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VECTOR ADDITION SYSTEM REVERSIBLE REACHABILITY PROBLEM

JEROME LEROUX

LaBRI, Univ. Bordeaux, CNRS

ABSTRACT. The reachability problem for vector addition systems is a central problem of net theory.
This problem is known to be decidable but the complexity is still unknown. Whereas the problem is
EXPSPACE-hard, no elementary upper bounds complexity are known. In this paper we consider the
reversible reachability problem. This problem consists to decide if two configurations are reachable
one from each other, or equivalently if they are in the same strongly connected component of the
reachability graph. We show that this problem is EXPSPACE-complete. As an application of the
introduced materials we characterize the reversibility domains of a vector addition system.

1. INTRODUCTION

Vector addition systems (VASs) or equivalently Petri nets are one of the most popular formal meth-
ods [EN94] for the representation and the analysis of parallel processes. Their reachability problem
is central since many computational problems (even outside the realm of parallel processes) reduce
to the reachability problem. Sacerdote and Tenney provided in [ST77] a partial proof of decidability
of this problem. The proof was completed in 1981 by Mayr [May81] and simplified by Kosaraju
[Kos82] from [ST77, May81]. Ten years later [Lam92], Lambert provided a further simplified
version based on [Kos82]. This last proof still remains difficult and the upper-bound complexity
of the corresponding algorithm is just known to be non-primitive recursive. Nowadays, the exact
complexity of the reachability problem for VASs is still an open-problem. The problem is known
to be EXPSPACE-hard [CLM76]. Note that the existence of a primitive recursive upper bound of
complexity for the reachability problem is still open since the Zakaria Bouziane’s paper [Bou9§]
introducing such a bound was proved to be incorrect by Petr Jancar [Jan08].

Recently, in [Ler12], a new proof of the reachability problem based on the notion of transformer
relations inspired by Hauschildt [Hau90] was published. That proof shows that reachability sets are
almost semilinear, a class of sets introduced in that paper that extends the class of Presburger sets.
An application of that result was provided; a final configuration is proved to be not reachable from
an initial one if and only if there exists a forward inductive invariant definable in the Presburger
arithmetic that contains the initial configuration but not the final one. Since we can decide if a
Presburger formula denotes a forward inductive invariant, we deduce that there exist checkable
certificates of non-reachability in the Presburger arithmetic. In particular, there exists a simple
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2 VECTOR ADDITION SYSTEM REVERSIBLE REACHABILITY PROBLEM

algorithm for deciding the general VAS reachability problem based on two semi-algorithms. A first
one that tries to prove the reachability by enumerating finite sequences of actions and a second
one that tries to prove the non-reachability by enumerating Presburger formulas. The Presburger
inductive invariants presented in that paper is obtained thanks to strongly connected subreachability
graphs (called witness graph and recalled in Section 7). As a direct consequence, configurations in
these graphs are reachable one from each other.

In this paper we consider the reversible reachability problem that consists to decide if two con-
figurations are reachable one from each other. We prove that this problem is EXPSPACE-complete.
This result extends known result for the subclasses of reversible and cyclic vector addition sys-
tems [BF97, CLM76]. We also prove that the general coverability problem reduces to the reversible
reachability problem (see Section 3). As an application of the introduced materials we characterize
the reversibility domains of a vector addition system in the last Section 11.

2. PROJECTED VECTORS

We denote by Z and N the set of integers and natural numbers. In this paper, some components of
vectors in Z% are projected away. In order to avoid multiple dimensions, we introduce an additional
element x ¢ Z, the set Z, = Z U {x}, and the set Z% of vectors z € Z¢ such that I = {i | z(i) = *}.
Operations on Z are extended component-wise into operations on Z}l by interpreting * as a projected
component. More formally we denote by z; + zs where z;,z5 € Zj,l the vector z € Z? defined by
z(i) = z1(i) + 22(i) for every i ¢ I. Symmetrically given z € Z4 and an integer k € Z, we denote
by kz the vector in Z¢ defined by (kz)(i) = k(z(i)) for every i ¢ I. The usual order < over Z is
extended over Z, into the unique total order < satisfying z < % for every z € Z,. The relation < is
extended component-wise over Z<.

Example 2.1. We have k(*,1) = (x, k) even if & = 0. We also have (x,5) — (x,2) = (%,3) and
(%, 1) 4+ (%,2) = (x,3). Wehave - - - < -1 <0< 1<+ < &

The projection of a vector z € Zﬁl by eliminating components indexed by L C {1,...,d} is
the vector in Z¢ ; defined by 71,(z)(i) = z(i) for every i ¢ L. The projection of a set Z C Z% by
eliminating components indexed by L is defined as expected by 71.(Z) = {r1(z) | z € Z}.

Example 2.2. Let L = {1}. We have 71,(1000,1) = (x,1) and 7 (4,*) = (%, *). We also have
mL({(2,0), (1,1),(2,0)}) = {(,0), (x, 1), (x,2)}.

Let z € Z4. We denote by ||z|| the natural number equals to 0 if 7 = {1,...,d} and equals
to max;g; |z(i)| otherwise. Given a finite set Z C Z¢ we denote by ||Z||~ the natural number
mMaXzez ||2]|oo if Z is non empty and 0 if Z is empty.

