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An entropic scheme for an angular moment model
for the classical Fokker-Planck-Landau equation of
electrons
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Abstract. In plasma physics domain, the electron transport is described with the Fokker-
Planck-Landau equation. The direct numerical solution of the kinetic equation is usu-
ally intractable due to the large number of independent variables. That is why we
propose in this paper a new model whose derivation is based on an angular closure
in the phase space and retains only the energy of particles as kinetic dimension. To
find a solution compatible with physics conditions, the closure of the moment sys-
tem is obtained under a minimum entropy principle. This model is proved to satisfy
the fundamental properties like a H theorem. Moreover an entropic discretization in
the velocity variable is proposed on the semi-discrete model. Finally, we validate on
numerical test cases the fundamental properties of the full discrete model.

Key words: entropy minimization, Landau-Fokker-Planck equation, moment systems, entropic
scheme.

1 Introduction

Classically in kinetic theory, a Fokker-Planck equation is used to describe the evolution
of different species in a collisional plasma ( [8,14]). These charged particles can interact
through long-range Coulomb interactions. More precisely the solutions of the kinetic
equations are non-negative distribution functions f,(t,x,v) specifying the density of each
specie « of particles with velocity v at time t and position x. For the sake of simplicity,
we assume in this paper that the plasma consists of electrons and one ion species which
are considered fix in the plasma. In order to approximate the solution of such problems,
many computational methods have been developed up to now.

There is a variety of models that are used to describe electrons transport: the hydro-
dynamic ones ( [9-11]) and the kinetic ones ( [4,5,12,20,21,32]). But in the present paper,
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we consider an intermediate description beween fluid and kinetic level. Let us consider
f° the zeroth order moment of the distribution function f (isotropic part), its first or-
der moment f! and its second order moment f? with respect to the angular part of the
velocity variable. The usual model employed in plasma physic can be expressed such as

atf0+gaxf1:Q0(fO)’ 1.1
atf1+€axf2:_7<f1/ ( . )

where xk € R* and ( is the microscopic energy variable. Here Q°(f°) represents an ap-
proximation for the electron-electron collision operator. In plasma physics, classical ap-
proximation lead to consider that the main contribution for the electron-electron collision
operator comes from the isotropic part, that is why here Q° depends only of f°. This
model allows mainly to conserve fundamental properties such as the mass and energy
conservation and the entropy dissipation. However this model is ill posed. Indeed what-
ever the closure chosen, this model does not preserve the realizability domain. Of course,
except this model, some kinetic models like Fokker Planck model exist but computations
are too much expensive and mainly kinetic codes can not run many collisional times.
Most of them are restricted to some decade of collisional time in practice. For example
there exists a kinetic code called KETS used in [20,21] and cross-validated with an im-
plicit Vlasov-Fokker-Planck code called IMPACT developed by Kingham and Bell [27].
Beyond a few decade of collisional time, KETS code becomes too costly. To reduce the
computational time, the plasma can be described by fluid models. For example in [9-11]
a bi-fluid compressible Euler model coupled with the Poisson equation is considered.
However, for the new high energy target drivers, the kinetic effects are too important to
neglect them and replace kinetic calculus by usual macroscopic Euler Models with T;-T,
temperatures.

That is why to preserve the realizability domain, we consider in this paper a new ap-
proximation of the electron-electron collision operator to correct the model 1.1. This new
continuous model satisfies fundamental properties (i.e. conservation laws, entropy dissi-
pation and conservation of the realizability domain). The microscopic velocity is written
in spherical coordinates and the model is written by considering moments system with
respect to the angular variable. But the choice of the closure on the angle variable is cru-
cial to guarantee reasonable properties for the resulting model. For example, the P; model
( [23]) neither satisfies positivity of the underlying distribution function of electrons and
nor entropy dissipation. Indeed, the closure chosen defines the distribution function by
a polynomial function depending on the angle variable. However in [25], a modification
of Py model is proposed to correct this defect. Nevertheless the positive Py model does
not dissipate the Boltzmann entropy. For this reason there is a considerable motivation
to develop an other moment closure. That is why we will derive a new reduced kinetic
model called M; model whose construction is based on an entropy minimization princi-
ple. This model has been firstly introduced in [19] to find an approximation of radiative
transfer and energy evolution equation. The system of conservation laws that is obtained
is closed by minimizing the radiative entropy (see also [22] for extension). This approach



has been extended in [3] by proposing numerical methods with high order reconstruction
providing positivity of the distribution function. In order to get accurate results and cost-
less numerical schemes, a convenient change of variables has been proposed to eliminate
the space dependence in the flux function. In kinetic theory, the problem of minimization
under moments constraints has been firstly introduced by Levermore in [29]. The main
motivation was to construct BGK models ( [2]) which could fit transport coefficients at
the hydrodynamic limit. Moreover the well-posedness of such problems has been clari-
fied by Junk and Schneider ( [26,31]). But in the present case, the aim is different. Here
the energy of particles constitutes a free parameter. Then we integrate only the kinetic
equation with respect to the angle variable and we return only the energy of particles as
kinetic variable. By using a closure defined from a minimization entropy principle, we
obtain a closed system.

The main contribution of this paper is firstly the derivation of a new moments system
from the Fokker-Planck-Landau system. This model is next shown to be entropic and to
preserve the realizability domain. In order to perform numerical simulations, an entropic
semi-discretization in the energy variable of the model is proposed. The cornerstone of
the construction of the scheme is an entropic average used to define the quantities on the
mesh. This definition implies that the Rosenbluth and Landau form of the discretized
collision operator are still equivalent. This entropic average has been used for a kinetic
equation by Dellacherie in [6,7,15-17] when the distribution function is isotropic.

