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Abstract

Let w be a simply-connected domain in R? and let (Enp) and (Fag) be two symmetric 2 x 2 matrix fields
with components in L?(w). In this Note, we identify nonlinear compatibility conditions “of Donati type” that the
components E,s and F,s must satisfy in order that there exists a vector field (1,72, w) € Hg(w) x Hg (w) x HE (w)
such that

1
5(8@1@ + 08Na + Oawdpw) = Eqp and Oapw = Fap in w.

The left-hand sides of these relations are the components of tensors found in the Kirchhoff-von Karman-Love
theory of nonlinearly elastic plates.

Résumé

Conditions de compatibilité non linéaires de Donati pour la théorie non linéaire des plaques de
Kirchhoff-von Kdrmén-Love. Soit w un domaine simplement connexe de R? et soit (Eag) et (Fap) deux champs
de matrices 2 x 2 symétriques dont les composantes sont dans L? (w). Dans cette Note, on identifie et justifie des
conditions non linéaires de compatibilité “de type Donati” que doivent satisfaire les composantes E,g et F,5 afin
quil existe un champs de vecteurs (1,72, w) € Hp(w) x Hy(w) x Hg(w) tel que

1
5(8ang + 08Na + Jawdpw) = Eqap et Oapw = Fop dans w.

Les membres de gauche de ces relations sont les composantes de tenseurs trouvés dans la théorie de Kirchhoff-von
Karman-Love des plaques non linéairement élastiques.
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1. Preliminaries

Greek indices vary in {1,2} and the convention summation with respect to repeated indices is used. A
domain in R? is a bounded, open, and connected subset w of R? with a Lipschitz-continuous boundary
Ow, the set w being locally on the same side of dw. Partial derivatives of the first, second, and third, order
of functions of y = (y,) € w are denoted 9y := 0/, Oap = 0?/0Yya0ys, and Oups = 02/0Ya0Ys0Ys;
the same notations are used for partial derivatives in the sense of distributions.

Vector fields and matrix fields, and spaces of vector fields, defined over w are denoted by boldface
letters. The usual Sobolev spaces over w are denoted H™(w), m € Z, and H{"(w), m > 1; the norm in
H™(w), m € Z, is denoted ||-|[,,, ,; in particular then, ||-[|, , is the norm of H%(w) = L?(w). The notation
L?(w) designates the space of all 2 x 2 symmetric matrix fields with components in L?(w). If § = (Saz3)
is a 2 x 2 matrix field with smooth enough components defined over w, its divergence div S is the vector
field defined by (div S)q = 00Sas-

If X and Y are two (real) vector spaces and A is a linear operator from X to Y,

ImA:={yeY;y= Az for at least one z € X} and Ker A := {x € X; Az = 0}.

The notation x-(-,-)x designates the duality between a normed vector space X and its dual X".

In the classical Kirchhoff-von Kdrmdn-Love theory of nonlinearly elastic plates (see, e.g., Chapters 4
and 5 in [2]), the unknown displacement field of the middle surfac @ of the plate minimizes an energy
whose integrand contains a positive-definite quadratic function of the change of metric and change of
curvature tensors, respectively defined by

1
Eup = 2(
for an arbitrary displacement field (1,72, w) € H(w) x Hg (w) x HZ(w) (we consider here plates that are
clamped over their entire lateral face).

In the intrinsic approach to the same theory, the matrix fields (E.p) € L*(w) and (F,p) € L?*(w)
are considered as the sole unknowns. There thus arises the question as to whether there exist suitable
compatibility conditions that the components F,g and Fiz of these matrix fields should satisfy in order
that there exists a vector field (11,72, w) € H}(w) x H} (w) x HE(w) satisfying (1). As shown in [6], if the
domain w is simply-connected, the nonlinear Saint-Venant compatibility conditions

aUTEaﬂ + aaﬂEU‘r - aaUEﬂT - aﬂTEaU + FozBFa'T - FozaFﬂT =01in H_2(w),
0o Fuap — 0pFns =0 in H ' (w),

Oang + 08N + Oqwdsw) and Fug := Jupw, (1)

constitute one possible answer to this question. The objective of this Note is to give (cf. Theorem 4.2)
a different answer to the same question, this time in the form of wvariational equations, which as such
constitute examples of nonlinear Donati compatibility conditions (a general presentation of Saint-
Venant and Donati compatibility conditions as they arise in three-dimensional linearized elasticity is
found in Chapter 6 in [3]).

Complete proofs and an application to intrinsic nonlinear plate theory will be found in [5].

2. An existence theorem for an Airy-function

The following result is a “weak” version (already used in [6]) of a classical result for smooth functions.
Its proof is based on the two-dimensional version of the weak Poincaré lemma due to [4] and then given
a substantially simpler proof in [10]; cf. also Thm. 6.17-4 in [3].
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Theorem 2.1 Let w be a simply-connected domain in R?, and let there be given a matriz field (Fap) €
L?(w) that satisfies
0o Fop — 0Fne = 0in H '(w).
Then there exists a function ¢ € H*(w), unique up to the addition of a polynomial of degree < 1, such
that
Oapp = Fop in L*(w).

Theorem 2.1 can be immediately recast as an existence result of an ad hoc Airy function (denoted ¢
in the next theorem) under low regularity assumptions. As such, it complements Thm. 2 of [7], where the
existence of an Airy function was established, again in the space H?(w), but for non-simply-connected
domains, under the assumption that the tensor field noted S in the next theorem satisfies in addition the
usual global equilibrium equations.