3. VECTOR ADDITION SYSTEMS

A Vector Addition System (VAS) is a finite set A C Z?. Vectors a € A are called actions and vectors
c € N¢ with N, = N U {*} are called configurations. A configuration in N is said to be standard
and we denote by N¢ the set of configurations ¢ € N such that I = {i | c¢(i) = «}. Given a word
o =ay...a of actions a; € A we denote by A(c) the vector in Z? defined by A(o) = Zle aj.
This vector is called the displacement of o. We also introduce the vector Aj(o) = 77(A(0)). A
run p from a configuration x € NC} to a configuration y € N? labelled by a word 0 = a; ...ay of
actions a; € A is a non-empty word p = ¢y ... cy of configurations c; € Nﬁl such that ¢y = x,



VECTOR ADDITION SYSTEM REVERSIBLE REACHABILITY PROBLEM 3

cp = y and such that ¢c; = cj_; + m7(a;) for every j € {1,...,k}. Note that in this case p is
unique and y — x = Ajy(o). This run is denoted by x Z, y. The set I is called the set of projected
components of p. The projection 7p,(p) of arun p = ¢y ... cy by eliminating components indexed
by L C {1,...,d} is defined as expected as the run 77,(p) = 71(co) ... 7L (ck). Observe that if p
is the run x % y then 77 (p) is the run 77, (x) = 7 (y). The following lemma provides a simple
way to deduce a converse result.

Lemma 3.1. Let L be a set of indexes and c be a configuration such that there exists a run from
7r(c) labelled by a word o. If ¢(i) > |o| ||Al|s for every i € L then there exists a run from c
labelled by o.

Proof. Let c € Nﬁl be a configuration such that there exists a path from 77, (c) labelled by a word
o = aj...a, where a; € A. Let us introduce the vector ¢c; = ¢ + mr(ag + ...+ a;). Since
there exists a run from 77,(c) labelled by o we deduce that 77 (c;) € N¢ ;. Observe that for
every j € {0,...,k} and for every ¢ ¢ I we have c;(i) > c(i) — |o| ||Al|oc. In particular if
c(i) > |o| ||A||o for every i € L\I we deduce that c; € N¢. Therefore p = cp. .. ¢y is the run
from c labelled by o.

[
. (71’1)(71&)
Example 3.1. p = (2,0)(1,1)(0,2) is the run (2,0) ———— (0,2). Let L = {1} and observe
1

that 71(p) = (%, 0)(x, 1) (%, 2) is the run (x,0) 20, 9y

Let x and y be two standard configurations. When there exists a run from x to y we say that y
is reachable from x and if there also exists a run from y to x we say that (x,y) is in the reversible
reachability relation. The problem of deciding this last property is called the reversible reachability
problem. This problem is shown to be EXPSPACE-hard by introducing the coverability problem.
Given two standard configurations x and y we say that y is coverable by x if there exists a standard
configuration in y + N? reachable from x. The coverability problem is known to be EXPSPACE-
complete [CLM76, Rac78]. By reducing the coverability problem to the reversible reachability
problem we get the following lemma.

Lemma 3.2. The reversible reachability problem is EXPSPACE-hard.

Proof. We consider a vector addition system A. We first observe that we can add to the vector
addition system A additional actions of the form (0,...,0,—1,0,...,0) without modifying the
coverability problem. Thanks to this transformation a standard configuration y is coverable from a
standard configuration x if and only if y is reachable from x. We introduce the VAS V in dimension
d + 2 defined by V = ((0,0) x A)U{(-1,1,-y),(1,—1,x)}.

Let us prove that (1,0,x) and (0, 1,0) are in the reversible reachability relation of V if and
only if y is coverable from x in A. In fact if y is coverable from x in A, then y is reachable from
x thanks to the additional actions (0,...,0,—1,0,...,0). Hence there exists a run from x to y
labelled by a word a; . .. aj, of actions a; € A. The following runs shows that (1,0,x) and (0,1, 0)
are in the reversible reachability relation of V:

(0707a1)"'(0707ak) (_1,17_)’)
Sttt Ll N

(1,0,y) S (0,1, 0) 22

(1,0,x) (1,0,x)
Converselly, let us assume that (1, 0,x) and (0, 1, 0) are in the reversible reachability relation of V.
Hence there exists a run from (1,0, x) to (0,1, 0) labelled by a word 0. We consider the maximal
prefix w of o in ((0,0) x A)*. This word has the special form w = (0,0, a;) ... (0,0, a;). Observe
that w is the label of a run from (1, 0, x) to a standard configuration of the form (1, 0, z). We deduce
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(1,-1,-1) (1,1, -1)
(1,1,0) (0,2,1) (1, %,%) (0, %, %)
~— 7 ~—_ 7
(_17171) (_1’171)
en-n] 0 emn [ ()
T (0,1,-1) (0,—1,1)
oy ©1

Figure 1: A subreachability graph G and the subreachability graph 71 (G) with L = {2, 3}.

that a; ... ay, is a the label of run in A from x to z. Moreover, since (1,0,z) # (0, 1,0) we deduce
that w is a strict prefix of 0. Let v € V such that wv is a prefix of . By maximality of o we
deduce thatv € {(—1,1,—y), (1,—1,x)}. Since (1,0,z) + v > 0, we get v = (—1,1, —y). Thus
z > y and we have proved that y is coverable from x in A.

As a direct consequence, the reversible reachability problem is EXPSPACE-hard. ]

4., SUBREACHABILITY GRAPHS

A subreachability graph is a graph G = (Q,T) where Q C N? is a non empty finite set of
configurations called states and T C Q x A x Q is a finite set of triples (x,a,y) € Q X A x Q
satisfying x 2y y called transitions. The set I is called the set of projected components of G and the
subreachability graph is said to be standard if I is empty. A witness graph is a strongly connected
subreachability graph (see Fig. 1 for examples). The projection 7 (t) of a transition ¢t = (x,a,y)
by eliminating components indexed by L C {1,...,d} is defined by 7 (t) = (7(x),a,7.(y))
and the projection of the set of transitions 7 is defined by 77 (1) = {mp(t) | t € T}. The
projection 77, (G) of a subreachability graph G = (Q,T') is the subreachability graph 71, (G) =
(71(Q), 71.(T)).

