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NOTES ON LIEB-THIRRING TYPE INEQUALITY FOR A COMPLEX
PERTURBATION OF FRACTIONAL SCHRODINGER OPERATOR

CLEMENT DUBUISSON

ABSTRACT. We prove Lieb-Thirring type inequalities for a complex perturba-
tion of fractional Schrodinger operator using either Borichev-Golinskii-Kupin
Theorem or a Theorem from [Ha].

1. INTRODUCTION

In the spirit of [Du] and [DeHaKa], we prove a Lieb-Thirring inequality for a
complex perturbation of some positive power of the free Laplacian operator.

We define for s > 0 the fractional Laplacian (—A)?® with the help of the func-
tional calculus applied to the nonnegative self-adjoint operator —A. Then (—A)*
is essentially self-adjoint on C2°(R?; C™) and the domain of its closure is the frac-

tional Sobolev space W225(R?, C") := {f,/ (1 + ¢ IFONPd¢C < 400},
Rd

where fis the Fourier transform of f. By the spectral mapping theorem the spec-
trum of (—A)* is [0; +-00].
Let us denote by Hy := (—A)®, s > 0 and consider the perturbed operator

(1.1) H=Hy+V

where V' is the operator of multiplication by V. We suppose it to be a relatively
Schatten-von Neumann perturbation of Hy, i.e., dom(Hy) C dom(V'), and

(1.2) V(N—Hp) ' es,,
for one A € C\o(Hj) (and hence for all these \’s).
The potential V belongs to LP(R%; M.,,(C)) = {V : / |V (z) |5 da < —i—oo},
Rd

where || - || 7 is the Frobenius norm,
1/2

V@lle=| D> V@)l

i,j=1,...,n

When V € LP(R% M, ,(C)) and p > L we see that hypothesis (1.2) is fulfilled
(see Proposition 2.4).

Let us introduce some general definition and notation. For a (possibly un-
bounded) operator A on a separable Hilbert space #, the spectrum, the essen-
tial spectrum, and the discrete spectrum of A will be denoted respectively by
0(A),0ess(A), and o4(A). Here the discrete spectrum is the set of all eigenval-
ues which are discrete points of the spectrum whose corresponding eigenspaces (or
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rootspaces) are finite dimensional. Then the essential spectrum of A is 0(A)\o4(A).
For more details, see [ReSil, subsection VIL.3] or [DeHaKal, p.5]. We denote by
S,,p > 1 the Schatten-von Neumann class of compact operators, see section 2.3
for further references on the subject.

By Weyl’s theorem on essential spectrum (see [ReSi4, Theorem XIII.14])

Oess(H) = 0ess(Ho) = o(Hp) = [0, +00[.

The main results of the article are the following Lieb-Thirring type inequalities.
They are obtained with the help of Theorem 2.1.

Theorem 1.1. Let H be the operator defined by (1.1) and V € LP(R% M,, ,,(C)),

- d
b= 5
For( < s < %l and T > 0 small enough, we have the following Lieb-Thirring

bound

d(\, o(Hp))Pt™
(1‘3) Z pET ( 70( 02) d d < C.a- HVH]ZP’
Aeo(H) IA[in{P555d (1 A Brmax{pi§)—go+2r

where v = p+T + max{p+T d} and C'is a constant depending on n, d, and p.
Fors >4 p > 1 and T small enough, we have

Z d(\, o(H))P~3: 147

(1.4) <C-a ||V
e B Lr>
e (L)
where
(D) a=3+ 2min{p 28-1—7- 1},
(2) p=p— +1+3T+ max{p———lo,%_ -1},

3) v= %(p—I— o +1—|—T),
and C' is a constant depending on n, d, and p.

The following theorem is our second result. It is proved with the help of Theo-
rem 5.1.

Theorem 1.2. Let H be as above and V € LP(R% M,,(C)),p > max{1; 2%} with
s > 0. Then the following holds

d(\,o(Hg))P
(1.5) > ((1+TA|§]§2 <C-ati |V,
)\GO’d(H)

where the constant C' depends on n, d, p and s.