This paper is organized as follows. The principle of the angular moment closure is
explained in section 2 on a simple kinetic BGK model. In section 3, the moment model is
generalized for the Fokker-Planck-Landau kinetic equation. Here the distribution func-
tion is solution of the system constituted by the Fokker-Planck-Landau kinetic equation
coupled with the Maxwell equations which describe the time evolution of the electro-
magnetic field. The system is derived by taking the angular moments defined in section
2. In section 4 the angular moment system is proved to be entropic. Section 5 is devoted
to the derivation of an entropic semi-discrete scheme for the space homogeneous mo-
ments system. The time is kept as a continuous variable whereas the energy variable is
discrete. Next several numerical test cases for the full discrete scheme are performed in
section 6. Test cases show that full discrete scheme satisfies the properties of the semi-
discrete scheme shown in section 5. Finally we finish in the last section by conclusions
and perspectives to this work.

2 Principle of the angular moment closure

In this section an original derivation of moment closure is proposed. Instead of other
existing moment model, the final equation is semi-kinetic. Indeed the system is obtained
by an angle variable integration and the system remains kinetic in energy.

For the sake of simplicity, we consider a BGK kernel-collision operator to derive the clo-
sure. The time evolution of the electron distribution function f(¢,x,v), where x € R3 and



vER3, is governed by the following kinetic equation,

ot f (t,x,0)+v-Vyf(t,x,0)=C(f), (2.1)
where, N . .
CP=vllol (1), My=n (5 ) e (~ g ). 22

and v(|v|) being the collision frequency.

Next we explain the construction of the M; model on the BGK model (2.1, 2.2). This
system is constructed by using a minimum entropy principle for angle variable of particle
by keeping the energy of particles as kinetic variable. If S, is the unit sphere, Q=v/|v|
represents the direction of propagation of the particles. In this case, by setting { =|v|, the
three first moments with respect to () are defined as

£@=2 [ fd0 Q=2 [ 0f©d0 = [ 0e0f@dn.  @3)

Remark that f* is a scalar, ! is a vector and f? is a tensor. By integrating the system (2.1)
with respect to () it holds that

af°(tx,0) + Vi (Of (£2,0)) =v(Q)(4ng* My (t,x,0) = f2(tx.0)),
atfl(trxrg) + Vx-(gfz(t,x,g)):—v(g)fl(t,x,g).

Of course, the open problem remains the computation of moment f2 as a function of f°
and f1. This problem is overcome by solving the entropy minimisation problem

2

min{H(9) /<R, [ (Q0I0=10), [ Os00d0-©@), 4

where
()= [, (in(F) =) do @5

represents the Boltzmann entropy.
Hence the minimum entropy principle [29,30] applied to (2.4) implies that f should
be taken under the following form,

f=p()exp(=Q-a(0)), (2:6)

where p is a non negative scalar (0 >0), and « is a three component real valued vector. An
important parameter is the anisotropy parameter a= '/ f°, which satisfies by construc-
tion |a| <1. The computation of the different moments of the distribution function (2.6)
gives

o=l g S lelcom(e) o7
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Figure 1: x given by formula (2.10).

In fact, these relations can be combined to give,

_ 1 [afcoth(Ja))

a= a2 «, (2.8)
or by taking the modulus of a,
a|coth(|a])—1
= ol -1 29

The relation (2.9) cannot be inverted explicitly by hand. However, this relation deter-
mines a unique solution which can be computed and tabulated numerically. a is assumed
to be known, f2 can also be computed

1 X 3)( 1 fl fl |“|2 2|l(|CCth(|l(|) 2
2 __ (0

X factor is plotted on figure 1.

Remark 2.1. Notice that if x =1/3, we get the P; model ( [23]) described in introduction.

3 Moment model for the classical case

In this section we recall some backgrounds about the classical kinetic models for plasma
physic. Firstly, the Maxwell-Fokker-Planck-Landau model is presented. In particular,
the stationary states of the collision are precised. In a second subsection the M; model
associated to Fokker-Planck-Landau is presented.

3.1 Classical Fokker-Planck-Landau kinetic equation

The time evolution of the electron distribution function f (t,x,v) is governed by the Fokker-
Planck-Landau kinetic equation which writes ( [8,14,28])

9f+0-Vif=Cee(f,f)+Cai(f), 3.1)



where C,, and C,; are the electron-electron and electron-ion collision operators. The equa-
tion (3.1) can be coupled to the Maxwell equations through the Lorentz force.
The electron-electron collision operator is given by

27 _
Cee(f/f) :D‘Eevv ./’UIGIRS |u]1|u7|;4<2>u [f(v’)va(v) —f(ZJ) Vv/f(v’)] dU/, (32)

where 11 =1"—v is the relative velocity of electrons, I is the unit tensor and the coefficient
e is @ nonnegative physical constant.
The second operator is related to the electron-ion interactions,

27_
Calf) =V o [%*,fmvvf(v) , 33)

where the coefficient «,; is also a nonegative.
Next we present the fundamental properties of the collision operator C,, and C,; (see
[4,13] for more details).
The electron-electron collision operator satisfies mass, momentum and energy conserva-
tions property

1

/ Cee(f,f) v |dv=0,t>0,
e o

while the electron-ion collision operator satisfies only mass conservation and energy

/Racei(f)< |Ul|2 )dvzo,tzo,

They both satisfy the entropy dissipation property, i.e.