Example 4.1. A standard subreachability graph G = (Q,T") and the subreachability graph 77, (G)
obtained from G by eliminating components indexed by L = {2, 3} are depicted in Fig. 1.

A path in a subreachability graph G from a configuration x € Q to a configuration y € Q
labelled by a word o = a; ... a;, of actions a; € A isaword p =ty ...%; of transitions ¢; € T" of
the form ¢; = (c;_1,a;,c;) with cp = x and ¢, = y. We observe that the word p is unique. This
path is denoted by x <> y. Let us observe that in this case p = cg . . . ¢, is the unique run x = y.
In particular if a path x % y exists then the run x % y also exists. Note that conversely if there
exists a run x 2 y then there exists a subreachability G' such that x 2> y. Such a G is obtained
by introducing the set of states Q = {co, ..., ¢} and the set of transitions 7" = {¢1, ..., tx} where
t; = (cj_1,aj,¢;). A pathx ¢ y is called a cycle if x = y. The cycle is said to be simple if
cj, = cj, with j; < jp implies j; = 0 and jo = k. The projection 77,(p) of a path p = ¢; ... ¢ in
G by eliminating components indexed by L C {1,...,d} is the path 71, (p) = 7 (¢1) ... 7L (t) in
71,(G). Observe that the projection of a path x Z+ y by eliminating components indexed by L is
the path 7, (x) i>7rL(G) 7w (y). The Parikh image of a path is the function p : 7' — N defined by
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() is the number of occurrences of ¢ in this path. A cycle is said to be foral if its Parikh image
satisfies u(t) > 1 forevery t € T.

Example 4.2. Let us come back to the standard witness graph G depicted in Fig. 1. Let us con-
sider the cycle (1,1,0) S

indexed by L = {2, 3} is the cycle (1,*,*)
71, (G) also depicted in Fig. 1.

¢ (1,1,0) in G. Its projection by eliminating components
(71’171)(1’71771)

7L(G) (1, %, %) in the witness graph

A word o € A* is said to be forward iterable from a configuration c if there exists arun ¢ % y
such that ¢ <'y. In this case the configuration ¢, = 7 (c) where L = {i | c(i) # y(i)} is called
the forward limit of o from c. We observe that o is forward iterable from c if and only if for every

n € N there exists a run ¢ — y,,. In that case L is the minimal set of indexes such that 7L(Yn)
does not depend on n. Symmetrically o is said to be backward iterable from a configuration c

if there exists a run x % c such that ¢ < x. In this case the configuration c, = 7 (c) where
L = {i | c(i) # x(1)} is called the backward limit of o from c.

Example 4.3. The action a = (0, —1, 1) is forward iterable from x = (0, %, 0) since (0,%,0) =

(0,%,1). Observe that in this case (0,x,0) 2 (0,%,n) for every n € N. The forward limit of a
from (0, *,0) is (0, %, x).

A configuration c is said to be forward pumpable by a cycle q 2> q if o is forward iterable
from c with a forward limit equals to q. Note that in this case q is unique since it satisfies q = 7;(c)
where [ is the set of projected components of (G. Symmetrically a configuration c is said to be
backward pumpable by a cycle q < q if o is backward iterable from ¢ with a backward limit
equals to q.

Example 4.4. Let us come back to the witness graph 77, (G) depicted in Fig. 1. Observe that (0, *, 0)

is forward pumpable by (0, x, %) 7LD w(c) (0,%,%).

5. OUTLINE

The remainder of this paper is a proof that the reversible reachability problem is in EXPSPACE.
We prove that if a pair (x,y) of standard configurations are in the reversible reachability rela-
tion then there exist runs from x to y and from y to x with lengths bounded by a number double
exponential in the size of (x, A, y) with the binary encoding for numbers. Using the fact that NEX-
PSPACE=EXPSPACE, and that double exponential numbers can be stored in exponential space, one
obtain the EXPSPACE upper bound. These “short” runs are obtained as follows.

Theorem 6.2 gives a bound on the size of the Parikh image of a cycle in a witness graph to
achieve a particular displacement vector, using a result of Pottier [Pot91]. This result is used in
Section 7, which considers the special case of reversible witness graphs in which each path can be
followed by another path such that the total displacement is zero. In Theorem 7.2 it is shown that a
reversible witness graph possesses a “short” total cycle that has a zero displacement.

Section 9 takes an arbitrary witness graph G and asserts the existence of a set of indexes J such
that the witness graph 77 (G) has a “small” number of states and such that states q of G that are not
“too” large are forward and backward pumpable by “short” cycles in 77 (G).

The development culminates with the main result in Section 10. There, we consider a reversible
witness graph where x and y are two states. This graph is finite but potentially very large. One then
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uses the result from Section 9 to generate a reversible witness graph 7 ;(G) satisfying the previous
conditions in such a way that x and y can be considered as not “too” large configurations. Most
of the work involves showing how to replace arbitrary path between x and y by “short” paths by
exploiting the fact that x and y are pumpable to move from 7 ;(G) back to G.

6. DISPLACEMENT VECTORS

A displacement vector of a witness graph G is a finite sum of vectors of the form A(o) = Z?Zl a;
where 0 = aj...ay is a word labelling a cycle in G. We denote by Z¢ the set of displacement
vectors. Observe that Z is a submonoid of (Z%, 4). Displacement vectors are related to Kirchhoff
functions as follows. A Kirchhoff function for a witness graph G = (Q,T') is a function p : T — N
such that the functions in(u), out(x) : Q — N defined bellow are equal.