For the self-adjoint case, we refer to Theorem 2.1 in [FrLiSe]. In this case,
o4(K) lies on the negative real half-axis and 0 < s < min{1; ¢}. In our notation
formula (5.11) from [FrLiSe] says

(1.6) S APTE <Gy

)\Edd(K)

V17,

where p > 2%, and V_ = min{V,0}. As in [Du], but this time for 0 < s <

min{1; %}, a simple computation proves that (1.3) and (1.5) are weaker than (1.6).
To compare Theorem 1.1 and Theorem 1.2, we can use the same computations
as above or, as in [DeHaKa] or [Du], we may consider a sequence of eigenvalues
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(An)N, An € 04(H), converging to \* € gess(H) = RT and compare the bounds
we obtain from (1.3), (1.4), and (1.5). We see that neither Theorem 1.1 nor The-
orem 1.2 take the advantage over the other. However, it seems that Theorem 1.1
gives locally better estimate at the edges of oess(H) than Theorem 1.2 and that
Theorem 1.2 gives locally better estimate in ]0; 4-o00].

Some precisions on the notation. Constants will be generic, that is, they may
change from one relation to another. They will be usually denoted by C. For two
strictly positive functions f, g defined on a domain (2 of the complex plane C, we
write f(A\) ~ g(\) if there are constants C1,Cy > 0 so that Cy f(\) < g(\) <
Cof () for all A € Q. And we write f(\) < g(A) if there is a positive constant C'
such that f(A) < C - g(A) for A € €. The choice of the domain 2 will be clear
from the context.

We conclude the introduction with few words on the structure of the paper. We

recall some known results and give references in section 2. Section 3 is devoted to
certain bounds on the resolvent of Hy. In section 4 we prove Theorem 1.1 and in
section 5 we deal with Theorem 5.1 and its applications to the fractional Laplacian
and a Klein-Gordon operator.
Acknowledgments: I thank the anonymous referee of my previous article [Du] for
turning my attention to Lieb-Thirring inequalities for fractional Schrodinger oper-
ator. This research is partially supported by Franco-Ukrainian program “Dnipro
2013-14".

2. PRELIMINARIES

2.1. Theorem of Borichev-Golinskii-Kupin. The following theorem, proved in
[BoGoKu, Theorem 0.2], gives a bound on the zeros of a holomorphic function
on the unit disc D = {|z| < 1} in terms of its growth towards the boundary

T :={|z| =1}.

Theorem 2.1. Let h be a holomorphic function on D with h(0) = 1. Assume that
h satisfies a bound of the form

N
K 1
|h(2)] < exp -1,
gy Semrer

where |(j| = 1land a,3; >0, j=1,...,N.
Then for any T > 0 the zeros of h satisfy the inequality

N
Z (1 _ |Z|)a+1+7 H |Z _ Cj|(ﬁj_1+7—)+ <C- K,
h(z)=0 j=1
where C' depends on o, B, (j and T.

Above, v = max{z,0}.

2.2. Conformal mappings. Let ¢, be a map sending the unit disc to the resolvent
set of the operator Hy, p(Hy) = C\R™. It is defined by :

1\ 2
2.1 Yg 2> A= —a <z—|— > ,
z—1
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where a > 0, and the inverse map defined in (fI\RJr is

VA —iya

VA +iva
Later in the paper, we will have to compare the distance from A\ = ¢,(z) to
dp(Hy) = R, the boundary of p(Hy), and the distance from z to 9D = T. This

kind of results are called distortion theorems. We note by d(z, A) := inf4 |z — wl,
we

2.2) go;l A 2

the distance between z and A.
The following technical proposition is a direct application of Koebe distortion
theorem [Po, Corollary 1.4] to the map ¢, so the proof is omitted.

Proposition 2.2 (From C\R™ to D). We have

11+ z|
1 —2[3

a-d(z,T) <d(\RY) <8a-d(z,T)

EESTi
Proposition 2.3 (From D to C\R™). The following relation holds true

L AR gy g dARD)
2a i = T SR

Proof. By simple computations we obtain

2+/]A 2
(2.3) |1+ 2| i and |1 — z| va

T VA+ival " VA+ival

And moreover
2
A+1< A +a=VA+ivalP < (VA +Ival) < 2a(1+A)

since a > 1 (see the beginning of section 4). Using Proposition 2.2 we find the
inequalities. (]

2.3. Schatten classes and determinants. One can find the definitions and prop-
erties of Schatten classes and determinants related to these classes in [DeHaKa]
or [Du] for instance. For detailed discussion and proofs, see the monographs by
Gohberg-Krein [GoKr] and Simon [Si].

Let us introduce the following operator defined by

2.4) F(\) :== (A +a)(a+ H)"'V(A— Hy) ™},

where a is large enough in order that (@ + H) is invertible. From the next propo-
sition 2.4 we deduced that V(A — Ho)™! € S, for A € p(Hy) and p > £ since
V € LP(R% M,,(C)).

