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Dichotomy results for norm estimates in
operator semigroups

[. Chalendar? J. Esterle! and J.R. Partington?

Dedicated to Charles Batty on the occasion of his sixtieth birthday.

In line with an Oxford tradition,
Charles Batty was sent on a mission:
to instruct all the troops
m Cy semigroups -

this indeed was a brilliant decision!

1 Introduction

We recall that a one-parameter family (7(f))o<;<co in @ Banach algebra (often
itself simply the algebra of bounded linear operators on a Banach space X)

is a semigroup if
T(s+t)=T(s)T(t) for all t,s > 0.

We shall be concerned here with semigroups that are strongly continuous on

(0, 00), but not necessarily continuous at the origin. An important example
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here is the semigroup T'(¢) :  + z' in the algebra Cy([0,1]) of continuous
functions on [0, 1] vanishing at the origin.

Later, we consider semigroups defined on a sector in the complex plane, in
which case they will be assumed to be analytic: that is, complex-differentiable

in the norm topology.

The results in this survey indicate that the quantitative behaviour of the
semigroup at the origin provides additional qualitative information, such as

uniform continuity or analyticity. Here are a few examples.

We recall the classical 0-1 law, asserting that if lim sup, o+ [|T(¢)—1|| < 1,
then in fact | 7°(t)—I|| — 0 and hence the semigroup is uniformly continuous,
and of the form e for some bounded operator A. To see this, set L =

limsup,_,o+ ||T'(t) — I]|. Since
20T(t) —I)=T(2t) — I — (T(t) —1)?,

we have 2L < L + L? and thus L =0or L > 1.

Another result involving the asymptotic behaviour at 0 and providing a
uniformly continuous semigroup is the following, proved in 1950 by Hille [12]
(see also [13, Thm. 10.3.6]). This result is usually stated for n = 1, but

Hille’s argument works for any positive integer.

Theorem 1.1 Let (T(t));~0 be a n-times continuously differentiable semi-
group over the positive reals. If limsup, o [t"T™(t)|| < (2)", then the

generator of the semigroup is bounded.

In the direction of analyticity, a classical result of Beurling [3] (see also
[11]) is the following;:

Theorem 1.2 A Cy-semigroup (T'(t))o<i<co 0N a complex Banach space X



1s holomorphic if and only if there exists a polynomial p such that

lim sup [|p(T(£))[| < sup{[p(z) : |2 < 1}. (1)

t—0t

Kato [15] and Neuberger [18] proved the sufficiency of (1) with p(z) =
z — 1, and sup |p(z)| = 2, providing a 0-2 law for analyticity. In general the
converse is not true with p(z) = z — 1, although it holds if X is uniformly

convex and the semigroup is contractive [19].

The more recent results considered in this survey concern estimates of the
norm or spectral radius of quantities such as T'(t) — T'((n + 1)t) as t tends to
0. These are often formulated as dichotomy results, such as the zero—quarter

law (the case n = 1 in the following theorem).

Theorem 1.3 ([10, 17]) Let n > 1 be an integer, and let (T'(t))i~o0 be a
semigroup in a Banach algebra. If

n
limsup ||T(t) = T((n+ 1)t)|| < —————F—,
msup [T(8) ~ T((n + V)| < (v

then either T(t) = 0 for t > 0 or else the closed subalgebra generated by
(T'(t))e>0 is unital, and the semigroup has a bounded generator A: that is,

T(t) = exp(tA) fort > 0.

Another result that we mention here concerns the link between the norm
and spectral radius p, and was motivated also by the Esterle-Katznelson—
Tzafriri results on estimates for | 7" — T ||, where T is a power-bounded
operator (see [8, 16]). We have rewritten it in the notation of differentiable
groups (T(t)) = ('), which may be defined for ¢ € C if A is bounded; note
that T'(t) = AT(t).

Theorem 1.4 ([14]) Let A be an operator on a Banach space, and let (T'(t))
be the group given by T(t) = et. Then each of the following conditions
implies that p(A) = || A]|.