()= 3 ) ewwx= > al)

teTN(QxAx{x}) teTN({x}xAxQ)
A Kirchhoff function p : 7' — N is said to be total if u(t) > 1 forevery t € T.

Lemma 6.1 (Euler’s Lemma). A function p is a Kirchhoff function for a witness graph G if and only
if w is a finite sum of Parikh images of cycles in G. In particular a function p is a total Kirchhoff
function if and only if 1 is the Parikh image of a total cycle.

As a direct consequence of the Euler’s Lemma, we deduce that a vector z € Z? is a displace-
ment vector of GG if and only if there exists a Kirchhoff function p for G satisfying the following

equality: Z
zZ= p(t)a
t=(x,a,y)eT

In this case z is called the displacement of p.

Example 6.1. Let us come back to the witness graph 7 (G) depicted in Fig. 1. A function
p : w(T) — N is a Kirchhoff function for 7 (G) if and only if p(t1) = p(t2) where ¢; =
((1,%,%),(—1,1,1),(0,%,%)) and to = ((0,*,*),(1,—1,—1),(1,%,%)). In particular the set of
displacement vectors of 77 (G) satisfies Zy, () = {z € Z* | z(1) = 0 A z(2) + z(3) = 0}.

The following theorem shows that the displacement vectors z € Z are displacement of Kirch-
hoff functions y for G such that ||u1||c = maxer p(t) is bounded by a polynomial in |Q)|, || A ||,
and ||z||~ with a degree depending on d.

Theorem 6.2. Vectors z € Zg are displacement of Kirchhoff functions p such that the following
inequality holds where ¢ = |Q|, a = [[A[[oc, and m = ||2||o:

lellee < (¢ a(1 + 2a)" + m)?

Proof. We first recall a “Frobenius theorem” proved in [Pot91]. Let H € Z9%" be a matrix and
let us denote by h; j for each ¢ € {1,...,d} and j € {1,...,n} the element of H at position
(). We denote by [[H||1,c the natural number maxi<;<q »_j_; |hi |- Given a vector v € N",
we introduce the natural number ||v[|; = > "_; v(j). Let V be the set of vectors v € N" such
that Hv = 0. Recall that V is a submonoid of (N, +) generated by the finite set min(V\{0})
of minimal elements for <. From [Pot91] we deduce that vectors v € min(V\{0}) satisfy the
following inequality where 7 is the rank of H:

vl < (1 +[[H]

1,oo)r
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Observe that if a = 0 then z = 0 and the theorem is proved with the Kirchhoff function p
defined by p(t) = 0 for every ¢t € T. So we can assume that a > 1. Since every cycle labelled by
a word o can be decomposed into a finite sequence of simple cycles labelled by words o1, ..., 0
such that A(o) = Z?Zl A(o;) we deduce that the set of displacement vectors Z is the submonoid
of (Z%,+) generated by the set Z of non-zero vectors z = A(c) where ¢ is the label of a simple
cycle. Since the length of a simple cycle is bounded by the cardinal g of Q, we get ||Z]| < qa.
As a corollary we deduce that the cardinal k of Z is bounded by k < (1 +2ga)? — 1 (the —1 comes
from the fact that vectors in Z are non-zero).

Let us consider a vector z € Zg and let us introduce a whole enumeration zy, . .., z; of the
vectors in Z and the following set V where n = k + 1:

d k
V= {ven | A S v(i)z6) - vin)a(i) = 0}
i=1j=1
We observe that V is associated to a matrix H € Z%"™. The rank of H is bounded by d and
[|1H|1,00 < kga+m. We deduce from the Frobenius theorem that vectors v € min(V\{0}) satisfy
the following inequality:
vl < (1+ kga +m)? < (¢ a(1 + 2a)" +m)?

Since z € Zg and Zg is the submonoid generated by (Zd, +) generated by z1,...,2z;, we
deduce that there exists v1, ..., v; € N such that z = Z§=1 v;z;. Observe that the vector v .€ N"
defined by v(j) = v;if j € {1,...,k} and v(n) = 1 isin V. Hence, there exists v € V such that
v(n) = 1. In particular there exists another vector v € min(V\{0}) such that v(n) = 1. Observe
that for every j € {1,...,k} there exists a function \; that is the Parikh image of a simple cycle
such that z; is the displacement of \;. We introduce the Kirchhoff function 1 = Zle V(7).
Since v € V and v(n) = 1 we deduce that the displacement of x is z. The theorem is proved by
observing that u(t) = Z§=1 v(7)A;(t) <||v]|i since A;(t) € {0, 1}.

[

7. REVERSIBLE WITNESS GRAPHS

A witness graph G is said to be reversible if for every path x —¢ y there exists a path y —¢ X
such that A(u) 4+ A(v) = 0. Observe that standard witness graphs are reversible since the condition
A(u) + A(v) = 0 is implied by the two paths.

Example 7.1. Witness graphs depicted in Fig. 1 are reversible. The witness graph ({*}, {(x, 1,%)})
is not reversible.

Let us recall that a submonoid Z of (Z%, +) is said to be a subgroup if —z € Z for every z € Z.
The following lemma provides two characterizations of the reversible witness graphs.

Lemma 7.1. A witness graph G is reversible if and only if Zg is a subgroup of (Z2,+) if and only
if the zero vector is the displacement of a total Kirchhoff function.