/SCei(f) logfdv<0 and /SCeg(f,f) log fdv<0.
R JR
Therefore H( f) defined in (2.5) is a Lyapounov function for (3.1, 3.2, 3.3).

The equilibrium state of the electron-electron collision operator Ce, (i.e. Cee(f,f) =0)
is given by the Maxwellian distribution function

m 2 me(v—1,)?
f:n<27rkBT> P <_ 2%ksT )

where kg is the Boltzmann constant, 7 is the density, T is the temperature and u, repre-
sents the mean velocity.

The equilibrium state of the electron-ion collision operator C,; (i.e. C,i(f)=0) is given by
the isotropic functions f = f(|v|).



The equilibrium state considered by both collision operators is given by the isotropic
Maxwellian distribution function

B M, : _mgvz
F=m\ 2kt ) P\ 2,7 )

3.2 Moment closure for the classical kinetic equation

As the main part of angular closure is given in section 2, we give only the final result of
the closure on Fokker-Planck-Landau system (3.1, 3.2, 3.3). For f°, f! and f? defined as
in (2.3), we obtain

0if°+ Vi (2f1)=Q%(f°), (34)
Of!+ Vi (0f)=Q°(f)+QN(f1), (3.5)
where the collision operators Q° and Q' are given by,
Q) = 2o (Eaac(L)-mor) i-on, 66
QU = A )

The coefficients &, and «,; are introduced in the formula (??) and (??), and the coeffi-
cients A({) and B({) are given by

AQQ)= /O Oomin(%,%)uﬂ £ (w)dw, (3.8)
) 0
B(g):/O min(é,%)uﬁaw <fu()zu)>dw (3.9)

The expression of coefficient B({) (see appendix A) can be simplified as

BQ) =3 [ P

The equation (3.4) represents the balance of the charge and involves the electron-electron
collision kernel C,,, whereas the equation (3.5) represents the balance of the momentum
and involves the electron-ion collision kernel C,;.

4 Entropic properties of the continuous model

Firstly we prove that the realizability domain is preserved by the continuous model (3.4,
3.5, 3.6, 3.7). Next the model is shown to satisfy a H theorem.



41 Introduction

From now, we chose a one dimensional direction of propagation. Therefore we take
1 €[—1,1] as the direction of propagation variable instead of (). In that case the formula
(2.6) writes

f=pexp(—ap), peRy,a€R, pe[-1,1], (4.1)

and the closure relation writes f2 = f%x. Next, we set

P =L

By using the expressions of (3.8, 3.9) into (3.6) leads to the following new expressions for

Q(f"), ie{1,2}.

= [ io@)exp(—a(g)p)en 42)

s / / 1 1 / ! !
Q) =: (¢ [ Ted) |F(@) 72: (PO - P@ e (@) a1

(4.3)
01y _ ooN/O/l 1 _rl 110//2/
Q) =2¢ (¢ [ Te) |P(@) 7o: (0~ P@ e (@) 2t
with
~ o 2. 11 ,
08 =2int (55 )2 44

4.2 Realizability domain

Firstly, introduce the realizability domain .A defined by

0 , ,
A= {F: < il ) €R?/3f:[~1,1] —R" such that Pl:<ylf(zx,y)>Vi:O,1} .

Remark 4.1. In the particular case of moments up to order 1, the realizability domain is
shown to be equal to B defined by

0
B:{p:(£1>em%W>o and EH<ﬂ}uﬂQm}

Proposition 4.1. the realizability domain A is conserved by the system (3.4, 3.5, 3.6, 3.7)
ie. if (£2(0,0),f1(0,0)) € A, then (f°(t,2),f1(t,0)) € A, Vt.

In order to achieve the proof of the proposition 4.1, we aim to prove the following
result.



Lemma 4.1. Let g be a solution to the problem

g
5 =Q(), (4.5)

with

2 ee
Q) =257 (a0 (£ ) -8, 0, 46)
where A(f°,0) and B(f°,7) are defined in (3.8, 3.9). Therefore if ¢(0) >0, then g(t) >0 Vt.
Proof of Lemma. 4.1. By setting G = ¢z and

A(Fo,g):/ooomin(é — )Wt F(w)dw and B(F°,¢ 3/ w?FO(w

equations (4.5, 4.6) leads to

Zocee

729,G = e (gz (F g)agc+1§(P0,g)G) . (4.7)

Let H be a convex positive function such as H' <0 and defined by

| —Cx ifx<0 i
H(x)—{ 0 x>0 ,CeER™.

By multiplying equation (4.7) by H'(G) and integrating over {, we get
° Zocee
| @an©e — [ 2o (A(.09:6) H (Gt
*© 2“66 0 /
+ /0 =0 (B(F,0)G) H'(G)dc. 4.8)

By using integration by parts on the first right-hand side term of (4.8) together with the
convexity of H implies the inequality

2 e /
[ e (A, 0)2:6(0)) B (G)dg <o

Moreover the second term of (4.8) can be simplified into

/00020;636(E(FOIOG>H’(G)d§ = /OOZDCEEH/(G)agG/ngFO(w)dwdg
+ / " e 1 (0) 2GRV .

