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Abstract

Quadrature rules on the positive real half-line obtained by integrating the Baskakov
quasi-interpolants described in [3, 6] are constructed and their asymptotic convergence
orders are studied. These results are illustrated by some numerical examples. The formulas
are based on series of values of the function on uniform partitions and are not comparable
with Gauss quadrature rules.
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1 Introduction

The Baskakov operators [1] are the linear approximation operators defined by

Vol (@)=Y feven(z), fo:=f (i)

k>0
where the system of basic functions is

k-1
Vi fonn(o)i= (7T )R 0, k2 0)
From the identities [3]
Vnvn(x) = Ap i (z)
where v, ,(x) := H;:ol (= 1), Ay = Hf;ol(l + 1) and my(z) := 2*, one deduces that V, is
an isomorphism of the space P of polynomials. As V,vg = mg and V,1vy = mq, with vg = mg
and vy = my, this operator is exact on P;. Moreover, it has been proved in [6] that both V),
and U, := V; ! can be written as differential operators on P (here D = d/dz):
Vo= D00 @)D" Uy =Y 0 (@)D"

r>0 r>0
The polynomial coefficients i () and n,(nn) () are in P, and can be computed by recurrence
relations (see Section 2 below). This allows to define the partial inverses

up =30 @Dnl, 0<r<n
=0

1



and the (left) Baskakov quasi-interpolants of order r [3] for any polynomial p:
VIp(a) = U V() = 30" (@)D Vap(e). 0<r <.
=0

The aim of the present paper is to study the quadrature formulas on the real positive line
obtained by integrating Baskakov quasi-interpolants. Here is an outline of the paper. The main
properties of these operators, studied in [3] and [6], are recalled in Section 2. Section 3 presents
the quadrature formulas (abbr. QF). Section 4 gives the quadrature weights. Section 5 contains
results on convergence orders of the QF. Section 6 gives a particular case of the convergence
results for a specific family of functions. Section 7 presents some numerical experiments.
Finally, Section 8 gives the coefficients of QF of orders 4 < r < 9. It is difficult to say if these
formulas are really interesting in practice. From the numerical experiments that we have done,
it is not quite clear to determine the best class of functions to which the Baskakov quadrature
formulas are adapted. In a future paper, we plan to compare the latter formulas to those
obtained by integration of Szasz-Mirakyan quasi-interpolants [4].

Notations. I(f) = 0+o° f(z)dz, X = z(1 +x),Z := {{;. Rising and falling factorials are

denoted respectively by

n)p:=nn+1)...(n+r—1), )y =nn—-1)...(n —r+1).

2 Baskakov quasi-interpolants

In the following, we often omit the upper index n when the latter is fixed.

Theorem 1. The polynomials 6, and n, satisfy the following recurrence relations:
n(r+1)0,41(x) = X(DO,(z) + 0,—1(x)), 6p=1,0; =0.
(n+7r)r+ Dnyi(z) = —r(1+22)n.(x) — Xnp_1(z), mo=1,m =0.
For example, the first polynomials n are as follows

X (1+22)X X((n—6)X —2)

2+1) BT3m+)m+2) T 8m+ Dn+2)(n+t3)

2 =
A more complete table is given in [6].

Theorem 2. For all r > 0, there exists a constant C, > 0 such that
Vo <C ¥n>r

Defining the limit polynomials

o m _ (=D
Mer—1i= i nmy = o oy

(1+22)X", gy i= lim '™y =
n—oo

we have the following asymptotic formulas for smooth functions.



Theorem 3 (Voronovskaya type). Let f € C*T(R,) be a function with D* 4 f bounded,
then for all x > 0, there holds, when n — oo

limn 1 (f(z) — V@) f(2)) = farp1 DT f(2) + lar 2 D> 2 f ()

limn™H(f(2) = VY f(2)) = for g2 D2 f(2)

3 Quadrature rules over the positive real halfline

By integrating VT(LQT) f(x) and V(%H) f(x), one obtains two quadrature formulas QFT(LQT) and

QFP™V of the same convergence order O(n~ (1),
First, omitting the index n, we have, for n > 2 and for all £ > 0,

n+k—1 zF +eo 1

0

therefore we get, for the classical Baskakov operators V,, = Vy ) = Vr(bl):

+oo
QO = QE(f) = [ Vs = 5 S g
k>0

For the QI of order r = 2, we obtain
VP (@) = Vuf (@) + 05" () DV f (<)

(1+42)" (ka<n+k >ZkZZ(n+Z+1>(A2fk:)Zk+l)

k>0

and by integrating we get

+00
(2) = SR — 1 1)(A?
| V@ = 25 3 f= g S+ Dt k4 DA
k>0 k>0
which can also be written under the form
QFX(f) = /m VO f(@)de = ——fo+ 3" f
n = . n T :U—n_l(] n2_1 k-
E>1
In the same way, one obtains the following quadrature formulae
“+o0o
QFP() = [ VO fa)do
0
-3 4n? +5n — 12 n?+2n —4
F@ (="
RPN = g P sy e - D T e 1) 2

k>2

In Section 8 are given the quadrature formulas for 4 <r < 9.