Proof. Assume first that G is reversible and let us prove that Z is a subgroup of (Z%, +). Let us
consider a cycle x —¢ x. Since G is reversible, there exists a cycle x —¢ x such that A(u) +
A(v) = 0. We deduce that —Z = Z¢ since vectors in Z¢ are finite sums of vectors A(u) where
w is the label of a cycle in G. Therefore Z is a subgroup of Z<.
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Now let us assume that Z is a subgroup of (Zd, +) and let us prove that the zero vector is the
displacement of a total Kirchhoff function. Since G is strongly connected, there exists a total cycle
x g x. Observe that z = A(u) is in Zg. Since Z¢ is a subgroup we deduce that —z € Zg.
Hence —z is the displacement of a Kirchhoff function \. Let X’ be Parikh image of x 5 x and
observe that 1 = A+ ) is a total Kirchhoff function. Moreover the displacement of 1 is —z+z = 0.

Finally, let us assume that the zero vector is the displacement of a total Kirchhoff function p
and let us prove that G is reversible. Let us consider a path x = y. Since G is strongly connected,
there exists a path y > x. Let us consider the Parikh image \ of the cycle x —— x and let
m = 1+ ||\|]lo. We observe that ;/ = mu — X is a total Kirchhoff function and the Euler’s

Lemma shows that p’ is the Parikh image of a cycle x ﬁ)g x. From ¢/ = mpu — A we deduce that
A(B) = m0 — A(uc). Let us consider v = a3 and observe that y - x and A(u) + A(v) = 0.
Thus G is reversible.

U

The following theorem shows that if G is a reversible witness graph then the zero vector is the
displacement of a total Kirchhoff function u such ||u||~ can be bounded by a polynomial in |Q)]
and ||A || with a degree depending on d.

Theorem 7.2. Let G be a reversible witness graph. The zero vector is the displacement of a total
Kirchhoff function p such that the following inequality holds where ¢ = |Q| and a = ||Al|so-

[lilloo < (q(1 + 2a))D

Proof. Since G is strongly connected, every transition ¢ € 1" occurs in at least one simple cycle.
We denote by \; the Parikh image of such a simple cycle and we introduce the Kirchhoff function
A=Y erAi. Wehave \(t) € {1,...,|T|} for every t € T. We introduce the displacement z
of A. Since G is reversible, we deduce that —z is the displacement vector of a Kirchhoff function
for G by Lemma 7.1. As ||z]|loc < |T|qa, |T| < q|A|, and [A] < (1 + 2a)? we deduce that
12|00 < ¢%a(1 + 2a)?. Theorem 6.2 shows that —z is the displacement of a Kirchhoff function \’
satisfying the following inequalities:

N [|oo < (qd“a(l + 2a)d + qza(l + 2a)d)d < (quQa(l + 2a)d)d

Let us consider the total Kirchhoff function ;1 = A + ). Observe that the displacement of 1 is the
zero vector and since || Ao < |T| < q(1 + 2a)? < (g% (1 + 2a)?) we get the theorem with:

[llloe < (¢**12a(1 +20)) + (g™ (1 4 20)")* < (g(1 + 20)) ")

8. EXTRACTORS

In this section we introduce a way for extracting “large” components of configurations. An extractor
is a non increasing sequence A = (\,)1<p<q Of natural numbers \,, € N. Let X C N?. An
excluding set for (\, X) is a set of indexes J such that x(i) < A4 for every i ¢ J and for every
x € X (notice that even if Ay, is not defined, when |.J| = d the domain of the universal quantifier
“for every ¢+ ¢ J” is empty). Since A is non increasing we deduce that the class of excluding sets
for a couple (A, X) is stable by intersection. As this class contains {1,. .., d} we deduce that there
exists a unique minimal excluding set J for (A, X). By minimality of this set we deduce that for
every i € J there exists x € X such that x(i) > A (notice once again that even if )\ is not
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defined, when |J| = 0 the domain of the universal quantifier “for every i € J” is empty). We
denote A\(X) the set m7(X) where J is the minimal excluding set for (A, X).

Example 8.1. Let A = (5,3,2) be an extractor. We have A\({(1,8,1)}) = {(1,%,1)}, and
A{(1,8,1), (3,1, 1)}) = {(,x 1)}.

A set X C N? is said to be normalized for X if A(X) = X. As a direct consequence of
the following lemma we deduce that A\(X) is normalized for A for every set X C N‘}. We say
that x € N¢ is normalized for X if {x} is normalized for ), i.e A({x}) = {x} or equivalently
x(i) < Ajpj41 forevery i ¢ I. Observe that if every state x € X is normalized then A(X) = X.

Lemma 8.1. Ler X C N?l and let L be a set of indexes included in the minimal excluding set of
(A, X). Then A(X) = A7 (X)).

Proof. Note that if X is empty the result is immediate so we can assume that X is non empty. Let
J be the minimal excluding set of (A, X) and observe that .J is an excluding set for X' = 71, (X).
In particular the minimal excluding set .J’ for X’ satisfies J' C J. Since J’ is an excluding set
of (A, X') we deduce that x'(i) < Aj 41 for every i ¢ J'. Hence 7z (x)(i) < A y41 for every
x € X. As x < 71,(x) we deduce that J’ is an excluding set of (A, X). By minimality of J we get
the other inclusion J C J’. Thus J = J’ and we have proved that A\(X) = A\(71(X)).

9. PUMPABLE CONFIGURATIONS

In this section we show that for arbitrary witness graph G, there exists a set J of indexes such that
the number of states of 7 ;(G) is “small” and such that states with “small” size of G are pumpable
by “short” cycles of 7 ;(G). The proof of this result is inspired by the Rackoff ideas [Rac78]. All
other results or definitions introduced in this section are not used in the sequel.