Therefore, for A € p(Hp), F(A) € S,. The holomorphic function of interest is

(2.5) f(A) == detp (Id — F(N)).
We proved in [Du, subsection 4.2] the following proposition.

Proposition 2.4. Let V € LP(R%C"), p > £ and X € p(Hy).
Then V(X — Hy)"! € S,, and

V(A= Ho) g, < (2m) VI, - I~ |=*) 7.
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3. BOUND ON THE RESOLVENT
|z|?%) || L» appearing in Propo-

In this section, we bound the expression ||(
sition 2.4. We will repeatedly use the fact that, for o > 0, and a,b > 0

(a+b)* ~ a4+ b~

Proposition 3.1. Ler A = X\g +i\; € C\R" and p > 5

For0 < s < g, we have
A%

I R

and for s > %l, we have
)
i?

A — ];23 —1||P <
O e = g 2

(3.2)
where C' and Cy are constants depending on p,d,n and s

Proof. After a change of variable, we are led to bound
Td_l

+oo rd—l +00
T p
o AP 0 (1% = Xo)2 + A2

3.3)
We assume first that \g < 0, that is d(\, 0(Hyp)) = |A|. In (3.3), we use (2
Ao)? > r*% + A2, and make the change of variable ¢ = 7|47|, hence
+o0 d—1
I< / —
o DR
d
1 [A[3 oo gl
(3.4) <L R / LA
2s AP Jo o (1241)2
d
0
<C- .
-

The integral in (3.4) is convergent since p > 5- > 0
For the rest of the proof we have Ay > 0. In (3.3), we make the change of

25— N\
—— . Hence,

variable ¢t = "
1 /+°O (At + Xo) 5 (At + Ag)2s 0
25)\p ! % (t2+1 )%
d
(3.5) Apl . / N, (Al(ttj ji); ¢

If s = %, then the bound is obvious
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A
We suppose that 0 < s < % and \; > 0, so —)\—0 < 0.
1

/+°O (At + Ag)3s 2 W /0 (A1t + Ag)3s !

A 2 L Y 2 z dt
30 (t2+1)2 -30 (t2+1)2

+90 (At 4 Ng)3s
+ / (IR L
0 (t2+1)2
In the first integral of the right-hand side of the previous equality, we have A1t +

d_
Ao < Ao, and in the second one, we have (A1t + )\o)%_l < (Alt)%_l + A5 '
Then

1
< s D+ 91,
1
4_1
hence, I < C - A2

For A1 < 0, we take the absolute value of A1t + Ag. This finishes the case s < %.
We now assume that s > %l and again A; > 0. From (3.5), we know that

T~ L O (At + Aog)? &
~ /\p—l o (g2 D
1 J-xe (PF1)2
Take care that —1 < a = 2% — 1 < 0. Making the change of variable ©v =t + i—?,
we obtain
T (A1t + Ao)® oo (t 4 42)°
/ Qut + do)? dt:)\‘f‘/ b
-2 (2 +1)2 -0 (B +1)2
+oo u®
= ‘11/ gdu
(w32 a)

Then we bound the last integral in the following way :

/+00( u? )gdu</1uadu—l—/+m< L 7 du
0 0 1

(w302 41 (=302 +1)

1
1
S/ uo‘du—i—/pdu
0 R (u?+1)2

Indeed, for the first bound, we use that (u — 3\\—(1))2 +1>1when0<wu<1,and

07

/\pil. This concludes the
1
proof. O

[SI§S]

u® > 1 when v > 1 since o < 0. Hence, I < C -
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4. PROOF OF THE MAIN RESULT
Recall from (2.5) that f()) = detf,)(Id — F()\)), with
F\) :=(\+a)a+ H)'V(A-Hy) ' €8,.
We have by the property of the regularized determinant
FO] < exp (Tl + a)(a+ H) V(A= Ho) ! )
Asin [Du, Lemma 5.1], we can prove that, for p > 2% and a large enough, we have
I(a+H)™" < 1.
Applying Propositions 2.4, we get to
4.1 log|f(N) < CIIVIL, A + al?ll(A = [2*) 717,
for A € C\R™ and C depends on p, d and n.