4 Computation of quadrature weights

As QFT(LT)( ) =20k fo x)dx, we need to compute and integrate the functions
v,gr)( +Z779 VD (x) for k>r—1
Setting

the preceding formula provides

(r) C N IR
Apn = A, +/ " (2) D" vg ().
0

)

In order to compute these coefficients, we integrate by parts the products nﬁn) (x)D"vg (),

(n)

using the derivatives at © = 0 of the polynomials 7, ’(x) and of the rational functions vy, ,(z).

4.1 Derivatives of vy, (z)

By direct computation, one obtains
Lemma 1. The derivatives of basic functions vy ,(z) are given by

Dugn(#) = n(vk—1.n41(2) = vk np1(7)).
More generally, for all r > 2
T - r—j (T
D tkn(e) = 0 1 (! oo (o)
§=0

When = — 00, v, (z) ~ (”Hg_l)a;_”, thus vg—jpir () ~ ("H,:”L; J)x_("”), therefore

D" () ~ w(n, r, k)z~ (") where we set
T ] k' o
wn,r k) = (n), Z(—l)“f <T> <n * —Hj j>
— J k—j
]_
On the other hand, we have

7757;) 1( ) ~ cor_1n e 17 Nor () ~ CQTn_TxQT

with c9,_1 = and c9, =. We then deduce
ngf) 1z )D2T*1vkm( ) ~ Cor_1M 2l w(n, 2r — 1,/6):6*("*2“1) =0(z™")

" (2) D v () ~ corn a2 w(n, 2r, k)a ) = O(2™)



Similarly
D (a) = OW™), D'y u(x) = O +7=)

T

therefore we have also
D (2) D" Pvp p(z) = O(z™")

This proves the following
Lemma 2. For alln,r and 0 < s < r, there holds

lim D%, (z)D" *vjpn(z) =0

r——+00

We also need the values of D*vy,,,(0).

Lemma 3. For all n,r, there holds

D 0pn(0) = (—1) () (k)

Proof. Starting from vg ,(0) = 1 and v, ,(0) = 0 for k > 1, we deduce Dvy, ,(0) = n(vg—1,n+1(0)—
Vkn+1(0)), thus Duvg,(0) = —n, Dv;,(0) = n. Then D%t ,(0) = n(n + 1)(vg—2n+2(0) —
20k-1n+2(0) + vk n+2(0)) implies that

DQ’UO’n(O) == (’I”L)Q, D2’017n(0) == —2(71)2, D2U27n(0) == (TL)Q
More generally, it is easy to prove by induction that
T : r—i [T r— r
D700 = (1), 3201 (7 Yo 0) = (17 H (1)
§=0
4.2 Derivatives of 1\ (z)
Starting from the recurrence relation
(n+r)(r + Dnpa(z) = —r(1 4 22)n,(2) — X1 (),

we first deduce
(n+7)(r+1)ne41(0) = —=rne(0),  m(0) =0,
thus, we have 7,(0) = 0 for r > 1.

For first derivatives, we have Dny(0) = Dn;(0) = 0 and
(n+7)(r+ 1) Dy (x) = =2rn,(x) — (14 20)101(2) — 7(1 + 22) Dy (2) — X D1 (2),
Thus, for r > 1, we get
(n+7)(r + 1) Dnry1(0) = =2r1-(0) = 0—1(0) — Dy (0).

This gives, for r =1

2(n+1)Dn2(0) = —no(0) = =1 = Dnp(0) = —2(nl+1) = —27112



and for r =2

3(n+2)Dns(0) = —2Dmp(0) = Dn3(0) = e &n o - 323

More generally, assuming that Dn,.(0) = (—1)"~!/rn, for r > 3, we obtain

(n+7r)(r+1)Dny11(0) = —rDn,(0) =  Dnpy1(0) = (7”‘(;11)3;%
For second derivatives, we have D*ny(0) = D?n1(0) = 0 and
(04 7)(r + 1) D1 () = —Ar D (&) — 21 (2) — 201+ 22) D1 (1)
—r(1 4 2x)D?*n,(z) — X D*n,_1(2)
whence