By using an integration by part, we get

/O 2““%( B(F C)G)H’(G)dézfooozzxeeg”zc(—H(G)+H’(G)G)d§.
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Moreover, by construction of H, Vx, (—H(x)+H'(x)x)x=0. Therefore, (4.8) gives

/ %0:H(G)d7 <0,

After integrating the previous inequality, we get
| enGms [ EHG (=0
Jo

By using the definition of H, / G)d{=0. Then H(G) >0 a.e. and the positivity of G

is preserved. O

Let us now finish the proof of proposition 4.1:

Proof. By using lemma 4.1 with ¢= f?, the positivity of F? follows. For the sake of clarity,
let us denote g= f°+ f1. By adding equations (3.4, 3.5), it comes that

d 2x 20,;
BT (Paron (§)-ta(0s) -2 “9)
By proceeding as in the proof of lemma 4.1, we get
/wgzatH(G)dgg —/ %PlH’(G)dQ
0 0

Moreover, if FO+F! >0 then H'(G)=0. F’+F! <0, hence we get Fl<0and as H' <0, we
obtain finally

/ %, H(G)d <O0.

Therefore by arguing as previously, we get that the positivity of G is preserved.
By proceeding in the same way with g= f°— f! and g= f'+ f1, it comes that |F!| <F°. But
to end proof of the conservation of the realizability domain, it remains to show that the
last inequality is a strict inequality. Hence, we consider g = f°+ f! such that there exists
(to,Co) such that g(to,C0) =0. We have shown previously that g>0. So we get
2
g—g(to/&)) =0, %(fofgo) >0, g—f(to/&)) =0.

Therefore equation (4.9) can be simplified into

a0 (§)+ 200 (410

Since each term of the left-hand side of equation (4.10) is positive, it comes that f*=0. So
f1=0. This situation corresponds to (0,0) which belongs to the realizability domain. The
case ¢= f*— f! can be analogously treated. O
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4.3 H Theorem

The main result of this subsection is the following Theorem proving that (3.4, 3.5, 4.3) is
entropic.

Theorem 4.1. E=1In(p)f* —af' is an entropy for the system (3.4, 3.5, 4.3). More precisely, we
have

0:E+V-F<0,
where F is the entropic flux given by F=1In(p) f* —a f>.

Proof. Multiply equation (3.4) by In(p) and equation (3.5) by —a and add the two equali-
ties. In that case, the left-hand side is equal to d;E+4 V- F and it remains to prove that

| e [ Ca@@ i [ e a<o. @

By using the definition of Q'(f!), equation (2.8) and that a f; <0, it comes that
e 1/ 01
- [ a@e e <o.

+00
Next to prove that / In(0)Q%(f°)dZ <0, we use a Green formula in the expression of
0
[, In(p)Q°(£°)dg and we get

+o0 fO é’l l fO( ) fo( ) fo(g”’)
/0 a@[g/ < Iz g 9 ( 2 )— 1 g/a( o )>
(Z')%dz' | In(p)dg
:—/0+°°/0+°°]~(€’€/)(%Po(é’)aﬁo(é)—éFO(g)aCPO(g’)>a%p

1 1\2 /
g(é) dgdz’.

Next we compute %FO(C')BgFO(C) — %FO(C')BgFO(C). From (4.2), we get the relation

(4.12)

%)= [ @ ep(-a@uan- [ pea@pOexp(—a@pdn. @13

The expressions of F and 9, F° give

R@RR Q) -1 P 0P @)= [ [ p@ep(-a@up@)esp(-(@ )

<a§p(€) ,ua Q)— (g(fé?+€:ag’“(€/)>dﬂdﬂ/-

o7 7"
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Next by setting

K, ") =T(5,0) 22 %p() exp(—a()u)p(Z Y exp(—a(Z '), (4.15)
_9p(9) 1 _ 94(0)
5(7)= 0 T ) ==7 (4.16)
and by using equality (4.14) in (4.12) we get
0 0 07t aCP /
[T [TH 0o “)‘?F (@0 (@) 7 ded
400 p+to0
-/ /0 / 1 / K@) (08) —0(8")(2)dzdl dudy’

+/0+oo/0+oo/_11/_11K(€,€’,u,u’) (uB(=0)—'B(L")) 6(0)dgdl dudy’.

The transform ({,{’") — ({’,0) leads to

e 0 0 007\ 920 1> 1
[ T[T (@006 ()~ 5P (020 FO(£')) L dedg

:_E/OW /0+oo [ : [ K@) ( 5(2)—5(7))*dgdl dudy’  (4.17)
o0 oo rl 1
3 L K@) (B0 =i BE) (60)~5(E)) et

Next, for the remaining term

e w@ae= [ [ @)= 5 F (0P )
Bg_zx
¢

we proceed as previously. The expression of F! given in (4.2) leads to

(¢')?dgdc’,

F(0)= [ wcp@ep(~a@min- [ Poa@pQep(-a@dn.  @18)

Therefore by using expressions (4.13, 4.18), we get
0
ﬁd@’dg’

/OJroo/OwT(g’g/)ng/Z <F0(€/)%3€F1(€) (é’) g/a FO(C: )) g
:/()+00/()00/11/11 ZD;EEK(g,g/,‘M,y/) (5(@_ ¢ )) yﬁ(é’)dg”dé”dydy’
+/o+w/ow/_11 /_11K<€f€"%ﬂ’> (B '~ B(Q)p) B (2) ATAT dpdy'.
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Then by using again the transform (g,{’) +— (¢’,{) it comes that
Ml R S N T P P dgw
[ [Reoee (P -ro; :
+oo oo pl1 1
3 [T K@ ) (6@)=5()) ()~ BIE)) el et
+oo poo 1 1
LT K@) (@ —pw) e . 419)

Finally, we add the right-hand sides of (4.17) and (4.19) and by using the inequality

8ng0(€’)> agdz’

(0(D) =8N (BEQu—B( ) < %((5(@ —5(Z))*+(B@u—BECIH)?), (420

we obtain the non positivity of (4.11) and the theorem follows. O

5 Semi-discretization of the problem

In this section we propose an energy discretization such that the Landau form and the
Rozenbluth form of the discretized operators are the same (see Remark 5.1). The key
point of the scheme construction is the approximation of F’ and F! on the dual mesh
through an entropic average. .