(1) sup,o t[T'(H)[| < 1/e;

(i) sup;o [|T(t) — T((s + 1)t)|| < s(s+ 1)"U+Y9) for some s > 0;

(i1) sup;so [|T((s + i)t) — T((s — i)t)|| < 2e~sactan(l/s) /\/T + 52 for some
s > 0.

The third condition of Theorem 1.4 is linked to the Bonsall-Crabb proof
of Sinclair’s spectral radius formula for Hermitian elements of a Banach al-

gebra, given in [4].

In Sections 2 and 3 we review the existing literature on dichotomy laws
for semigroups, first for semigroups on R, and then for analytic semigroups
defined on a sector in the complex plane; our main sources here are [1] and
[5]. Then in Section 4 we present some very recent generalizations of these
results, formulated in the language of functional calculus: this discussion is
based on [6] and [7].

2 Semigroups on R

We begin with a result on quasinilpotent semigroups.

Theorem 2.1 ([9]) Let (T'(t))i=0 be a Co-semigroup of bounded quasinilpo-
tent linear operators on a Banach space X. Then there exists 6 > 0 such
that

|T(t) —T(s)|]| > 0(s/t) for 0<t<s<§,

where

_ . t/(s—t) o8/(t—s) _ t s
O(s/t) = (s —t)t s Orgjgcl(:n x®).

In particular, for all v > 0, there exists 6 > 0 such that

gl

I7(t) = T((y + DH)I| > (v + 1)+

for all0 <t <.



This is a sharp result, in the sense that given € : (0,1) — (0,00) non-
decreasing, there exists a nontrivial quasinilpotent semigroup (7;(¢));>0 on a

Hilbert space such that:
[Te(t) — Te(s)l| < 0(s/t) + (s — t)e(s).

It is a quantitative formulation of an intuitive fact: T'(t) cannot be uni-
formly too close to T'(s) for s # t, with s,¢ small when the generator is

unbounded.

The following result is a strengthening of Theorem 2.3 of [10]. Note that
Rad A denotes the radical of the algebra A.

Theorem 2.2 ([1]) Let (T(t))i>0 be a non-quasinilpotent semigroup in a
Banach algebra, let A be the closed subalgebra generated by (T(t))i=o, and let
v > 0 be a real number. If

/Y

p(T(t) =Tty + 1) < ——=
(v+1)7

for 0 <t <ty, for somety > 0, then A/ Rad(A) is unital, and there exist an
idempotent J in A, an element u of JA and a mapping r : R, — Rad(JA),
with the following properties:

(i) o(J) =1 for all p € A;
(ii) r(s +1t) =r(s) +r(t) for all s,t € Ry;
k
(iii) JT(t) = e ® fort € Ry, where e¥ = J + Z % forve JA;

k>1
() (T'(t) — JT(t))tcr, is a quasinilpotent semigroup.

If A is semi-simple (that is, Rad(.A) = {0}), then the conclusion is much

more straightforward.



Corollary 2.3 ([1]) Let (T'(t))icr, be a non-trivial semigroup in a commu-
tative semi-simple Banach algebra, let A be the closed subalgebra generated

by (T'(t))ier, and let v > 0. If
y
p(T(t) =T((y+ 1t) < ————1
(y+1)""

or 0 <t <ty for somety >0, then A is unital and there exists an element
f f

u € A such that T'(t) = e™ fort € R,.

The following theorem needs no hypothesis on A, but requires stronger

estimates, based on the norm rather than the spectral radius.

Theorem 2.4 ([1]) Let (T'(t))i>0 be a non-trivial semigroup in a Banach
algebra, let A be the closed subalgebra generated by (T'(t))i=o and let n > 1
be an integer. If there exists to > 0 such that

n
(n+ 1)1+%
for 0 <t < tg, then A possesses a unit J, tl_i>%1+ T(t) = J and there exists
u € A such that T(t) = €™ for all t > 0.