(n+r)(r +1)D?*n,11(0) = —21,_1(0) — 4rDn,(0) — 2Dn,_1(0) — rD?n,(0),

that gives in particular

1
2(n+1)D?*np(0) = =2 = D%*np(0) = -
2

3(n+2)Ds(0) = —O— = Dny(0) = =

3 n+1 3 ns

The general formula is more complex than for first derivatives. It is easy to prove by induction
that for s > 2, there holds

(r + 1)(n+ 1) Do (2) = —s(s — 1) D21 (z) — 250D () — s(1 + 20) D* o1 (2)
—r(1+42z)D%n () — XD®np_1 ()
that gives, for derivatives at x = 0:
(r+1)(n+r)Dny1(0) = —s(s — 1)D*"29,_1(0) — 257 D*'1,.(0) — sD* 11,1 (0) — rD*n,.(0)

This aloows to compute the table of derivatives at x = 0 of the polynomials n,n,(z). We
remind the notation n, := (n+1)---(n+r).

r 1 2 3 4
namn2 —1/2 -1
nans 1/3 2 4
nama | -1/4 (n—8)/4 3(n—16)/2 3(n— 6)
nsns | 1/5 —(n—6)/3 —4(n — 3) —4(5n — 12)
nene | -1/6 | (13 —172)/36 | —(n? —46n + 120)/8 | —(9n% —284n + 480)/6
nemz | 1/7 | —(11n —60)/30 | (5n% — 142n + 360)/20 5n? — 76n + 120
T 5 6 7
nsns —8(5n — 12)

nene | —5(3n% — 86n + 120)/2 | —5(3n? — 86n + 120)
nmr | (9n? —106n + 120)/5 | (35n° — 378n + 360)/6 | (35n% — 378n + 360),/12




4.3 Integration of 7,(z)D"v(x)

Coming back to the integral, integrating by parts and using the above lemmas, we obtain
successively
+oo “+o0o
/ n (x)D"vp p(z)de = — Dp{™ (z)D" g (z)dz
0 0
+o00
= D™ (0)D" vy, (0) + D*n{" (@) D" v (x)dx
0
o0

+
= D" (0)D"*vp0(0) — D™ (0) D" vy, (0) — / D" () D"y, (z)der
0
e.¢]

+
= (1)5_1Dsnf«”)(O)DT_S_lvk,n(O)+(1)’“/ D'y (a)vg, () dar.
0

As n,(nn) (z) € Py, D”nﬁn) (x) is a constant which can also be computed by induction on r from

the recurrence relation. Setting 7,(x) = a,z” +- - -, we will have Drnﬁn) (z) = rla,. The leading
coefficients (depending on n) satisfy, for > 1, the recurrence relation

(r+1)(n+r)ary1 = —2ra, —ar—1, with a9 =1,a1 =0.

Using this relation or the table above, their first values are respectively

1 2 (n —6) (5n — 12)
a9 = —— a3 = —, aq = y ay = —————.
2 ?7,1’ 3 3712 4 8?7,3 > 15714

Finally, taking into account f0+°° Up,n(7)dz = L+, we obtain

Lemma 4.
Feo = —1)"rla,
[0 e = Y1 D00 ua0) + L
0 s=1 n-

This method provides the coefficients of quadrature formulas given in Section 8.

Example. For r = 4, we have

with
+oo
| @D @ = 3 (-1 D 0D (0) +
0

We now introduce the following notations.
Mk = Dnin) (0)D?vy ,(0) = 0 for k > 3 and

~(n)2 _(n)2 ~(n)2
71,0 = Ang 71,1 = M3’ 71,2 = dns



Yok 1= D2n§‘n)(0)ka,n(O) =0 for k£ > 2 and

~ n(n-—238) _ n(n—38)
72,0 = ing V2,1 = ins
— 3,(n) _ _ 3(n=6)
Y3k := D1y 7 (0)vg n(0) =0 for k> 1 and 3 = 53
Therefore, starting from
(3) n—3 (3) An? 4+ 5n — 12 (3) n?+2n—4
Aon =5 = =

6(n2 — 1)’ 1,n — 3(n + 2)(712 _ 1)7 2,1 (TL T 2)(7’L2 — 1)
we get the successive coefficients of QF7(L4)( f)

4 3 3(n—6) 2n?—11n —48
A((J,v)t - A(()ﬂ)l T0~ 720 T30 (n—Dng  (n—Dng

3(n—6 1913 + 9512 + 18n — 360
Agl,l'r)z = Agszl + 711 — 21 + ( ( ) _

n—1)ng 4(n — 1)ng
3(n—6)  3n3+20n%+21n — 120
AW — 4B _
2n 2n T2 F (n—1)ng 4(n — 1)ns
_ 3 2 —
A;(;l?)l _ A:ggn n 3(n —6) _n +5n* + 5n — 30
’ : (n—1)ng (n—1)ng