5.1 Introduction

Let us define the primal mesh M, for the velocity variable {, decomposed into a family
of rectangles M, 1 =|Ci—1,Ci[, Vi€ [1,m], where {; =iA{; and m €N the number of points
which discretize the energy domain. A{; represents the step of discretization which can
be variable. We denote by D its associated dual mesh consisting of cells D; =|C i1 e +1 [
where §; 1= (i—2)AC;. Let h; be an approximation of 1({;) for all distribution function

and h; 1 an approximation of 1({;, ! ). For the sake of clarity, we define
k
=19 k=01 1)
&
The aim of this section is to propose an entropic discretization of (3.4, 3.5, 3.6, 3.7)
afl=0Q7,
(5.2)
Aifi=Qi,

where the operators QY and Q] are respectively the discrete forms of Q°(f°) and Q°(f!)+
Q'(f!) defined in (4.3). The expressions of QY and Q! are given in (5.3, 5.4).
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Definition 5.1. The collision operators QY and Q! involved in (5.2) are respectively given

by

G, —-GY |
i+ zf—
Q?:TI
1
(5.3
1
Q1:G1+z Gz—%_Z[Xei 1
' AZi I
with
) - -
1 FO . —F0 1 FY —F?
0 i+1 i 0 J+ ] 12
z+1 gWZJ Giiy) Fj+%§,-+1 AGiys €;+1Fi+% AG RO
L 2 -
] ] (5.4)
- 1 FL,—F' 1 F),—F)
Gl =0 1Y J(G 1,00 0) | F L VoL L2 A,
= hg LI Gy i |y ey g, e, | S
where
rk fiv1 () = fi()
= /ke 0,‘1 P 1 = ’ 55
s G kO S 0= S me

~ 20 1 1
/ ee . 2 12
](gi+%’gj+%) 3 f<€3 7B ) i+1%5+3

l+2 ]+2

Remark 5.1. One important point is the following. When f is isotropic, the collision
operator Q°(f) can be written with its Landau form

(e e () ()

or in its Rosenbluth form as

o (¢ [TTeerr@r@) (em (L) e (LE1))).

These relations are of course equivalent for the continuous model, but not always for
the discrete one. This problem has already been first considered in ( [7,17]) by using an
entropic average (see extensions in [6,15,16]). In the present paper, the entropic average
is taken on the underlying distribution function.
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5.2 Realizability domain

Proposition 5.1. The realizability domain is conserved with respect to time by the semi-
discretized problem (5.1, 5.2, 5.3, 5.4).

Proof. Let F¥ such as F?(0) >0 for any i. Hence there is 7>0, s.t. F?(t) >0 for any ¢ € [0, 7]
and any i. Suppose that there exist iy such that Fl% (T)=0and assume that ij is the smallest
index i s.t. F?(7) =0. By computing the time evolution of f? in {;,, we get

9 O(T) _ i ' Fi?ﬁ»l(r)_Fz%(T)_A. Fi(())(T)_Fi(())fl(T)
i A7\ Ciots AL io—1 AT
1 0 0
- A_g(Bi0+%Fio+%(T)_Bio_%FiO*%(TD' (5.6)
where
_\"7 0
Ay =Ly G ) (0G5
and
o (t)—F%(1)
o s j+1 ]
Bj0+%_gj0+%21(€i0+%1g;+%) Aé’/ ) Ag]/-l,-%
] J+3

From the definition of Fl%, if Pl% — 0, then fj; — 0. So from (5.5), it holds that f; 1< fio-
Hence F; . 1= 0. Therefore, (5.6) can be rewritten as

1
%)= 577 (Ai Fonn (D441 F)a (D) (57)

As A io+1 >0and A -1 >0, equation (5.7) gives d; f;, () >0. FY satisfy for At small enough
F) (1—At)=F) (1) = At F) (1) + O(Af) = — At Fy (1) + O(AF),
because F{ (1) =0. If we consider that 9; f;,(7) >0, we get F) (7 —At) <0 for small At.
Therefore we have
1 0 0
A2 <A10+%Pi0+1(r)+Ai0_z iofl(T)) =0.
If A, ,1=00r A, 1 =0, the definition of A, .1 gives Vi PP(T) =0. In the other case, we
0tz 0—2 0T 3
get Fi +1(7) =Fj,—1(7) =0. By induction on i we still obtain that Vi F;(7) =0. Therefore by

using the Cauchy-Lipschitz theorem to the Cauchy problem (5.7) with the initial condi-
tions Vi, F;(1) =0, we get that F;(t) =0, Vi,V > 1.
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If for any i F;(0) =0, then F;(t) =0 is a global solution. Finally consider the case where
F;,(0)=0and F;,41(0) >0. If there is 7>0 s.t. F;,>0on ]0,7], we are in the same situation as
the first one. If F;, <0 on ]0,7], we have for At small enough, F;,(At) =9;F;,(0) At+O(At?).
Then 9;F;,(0) <0. As 9;F;,(0) <0, is impossible because of equation (5.7), 9;F;,(0) =0.
But this situation leads to F;,11(0) =0 which contradicts our assumption. The case where
d¢Fj,—1(0) <0 and 0;F;,(0) =0 being treated analogously, the positivity of the initial con-
dition is preserved for f°.