4.1. Case 0 < s < 4. Using (3.1), we have

p A +aP|AE?

log [f(N)] < CV |1, A0\, o (Ho))r L

and C' depends only on d, n, and p.
We now have to go in D in order to apply Theorem 2.1. That is, recalling
definitions, we consider the function g(z) = f o @,(2); it is trivially holomorphic

4
on . By definition (2.1) we have |\ + a| = I a‘z||2. By the previous relation,
—Z
(4.1), and Proposition 2.2, we obtain
az% |z|P

loglg(2)] < C-||V|[5,

d(z, TP=L[1 + 2P~ 5T 1 — 2] 5P+
a?2s
d(z, TP=UL + 2P 5FL1 — 2521

We apply Theorem 2.1, hence for 7 > 0, we have

<C-|IVIL,

@2 > (L 2Pz - G 4 1 < 0 ads - |V,
9(z)=0

where C depends on d, n, p, s, and 7.
Consider first the case 2% <p< %. Hence, for 0 < 7 < % — p, (4.2) becomes

(43) > (=T - 1E T < VI,
g9(2)=0
where C' depends on d, n, p, s, and .
In the second case, we have p = g. We obtain
(44 > (=l =1 2T < Cad |V,
9(2)=0

where C depends on d, n, p, s, and 7.
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The third and last case is ‘gl < p, and (4.2) becomes, for 0 < 7 < p — %,
(45) S AP+ 1P < Cad - |V,
g(2)=0

where C depends on d, n, p, s, and 7.
The last step of the proof consists in transferring relations (4.3), (4.4), and (4.5)
back to p(Hy) = C\R™. Remind that we have by Proposition 2.3

- 1 d()o(H))
1—[z| =d(z,T) > 2v/a NV2(1+|N)

, and |1—z* >

4l
14+ 22> ——2—
== S

From equation (4.3) we get

1+ A

p+T

d(\, O'(Ho))p+T -a” 2
A1 N2

(1= |27z =157 > C -

From equation (4.4) we obtain

d(A H ptr . ,—5—T
(1= [Pz = 17z 4 17 > ¢ BATH)T T 0 2T
A2 (14 |A)p+27

From equation (4.5) we get

d(\ o (Ho) P*7 - adi—(#+7)
A3 (1 + ) FEE

(1= 2Ptz + 1Pt > O

The case 0 < s < %l is done.

4.2. Case s > %. Using (3.2), (4.1) becomes

A+ alP
log| (V)] < vz, — AT
d(\,o(Hp))P~2s

with C depending only on d, n, and p.
Then we have
1

d(z, TP~ 35 |1 — 2|3 2|1 + 2P~ 35
Applying Theorem 2.1, we obtain
PR E it EET it ERS Tk e [
9(2)=0

d
log lg(2)| S a2 - |V},

The possible cases with respect to p and 2% are clear from the following drawing
(Figure 1). The x-axis represents p and the y-axis represents 2%. There is 3 lines of
the equationsy =1, x —y—1=0,and —z+ 3y — 1 =0.

Consequently, there are three cases to consider :
case 1. Thepartl:p—%—l 20and§—§—p—1 <0.
case 2. The part 2: p — 2%—1 SOandg—f —p—1<0.
case 3. The part 3: p — 2%—1 SOand% —p—12>0.
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FIGURE 1. The different cases

The computations are similar to the case s < %, so they are omitted. In the first
case we find

5 d(\, o(Ho))P~ 3147

' St |V,
Sp_3d 1 5T ~ L
reog(ry ML A [A])Z 7o

In the second case, we have

Z d()\,U(HO))p7%H+T < BT A VL
seoatny AETTTEE (L APt T
In the last case, we have
2 0o (Ho) 1 < o VR,
ety METE R E (L P FFEHEHE ?,
The proof of the Theorem 1.1 is finished. -

5. LIEB-THIRRING BOUND USING A THEOREM FROM [Ha]

5.1. Theorem and conformal mapping. The following theorem is the main in-
gredient to obtain result (1.5). It is proved in [Ha].

Theorem 5.1. Let A € L(H) be self-adjoint and let B € L(H) suchthat B— A €
Sp(H) for some p > 1. Then the following holds:

ST AN o(A) <Gyl B - Al
)\Eod(B)

where C), depends only on p.

For explicit constants C), see [Ha].

Since we will apply Theorem 5.1 to the resolvents of the operators, we need to
know how the distance to the spectrum behaves by some conformal mappings. We
introduce the following map g : C\[0, +o0o[— C\[—21, 0[ define by

—1
) = .
9(\) a+ A

Recall that @ > 1. For the sequel we denote respectively by A and p the variables
in C\RT and C\[-1,0].
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The following technical proposition concerns the distortion between the spec-
trum of Hy and the spectrum of the resolvent of H.