5 Convergence order

5.1 General results
Assuming that f satisfies the conditions of Theorem 3 (Voronovskaja) in Section 2 and gives

rise to a convergent series S, = > .~ fr, we then deduce

Theorem 4. The following limits hold, for all v > 0,

(_1)T+1 )!/O+OO(1+2.CU)XTD2T+1f(x)d:U

limn™ N (I(f) = QF (D) = 5511y

-1 r+1 +oo
+27‘S_1(r)—'_1)' /0 XT+1D2r+2f(.’I})dI'
o _ A per+l) _ (=p T 1 h2rt2
limn™(I(f) = QF;(f)) X" DT f(x)dw

C2rtl(r 1)

Therefore, we get the asymptotic convergence orders:
I(f) - QF7(L2T) = O(n_(r+1))7 I(f) - QFy(LQTJ’_l) = O(n—(r+1))'

By integrating by parts the right hand sides of the above limits, one obtains



Lemma 5. The two following identities hold

+o00 r
X7 FCHD (2 de = —2(2r 1) +1(r+p+1)!<r) (r—p)
/0 (1+22)X" [0 (2)dw = —2(2 +1)!I(f)+p§( T I 0 LA}

+oo

1
XL () de = (20 + 2 (f Z )"P(r+p+1)! < nr >f<r—p>(0).
0 p

Proof. We only prove the second identity, that of the first being similar. Setting g(z) :=
X7+ = g7+1(1 4 2)"*1 | integrating by parts and using the fact that g*)(0) = 0 for 0 < k < r,
we first get

+00 +o0 +oo
/ f(27"+2) ( )T+1 / g(r-‘rl).f(r-i-l) _ (_1)rg(r+1)(O)f(r+1)(0)+(_1)r/ g(r+2).f(r)_
0 0 0
More generally, on the one hand using the following integration by parts for 0 <p <r
+00 +oo
(_1)r—p+1/ g(r+p+1).f(r—p+1) — (_1)r—pg(r+p+1)(0)f(r—p)(0)+(_1)r—p/ g(r+p+2).f(r—p)
0 0

and on the second hand the derivatives g("t?)(0) = (r + p)!(;), we obtain the desired formula.
To be more specific, the last step, for p = r, gives

- /m gD = (r+1)(2r+1)!f(0)+/+oo gFFD L f = (r 1) (2r +D)IF(0)+ (2r +2)I(f)
0 0

The first integral can be written in the form
+o0
/ W) f@ ) (2)de, with h(z):= (1+22)X" = 2" (1 +2)" +2"(1 4 z)"+
0

In that case, one has h(¥)(0) = 0 for 0 < k <7 — 1, hU*P)(0) = (:tlzjaill)! (;) for0<p<rand
h(27’+1)(0) = 2(2r + 1)!, whence the first identity. H.

Corollary 1. The results of Theorem 4 and Lemma 5 can be written as follows

lim ™ (I(f) — QEPD(f)) = (=1)" (71 (f) Z a1 DP £(0)

lim ™ (I(f) — QEED(f) = (-1 HI() 1+ 3 a0 D2 (0))

p=0
uhere (~1)(4r —3) (~1)+!
(2r) —1)"(4r — 3 (2r+1) —1)"
= T T g 1) =) (27 +2)
“ oo DL G i i 2
and, for0 <i<r,
S0 — (EDPUr=3) (r4p+ D! o) _ (=Pt (r+p+1)!
P 3.2rtL pl(r—p+ 1)1 0 2r+l pl(r —p+1)!



Noticing that for all p

- 1
e Jep Y = ) [l = —(ar = 3),

we deduce the following

Corollary 2. The extrapolation formula

3 3
EQF£27"+1)(J£) _ 4771@]_77&21*) + (1 o 47,> QF7(L27"+1)

satisfies

limn™ Y (I(f) — EQFY(f)) = 0.

5.2 The family of functions f(z) = (1+z)™®

In particular, taking functions of the family f,(x) = (1 + 2)™®, with o > 1, for which
I(f) = 0+OO f(z)dz =1/(a — 1), it is possible to prove the following more specific results.
Corollary 3.

(=1)" (4r = 3)['(ax+2r + 2)

lim " (I(fa) = QFP)(fa) = 3-2771 (a -1 (a+7r+1)

. r T - I'(a+2r +2
limn™ M (I(fa) — QFP™(fa)) = ( 21”11 (a —(%F(a: r—)k 1)

Proof. The result is a direct consequence of corollary 1 above and the computation of deriva-
tives

D fo(z) = (1) (a)p(L +2)" ) = DPfo(0) = (=1)"(a)p.