By arguing like for the continuous model we conclude that the realizability domain is
preserved. O

5.3 Boundary conditions

We have shown in the previous subsection that the semi-discretized model (5.1, 5.2,
5.3, 5.4) conserves the realizability domain. So we have to choose boundary conditions
adapted to the conservation of the realizability domain.

Consider here the space homogeneous system. The conservation laws for electron-electron
collision operator (3.4) read in spherical coordinates

1

[} QQ 5 B
/52 | Catrif) 2 |[aoga=orzo. (5.8)

2

Therefore, the conservations of mass, momentum and energy write
o] ]_ o]
| Q) < z ) Zag=0 and [ Q(f)tdc=o0,
0 5 0

which can be rewritten in discretized form as

(o] 1 (o]

2 Q" () ( 5 >§}2A€f=0 and ) Q"(f])¢;AL;=0.

j=0 2 j=0
After integrating over (; the first equation of (5.2), mass conservation imposes the bound-

ary condition G° ; =0.
2
After multiplying by {; and integrating over {; the second equation of (5.2), we obtain

o OF =
]

L5500 LHAG = Oy

]: ]:

However, to satisfy the proof of Proposition 4.1 on the realizability domain, we must
have same conditions on G” and G!. So we use an approximation for f?, i.e. we take
Gl_ ; =0. Of course, we lost momentum conservation but this conservation is not satisfied

by ’ihe operator C,; and so by Cee+C,;.
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5.4 Entropic property of the scheme
Theorem 5.1. For G defined in formula (5.4),
» G?+1 —G, G11+ —Gi, 20, 4
E=) (filn(f)—fi){i= Z#AQ In(p;) —Z#Aéﬂkﬁ - %ifi (5.9)
i i i i i i
is an entropy for the system (5.2, 5.3, 5.4).
Proof. Firstly the third term defining E in (5.9) satisfies

Ci
Next the first term in (5.9) can be rewritten
0 0
ZMAQH‘ (0))= ZGO ;In <p’+1> (5.10)
AG; P

i 1

By using the discrete form of the collision operator electron-electron G°(f?) given by
(5.4), the right-hand side of (5.10) reads

gﬁ%Ag{+%. (5.11)

N 1 FO —F0 1 F —F) .
_Zgi+l](€i+l/€{+l) F'O_,_l L - = 7 Flg_l ]+1/ : 1n<@>
i 2 27772 J z€i+% AC:H»% g]+% 2 Ag]+% Qi
By using the expression of F; 1, we obtain

GO

-G,
Z%Aglnpl Z// G100 TR

n( L finw)—fiw) 1 fin()—fi()
fi+%(y)fj+%(y)(gi+% ﬁ+%(ﬂ/)A€i+% g]/+% f]‘+ ( )A€Z+1 )

1 (In(pi+1) —In(p;)) , ,
gz’—i—% AC:H_% A§i+% A€j+% dudy’.

According to the definition of f] +1 given in (5.5), we get

GV, —-GY
Z%Aglln Pz 2/ / z+; ]+1 + (‘u)fﬁr%(,ul)

( 1 In(fir)) () —In(fi) (@) 1 In(fr)(p) — ln(fj)(ﬂ’))
4

/ /
i+3 Ag;, 3 j+1 AT

(in(pis)~In(@) 2 o
€i+%Agi+% RACAR:

]+2

A§+1A§+1 dudy’.
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Next it remains to study the term

Gl _Gl

i+ 1 1
;#Aglal ;Gi+%(ai+l_ai)'

(5.12)

By using the discretized form of the collision operator Q°(f!) given by (5.4), the right-

hand side of (5.12) can be expressed as

1 Fy-F 1, Fu-F
FO i+1 i Fl ] ] . {2 A /
Z%;f CieyGiry) By 2Civy Al G i+ AL (@i —wi)Gi 1 A

The definitions of Fi0+ ; and Fl.1+ ; lead to
Gl ,-G!,
o ] Iy I ARV
(1n(fi+1)( p)—In(fi)(#) 1 (fj+1)(ﬂ’)—1n(fj)(ﬂ’))

!/ !/
AliryGivy QUL

1 Wip 1 — &l AgH%Aé;Jr;dﬂdP‘/'
2

Agi+% gz’+% A€i+%
Hence by using that In(f;) =In(p;) —a;p, we obtain

G0, -G, G!,,-G',

Z%Aamm) Z%Aam

:_Z/ / +1/ j+%(ﬂ/)f+ 1 (p >512+1
1 In(fis) () =In(f) () 1 In(fia) (') —In(f;) (')
gi+% A€i+% €;+% Agpr%

1 In(fis1) () =In(fi) ()
€i+% Agl”r%

A§i+%A§;+%dydy'.

. (5.13)
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By exchanging the indexes i and j and by using the symmetry of |, we get

G?+ G?— 1 Gzl+ o Gzl
2 2 _ 2 z
Z AZ; AZiIn(p;) ; A, Al

:__z | T2 ) 00 08,20

2
L () ()= 1 IEDE G g
i+37 V3 '

gH— % A€j+ % g/ 1 Agl 1

6 Numerical tests

Now, we turn considering numerical applications to illustrate the properties of the pre-
vious method. For this numerical application, we chose a one dimensional direction of
propagation. Therefore we take y€[—1,1] as the direction of propagation variable instead
of (). Two main numerical test cases are presented in this section.