Theorem 9.1. Let G be a witness graph with a set of states Q C N%, and let s € N+ be a positive
integer. We introduce the positive integer x = (1 + ||Al|o)s. There exists a set of indexes J such
that the number of states of 7;(QG) is bounded by 24" and such that every state q € Q such that
lldl|eo < s is forward and backward pumpable by cycles of 7 ;(G) with lengths bounded by dz?”

Such a set J is obtained by introducing the class of adapted extractors. An extractor A is said
to be adapted if the following inequality holds for every n € {2,...,d}:

An-1 > XriL_TH_lHAHoo + An

Lemma 9.2. Let A be an adapted extractor, G be a witness graph with a set of states Q C N?, and
let J be the minimal excluding set for (\, Q). For every state q € Q there exists a run = y such
that 5(q) i%rJ(G) 75 (y) and such that the bounds |u| < 3 ., A= and y () > Ay for
every j € J hold.

Proof. Since Q C Nﬁl we deduce that I C J. We introduce a parameter k¥ € N and we prove the
lemma by induction over k under the constraint |J| — |I| < k. Observe that if K = 0 then [ = J
and the property is proved with u = € and y = q. Assume the property proved for a natural number
k € N and let us consider a witness graph G = (Q, T') with a set of projected components I such
that |J| — |I| < k + 1 where J is the minimal excluding set for (A, Q). We consider a state q € Q.
If Q is normalized for A then J = I and the property is proved. So we can assume that Q is not
normalized for A\. We deduce that there exists a state in Q that is not normalized. Since G is strongly
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connected, there exists a path q La p with a minimal length such that p is not normalized. Let us
d—|1|

observe that the number of states in Q that are normalized is bounded by /\‘ 141"

the length of o we deduce that || < )\fl_‘ﬂ.

We introduce the minimal excluding set K for (A, {p}). Observe that I is strictly included
in K since p is not normalized. Moreover K is included in J since J is an excluding set for
(A, {p}). Lemma 8.1 shows that J is the minimal excluding set of (A, 7x(Q)). Observe that
|J| — |K| < |J| = |I| < k+ 1. By applying the induction on the witness graph 7x (G) and the
state 7x (p), we deduce that there exists a run mx (p) — y such that 7;(p) EGJ(G) 77(y) with
lul < 32 K<<y AIH1=1 and such that y(j) > Ay for every j € J. We introduce the word

d—|I|
Il+1° Thus

By minimality of

v = ou. Since [ is strictly included in K we deduce that 3/, < g AdFl=n > )

d —
0] < Xjnjensia A
Since A is an adapted extractor we deduce that A x| > |[Allec 3 x| <p<| A=\ ). From
p(k) > A g for every k € K we deduce that p(k) > [|A[|oo|u| + As. Since there exists a run

from 7y (p) labelled by u, Lemma 3.1 shows that there exists a run p — z. For every k € K we
have z(k) > p(k) — [|Al|co|ul = Ajg- Asp 2 z we deduce that 7 (p) — 7 (z). In particular
nk(z) = y. Let j € J\K. From the previous equality we get z(j) = y(j). Moreover since
y(J) = Ay we get z(j) > Ajy. We have proved that z(j) > A for every j € J. Hence the
induction is proved.

U

Now let us prove Theorem 9.1. We consider a witness graph G with a set of states Q C N?.
We also consider a positive integer s € N+ and we introduce the positive integers a = ||A || and
x = (1 + a)s. Let A be the adapted extractor defined by Ay = s and the following induction for
everyn € {2,...,d}:
M-t = Aq(1+ [|Alo0)
An immediate induction provides \¢+1—" < 24" for every n € {1,...,d}. We introduce the
minimal excluding set J for (A, Q). Observe that if |J| = d then |7;(Q)| = 1 and in particular

T (Q)] < 24 1f |J| < d, the number of states in 7;(Q) is bounded by )‘IdJ_Ifll Hence |7;(Q)| <
d

24" in any case. Let us consider q € Q such that lla||cc < s. Lemma 9.2 shows that there exists a
run q % x with x(j) > Ay for every j € J such that 7 (q) gm(g) 77(x) and such that:

1]

d+1—

ol <D A"
n=1

Since 77(G) is strongly connected there exists a path my(x) ,(c) ms(a). We can assume
d—1J|
[J|+1

both case |ou| < dz’. Since A is an adapted extractor we deduce that x(5) > |u| ||A||s for every

that the length of w is minimal. In particular u = €if J = {1,...,d} and |[u| < A otherwise. In

j € J and by applying Lemma 3.1 we deduce that there exists a run x — y. Since 7 (x) S 7(q)
we deduce that y(j) = q(j) for every j & J. Moreover if j € J\I since y(j) > sand s > ||q||~
we get y(j7) > q(j). We deduce that q < y and J\I = {i | q(¢) # y(¢)}. Therefore q is forward
pumpable by the cycle 77(q) ﬂ>,FJ(G) 77(q).

Symmetrically we prove the backward case. We have proved Theorem 9.1.
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10. DECIDING THE REVERSIBILITY PROBLEM
In this section, the reversible reachability problem is proved to be EXPSPACE-complete. The proof
is inspired by the Kosaraju ideas [Kos82]. A word o € A* is said to be reversible on a configuration
p if there exists a word 8 € A* such that p RN p and A(a) + A(B) = 0. Note that if p is a
standard configuration the last condition is implied by the first one.