6 Numerical examples

In all examples given below (except in Example 3 where the series are computed via the
Zeta Function), we approximate the series Z;ﬁjﬂ f& by finite sums Z{LT fr,where N = pn for
some p large enough, depending on the example. The convergence may be slow, therefore it is
sometimes necessary to use some convergence acceleration method [2] for the precise calculation
of those sums.

Example 1

_exp(—x) Y e B
flz) = 100 25" I(f) = /O f(z)dx = 9.807E — 3

The following results are obtained by taking N = 24n terms of the series. They are quite the
same by taking N = 32n.
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n\r| 0 2 3 1 5 6 7 8 9
8 [ 2.1(-3) | 25(-4) | -5.4(-4) | -4.4(-4) | -1.0(-4) [ 1.2(-4) | 1.6(-4) | 9.8(-5) | 1.4(-5)
16 | 9.9(-4) | 6.1(-5) | -1.6(-4) | -7.1(-5) | 7.2(-6) | 2.4(-5) | 1.2(-5) | -5.9(-7) | -5.0(-6)
32 | 4.8(-4) | 1.5(-5) | -4.2(-5) | -1.0(-5) | 3.3(-6) | 2.7(-6) | 3.0(-7) | -4.3(-7) | -2.6(-7)
64 | 2.3(-4) | 3.8(-6) | -1.1(-5) | -1.4(-6) | 6.3(-7) | 2.2(-7) | -2.2(-8) | -3.0(-8) | -4.4(-9)
128 [ 1.2(-4) | 9.6(-7) | -2.8(-6) | -1.8(-7) | 9.5(-8) | 1.6(-8) | -3.5(-9) | -1.4(-9) | -6.0(-11)
256 | 5.8(-5) | 24(-7) | -7.1(-7) | -2.3(:8) | 1.3(-8) | L.1(-9) | -3.0(-10) | -5.1(-11) | 6.7(-12)

As predicted by Lemma 5, the derivatives at the origin being small, we observe an alternance of
signs on the errors for each pair (2r,2r + 1). We compute extrapolated values in the following
table: the numerical convergence order (nco) tends to r + 2 for the pair (2r,2r + 1).

n Trap 2-3 nco 4-5 nco 6-7 nco 8-9 nco
8 | -1.3(-5) || 5.1(-5) -2.3(-4) 1.5(-4) 3.0(-5)

16 | -3.3(-6) || 7.1(-6) | 2.8 || -2.2(-5) | 3.4 || 1.5(-5) | 3.3 —4 2(-6) | 2.8
32 | -8.3(-7) || 9.3(-7) | 2.9 || -1.8(-6) | 3.6 || 9.0(-7) | 4.0 | -2.9(-7) | 3.8
64 | -2.1(-7) || 1.2(-7) | 2.9 || -1.3(-7) | 3.8 || 3.9(-8) | 4.5 || -9.2(-9) | 5.0
128 | -5.2(-8) || 1.5(-8) | 3.0 || -8.6(-9) | 3.9 || 1.5(-9) | 4.7 | -2.0(-10) | 5.4
256 | -1.3(-8) || 1.9(-9) | 3.0 || -5.6(-10) | 3.9 || 5.0(-11) | 4.9 | -4.1(-12) | 5.7

However, the results obtained by Romberg extrapolation from the sequence of values computed
by the trapezoidal formula, are much better than the above ones. One has to take formulas of
the same order, so column (8-9) above must be compared with column 3 below.

Taking N = 16n (in the first table, resp. N = 24n in the second) terms of the sum, we get the
following tables:

n\p 1 2 3 n\p 1 2 3
8 | 1.3(-5) 8 | 1.3(-5)
16 | 3.3(-6) | 7.8(-11) 16 | 3.3(-6) | 9.0(-10)
32 8 3(-7) | 7.7(-10) | 8.3(-10) 32 | 83(-7) | 5.6(-11) | 2.3(-13)
64 | 2.1(-7) | 8.3(-10) | 8.3(-10) 64 | 2.1(-7) | 3.3(-12) | 2.5(-13)
128 5 1(-8) | 8.4(-10) | 8.3(-10) 128 | 5.2(-8) | 3.1(-14) | 2.5(-13)
256 | 1.2(-8) | 8.4(-10) | 8.3(-10) 256 | 1.3(-8) | 2.4(-13) | 2.5(-13)
Columns 4 to 7 contain the same numbers as column 3.
Now, taking N = 32n, we get
n\p 1 2 3
8 1.3(-5)
16 | 3.3(-6) | 9.0(-10)
32 | 83(-7) | 5.6(-11) | 7.6(-17)
64 | 2.1(-7) | 3.5(-12) | 7.6(-17)
128 | 5.2(-8) | 2.2(-13) | 7.6(-17)
256 | 1.3(-8) | 1.4(-14) | 7.6(-17)

Once again, the precision does not increase in columns 4 to 7.
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Example 2

fly = 22D () =

Here, we take N = 16n for all n, except for n = 1024 for which we take N = 24n.