Proposition 5.2. The distortion between C\[—%,0[ and C\R™ is given by

4 <9(A)’ {_;OD = 2;31) Bf! +dA(|A-7(Hf++)\A)'

Proof. We compute the distortion for the function g : C\{[a; +oo[} — C\{]0; 1]}
define by g(\) = % and then compose by the translation 7" : A\ — A + a, that is
g=—goT.
After technical computations, we find
1 d(\ [a;400]) - 1 d (A, [a; +-00])
ey <400 o] ) <20+ GEE
The claimed inequality follows. U

5.2. Proof of Theorem 1.2. Set A = (—a — Hy) ! and B = (—a — H)~! with
a large enough in order that A and B exist. We have B — A = BV A € S, hence
we can apply Theorem 5.1. This gives
(5.1) Y dpo(A)P <GlIB - Al .

p€oq(B)
Now we bound the right-hand side of (5.1),

1B = Alg, < Cll(=a—H)" - [IVIT, - [(=a = |2[*) 77,
(5.2) <C-lalE 7P|V,
Then pp = (—a — X\)™! = g()\) € o4(B) if and only if A\ € o4(H ), hence

S d(po(A) = > d(g\),a(A)

pu€aq(B) {9(N),A€0q(H)}

1 d (X, o(Hg))?
a? Z ])\ +alP(1 4+ |\ +a|)?

Vv

)\God

d (N, o(Hp))P
(5.3) T Z 1+|A| T+ A
oa(H

since for a > 1, |\ + a| < a(1 + |A]).
The claim of the theorem follows from (5.2) and (5.3). U
In [Du] we also were interested to the so-called Klein-Gordon operator, given,
form > 0andn > 1, by

Km = \/ —ARd + m2 x Id(Cn.

We know that o(K,,) = [m, +oo].

Corollary 5.3. Let K = K, + V be a perturbation of the operator K, m > 0
and V € LP(R% M, (C)), p > d.

d(\, o(Kp))P 14 (a+m)d!
SV e e

VI,
)\EO’d(K)

where the constant C depends on n,d, and p.
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Proof. The hypothesis of Theorem 5.1 are fulfilled with A = (—a — K,,)~! and
B = (—a — K)! for a large enough. We change a in a + m in Proposition 5.2

and bound ||V (—a — K,,)~*||s, with the results in section 4 of [Dul]. O
REFERENCES

[BoGoKu] A. Borichev, L. Golinskii, and S. Kupin: A Blaschke-type condition and its application
to complex Jacobi matrices, Bull. Lond. Math. Soc. 41 (2009), 117-123.

[DeHaKa] M. Demuth, M. Hansmann, and G. Katriel: On the discrete spectrum of non-selfadjoint
operators, J. Funct. Anal. 257 (2009), no. 9, 2742-2759.

[DeHaKal] M. Demuth, M. Hansmann, and G. Katriel: Eigenvalues of non-selfadjoint operators: a
comparison of two approaches, to appear in proceedings of the conference ‘Mathemat-
ical Physics, Spectral Theory and Stochastic Analysis”, Goslar, 2011.

[Du] C. Dubuisson: On quantitative bounds on eigenvalues of a complex perturbation of a
Dirac operator, Int. Eq. Operator Theory 78 (2014), no. 2, 249-269.

[FrLiSe] R. Frank, E. Lieb and R. Seiringer: Hardy-Lieb-Thirring inequalities for fractional
Schrodinger operators, J. Amer. Math. Soc. 21 (2008), no. 4, 925-950.

[GoKr] I.C. Gohberg and M.G. Krein: Introduction to the Theory of Linear Nonselfadjoint Op-
erators in Hilbert Space, American Mathematical Society (Providence, R.1.), 1969.

[Ha] M. Hansmann: Variation of discrete spectra for non-selfadjoint perturbations of selfad-
Jjoint operators, Int. Eq. Operator Theory 76, no. 2, 163-178 (2013).

[Po] C. Pommerenke: Boundary behaviour of conformal maps, Springer-Verlag, Berlin,
1992.

[ReSil] M. Reed and B. Simon: Methods of modern mathematical physics: I Functional Anal-
ysis, Academic Press, London, 1980.

[ReSi4] M. Reed and B. Simon: Methods of modern mathematical physics: 1V Analysis of Op-

[Si]

erators, Academic Press, London, 1978.
B. Simon: Notes on infinite determinants of Hilbert space operators, Advances in Math.
24 (3) (1997), 244-273.

INSTITUT DE MATHEMATIQUES DE BORDEAUX UNIVERSITE DE BORDEAUX 351, COURS DE
LA LIBERATION F-33405 TALENCE CEDEX
E-mail address: clement .dubuisson@math.u-bordeauxl.fr