Theorem 10.1. Let o« € A* be a reversible word on a configuration p. There exists another word
o' € A* reversible on p such that A(«) = A(') and such that:

\o/| < 17d2$15dd+2
where & = (1 + 2|[Ale0) (1 + [Pl + || A()]]o0)-

Let us assume that & € A* is a reversible word on a configuration p € N?. There exists a run
p P, p satisfying A(a)+A(8) = 0. From this run we extract a unique witness graph G = (Q, 7))
such that p Lﬁ)g p is a total cycle. In particular the Parikh image of this cycle is a total Kirchhoff
function proving that (G is reversible by Lemma 7.1.

We introduce a = [|[Al|sc and s = 1 + ||p||ec + [|A(@)||c- Let g = p + Af(cr). We have
llalleo < |Plloo + [|A(a)]]oo < s. Let us introduce x = (1 + 2a)s. Theorem 9.1 shows that there
exists a set of indexes .J such that 77 (G) has at most 24" states and such that p is forward pumpable
by a cycle 7;(p) gm(g) m7(p) and q is backward pumpable by a cycle 7;(q) 3%,((;) 77(q)

such that |v|, |w| < dz. In particular A;(v) and —Aj(w) are two vectors in {c € N? | (i) #
0 < i€ J}. Forevery n € N we have:

p—p+nlAiv) q-nlAr(w) —q
Since the witness graph G is reversible, Lemma 7.1 shows that 7;(G) is reversible. From
Theorem 7.2 we deduce that the zero vector is the displacement of a total Kirchhoff function y for
7 7(G) satisfying:

d

[lilloo < (2% (1 4 2a)) Y

Note that |7, (T)| < |77(Q)| |4] < 2% (1 + 2a)® < 22",

Lemma 10.2. There exists a cycle 7;(q) 1>7TJ(G> m7(q) such that A(v) + A(u) + A(w) = 0 and:

lu| < 3d 274"

Proof. Let piy, 1, be the Parikh images of 7;(p) i>7FJ(G) ms(p) and 77(q) ﬂm(g) m7(q). We
introduce the function A = (1 + 2d2® ) — (1y + ). Observe that A is a Kirchhoff function
for 7;(G) satisfying A(t) > (1 4 2dz?") — 2dz?" > 1 for every t € 7;(T). The Euler’s Lemma
shows that \ is the Parikh image of a total cycle 7;(q) lﬂw(G) 7wy(q). Observe that A(u) =
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(14 2dz%")0 — (A(v) + A(w)). Hence A(v) + A(u) + A(w) = 0. The length of u is bounded by:

ul = 37 (14 2d2™) () — (o (t) + p(t)) < 3da® |||l oo (T)] < 3™
tEWJ(T)

Lemma 10.3. There exists a path 7 ;(p) gm(g) 77(q) such that A(&) = A(«) and:

Proof. Since m;(G) is strongly connected, there exists a path 7;(q) ﬁ)m(G) m7(p). We can
assume that | 3| is minimal. In particular | 3| < 2¢°. Moreover, we know that 7 (p) ghr‘,((;) m7(q).
Observe that o3 is the label of a cycle in 7;(G). Hence z = A(a) + A(j) is the displacement
of a Kirchhoff function for G. We have ||z||cc < ||A(®)||oe + ||AB)|lse < s + |Bla we get
l1z||oe < s+ 2%°a < 29°(1 + a). Theorem 6.2 shows that z is the displacement of a Kirchhoff
function @ for G such that:

16]00 < (@) a(1 +2a)% + 2% (1 + a))?

(
< (22" 4zt + 2% (1 + a))?
< (@ (1 4 2a))?
d+1
< (&3 )
< pAdr?

We introduce the Parikh image f of the path 7;(q) iﬂ s(@ ™i(p). Let us add to the strongly
connected graph 7;(G) an additional transition ¢, from 7;(q) to 7;(p) and let G, be this new
graph and T, = 7;(T) U {te} be its set of transitions. Functions 6, 1z and f are extended over T,
by 0(te) = u(te) = f(te) = 0. We also introduce the Parikh image f, of t,, i.e. fo(ts) = 1 and
fo(t) = 0 for every t € w;(T). Let us observe that g = 6 + 2y — f + f. satisfies g(t) > 1
for every t € m;(T) since f(t) < 24 A g(te) = 1 we deduce that g is a Kirchhoff function for
G, satisfying g(t) > 1 for every t € T,. The Euler’s Lemma shows that g is the Parikh image
of a total cycle. Since g(te) = 1 we deduce that g is the Parikh image of a cycle of the form
(r7(p) gm(g) 77(q)) te. By definition of g we get A(&) = z 4+ 2%'0 — A(3) + 0. Hence
A(a) = z — A(B). Since z = A(a) + A(B) we get A(a) = A(a). The following inequalities
provide the lemma:
6] < [mr (D) [6lloo + 2 s ()] [0
< 224 ( pAdT? + 2d° x4dd+2)

d+2
< 947d

Lemma 10.4. For every n > |ula we have:

a+nAr(v) 5 q - nAg(w)
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Proof. Let n > |u|a. We introduce the sequence (Xj)o<k<n Of configurations x;, = q + (n —
kE)Ar(v) —kAj(w). Since 7y(xx) = 77(q) we deduce that there exists a run from 77 (xy,) labelled
by u. Moreover as Ar(v)(j) > 1 and —Aj(w)(j) > 1 for every j € J, we deduce that xj(j) >
n > |ula for every j € J. Lemma 3.1 shows that there exists a run from x;, labelled by w. Since

A(v) + Au) + A(w) = 0 we get Xp — Xpy1.
U

Lemma 10.5. For every n > |&|a we have:
p +nAr(v) %Y q+ nAr(v)