400
/ f(x)dx = .630477834918498
0

n 2 3 4 5 7 8 9

8 [1.9(-2) [-42(-2) |[-34(-2) [ -81(:3) 3) | 1.2(2) | 7.7(-3) | 1.1(-3)
16 | 4.8(-3) | -1.2(-2) || -5.6(-3) | 5.5(-4) (-3) | 95(-4) || -45(-5) | -3.9(-4)
32 [ 1.2(-3) [-33(-3) || 8.0(-4) | 2.6(-4) || 2.1(-4) | 2.4(-5) | -34(-5) | -2.0(-5)
64 [ 3.0(-4) | -85(4) |[ -1.1(-4) | 4.9(-5) || 1.8(-5) | -1.7(-6) | -2.4(-6) | -3.4(-7)
128 | 7.4(-5) | -2.2(-4) || -1.4(-5) | 7.4(-6) 3(-6) | -27(-7) | -1.0(-7) | 4.7(-9)
256 | 1.9(-5) | -5.5(-5) || -1.8(-6) | 1.0(-6) (-8) | -2.3(-8) || -3.9(-9) | 5.4(-10)
512 | 4.6(-6) | -1.4(-5) |[ 2.3(-7) | 1.3(-7) || 5.5(-9) | -1.7(-9) | -1.4(-10) | 2.3(-11)
1024 | 1.2(-6) | -3.5(-6) || -2.9(-8) | 1.7(-8) || 3.5(-10) | -1.1(-10) || -4.4(-12) | 9.1(-13)

The alternance of signs still occurs for n large enough.
The table below gives the errors on extrapolated values: the numerical convergence order (nco)
tends to r + 2 for the pair (2r,2r + 1).

n Trap 2-3 nco 4-5 nco 6-7 nco 8-9 nco
8 1.3(-3) (-3) 1.8(-2) 1.2(-2) 2.3(-3)
16 | 3.2(-4) (-4) | 2.9 || 1.7(-3) | 3.4 || 1.2(-3) | 3.3 || -3.2(-4) | 2.8
32 | 8.1(-5) 3(-5) | 2.9 1.4(-4) | 3.6 || 7.0(-5) | 4.1 || -2.2(-5) | 3.9
64 | 2.0(-5) || 9.4(-6) | 2.9 1.0(-5) | 3.8 || 3.1(-6) | 4.5 | -7.2(-7) | 4.9
128 | 5.1(-6) 2(-6) | 3.0 || -6.7(-7) | 3.9 || 1.2(-7) | 4.7 1.6(-8) | 5.5
256 | -1.3(-6) (-7) | 3.0 || -4.3(-8) | 4.0 || 3.9(-9) | 4.9 || -3.0(-10) | 5.7
Example 3
1
f(l’)—ma a=1/2 I(f)=2
n 2 3 4 5 6 7 8 9
16 (-2) || -2.6(-2) | -1.2(-2) || 1.2(-3) | 4.1(-3) 2.0(-3) -9.4(-5) -8.4(-4)
32 (-3) || -7.1(-3) | -1.7(-3) || 5.6(-4) | 4.5(-4) 5.2(-5) -7.4(-5) -4.3(-5)
64 A(-4) || -1.8(-3) | -2.4(-4) || 1.1(-4) | 3.8(-5) 3.7(-6) | -5.1(-6) -7.4(-7)
128 | 1.6(-4) || -4.7(-4) | -3.1(-5) || 1.6(-5) | 2.7(-6) -5.8(-7) | -2.3(-7) 1.0(-8)
256 (-5) || -1.2(-4) | -3.9(-6) || 2.2(-6) | 1.8(-7) -5.0(-8) | -8.5(-9) 1.2(-9)
512 | 1.0(-5) | -3.0(-5) | -4.9(-7) || 2.9(-7) | 1.2(-8) -3.6(-9) | -2.9(-10) || -5.4(-11)
1024 | 2.5(-6) || -7.5(-6) | -6.2(-8) || 3.7(-8) | 7.6(-10) | -2.4(-10) | -9.5(-12 2.0(-12)