(T () = T(t(n + 1)) <

If (T(t)s=0 is a quasinilpotent semigroup, then the condition

n

IT(t) = T((n + )1 < (n+ 1)I+/n

for 0 <t <t
implies that T(t) = 0.
The sharpness of the above result is shown by the following example.

Example 2.5 Let G be an additive subgroup of R, measurable, with G # R.
Then given (Yn)n in RT such that tvy, € G for allt € G,t > 0, there exists a

nontrivial semigroup (S(t))iec.i>o0 in co such that

Tn
15() = S(t(wm + D) < R

forallt € G, t>0.



3 Sectorial semigroups

In this section we discuss the behaviour of analytic semigroups defined on a
sector
Sa = {2z € C:Re(z) >0 and |arg(z)| < a}.

with 0 < a < 7/2. We begin with the case « = 7/2 and S, = C,.

Theorem 3.1 ([1]) Let (T'(t)icc, be an analytic non-quasinilpotent semi-
group in a Banach algebra. Let A be the closed subalgebra generated by
(T(t))iec, and let v > 0. If there exists to > 0 such that

sup p(T(t)—T(y+1)t)) <2

teCy,[t|<to
then A/ Rad A is unital, and the generator of (m(T'(t))i=o is bounded, where
m: A— A/Rad A denotes the canonical surjection.

A semigroup T'(t) defined over the positive reals or on a sector is said
to be exponentially bounded if there exists ¢; > 0 and ¢, € R such that
|T(t)|| < cre2l! for every t. Beurling [3], in his work described in the in-
troduction, showed that there exists a universal constant k such that every
exponentially bounded weakly measurable semigroup (7(t));~o of bounded
operators satisfying

limsup [|[I =T (t)]|=p <2

t—0t

admits an exponentially bounded analytic extension to a sector S, with o >

k(2 — p)?. From this one easily obtains the following result.

Theorem 3.2 ([1]) Let (T'(t))icc, be an analytic semigroup of bounded op-
erators on a Banach space X. If the generator of the semigroup is unbounded,
then we have, for —5 < a < 7,

5 — lof

limsup ||[I = T(t)|| > 2 —

M)
t—0t k

where k is Beurling’s universal constant.
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We now consider similar results on smaller sectors than the half-plane,

and in fact the result we prove will be stated in a far more general context.

Theorem 3.3 ([1]) Let 0 < a < w/2 and let [ be an entire function with
f(0) =0 and f(R) C R, such that

sup |f(z)] —0 as T — 00, (2)
Rez>r

and f is a linear combination of functions of the form z™exp(—zw) for
m=0,1,2,... and w > 0. Let (T(t))ies, = (exp(—tA))ies, be an analytic
non-quasinilpotent semigroup in a Banach algebra and let A be the subalgebra
generated by (T'(t))ies,, - If there exists to > 0 such that

sup  p(f(tA)) < k(Sa),

teSa,lt|<to

with k(S.) = sup,eg, |f(2)], then A/Rad A is unital and the generator of
7(T(t))ies. is bounded, where 7 : A — A/Rad(A) denotes the canonical

surjection.

Note that f(tA) is well-defined by means of 7'(t) and its derivatives.

Suitable choices of f(z) are linear combinations of z™exp(—z), m =
1,2,3,..., and exp(—z) —exp(—(y+1)z); also real linear combinations of the
form >, a exp(—byz) with b, > 0 and > _;_, a; = 0. This provides results
analogous to those of [14, Thm. 4.12], where the behaviour of expressions
such as |[tAexp(—tA)|| and || exp(—tA) — exp(—stA)|| was considered for all
t>0.

Remark 3.4 Another function considered in [14] is f(z) = e”**sin z, where
we now require s > tana for f(tA) to be well-defined fort € S,. This does
not satisfy the condition (2), but we note that it holds for z € Sy, while for
2z & S, there exists a constant C' > 0 such that for each z with Re z > C there
exists X € (0,1) such that |f(Az)| > sup,cg, |f(2)|. Using this observation,
it 1s not difficult to adapt the proof of Theorem 3.3 to this case.