Theorem 2.2 Let w be a simply-connected domain in R%, and let there be given a matriz field S =
(Sap) € L2(w) that satisfies
divS = 0in H *(w).
Then there exists a function ¢ € H*(w), unique up to the addition of a polynomial of degree < 1, such
that
11 = Saa,  Or2p = —Sia, O = Sip in L*(w). (2)

A function ¢ satisfying the relations (2) is called an Airy function associated with the matrix

field S.

3. Linear Donati compatibility conditions for linearly elastic plates

For convenience, we consider separately the existence of the “horizontal” components 7, and that of
the “vertical” component w of the unknown vector field.
Theorem 3.1 Let w be a domain in R? and let there be given a matriz field (eq) € L?(w) that satisfies

/ eapSap dy = 0 for all (s45) € L?(w) such that 94845 = 0 in H ™ (w). (3)
Then there exists a vector field () € HE(w) x H} (w) such that

1
5(%% + aﬁna) = €qp in L2(‘”>a

and such a vector field (n,) is uniquely determined.
Proof. See, e.g., [1], or [8] and [9]. O
Theorem 3.2 Let w be a domain in R? and let there be given a matriz field (Fap) € L?(w) that satisfies

/ FopTopdy =0 for all (T,p) € L2 such that 0apTap =01in H%(w).

Then there exists a function w € HZ(w) such that
Dapw = Fop in L?(w), (4)

and this function is uniquely determined.



Sketch of proof. Let the continuous linear operator H : HZ(w) — L?(w) be defined by

onw Orpw
Hw= """ € L?(w) for each w € HE(w).
021w O2w

Then one shows that Im H is a closed subspace of L.?(w), and that the dual operator of H is divdiv :
L?(w) — H~2(w). The conclusion then follows from Banach closed range theorem. 0

Relation (3) and (4) constitute the linear Donati compatibility conditions corresponding to the
Kirchhoff-Love theory of linearly elastic plates. Note that they hold regardless of whether the domain w
is simply-connected.

4. Nonlinear Donati compatibility conditions for nonlinearly elastic plates

The Green’s formula (5) established in the next theorem is crucial to our subsequent analysis.
Theorem 4.1 For all functions w € H3(w) and ¢ € H?(w),

1 1
/(8111082210 — 81210(91210)@ d’y = / { — 5(8110)282290 — 5(8211))2811(,0 + 81w82w812<p} dy (5)

Sketch of proof. Both sides of (5) being continuous functions of (w, ) € HZ(w) x H?(w), it is enough
to establish (5) for all (w, ) € D(w) x H?(w). To this end, one uses the integration by parts formulas in
Sobolev spaces. O

The next theorem constitutes the main result of this Note.
Theorem 4.2 Let w be a simply-connected domain in R?. Given a matriz field S € 1L.?(w) that satisfies
div S = 0 in H ™ '(w), there exists a unique function ¢ € H?(w) such that (cf. Theorem 2.2)

611(,0 = 522, 612(,0 = —512, 822(,0 = 511 n L2(w) and / (pdy = / 8a<pdy =0.

w

Let
P:{Scl?(w);divS =0in H '(w)} = {¢ € H*(w); / Ydy = / Doty dy = 0}
denote the mapping defined in this fashion, i.e., by ®(S) := .
Let there be given two matriz fields (Eapg) € L?(w) and F = (Fap) € L*(w) that satisfy
/ FopTapdy =0 for all T= (T,p) € L*(w) such that divdivT =0 in H *(w), (6)
/{EagSag + (det F)®(8)}dy = 0 for all 8= (Sas) € L*(w) such that divS =0in H '(w). (7)
Then there exists a vector field (n1,m2,w) € H} (w) x H}(w) x HE(w) such that
1
§(aa775 + 0aNa + Oqwdpw) = Eup in L (w),
Dapw = Fup in L*(w),
and such a vector field (n1,n2,w) is uniquely determined.

Proof. Relation (6) shows that there exists a uniquely determined function w € HZ(w) such that (cf.
Theorem 3.2)

Fop = Oapw in L*(w). (8)
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Given any matrix field § = (S,s) € L?(w) such that divS = 0 in H™'(w), there exists a uniquely
determined function ¢ € H?(w) such that (cf. Theorem 2.2)

S11 =022, Stz = —012p, So2 =01y in L*(w).
Therefore, for any such matrix field S,
/ EogSapdy = /{E11522<,0 + E92011¢ — 2E12012¢} dy,

and (cf. (7))

/(det F)®(S)dy = /(F11F22 — (F12)*)¢ dy,

w

= /{(auw@ggw — Glgwalgw)go dy}

The left-hand side of relation (6) can thus be rewritten as (cf. 5)
1 1 1
:/w {(Ell — 5(8110)2)822@ — 2(E12 — ialwagw) 812g0 + (E22 — 5(8210)2)811@} dy
1 1 1
:/w {(Ell — 5(8110)2)»911 + 2(E22 - 581108211)) S12 + (EQQ - 5(8211))2)522} dy

Since this last relation holds for all § = (S,s) € L?(w) such that div.S = 0 in H™'(w), there exists a
uniquely determined vector field (1,) € H¢(w) x Hg(w) such that (cf. Theorem 3.1)

1 1
Eup — Eaawﬁgw = 5(8a77ﬁ + 03Mq) in L2(w).

This completes the proof. O

Relations (6) and (7) constitute the nonlinear Donati compatibility conditions corresponding to
the Kirchhoff-von Kdrmdn-Love theory of nonlinearly elastic plates. Note that, when properly extended,
they can also cover the case where the domain w is not simply-connected; cf. [5].

Finally, note that, as expected, the linearization of the nonlinear Donati compatibility conditions (7)
reduce to the linear ones (cf. (3)). O
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