The first one, developed in the two first subsections, is devoted to the the full discrete
model

1/ oNt1 0N 0
ap M=) =at,

é <fi1,N+1 _fil,N) _ 11,

where the operators QY and Q! are defined in (5.3). The scaling used here gives time
steps At of the same order of the electron-ion collision time.

(6.1)

In the first subsection we consider the convergence from an uncentered Maxwellian to
a centered one. Next the second test case illustrates the convergence from a bi-Maxwellian
distribution function to a centered one.
The second aspect concerns the good working and the accuracy of the method completed
with the transport part in one space dimension. We illustrate in the third subsection the
propagation of an electron beam in vacuum which converges to a steady state.

6.1 Convergence to the steady state with an uncentered Maxwellian

This test case is devoted to study the evolution of an uncentered distribution function to
the steady state thanks to the collision effects.
The initial distribution function f is a Maxwellian distribution function centered around
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{4=2 with a density n=1m"3 and a temperature T =1KeV. More precisely f is defined
by

ft=00)= (12) e (£,

The energy domain is discretized with 64 points and the length of the energy space is
denoted by {max =8 (for the 4 thermal velocity). We choose a time step satisfying the CFL
condition. The scaling used here gives time steps of the order of the electron-ion collision
time. The numerical results are computed at time t =100. For the validation procedure,
the numerical results are compared with the exact solution, i.e. the centered Maxwellian
distribution with the same mass and energy than f(t=0,().

The boundary conditions for the energy domain satisfy also naturally the positivity con-
straints of f* and the conservation of the mass, i.e. at the left boundary %, = f0 and

f 11 =~ (} :
6.1.1 Anisotropic case

In this subsection, an anisotropic initial function is chosen such as
FO(t=0,g) =exp(—({—-2)*),

FO(t=0,0)

Fl(t=0,0) = 3

Figures 2 (a) and 2 (b) show the conservation of mass and energy in time which is consis-
tent with the conservation laws given in subsection 3.1. Numerically the conservation is
not perfect, because we considered a finite energy domain. Therefore the most energetic
particles leave the domain during the simulation. Moreover, the evolution of the entropy
induced by the scheme is decreasing in time (2 (c)) as shown by Theorem 4.1.

From figures 3 (1) and 3 (b) the realizability domain is still preserved during the
simulation. Moreover the isotropic part F* converges to a centered Maxwellian. This fact
can be explained by the electron-electron collision operator effect whereas the anisotropic
part F! converges to null state because of the electron-ion collision operator effect. From
figure 3 (c), the scheme has converged quickly from t =80. Figure 3 (d) represents the
evolution of the distribution function F with y =1, reconstructed from its isotropic part
FY and its anisotropic part F!. We remark that the distribution function F converges to a
centered Maxwellian.

In order to compare the M; model with the P; model ( [23]), consider the initial data
F'(t=0,0)=F°(t=0,7) /2 instead of F!(t=0,{) =F°(t=0,{) /3. Figure (4) shows that the
M; model preserves realizability domain whereas the P; model does not conserve the
realizability domain from first iterations.
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Figure 2:  Evolution of mass (a), energy (b) and entropy (in log scale) (c) in the case of {max =8 with 64 points for
anisotropic initial data.
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Now to evaluate the computational time of the M; model, we compare M; results
with results obtained with the kinetic code KETS ( [20, 21]) described in introduction.
For the simulation with the kinetic model, each component of the velocity domain is dis-
cretized with 16 points. The numerical test is performed with vy max = Uy,max = Uz,max = 8-
M; model runs during 305s whereas the CPU time describing KETS simulation is about
8717s. Therefore, M simulation runs 28 times faster than the KETS one.

We have also checked for the isotropic case, i.e. F}(t=0,{) =0, that the conservation
laws are preserved. Indeed, we observe that mass and energy are conserved. Besides,
the evolution of the entropy induced by the scheme is decreasing in time. Moreover, by
plotting the evolution moments FY and F!, we observe that F! (t,¢) remains equal to 0
and the isotropic part FO(t,{) converges to the same centered Maxwellian than for the
anisotropic case. Notice that the scheme has converged quickly from t =40. We remark
also that the distribution function F (defined with F°(t,{) and F'(,{)) converges to a
centered Maxwellian distribution which is close to the exact equilibrium state with an L2
relative error about 10~%. This enhances the good accuracy of the scheme.

6.2 Convergence to the steady state with a bi-Maxwellian distribution func-
tion

The initial data is now a bi-Maxwellian distribution function i.e. a sum of two Maxwellian
functions with a density n=1 m~3 and T=1KeV. The first one is centered around ;; =2
and the second one around ;, =6. So the bi-Maxwellian function is defined as

001~ (2" (o (5522 o)),

B _ F9(t=0,0)
Fl(1=0,0)=——5—>

(6.2)

For this test case, the energy domain is discretized with 64 points. The numerical
test is performed with {max =20 which represents the length of the energy space. The
scaling used here gives time steps to be of the order of the electron-ion collision time as
previously. We choose the time step in order to satisfy the CFL condition and the results
are computed at time f =100. The boundary conditions for the energy domain satisfies
also naturally the positivity constraints of F° and the conservation of the mass, i.e. at the
left boundary P91 = Fg and Pll = —Fol.

Figures 5 (a) and 5 (b) show the mass and the energy conservation in time. The
evolution of the entropy induced by the scheme is still decreasing in time as shown by
Theorem 4.1.

Figures 6 (a) and 6 (b) confirm that the realizability domain is preserved. Moreover
the isotropic part F? converges to a centered Maxwellian whereas the anisotropic part F!
converges to null state. As shown on figure 6 (c), the scheme has converged quickly from
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t=200. Figure 6 (d) shows the evolution of the distribution function F with y =1 toward
a centered Maxwellian distribution function.