8



As before, the sharpness of the constants can be shown by considering
examples in Cy([0, 1]).

One particular case of the above is used in the estimates considered by
Bendaoud, Esterle and Mokhtari [2, 10].

Corollary 3.5 Let v > 0 and 0 < a < w/2. Let (T(t))tes, be an analytic
non-quasinilpotent semigroup in a Banach algebra and let A be the subalgebra
generated by (T(t))ies, - If there exists to > 0 such that

sup  p(T(t) = T(t(y+1))) < k(Sa),
tE€Sa,|t|I<to
with k(S,) = sup,cg, |exp(—t)—exp(—(y+1)t)|, then A/ Rad A is unital and
the generator of w(T(t))ies, is bounded, where w : A — A/ Rad(A) denotes

the canonical surjection.

Now set f,(z) = z"e™*, and set k,(a) = max,cg, fn(z). An immediate
computation shows that k, (o) = (#S(QJ .

If A is the generator of a semigroup (7'(t)):cs, analytic on S,, we have
fn(tA) = t"T™(t). So the following result means that if

sup (A < kn(a)

t€S.,0<|t|<d

for some 0 > 0, then the generator of the semigroup is bounded.

The following result may be deduced from Hille’s result, Theorem 1.1.

Theorem 3.6 ([1]) Letn > 1 be an integer, let a € (0,7/2) and let (T'(t))ies.,

n

be a semigroup analytic on S,. If SUpseg, o<jt<s 1t T™) (1)|| < ( " ) for

ecos(a)

some 6 > 0, then the closed algebra generated by the semigroup is unital, and

the generator of the semigroup is bounded.

The remainder of this section is devoted to quasinilpotent semigroups.

We begin with the following observation.



Remark 3.7 Analytic semigroups bounded near the origin can be extended

to the closed sector. Assume that there exists r > 0 such that

sup  ||T(t)]| < 4o0.
teD(0,r)NSq
Then ].imtt—gw T(t)x exists for every x € X and every w € 0S,. Moreover if
ESa

we set
T(w) = lim T'(t)x,

t—w
tESq

then (T(t)),c5: is a semigroup of bounded operators which is continuous with
respect to the strong operator topology. For we have hmfg?ﬁ T(t)T (to)r =
T(to)x for every ty > 0 and every x € X. Now the result follows immediately
from the fact that | J,., T'(t)X is dense in X, given that sup,cpo.ns. IT(1)] <
+00.

The next lemma demonstrates that nontrivial quasinilpotent analytic
semigroups cannot be bounded on the right half-plane. In fact, more is

true.

Lemma 3.8 ([5]) Let (T(t))ret=0 be a quasinilpotent analytic semigroup of
bounded operators on a Banach space X. Suppose that there exists r > 0
such that

sup |7 (t)[| < +oo0,
teD+(0,r)

and define T(iy) for y € R by Remark 3.7. If

/°° log" || T (iy)l|

Tt dy < 400,

then T'(t) =0 for Ret > 0.

We are now in a position to give estimates for semigroups on the imagi-

nary axis.
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Theorem 3.9 ([5]) Let (T'(t))ret=0 be a nonzero quasinilpotent analytic semi-

group satisfying the conditions of Remark 3.7, and let s > 0. Then
max (p(T'(iy) — T(iy +is)), p(T(—iy) — T(—iy — is))) = 2,
for every y > 0.

Corollary 3.10 ([5]) Let (T'(t))ret>0 be a quasinilpotent analytic semigroup
such that

sup e M| T (6 + iy)|| < +oo
yeR

for some & > 0 and some p > 0, and let v > 0. Then

sup [|T(t) = T((L+ 7)) = 2,

teD+(0,r)

for every r > 0.

4 Lower estimates for functional calculus

In this section we summarise some very recent results from [6] and [7], which

provide a far-reaching generalization of earlier work.

