma. Let 0 <s<ooand 1< p <oo be such that s and sp are not integers.
Then

WHP((0,1)") = (WSP((0,1)") N BY, o((0,1)™)) + (W*P((0, 1)) n WP-1((0, 1)) . (8.79)
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Proof. By a standard extension argument, it suffices to prove that the above holds when (0,1)" is
replaced by R”.

In order to obtain the analog of (8.79) in the whole R”, we rely on Littlewood-Paley decompo-
sitions.?® Let 1,4 € C2°(B(0,1);R.) be such that n = 1 in B(0,4/5) and A = 1 in B(0,4/5)\ B(0,3/8).
Define v, j =0, by

F0(&) := (&) and, for every j = 1, (&) = A (5/21 ) .
It is easy to check that, with ¢; given by (8.40) and (8.41), we have ¥/, = ¢;, and thus
Qi*yi=¢@;, VY. (8.80)
On the other hand, we have
Iyl = 1F T Dgilipn = 1F A, V=1 (8.81)

Let f e W*P. We split fj = g; +hj, where g;:= f1yf,<1; and h := [l >1. Clearly,

lg;le < I fjlle, Igjllze <1, Ihjlize < IF17,. (8.82)

Using (8.80), (8.81) and (8.82), we obtain

fi=fi*vj=gj*yj+hj*y;:=G;+Hj,
with

IGlir Sfilze, 1G i S 1, 1H Iz SIF1E, (8.83)
and

suppé\j, supprI\j C suppy,; € 6€;U%6,-1. (8.84)
By (8.45), (8.46), (8.83) and (8.84), we find that f = g+ h, where g := ZGJ' and A := ZHJ satisfy

gEW P NBY, oo heWSP AW PL liglpy ST, 1815 + I1Blwsrs S IF I O (8.85)

00,00

We now prove Lemma 6.3, used in Section 6.2 for constructing a lifting in WSP(T";S!) when
sp<l.

Proof of Lemma 6.3. Assume first that U is smooth in T" x [0,1]. In this case we have f(x) =
U(x,0). Let x,y € T" and set r := |y —x| €[0,1] and w := (y — x)/|y — x|, which satisfies |w| = 1. We
have

lfW=f@I=If(»-Uly,nN+Ifx)-Ux,r)|+|U(y,r)-Ul(x,r)|

r r r (8.86)
S/ |VU(y,£)|d£+/ |VU(x,£)|d£+/ IVU(x+ew,r)|de:=F(x,r,w).
0 0 0
Integrating (8.86), we find that
|f(x+rw)—f(x)|dx5/ F(x,r,w)dx. (8.87)
‘|]'n n

Assume next that U is not necessarily smooth up to € = 0. Then we may assume that

/ e % \VU(x,¢e)ldxde <0,
T"x(0,1)

28 Alternatively, we could use wavelets as in [18].
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for otherwise there is nothing to prove. Then U € WL-I(T” x (0,1)). By a standard approximation
procedure, we find that (with f =tr U) inequality (8.87) still holds for such U.

By combining (8.87) with the formula of the W ! semi-norm and passing to spherical coordi-
nates, we find that

If (y)— f(x)
|f lwo.1Tn :/ ————dxd
fW 1) - |y_x|n+cr y

1 [y—x|
S — IVU(x,¢)lde | dxd
/1Inx1rn ly — x|+ (/0 ?

1 ly—x|
+/ —(/ IVU(x+e(y—x)|y—x|,|ly—x|)|de| dxdy
T 0

nxTn |y _x|n+0

1 1 r
S / / g / IVU(x,¢)ldedrdx
njo T 0
1 1 r
+/ // 1+U/ IVU(x +ew,r)|dedwdrdx
T™ JO sn-17r 0
'
S / ( / rmdr) VU (x,¢)|dxde
T7x(0,1) \J e

1
+/ o (/ ( |VU(x+£w,r)|dx) dwde) dr
0,1 77 Usn-1x0,mn \J1n

N / e 7 \VU(x,¢)dxde,
T"x(0,1)

i.e., (6.5) holds. [
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