Proof. Observe that 7;(p + nAy(v)) = m;(p) and 7;(p) 4, 77(q). Moreover for every j € J
we have (p + nAr(v))(j) > n > |@|a. From Lemma 3.1 we deduce that there exists a run from
p +nAr(v) labelled by &. From p % q we deduce that p + Ar(a) = q. Since A(a) = A(@) we
deduce that p + Aj(@) = q. We deduce the run p + nA7(v) = q + nAz(v).
[
Finally, let n = amax{|&|, |u|}. We have proved that p o, q where o/ = v"au™w". Note
that A(a’) = A(«) since A(&) = A(a) and A(v) + A(u) + A(w) = 0. We deduce that A(a') =
Aa). As q LN p with A(a) + A(B) = 0 we deduce that  is reversible on p. Note that
n < a?>al$7dd+2 < 3dx8dd+2. Hence we have:

lo'| < 2274 | 380"t (2d:ndd + 3d1:7dd+2)
d(i+2

< 17d2%2%
We have proved Theorem 10.1.
Corollary 10.6. Two standard configurations p, q are in the same strongly connected component
of a standard subreachability graph if and only if there exist runs p — q and q ﬁ> p such that:
al, 18] < 17d%"5""
where = (1 4 2[|Al[e0) (1 + 2max{][|p|[co, ||l loc })-

Theorem 10.7. The reversible reachability problem is EXPSPACE-complete.

11. APPLICATION : REVERSIBILITY DOMAINS

During the execution of a VAS some actions are reversible and some not. More precisely, let D, be
the set of standard configurations ¢ such that there exists a word « satisfying ¢ 2 ¢ + a = c. We
observe that the set D, is an upward closed set for the order <. In fact ¢ 2et+aSec implies the
same thing by replacing c with a standard configuration x € ¢ + N%. So D, is characterized by its
finite set of minimal elements min(D,) for <. As an application of Theorem 10.1, we obtain the
following result.

Theorem 11.1. Configurations ¢ € min(D,) satisfy the following inequality where a = ||A||co-

HCHOO S (1O2d2a2)(15dd+2)d+2
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Proof. Observe that if a = 0 we are done since in this case ¢ = 0. So we can assume that a > 1.
We introduce the extractor A = (A, ..., \g) defined by A\y;1 = a and the following induction for
ne{l,...,d+1}:
An_1 = 17d2(6a\,) P4

Let ¢ € min(D,) and let d = ¢ + a. Let us consider the minimal excluding set I for (A, {d}).
By minimality of I we have d(i) < Aj7j4; forevery i ¢ I and d(i) > A7 forevery i € I. We
consider the standard configuration y defined by y(i) = Ay if i € I and y(i) = d(i) if i & I.
Let us consider q = 77(c) and p = 77(d). Since ¢ € D, there exists arun d % c. In particular
p % q 2 p with A(a) + A(a) = 0. We deduce that « is reversible on p and Theorem 10.1 shows

that there exists a word o’ such that p =+ q, A(a’) = A(«) and:
/| < 1722154

where z = (1 + 2a)(1 + [|p/lec + [[al[oc). Note that |[p|loc < Ajjj41 — 1. We deduce that
r < (14 2a)(Aj41 + a) < 6adp4q since 1 < aand a < Ajp4q. Hence ala/| < Aj thanks to
the induction defining \. Since 77(y) = p we deduce that there exists a run from 7;(y) labelled

by o/. As y(i) > \jj; > a|/| for every i € I, Lemma 3.1 shows that there exists a run y L x.
Since A(o’) = A(a) = —a we deduce that x = y — a. From y < d we get x < c by subtracting

a. Moreover as X — y a—l> x we deduce that x € D,. By minimality of ¢ we get ¢ = x.
Hence ¢ = y — a. In particular [|c||cc < Ajj +a < Ag + a. Finally let us get a bound on
Ao. We get the equality \,_1 = )¢ by introducing e = 15d%*? and ¢ = 17d?(6a)®. Hence
Ao < (ca)® < (102d2a2)*"* and from e+2 < (15d%72)%+2 we are done.

U

CONCLUSION

The reversible reachability problem is proved to be EXPSPACE-complete in this paper. The proof
is inspired by the Rackoff and Kosaraju ideas [Rac78, Kos82]. We have introduced the domain of
reversibility D, of every action a € A. Observe that the reflexive and transitive closure of the
following relation R is a congruence and from [BF97] we deduce that this relation is definable in
the Presburger arithmetic. That means there exist a Presburger formula ¢ that exactly denotes the
pair (x,y) of standard configurations in the reversible reachability relation. As a future work we are
interested in characterizing precisely the size of such a formula (we already derive an elementary
bound from [BF97] and Theorem 11.1).

R = U{(x,x—i—a) | x € Da}
acA

The general vector addition system reachability problem was recently proved to be decidable
thanks to inductive invariants definable in the Presburger arithmetic [Lerl1la]. The proof is based
on binary relations called transformer relations over Qio where Q> is the set of non-negative
rational numbers. The transformer relation of a standard configuration ¢ € N¢ is the binary relation
A over Qio defined by x A y if there exists a run from ¢ + nx to ¢ + ny for some n € N.
This relation is proved to be definable in FO (Q, +, <) in [Ler11a]. The proof is based on witness
graphs. However, no upper bound on the size of these graphs are derived. As a future work we
are interested in adapting techniques introduced in this paper for proving elementary upper-bounds
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on sizes of formulas in FO (Q, +, <) denoting transformer relations. Our main objective is the
complexity of the general vector addition system reachability problem.
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