4.1 Semigroups on R

4.1.1 The quasinilpotent case

Recall that if (7'(¢));~0 is a uniformly bounded strongly continuous semigroup
with generator A, then

(A+ X7t = —/ ANT(t) dt,

0
for all A\ € C with Re A < 0. Here the integral is taken in the sense of Bochner
with respect to the strong operator topology.
If, in addition, (7'(t));~0 is quasinilpotent, then
(A+ Nt = —/ AT (t) dt,

0

11



for all A € C.
Similarly, if u € M.(0, 00) with Laplace transform

P(9)i=Lus) = [ e aufe) (3)

and (T'(t))so is a strongly continuous semigroup of bounded operators on

X, then we have a functional calculus for its generator A, defined by

F(—A) = / T dule),

in the sense of the strong operator topology; i.e.,

F(—A)z = / T T©edu©), (v e X),

which exists as a Bochner integral.

The following theorem applies to several examples studied in [1, 9, 10, 14];
these include p = 07 — 9, the difference of two Dirac measures, where F'(s) :=
Lu(s) = e* — e and F(—sA) = T(t) — T(2t). More importantly, the
theorem applies to many other examples, such as du(t) = (xj1,2) — X[2,3) (t)dt
and pu = 01 — 302 + 03 + 04, which are not accessible with the methods of
[1, 9, 10, 14].

o0

Theorem 4.1 Let u € M.(0,00) be a real measure such that / du(t) =0,

and let (T'(t))i>0 be a strongly continuous quasinilpotent semigro(i)zp of bounded
operators on a Banach space X. Set F' = Lu. Then there is an n > 0 such
that

|F'(—sA)| > max |F(z)] for 0<s<n.

If p € M.(0,00) is a complex measure, then we write F = L7, so that

F(z) = F(2). By considering the real measure v := p * i, we obtain the

following result.

12



Corollary 4.2 Let u € M.(0,00) be a complex measure such that/ du(t) =

0
0, and let (T(t))i>0 be a strongly continuous quasinilpotent semigroup of
bounded operators on a Banach space X. Set F = Lu. Then there is an
n > 0 such that

|F(—sA)F(—sA)| > max|F(z)*  for 0<s<u.

4.1.2 The non-quasinilpotent case

Recall that A is said to have an ezhaustive sequence of idempotents (Py,)n>1
if P2 = P,P,,; = P, for all n and for every y € A there is a p such that
x(P,) =1 for all n > p.

Theorem 4.3 Let (T'(t))~0 be a strongly continuous and eventually norm-
continuous non-quasinilpotent semigroup on a Banach space X, with gen-
erator A. Let F = Lu, where p € M.(0,00) is a real measure such that
I~ dp = 0. If there exists (ug), C (0,00) with uy — 0 such that
p(F(=ux ) < sup |F ()],
x>
then the algebra A generated by (T(t))i>0 possesses an exhaustive sequence
of idempotents (P, )n>1 such that each semigroup (P,T(t))t=0 has a bounded

generator.
If, further, ||[F(—uzA)|| < sup,.q [F(z)|, then |J,5, PnA is dense in A.

4.2 Analytic semigroups

For 0 < a < 7/2, let H(S,) denote the Fréchet space of holomorphic
functions on S,, endowed with the topology of local uniform convergence;
thus, if (K, )n,>1 is an increasing sequence of compact subsets of S, with

Un21 K, = S,, we may specify the topology by the seminorms
[1F [l == sup{[f(2)] : z € Ky}

13



Now let ¢ : H(S,) — C be a continuous linear functional, in the sense that
there is an index n and a constant M > 0 such that |(f, )| < M||f||,. for all
fe H(S,).

We define the Fourier—Borel transform of ¢ by

FB(p)(2) = (e #),

for 2 € C, where e_,(£) = 7% for € € S,.

If o € H(S,)', as above, then by the Hahn—-Banach theorem, it can be
extended to a functional on C(K,), which we still write as ¢, and is thus
given by a Borel measure u supported on K.