Notice some instability in colums 7 and 9, also visible in numerical convergence orders below.
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n 2 3 4 5 6 7 8 9
16/32 2.0 188|278 |1.09 | 3.17| 530 | 0.34 | 4.28
32/64 2.0]194 | 288|239 3.58 | 3.81 | 3.85 | 5.87
64/128 | 2.0 | 1.97 | 2.94 | 2.73 | 3.79 | 2.67 | 4.47 | 6.20
128/256 | 2.0 | 1.98 | 2.97 | 2.87 | 3.89 | 3.53 | 4.74 | 3.10

256/512 | 2.0 | 1.99 | 2.98 | 2.94 | 3.95 | 3.79 | 4.87 | 4.44
512/1024 | 2.0 | 2.0 |[2.99 | 297 | 3.97 | 3.9 | 4.9 | 4.76

Extrapolated values: the numerical convergence order (nco) tends fastly to r + 2 for the pair
(2r,2r +1).

n Trap 2-3 nco 4-5 nco 6-7 nco 8-9 nco
64 | 3.0(-5) | 2.0(-5) | 3.0 || -2.2(-5) | 3.8 || 6.7(-6) | 4.5 || -1.6(-6) | 5.0
128 | 7.6(-6) | 2.6(-6) | 2.9 || -1.5(-6) | 3.9 || 2.5(-7) | 4.7 || -3.5(-8) | 5.5
256 | 1.9(-6) | 3.3(-7) | 3.0 || -9.4(-8) | 3.9 || 8.5(-9) | 4.9 || -6.5(-10) | 5.8
512 | 4.8(-7) | 4.1(-8) | 3.0 || -6.0(-9) | 4.0 || 2.8(-10) | 4.9 || -1.1(-11) | 5.9
1024 | 1.2(-7) | 5.2(-9) | 3.0 | -3.8(-10) | 4.0 || 8.9(-12) | 5.0 || -1.8(-13) | 5.9

However, the results obtained by Romberg extrapolation from the sequence of values computed
by the trapezoidal formula, are much better than the above ones. One has to take formulas of
the same order, so column (8-9) above must be compared with column 3 below.

n\p 1 2 3 4 5 6 7
16 | 4.9(-4)

32 | 1.2(-4) | 6.9(-8)

64 | 3.0(-5) | 4.3(-9) | 9.9(-12)

128 | 7.6(-6) | 2.7(-10) | 1.6(-13) | 7.4(-16)

956 | 1.9(-6) | 1.7(-11) | 2.4(-15) | 2.9(-18) | 2.3(-20)

512 | 4.8(-7) | L.1(-12) | 3.8(-17) | 1.1(-20) | 2.2(-23) | 2.6(-25)

1024 | 1.2(-7) | 6.6(-14) | 6.0(-19) | 4.4(-23) | 2.2(-26) | 6.6(-29) | 1.1(-30)

7 Quadrature formulae for 4 <r <9

For the reader’s convenience, we list the coefficients of quadrature formulas for 4 < r < 9. In
spite of the fact that they have been checked several times, an error is always possible.

Formula QF7(L4)

QFD(f) = /m VO f(2)de = ZQ:A§4)(n)f (i) +49m) Y f <i>

0 Jj=0 k>3
with
A (n) = 2n® — 11n — 48 ) () = 1973 + 95n2 + 18n — 360
0 12(n2 —1)(n+2)" 1 12(n2 — 1)(n +2)(n + 3)
4 3n3 4+ 20n? + 21n — 120 4 n3 + 5n2 + 5n — 30
Ag )(n) = ( )(n) =

4n? =1)(n+2)(n+3)" 7 (n? = 1)(n+2)(n +3)

Formula QF7(15)
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QFO)(f) := ZB:A§5)(n)f (i) +Aff’)(n>zf (fl)
i=0

k>4
6n> + 13n2 + 143n — 480
20(n%2 —1)(n+2)(n+ 3)
91n* + 92713 4 2954n2% — 72n — 12960

AP (n) =

AP (n) =
) 60(n? —1)(n+2)(n+ 3)(n+4)
A6) _ (290" +288n% + 15310 + 2052n — 12960
P =

60(n+2)(n+3)(n+4)(n?—1)
6nt + 47n3 + 124n2 + 148n — 1080

5(n+2)(n+3)(n+4)(n?—1)
nt + 9n3 + 25n% + 30n — 216
n+2)(n+3)(n+4)(n?—1)

AP =

AP (n) =

Formula QF,&G)

o arpin- S () a2 ()

]:

0
with dg := (n +5)(n +4)(n + 3)(n + 2)(n? — 1) and

AP (n) = s502. (" + 5)(133n* + 1311n° + 2792n2 — 135360 — 56160))

AV ) = oo ——(81n° 4 1212n* + 7429n° + 21698n> + 4920n — 100800)