In order to test the robustness of our scheme for the conservation of the realizability
domain we consider initial conditions close to the boundary of the realizability domain

F(t=0,0) = (%)3/2 <exp (—W) +exp <—@%@2)2> > ,

L 9F%(t=0,0)
Fl(t—O,C)_T.

(6.3)

Figure 7 (a) shows that the realizability domain is still preserved by the numerical
scheme. Moreover, from 7 (b), we observe that the approched solution relaxes toward
the correct asymptotic steady state.

6.3 Evolution of an electron beam

Electron transport is an important process in plasma physics which impacts on many
areas including laser-plasma. That is why now we turn considering the full discrete
model including transport part and collision part to illustrate the good behavior and
the accuracy of the method on a one space dimension domain. To discretize the transport
equation, we use a Finite Volume method coming from the HLL method introduced by
Harten and al. ( [24]). The full discrete model can be written such as
(=) v (R =AY ) =,

1

1 1,N+1 1,N 1 N N _ N1
R A RS GRS AR R

where F, G are HLL flux and the operators Q? and Q} are defined in (5.3).

This test case consists to study the convergence of an electron beam, whose atomic mass
is Z =10, in the vacuum to a steady state. The initial distribution function in the one
dimension space domain is null. The boundary condition on the right side is a Dirichlet
condition chosen in order to satisfy realizability domain and to create an electron beam

Fo = (%) %exp (—%) andF!, = %.

For this test case, the energy domain is discretized with 64 points and the space domain
is discretized with 100 points. The numerical test is performed with {max =8 and xmax =5.
The scaling used here gives time steps to be of the order of the electron-ion collision time.
We choose a time step satisfying the CFL condition. The numerical results are computed
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at time t =100.

Figures 9 (a) —(f) show the evolution of the electron beam at different time steps. After
few iterations, at time t=0.015, the electron beam spreads through the space domain (fig-
ures 9 (a) and 9 (b)). Then at time +=0.15, figures 9 (c) and 9 (d) show that the isotropic
part F° begins to relax to a Maxwell function centered around { =0 while the anisotropic
part F! is close to 0 at the end of the space domain. At the end of the computation, at time
t=300, the isotropic part has converged to a Maxwellian function centered around 0. This
Maxwellian is not uniform in space (figure 8). This phenomenon can be explained by the
fact that the electron beam is still injected at the beginning of the space domain. Concern-
ing the anisotropic part, F! is null except at the beginning of the space domain (8) for the
same reason as for the isotropic part. The results obtained transcribe the convergence to
the steady state due to the collision operators. Notice also that the realizability domain is
still preserved in time.

In order to compare the entropic and the arithmetic averages, we consider the test
case of the electron beam, with a less refined mesh. We take 16 points in the velocity

variable for {max =8 and 30 points in the space variable. Figure 10 represents the absolute
_h
is preserved when the entropic avcoerage is considered whereas it is not conserved for the
arithmetic average.

To evaluate the good behavior and the accuracy of the M; model, we compare M; results
with results obtained with the kinetic code called KETS ( [20,21]) described in introduc-
tion. For the simulation with the kinetic model, each component of the velocity domain
is discretized with 16 points and the space domain is discretized with 100 points. The nu-
merical test is performed with Uy max = Vy,max = Vz,max =8 and xmax =5. We choose a time
step satisfying the CFL condition. The numerical results are computed at time t = 100.
Figure 11 represents the mass with respect to the space domain computed with the M;
model and with the KETS code. We observe that the two masses obtained with the two
codes lead to constant distribution function at the end of the space computation domain.
This fact is explained by the convergence of the distribution function toward a centered
Maxwellian. Moreover it can be shown that the M; model creates a boundary layer of
length % That is why the two results are different on [0, %] On the remaining area, results
are observed to be close. Moreover it has not been possible to compute the KETS code
for a more refined mesh because of time computing.

value of the anisotropy factor a at time 40.4. We observe that the realizability domain

7 Conclusion

We have developed a new model for electron transport in plasma taking into account the
collisions between electrons and between electrons and ions. Its construction is essen-
tially based on an entropy minimization principle and an integration of the kinetic model
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w.r.t the angle variable of the microscopic velocity. Next an entropic semi-discretization
in energy of the model based on an entropic average is proposed. Finally numerical sim-
ulation in the context of the full discretized model are performed. The results are in a
very good agreement with the properties proved on the semi-discrete model and results
obtained with kinetic model.

Several extension and application of this work can be considered. For instance, the gen-
eralization of the present results to a N moments model is postponed to a future paper.
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A Computation of the B coefficient

The coefficient B (3.9) can be computed as
O(w

- §>d+/<>
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Figure 8: Description of moment FO (a) and F* (b) with respect to the energy { at time t=100 for x=0, x=0.5 and
x=>5 in the case of {max =8 with 64 points and xXmax =5 with 100 points for electron beam data.
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Figure 9:  Description of moments FO and F! with respect to the energy { at time t=0.015 (a) and (b), at time

t=0.15 (c) and (d) and at time t =100 (e) and (f) in the case of {max =8 with 64 points and Xmax =5 with 100
points for electron beam data.
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Figure 10:  Computation of |a|, a= f1/ fo at time 40.4 with the arithmetic average (a) and the entropic average (b)
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Figure 11: Description of the mass p in space domain at final time obtained with the My model and KETS model in
the case of {max =8 with 64 points and xmax =5 with 100 points for electron beam data.