That is, we have

(fie) = s (&) du(8),

where p (which is not unique) is a compactly supported measure. For exam-
ple, if (f, ) = f'(1), then

1 f(z)dz
<f7g0> :2_71'2/0<Z—1)27

where C' is any sufficiently small circle surrounding the point 1. Note that

FB(o)(2) = / e Edu().

[e3

Now let T':= (T'(t));es, be an analytic semigroup on a Banach space X,
with infinitesimal generator A. Let ¢ € H(S,) and let F' = FB(p).
We may thus define, formally to start with,
F(-A) = (T.0) = [ T(€)du(o)

which is well-defined as a Bochner integral in A. It is easy to verify that the
definition is independent of the choice of y representing ¢.

Indeed, if u € S,—p, where supp p C Sg and 0 < 8 < «, then we may also
define

F(—ud) = / T(ug) dp(€),

14



since u lies in S,.

The following theorem extends [1, Thm. 3.6]. In the following, a symmet-

ric measure is a measure such that p(S) = u(S) for S C S,. A symmetric

measure will have a Fourier-Borel transform f satisfying f(2) = f(z) := f(2)
for all z € C.

Theorem 4.4 Let 0 < o < /2. Let ¢ € H(S,) , induced by a symmetric
measure f1 € M.(Sy) such that [ du(z) = 0, and let f = FB(p). Let
(T'(t))ies, = (exp(tA))ies, be an analytic non-quasinilpotent semigroup in a
Banach algebra and let A be the subalgebra generated by (T(t))ies, - If there
exists to > 0 such that

sup  p(f(—tA)) < sup |f(2)],

tE€Sa,|t|I<to 2€8q

then A/ Rad A is unital and the generator of w(T'(t))ies, is bounded, where
m: A— A/Rad(A) denotes the canonical surjection.

By considering the convolution of a functional ¢ € H(S,)’, with Fourier—
Borel transform f, and the functional ¢ with Fourier—Borel transform f, we

obtain the following result.

Corollary 4.5 Let 0 < a < w/2. Let ¢ € H(S,), induced by a measure
1t € Mc(Sa) such that [ du(2) =0, and let f = FB(p). Let (T(1))es, =
(exp(tA))ies, be an analytic non-quasinilpotent semigroup in a Banach alge-
bra and let A be the subalgebra generated by (T'(t))ses,, - If there exists tg > 0
such that

i p(f(=tA)f(—tA)) < sup [F IR,

then A/ Rad A is unital and the generator of m(T'(t))ies, is bounded, where
m: A— A/Rad(A) denotes the canonical surjection.

It is possible to obtain a similar conclusion, based only on estimates on

the positive real line.

15



Theorem 4.6 Let 0 < o < w/2. Let ¢ € H(S,), induced by a symmetric
measure jt € M.(S,) such that [¢ du(z) =0, and let [ = FB(p). Suppose
that f(x) € R forxz € Ry. Let (T(t))ies, = (exp(tA))ies, be an analytic non-
quasinilpotent semigroup in a Banach algebra and let Ar be the subalgebra
generated by (T(t))ies, . If there exists to > 0 such that

pI=HA)) < s (2],

for all 0 < t < ty, then A/ Rad A is unital and the generator of m(T(t))ies,
is bounded, where m: A — A/ Rad(A) denotes the canonical surjection.

The following example shows that the hypotheses of Theorem 4.6 are

sharp. Similar examples show the sharpness of other results given.

Example 4.7 In the Banach algebra A = Cy([0,1]) consider the semigroup
T(t) : x — a*. Clearly there is no convergence as t approaches 0.
For x € (0,1] (which can be identified with the Gelfand space of A) let
f=FB(u) and
f-ta)w) = |

Sa

7 du(E) = / e 18T qp (€),

Sa

where pn € M.(Sy), supposing that fSa du(z) = 0 and that f is real for x > 0.
Thus f(—tA)(x) = f(—tlogz) and

p(f(=tA)) = |If(=tA)| = Sup | f(—tlog )| = Sup | f(tr)].

Clearly
sup  p(f(—tA)) = sup |f(2)]
tESq,|t|<to teSa
for all ty > 0.
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