(53n° + 496n* + 1987n3 + 17984n? + 50160n — 201600)

6
457 (n) = 120dg

On) = Taoq (271n° +3602n" 4 14309n° + 24118n” 4 63720n — 302400)
6

1
A (n) = (5 + Ton' 415 84507 + 2190n — 10080)
1
AL (n) = —(n® + 140 + 7003 + 14002 + 364n — 1680)

dg
Formula QFT(L7)

0 et o (7)o £ ()

]:

0
with d7 := (n +6)(n +5)(n +4)(n + 3)(n + 2)(n? — 1)

A (n) = o 6)(173n° + 2920n* + 20083n° + 5609612 — 69264n — 574560)

(28315 + 537505 + 41830n" + 1985301 + 641052n% 4 490320n — 3024000)

~ 210d,
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1
AV (n) = m(389n6 + 6490n° + 18475n* — 7225003 + 76989602 + 47865601 — 12096000)
7

D(n) = 754 (541n° + 11330n° + 85520n* 4 2275300 + 209724n? 4 1531440n — 4536000)
7
1
AP (n) = gogs (170 + 405n° + 4275n" 4 18665n° + 28573n” +- 177630 — 504000)
7
1
AD (n) = =7 (8n® + 149n° + 1103n" + 3935n” + 5462 + 352560 — 100800)
7
1
AN (n) = 7 (n° + 200" + 154n" + 560n° + T84n° + 5040n — 14400)
7
Formula QF7(L8)
6 .
8 J 8 k
® Qo)=Y A% (1) + 4P ¥ s (%)
j=0 k>7
with
ds := (n+7)(n+6)(n +5)(n +4)(n +3)(n +2)(n* — 1)
A®(n) = (n + 7)(1457n° 4 32167n° + 327184n" 4 2078378n>
5040ds
+7281444n2 4 18468001 — 47174400)
AP (n) = 6804 (2544n7 4 6404905 + 616782n° + 3011179n* + 11335974n°
8
+47053872n” + 715780800 — 228614400)
AP (n) = TR0 (463n” 4 16872n° + 182543n° 4 164676n" — 5261646n°
8
+6425892n2 + 1321336800 — 228614400)
8
A5 (n)

= 5010d (981117 4 2706001° 4 3159697n° + 18213864n* + 37009372n3
8
+1337856n2 + 3409862401 — 685843200)
1
AP ) = a0 (980" + 12290 + 3816507 + 706225n" + 3546057
8

4259626612 + 599432400 — 114307200)

= =o0d (857n" + 21573n° 4 206085n° + 10162351 4 27420180
8
+1164672n2 4 394027201 — 76204800)
1
A®(n) = g(ﬁf + 20205 + 2282n° 4 12964n* + 3842303 + 1829812 + 564312n — 1088640)
8

1
A® (n) = —(n + 270 +204n° + 1638n" 4 4809n° + 2268n” + 70524n — 136080)
8
Formula QF,SLQ)
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9 QFP(H =Y AV (3) = (7)

7=0 k>8
with
dy = (n+8)(n+T7)(n+6)(n+5)(n+4)(n+3)(n+2)(n*—1)
1
AP =~ (n 4+ 8)(565n7 + 14806n° + 167381n° + 1284962n*
2160dy
+8599554n° + 38137212n2 + 417592800 — 185068800)
1
AP = (25504n° + 875217n" + 11918830n° + 78135435n°
15120d

4240294166n* + 568660848n> + 3981566880n2 + 104642496001 — 21337344000)

AP = (179308 — 10080n7 — 170117505 — 22466220n° — 22624378n"

~ 15120d,
+846138300n° + 59640408012 — 16741468800n + 21337344000)

1
AP = (37193n® + 123648007 + 1777779515 + 150150000n°
15120dy

+747265652n" + 128266992013 — 133716096012 + 144837504000 — 21337344000)

1 .
AP = — (3998n° + 137235n" + 2138675n° + 14402535n°
7560dg

—7014553n* — 2601263700 + 290912040n% — 77133168001 + 10668672000)

1
AY) = (32915n° 4 1126503n" + 1523536705 + 99829065n°
15120dy

43555631100 + 727575072n% — 94291171202 + 150892761600 — 21337344000)

1
AQ) = o, (379n° + 1650607 + 305970n° + 2836260n°
9

+14122731n* + 38210634n3 — 4621132012 + 843259200n — 1185408000)

1
AP = §af(10n§—k335n7—%4744n§%—36470n§%—162106n4—%412160n§——507384n2—k9025920nr—12700800)
9

1
AD) = &f(ns%—35n7%—510n6—k3990n5—k17913n4+—45780n3——56260n2%—1002960n——1411200)
9
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